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Quiz
• (i,j)’th entry of matrix 𝛴 (X is data matrix with n rows and d columns): 


A. Measures how i’th coordinate of data varies w.r.t j’th


B. Measures how it’s data point is related to j’th


C. 𝛴[i,j] = inner product between j’th and the i’th column of 
matrix X - μ divided by n 

D. 𝛴[i,j] = inner product between j’th and the i’th row of 
matrix X - μ divided by n 
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What if our dataset looked 
like this?
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Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

Turk & Pentland’91
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One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space
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• Each xt  (each row of X) is a face image (vectorized 
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• Each yt is the set of coefficients we multiply to the 
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• Each column of W is an Eigenface
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Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space
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<latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit>

xn � µ
<latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit>
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<latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit> w
K

<latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit>



DIM REDUCTION: LINEAR TRANSFORMATION

Pick a low dimensional subspace

Project linearly to this subspace

Subspace retains as much information
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PRINCIPAL COMPONENT ANALYSIS (PCA)

Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space
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x1 � µ
<latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit>

xn � µ
<latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit><latexit sha1_base64="zeL5siAVm+IsCkBw8SKnYPzPIKU=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLN5uwu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFORO0o5nmtJdKiuOQ08dwfFv4j09UKpaIBz1NqR/joWARI1gbKbDrXoz1KIzyySwQ6Bx5cRbYDafpzIFWiVuSBpRoB/aXN0hIFlOhCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bKnBMlZ/Ps8/QqVEGKEqkeUKjufp7I8exUtM4NJNFUrXsFeJ/Xj/T0bWfM5FmmgqyOBRlHOkEFUWgAZOUaD41BBPJTFZERlhiok1dNVOCu/zlVdK9aLpO072/bLRuyjqqcAwncAYuXEEL7qANHSAwgWd4hTdrZr1Y79bHYrRilTtH8AfW5w+FY5QV</latexit>

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

A
N

A
LY

SI
S

(P
C

A
)

Ei
ge

n
Fa

ce
:

W
ri

te
do

w
n

ea
ch

da
ta

po
in

ta
s

a
lin

ea
r

co
m

bi
na

tio
n

of
sm

al
l

nu
m

be
r

of
ba

si
s

ve
ct

or
s

D
at

a
sp

ec
ifi

c
co

m
pr

es
si

on
sc

he
m

e

O
ne

of
th

e
ea

rl
y

su
cc

es
se

s:
in

fa
ce

re
co

gn
iti

on
:c

la
ss

ifi
ca

tio
n

ba
se

d
on

ne
ar

es
tn

ei
gh

bo
r

in
th

e
re

du
ce

d
di

m
en

si
on

sp
ac

e

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

A
N

A
LY

SI
S

(P
C

A
)

Ei
ge

n
Fa

ce
:

W
ri

te
do

w
n

ea
ch

da
ta

po
in

ta
s

a
lin

ea
r

co
m

bi
na

tio
n

of
sm

al
l

nu
m

be
r

of
ba

si
s

ve
ct

or
s

D
at

a
sp

ec
ifi

c
co

m
pr

es
si

on
sc

he
m

e

O
ne

of
th

e
ea

rl
y

su
cc

es
se

s:
in

fa
ce

re
co

gn
iti

on
:c

la
ss

ifi
ca

tio
n

ba
se

d
on

ne
ar

es
tn

ei
gh

bo
r

in
th

e
re

du
ce

d
di

m
en

si
on

sp
ac

e

P
R

IN
C

IP
A

L
C

O
M

P
O

N
E

N
T

A
N

A
LY

SI
S

(P
C

A
)

Ei
ge

n
Fa

ce
:

W
ri

te
do

w
n

ea
ch

da
ta

po
in

ta
s

a
lin

ea
r

co
m

bi
na

tio
n

of
sm

al
l

nu
m

be
r

of
ba

si
s

ve
ct

or
s

D
at

a
sp

ec
ifi

c
co

m
pr

es
si

on
sc

he
m

e

O
ne

of
th

e
ea

rl
y

su
cc

es
se

s:
in

fa
ce

re
co

gn
iti

on
:c

la
ss

ifi
ca

tio
n

ba
se

d
on

ne
ar

es
tn

ei
gh

bo
r

in
th

e
re

du
ce

d
di

m
en

si
on

sp
ac

e

w
1

<latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit><latexit sha1_base64="Ok4f0JTHScObwvQNqmt5BOo/6BE=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4CmlMl00g6dTMLMjVJCf8ONC0Xc+jPu/BsnbRbaemDgcM693DMnSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJrwfkRHSoSCUbSS70cUx0GYPc0G3qBac+vuHGSVeAWpQYHmoPrlD2OWRlwhk9SYnucm2M+oRsEkn1X81PCEsgkd8Z6likbc9LN55hk5s8qQhLG2TyGZq783MhoZM40CO5lnNMteLv7n9VIMr/uZUEmKXLHFoTCVBGOSF0CGQnOGcmoJZVrYrISNqaYMbU0VW4K3/OVV0r6oe27du7+sNW6KOspwAqdwDh5cQQPuoAktYJDAM7zCm5M6L86787EYLTnFzjH8gfP5AyjZkb8=</latexit> w
K

<latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit><latexit sha1_base64="/WbzqePtfrl0LtA/q6/f572gsNc=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF8FLBVsLTSmb7Uu7dLMJuxulhP4NLx4U8eqf8ea/cdPmoK0DC8PMe7zZCRLBtXHdb6e0srq2vlHerGxt7+zuVfcP2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvs79h0dUmsfy3kwS7EV0KHnIGTVW8v2ImlEQZk/T/m2/WnPr7gxkmXgFqUGBZr/65Q9ilkYoDRNU667nJqaXUWU4Ezit+KnGhLIxHWLXUkkj1L1slnlKTqwyIGGs7JOGzNTfGxmNtJ5EgZ3MM+pFLxf/87qpCS97GZdJalCy+aEwFcTEJC+ADLhCZsTEEsoUt1kJG1FFmbE1VWwJ3uKXl0n7rO65de/uvNa4KuoowxEcwyl4cAENuIEmtIBBAs/wCm9O6rw4787HfLTkFDuH8AfO5w9QQZHZ</latexit>



DIM REDUCTION: LINEAR TRANSFORMATION

Pick a low dimensional subspace

Project linearly to this subspace

Subspace retains as much information
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PRINCIPAL COMPONENT ANALYSIS (PCA)

Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

-

x1 � µ
<latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit><latexit sha1_base64="BlmjdneKvbj5Gvcgh3Rgmb8LnHM=">AAAB+3icbVBNS8NAFHypX7V+xXr0slgEL5ZEBD0WvXisYGuhCWGz3bRLd5Owu5GW0L/ixYMiXv0j3vw3btoctHVgYZh5jzc7YcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+7DeVUkmCe2QhCeyF2JFOYtpRzPNaS+VFIuQ08dwfFv4j09UKpbED3qaUl/gYcwiRrA2UmDXPYH1KIzyySxw0TnyRBbYDafpzIFWiVuSBpRoB/aXN0hIJmisCcdK9V0n1X6OpWaE01nNyxRNMRnjIe0bGmNBlZ/Ps8/QqVEGKEqkebFGc/X3Ro6FUlMRmskiqVr2CvE/r5/p6NrPWZxmmsZkcSjKONIJKopAAyYp0XxqCCaSmayIjLDERJu6aqYEd/nLq6R70XSdpnt/2WjdlHVU4RhO4AxcuIIW3EEbOkBgAs/wCm/WzHqx3q2PxWjFKneO4A+szx8ngZPY</latexit>

xn � µ
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Covariance matrix:
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PCA: VARIANCE MAXIMIZATION

How do we find the K components?

We are looking for orthogonal directions that maximize total
spread in each direction

Find orthonormal W that maximizes
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This solutions is given by W = Top K eigenvectors of ⌃
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This solutions is given by W = Top K eigenvectors of ⌃

Intuition: Remove top direction, now reduce dimension for remaining d-1 dimensions

yt[j] = w>
j xt
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PRINCIPAL COMPONENT ANALYSIS

Eigenvectors of the covariance matrix are the principal
components

Top K principal components are the eigenvectors with K largest
eigenvalues

Projection = Data × Top Keigenvectors

Reconstruction = Projection × Transpose of top K eigenvectors

Independently discovered by Pearson in 1901 and Hotelling in
1933.

⌃ =cov X
 !

1.

eigs= ⌃ ,K( )W2.

3. Y = W⇥X



Demo



Maximize Total Spread



Maximize Total Spread Minimize Reconstruction 
Error



PRINCIPAL COMPONENT ANALYSIS (PCA)

Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

Turk & Pentland’91

μ = 
Mean face

w1 w2 w3

yt[1] = yt[2] = yt[3] = 

xt
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PRINCIPAL COMPONENT ANALYSIS (PCA)

Eigen Face:

Write down each data point as a linear combination of small
number of basis vectors

Data specific compression scheme

One of the early successes: in face recognition: classification based
on nearest neighbor in the reduced dimension space

Turk & Pentland’91

• Each xt  (each row of X) is a face image (vectorized 
version)

• Each yt is the set of coefficients we multiply to the 
eigen face

• wi’s are orthogonal to each other and of unit length

μ = 
Mean face

w1 w2 w3

yt[1] = yt[2] = yt[3] = 

xt
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ORTHONORMAL PROJECTIONS

Think of w1, . . . ,wK as coordinate system for PCA (in a K
dimensional subspace)

y values provide coefficients in this system

Without loss of generality, w1, . . . ,wK can be orthonormal, i.e.
wi ⊥wj & �wi� = 1.

Reconstruction:

x̂t = K�
j=1

yt[j]wj

If we take all w1, . . . ,wd, then xt = ∑d
j=1 yt[j]wj. To reduce

dimensionality we only consider first K vectors of the basis
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ORTHONORMAL PROJECTIONS

Think of w1, . . . ,wK as coordinate system for PCA (in a K
dimensional subspace)

y values provide coefficients in this system

Without loss of generality, w1, . . . ,wK can be orthonormal, i.e.
wi ⊥wj & �wi� = 1.

Reconstruction:

x̂t = K�
j=1

yt[j]wj

If we take all w1, . . . ,wd, then xt = ∑d
j=1 yt[j]wj. To reduce

dimensionality we only consider first K vectors of the basis

kwik22 =
dX

k=1

wi[k]
2

wi ? wj )
dX
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wi[k]wj [k] = 0
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Compressing these data points…
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… is same as compressing these.
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ORTHONORMAL PROJECTIONS

(Centered) Data-points as linear combination of some
orthonormal basis, i.e.

xt = µ + d�
j=1

yt[j]wj

where w1, . . . ,wd ∈ Rd are the orthonormal basis and µ = 1
n ∑n

t=1 xt.
Represent data as linear combination of just K orthonormal basis,

x̂t = µ + K�
j=1

yt[j]wj + µ
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PCA: MINIMIZING RECONSTRUCTION ERROR

Goal: find the basis that minimizes reconstruction error,

n�
t=1
�x̂t − xt�22 = n�

t=1

������������
K�

j=1
yt[j]wj + µ − xt

������������
2

2

= n�
t=1

������������
K�

j=1
yt[j]wj + µ − d�

j=1
yt[j]wj − µ

������������
2

2

= n�
t=1

������������
d�

j=K+1
yt[j]wj

������������
2

2

(but �a + b�22 = �a�22 + �b�22 + 2a�b)

= n�
t=1

�
�

d�
j=K+1

yt[j]2�wj�22 + 2
d�

j=K+1

d�
i=j+1

yt[j]yt[i]w�j wi
�
�

= n�
t=1

d�
j=k+1

yt[j]2�wj�22 (last step because wj ⊥wi)
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Solution, (discard) wK+1, . . . ,wd are bottom d −K eigenvectors

Hence w1, . . . ,wK are the top K eigenvectors
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Maximize Total Spread = Minimize Reconstruction 
Error



PRINCIPAL COMPONENT ANALYSIS

Eigenvectors of the covariance matrix are the principal
components

Top K principal components are the eigenvectors with K largest
eigenvalues

Projection = Data × Top Keigenvectors

Reconstruction = Projection × Transpose of top K eigenvectors

Independently discovered by Pearson in 1901 and Hotelling in
1933.

⌃ =cov X
 !

1.

eigs= ⌃ ,K( )W2.

3. Y = W⇥X�µ



RECONSTRUCTION

4. Y= ⇥bX W>
+µ



WHEN d >> n

If d >> n then ⌃ is large
But we only need top K eigen vectors.
Idea: use SVD

X − µ = UDV�
Then note that, ⌃ = (X − µ)�(X − µ) = VD2V

Hence, matrix V is the same as matrix W got from eigen
decomposition of ⌃, eigenvalues are diagonal elements of D2

Alternative algorithm:

[U,V] = SVD(X − µ,K) W = V
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PRINCIPAL COMPONENT ANALYSIS: DEMO
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THE TALL, THE FAT AND the Ugly

d and n so large we can’t even store in memory
Only have time to be linear in size(X) = n × d

I there any hope?

X


