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BAYESIAN NETWORKS

@ Directed acyclic graph (DAG): G=(V,E)

@ Joint distribution Pg over Xq, ..., X,, that factorizes over G:

N
Pg (X1 ..... Xn) = HP@ (Xi\Parent(Xi))
=1

@ Hence Bayesian Networks are specified by G along with CPD’s
over the variables (given their parents)



EXAMPLE: HIDDEN MARKOV MODEL

message;, ,o(51) = P(X1,51) = P(X1|51)P(51)

message,, . 1,n(Sn) = (1,...,1)

messageg, s, , (5t) = P(X¢|St) (Z messageg. g, (St—1) - P(StStl))
St—1

messageg,, g, , (St—1) = Z messageg, . .g,(5t) - P(X¢|St)P(St]St-1)

St41



BELIEF PROPAGATION

@ Think of variables as nodes in a network, each node is allowed to
chat with its neighbors

@ Adjacent nodes receive messages from neighbors telling the node
how to update its beliet

@ Each node in turn sends messages to its neighbors:
based on observation, previous received messages, marginal and
conditional distributions telling the other how to update beliefs

@ (Hopetully) All the nodes converge on their beliefs



BELIEF PROPAGATION

© For every observation X; = x; define Ex (x) =1 {x= x]-}, for
unobserved variables set Ex (x) =1

@ Atround 0, all messages between nodes are 1



BELIEF PROPAGATION



BELIEF PROPAGATION

Message to Parent X
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T u\u, kE€children keParent(X;),k#j
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BELIEF PROPAGATION

Message to Parent X

Ax,(uj) o< Y Y " Ex,(z)P(X; = z|Parent(X;) = u) ( 1] >« (=) 1] TX, (uk)>

T u\u, kE€children keParent(X;),k#j

Z Ex,(z)P(X; = x|Parent(X;) = u)(product of all messages but one from X;)

x,all parents but X;

Message to child X;
mx,(z) x Ex, (z ZP a:Parent(Xi)u)( 1] =) ]] )\Xk(a:))

keParent(X;) k€children,k#j

Z Ex,(x)P(X; = x|Parent(X;) = u)(product of all messages but one from X;)

all parents



MESSAGE PASSING EXAMPLE

P(X3|X5)

P(X1) P(X3|X1) P(X4|X5)

Message to Parent X|

Z Ex,(z)P(X; = x|Parent(X;) = u)(product of all messages but one from Xj;)

x,all parents but X;

Message to child X|

Z Ex,(x)P(X; = z|Parent(X;) = u)(product of all messages but one from X;)

all parents



BELIEF PROPAGATION

For any node X;
@ Incoming message to node from children:

}\(x) = EXi(x) H }\Xj(x)

jechildren(X;)

@ Incoming message from Parents:

m(x) = ZP(XZ' = x|Parent(X;) = u) H T[Xi(uk)
u keParent(X;)

@ Outgoing message to Parent X;:

?\Xi(ui) o< Z)\(X) Z P(XZ‘ = x\Parent(Xi) = Lt) HT[XZ.(Mk)

UNU; k+i

@ Outgoing message to child X;:

1y, (x) o m(x)Ex, (%) [ [ Ax (%)
k#j



PARAMETER ESTIMATION (LEARNING)

@ What are the parameters for a Baysian Network?



PARAMETER ESTIMATION (LEARNING)

@ What are the parameters for a Baysian Network?
o The conditional probability distributions/tables/density functions



PARAMETER ESTIMATION (LEARNING)

® MLE: 7 independent samples (X1, ..., X)) (XY, ..., X))
where each (X, ..., XY,) is drawn from the Bayesian network



PARAMETER ESTIMATION (LEARNING)

® MLE: 7 independent samples (X1, ..., X)) (XY, ..., X))
where each (X, ..., XY,) is drawn from the Bayesian network

arg max > log(Pe (X5, ..., X))
t=1

n N
= argmax Y>> log(Pg (Xi[Parent(X;)))
t=1i=1

If 6; is the parameter only involving Pg (X:|Parent(X})) then

n
OMLE  arg max Y log(Pe,(X}[Parent(X;)))
i =1



PARAMETER ESTIMATION (LEARNING)

@ Simple case of finite outcomes

oM-E = empirical conditional probability table



PARAMETER ESTIMATION: LATENT VARIABLES

@ EM Algorithm: Initialize parameters randomly

@ Forj=1to convergence

o E-step: For each of the Latent variable X;, perform inference to
compute

Q(j ) (Latent variables) = P4¢-1) (Latent variables|Observation)

o M-step:

oY) = arg max > QY) (Latent variables) Y log Po(X], ..., Xy

0 Latent variables =1

which can be simplified to:

ij) = arg max Z Q(j)(Latent) ZlogPei(XﬂParent(Xf))

O; Latent t=1



PARAMETER ESTIMATION: LATENT VARIABLES

M-step for simple case of finite outcomes
91-(j ) empirical conditional probability table weighted by Q(f )

For HMM this is called the Baum Welch algorithm



