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STATISTICAL LEARNING FRAMEWORK

<latexit sha1_base64="4O3vkZdMooOijRSbbH4gL27EiKg="></latexit>

Training sample S = {(x1, y1), . . . , (xn, yn)} <latexit sha1_base64="RDXMczhSWkMKp1nTH2dR9Yj/cDc="></latexit>

Each (xt, yt) ⇠ D

<latexit sha1_base64="WBXfgc30a8DF/2BsdAkzFUchmAk="></latexit>

Risk of a model g defined as LD(g) = E(x,y)⇠D [`(g(x), y)]

(Future instances drawn from D)

<latexit sha1_base64="PCdwcqx80Vs6vbKz8ZuBBP+ZdqQ="></latexit>

D is a distribution on X ⇥ Y

Goal: provide an algorithm for which excess risk is small

<latexit sha1_base64="6UjTr2KfEeDdV4Wse5rC4PhoX9s="></latexit>

Excess risk of model g w.r.t. model class F defined as

<latexit sha1_base64="tu7sA4EtlFF5iY4EReOvXSxat6Q="></latexit>

LD(g)�min
f2F

LD(f)

D captures the idea of this set U



EMPIRICAL RISK MINIMIZATION

<latexit sha1_base64="VSxS/28iG9QiIzKPwb8tZKh+Ga4="></latexit>

f̂ERM 2 argmin
f2F

bLS(f)

Pick a model in class that minimizes training error

• When does this succeed? 

• When model class is too complex, we already saw this 
can fail

• When model class is say just one function, it succeeds 
due to law of large numbers (concentration)

• In general how well does this algorithm do?



ERM OVER FINITE CLASS

<latexit sha1_base64="V8+AZEvc4ywSvqWQKKHdajUX1FQ="></latexit>

If losses are bounded by 1 (in absolute) and |F| < 1, then,
<latexit sha1_base64="4/wQbQ1pUdmnL1FaJQxJsTnLwjs="></latexit>

for any � > 0 with probability at least 1� �,

<latexit sha1_base64="XclkDRvT4BRXKKckTIIJ/R7og8M="></latexit>

LD(f̂ERM)�min
f2F

LD(f) 
r

8 log (2|F|/�)
n



ERM OVER FINITE CLASS

Hoeffding Inequality: Let Z1, . . . ,Zn be a sequence of n random
variables bounded by 1, drawn iid from a fixed distribution. Then:

P��1
n

n�
t=1

Zt −EZ� > ✏� ≤ 2 exp(−n✏2

2
)
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Proof idea: 
<latexit sha1_base64="kx3Jm/fL0Sh9CFWjNhINgbhqCS0="></latexit>

For each f 2 F define Zf
t = `(f(xt), yt)

Apply Hoeffding for each f individually
 
Use union bound to move to uniform deviation



BEYOND FINITE MODEL CLASS

• Idea 1: Find a finite set      such that for any             there 
exists an.               s.t. 

<latexit sha1_base64="n0OvpZYub7m86V/GdS5ZpVAqZpw=">AAAB83icbVDLSgMxFL3xWeur6tJNsIiuyowUdVkUxGUF+4DOUDJppg3NZIYkI5Shv+HGhSJu/Rl3/o2ZdhbaeiBwOOde7skJEsG1cZxvtLK6tr6xWdoqb+/s7u1XDg7bOk4VZS0ai1h1A6KZ4JK1DDeCdRPFSBQI1gnGt7nfeWJK81g+mknC/IgMJQ85JcZKnhcRM6JEZHfTs36l6tScGfAycQtShQLNfuXLG8Q0jZg0VBCte66TGD8jynAq2LTspZolhI7JkPUslSRi2s9mmaf41CoDHMbKPmnwTP29kZFI60kU2Mk8o170cvE/r5ea8NrPuExSwySdHwpTgU2M8wLwgCtGjZhYQqjiNiumI6IINbamsi3BXfzyMmlf1NzLWv2hXm3cFHWU4BhO4BxcuIIG3EMTWkAhgWd4hTeUohf0jj7moyuo2DmCP0CfP99dkZY=</latexit>

F 0 <latexit sha1_base64="jphFbDy+9X2Id1IFCK6SpsuAjfE=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE1GVREJcV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6WV1bX1jfJmZWt7Z3fPru63VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBOMr3O/80ClYrG415OE+hEeChYygrWR+nY1RB4TyIuwHhHMs5tp3645dWcGtEzcgtSgQLNvf3mDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnqECR1T52Sz6FB0bZYDCWJonNJqpvzcyHCk1iQIzmUdUi14u/uf1Uh1e+hkTSaqpIPNDYcqRjlHeAxowSYnmE0MwkcxkRWSEJSbatFUxJbiLX14m7dO6e14/uzurNa6KOspwCEdwAi5cQANuoQktIPAIz/AKb9aT9WK9Wx/z0ZJV7BzAH1ifP7b7k6s=</latexit>

f 2 F
<latexit sha1_base64="AUGc/lnUb+CZd0DnoTq6KktnHCQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBapq5JIUZdFQVxWsA9oSplMJ+3QySTMTIQS6q+4caGIWz/EnX/jpM1CWw8MHM65l3vm+DFnSjvOt1VYW9/Y3Cpul3Z29/YP7MOjtooSSWiLRDySXR8rypmgLc00p91YUhz6nHb8yU3mdx6pVCwSD3oa036IR4IFjGBtpIFdDqrIYwJ5IdZjgnl6O6sO7IpTc+ZAq8TNSQVyNAf2lzeMSBJSoQnHSvVcJ9b9FEvNCKezkpcoGmMywSPaM1TgkKp+Og8/Q6dGGaIgkuYJjebq740Uh0pNQ99MZhnVspeJ/3m9RAdX/ZSJONFUkMWhIOFIRyhrAg2ZpETzqSGYSGayIjLGEhNt+iqZEtzlL6+S9nnNvajV7+uVxnVeRxGO4QTOwIVLaMAdNKEFBKbwDK/wZj1ZL9a79bEYLVj5Thn+wPr8AYDUlA0=</latexit>

f 0 2 F 0

<latexit sha1_base64="4xpc9qnQ53BE0MbSEU92P2YNBWw="></latexit>

8x, y, |`(f 0(x), y)� `(f(x), y)| < �

• But this may not always work, consider the example of 
learning thresholds:

0 1f

-1 +1

<latexit sha1_base64="s6JI9hLUR3yZktG+Bfpv+7bq6AI=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJJIUTdC0Y3LCvYBaSiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnLZZaOuBgcM593LPnCDhTGnH+bZWVtfWNzZLW+Xtnd29ffvgsK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHw79TuPVCoWiwedJdSP8FCwkBGsjdS3K70I6xHBPO9O0DXynDPX79tVp+bMgJaJW5AqFGj27a/eICZpRIUmHCvluU6i/RxLzQink3IvVTTBZIyH1DNU4IgqP5+Fn6ATowxQGEvzhEYz9fdGjiOlsigwk9OoatGbiv95XqrDKz9nIkk1FWR+KEw50jGaNoEGTFKieWYIJpKZrIiMsMREm77KpgR38cvLpH1ecy9q9ft6tXFT1FGCIziGU3DhEhpwB01oAYEMnuEV3qwn68V6tz7moytWsVOBP7A+fwAKTpO6</latexit>

X = [0, 1]
<latexit sha1_base64="/vQEIS/demJ5RLVmysOhHXkoNyo=">AAACBHicbVC7SgNBFJ31GeNr1TLNYBCSwrArQW2EoI1lBPOAZAmzk9lkyMzsMjMrCUsKG3/FxkIRWz/Czr9xNtlCEw9cOJxzL/fe40eMKu0439bK6tr6xmZuK7+9s7u3bx8cNlUYS0waOGShbPtIEUYFaWiqGWlHkiDuM9LyRzep33ogUtFQ3OtJRDyOBoIGFCNtpJ5dCErjMryCXY70UPJE0YGYlsbwFAblnl10Ks4McJm4GSmCDPWe/dXthzjmRGjMkFId14m0lyCpKWZkmu/GikQIj9CAdAwViBPlJbMnpvDEKH0YhNKU0HCm/p5IEFdqwn3Tmd6qFr1U/M/rxDq49BIqolgTgeeLgphBHcI0EdinkmDNJoYgLKm5FeIhkghrk1vehOAuvrxMmmcV97xSvasWa9dZHDlQAMegBFxwAWrgFtRBA2DwCJ7BK3iznqwX6936mLeuWNnMEfgD6/MHR0aWmA==</latexit>

f(x) = sign(x� f)
<latexit sha1_base64="D2QyM6CTjJN47zAklI58hH1Vz5s=">AAACE3icbVBNS8NAFNzUr1q/qh69LBZBREoiRT2KgnisYFVoQ9lsXnXpZhN2X8QS8h+8+Fe8eFDEqxdv/hu3NQdtHVgYZt7j7UyQSGHQdb+c0tT0zOxceb6ysLi0vFJdXbs0cao5tHgsY30dMANSKGihQAnXiQYWBRKugv7J0L+6A21ErC5wkIAfsRsleoIztFK3utOJGN5yJrPTnHYQ7lFHGRUqhHsIaTCgBpDmbXfX87vVmlt3R6CTxCtIjRRodqufnTDmaQQKuWTGtD03QT9jGgWXkFc6qYGE8T67gbalikVg/GyUKadbVglpL9b2KaQj9fdGxiJjBlFgJ4cJzLg3FP/z2in2Dv1MqCRFUPznUC+VFGM6LIiGQgNHObCEcS3sXym/ZZpxtDVWbAneeORJcrlX9/brjfNG7ei4qKNMNsgm2SYeOSBH5Iw0SYtw8kCeyAt5dR6dZ+fNef8ZLTnFzjr5A+fjGy5knbE=</latexit>

F indexed by set [0, 1]
<latexit sha1_base64="4XosQQ3FrRVTukbAnkS6sCoMpxY="></latexit>

For any � < 1/2, this class cannot be approximated by a finite set.



UNIFORM CONVERGENCE

We have shown that for any ✏ > 0,

P�LD(f̂ERM) −min
f∈F LD(f ) > 2✏� ≤ P�max

f∈F �L̂S(f ) − LD(f )� > ✏�
Next, we will see that maxf∈F �L̂S(f ) − LD(f )� is concentrated near its
expectation.



MCDIARMID’S INEQUALITY

Let Z1, . . . ,Zn ∈ Z be a sequence of n random variables drawn iid from

a fixed distribution. Assume that � ∶ Zn � R is a function satisfying

the condition that: For any i ∈ [n], and any z1, . . . , zn ∈ Z and any z ′i ∈ Z ,

��(z1, . . . , zi, . . . , zn) −�(z1, . . . , z ′i , . . . , zn)� ≤ C
n

Then we have the following concentration result :

P (��(Z1, . . . ,Zn) −E [�(Z1, . . . ,Zn)]� > ✏) ≤ 2 exp(−2n✏2

C2
)

Eg: The function �((x1,y1), . . . , (xn,yn)) = maxf∈F �L̂S(f ) − LD(f )� satisfies the

condition with C = 2 when loss is bounded by 1



UNIFORM CONVERGENCE

Eg: The function �((x1,y1), . . . , (xn,yn)) = maxf∈F �L̂S(f ) − LD(f )�
satisfies the condition with C = 2 when loss is bounded by 1.

Hence we have that for any � > 0, with probability at least 1 − �,

max
f∈F �L̂S(f ) − LD(f )� ≤ 2 E �max

f∈F �L̂S(f ) − LD(f )�� +O
�
�
�

log(1��)
n

�
�
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Eg: The function �((x1,y1), . . . , (xn,yn)) = maxf∈F �L̂S(f ) − LD(f )�
satisfies the condition with C = 2 when loss is bounded by 1.

Hence we have that for any � > 0, with probability at least 1 − �,

max
f∈F �L̂S(f ) − LD(f )� ≤ 2 E �max

f∈F �L̂S(f ) − LD(f )�� +O
�
�
�

log(1��)
n

�
�

Complexity Measure



SYMMETRIZATION AND RADEMACHER COMPLEXITY

Let ✏1, . . . ,✏n ∈ {±1} be Rademacher random variables where each ✏i is+1 with probability 1�2 and −1 with probability 1�2.

We will see that:

E �max
f∈F �L̂S(f ) − LD(f )�� ≤ 2

n
ES �E✏ �max

f∈F �
n�

t=1
✏t`(f (xt),yt)���

Rademacher Complexity



RADEMACHER COMPLEXITY



Proof of the Result



Why is this useful?


