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Markov Decision Process

Expands on State Space Search:

* States: S (including some Initial State s;)
* Actions: A
P(s'|s,a)s€S,a€EA
* Reward Function:
R:SXxAXxS—-> R
e Goal State/Condition: Get lots of reward over time



What Does “Get Lots of Reward” Mean?

One approach: Cumulative reward
Given: a sequence of states [s,, S, .., S, -..] using actions [a,, a4, ..., 3, ...]

Cumulative reward:

(00]
2 R(s¢, ag, Se41)
t=0



What Does “Get Lots of Reward” Mean?

One approach: Cumulative reward

Given: a policy M (where a; = N(s;), S¢r1 = apply(N(sy), s¢))

Actions are probabilistic

Cumulative reward:

E z R(s¢, N(se), apply(N(se), s¢)))
_t=0 |
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Markov Decision Process

Expands on State Space Search:

* States: S (including some Initial State s)
* Actions: A
P(s'|s,a)s€S,a€EA
* Reward Function:
R:SXxAXxS—-> R

* Goal State/Condition: Find a policy 1 that maximizes Ugl (sp)



Example (Figure 17.1)
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Example: Version 1 — End of problem
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Example: Version 2 — Stuck for eternity
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Example: Version 3 — Groundhog Day
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Example Policy (Figure 17.2a)
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Example Policy (Figure 17.2b)
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Example: Version 2 — Stuck for eternity
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What Does “Get Lots of Reward” Mean?

One approach: Cumulative reward
Given: a policy N (where a; = MN(s;), S¢+1 = apply(MN(s;), s¢))

Cumulative reward:

Ul s0) = E| ) R(seN(se),apply(T(se), 50))
| t=0

Infinite values



What Does “Get Lots of Reward” Mean?

Related approach: Fixed horizon cumulative reward
Given: a policy N (where a; = MN(s;), S¢+1 = apply(MN(s;), s¢))

Cumulative reward through time T:

UIT_I (s9) = E % R(s¢, M(st), apply(N(s¢), s¢)))

t=0



What Does “Get Lots of Reward” Mean?

Our focus: Cumulative discounted reward

Given: a sequence of states [s,, s, ..., S, ...] Using actions [a,, a,, ..., a,, ...]
a “discount factor”y,0<y<1

Cumulative discounted reward:

oo

R(SO) Ao, Sl) + Y R(511 ai, SZ) + VZ R(Sz, Ay, 53) + o = Z Vt R(St) g, St+1)
t=0

Treats future rewards as exponentially decreasing



What Does “Get Lots of Reward” Mean?

Our focus: Cumulative discounted reward

Given: a sequence of states [s,, s, ..., S, ...] Using actions [a,, a,, ..., a,, ...]
a “discount factor”y,0<y<1

Cumulo%tive discounted reward:

Z Vi R(se, ag, Sev1)

t=0

Treats future rewards as exponentially decreasing



Why a Discount Factor

* Arguments from psychology, economics
* Neurons do something similar

e Math works out
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What Does “Get

Lots of Reward” Mean?

Our focus: Cumulative discounted reward

Given: a sequence of states [s,, s, ..., S, ...] Using actions [a,, a,, ..., a,, ...]

a “discount factor”y,0<y<1

Cumu.lg.ti.ve discounted reward:

2.

t=0

Vi R(se, ag, Sev1)

Treats future rewards as exponentially decreasing

t goes to o, but converges (if R bounded, 0 <y < 1)



Converges

Imagine |R(s,a,s’)| <R, forall states and actions

Cumulative discounted reward =

Rmax

1—vy

Ve =

N5

(0] (00)

t ¢ _
ZV R(s¢, ae, Seqq) < ZV Rimax = Rmax
t=0 t=0 t=0

Example: If y=0.5, Cumulative discounted reward = 2R,
(similar for negative rewards)
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What Does “Get Lots of Reward” Mean?

Our focus: Cumulative discounted reward

Given: Given: a policy M (where a; = MN(s¢), S¢+1 = apply(N(s¢), s¢))
a “discount factor”y,0<y<1

Cumulative discounted reward:

oo

UN(s0) = E | ) v*R(se, (50, apply(N(ss), 50)))

t=0




Definitions

U"(s) tells you what to expect for a particular policy I starting from state s

Some policy will be better (give bigger U"(s,)) than all others. Call it N*.

\

(There can be multiple such policies - we’ll ignore this, doesn’t affect anything

Optimal Policy N*: N*(s) = argmaxU"(s)
Value of optimal policy: U™ (s) = U*(s) = max,U"(s)
(book uses U(s) — using * to make optimality clear)



Markov Decision Process

Expands on State Space Search:

* States: S (including some Initial State s)
* Actions: A
P(s'|s,a)s€S,a€EA
* Reward Function:
R:SXxAXxS—-> R

* Goal State/Condition: Find a policy M* that maximizes Un*(sg)



Rewriting M*

Optimal Policy M*

U*(sg) = argmaxyU"(sy) = argmaxg E

D VRGs6N(s0),apply(N(s0), 50)))
| t=0 _




Rewriting M*

Optimal Policy M*

(0.0)

U*(sg) = argmax;U"(sy) = argmax, E Z Vi R(s¢, N(se), apply(N(se), st)))
t=0

= argmax E[R(sy, a, apply(a, sy))+ v U™(apply(a, sy))]

a€EA




Intultion

UH(SO) — z Vt R(Sti A, St+1) — R(So, ao,Sl) T 2 Vt R(StJ A, St+1)
t=0 t=1

— R(SO' Ao, Sl) T VZ Vt_l R(St' At St+1)
t=1

= R(sp, ag, s1) + Vz Vt R(St+1, ¢41, St4+2)
t=0

= R(sg, ag, s1) + V[R(s1,a4,52) + YR(s2,a5,53) + y*R(s3,a3,54) + -]



Intultion

UH(SO) — z Vt R(StJ A, St+1) — R(So, ao,Sl) T 2 Vt R(StJ A, St+1)
t=0 t=1

— R(SO' Ao, Sl) T Vz Vt_l R(St' A, St+1)
t=1

= R(sp, ag, s1) + Vz Vt R(St+1, ¢41, St4+2)
t=0

— R(SO’ a’O’ Sl) + V[IR(Sl’ al, SZ) + v R(52; az, 83) + VZ R(S3’ a3’ 84) + .HI]
U (s1)




Intultion

UM (so) = R(sq, ag,51) +v U (sy)



Rewriting M*

Value of optimal Policy M*

(0.0)

U*(sg) = argmax;U"(sy) = argmax, E Z Vi R(s¢, N(se), apply(N(se), st)))
t=0

= argmax E[R(sy, a, apply(a, sy))+ v U™(apply(a, sy))]

a€EA




Rewriting M*

Value of optimal Policy M*

U*(sg) = argmaxyU"(sy) = argmaxg E

D VRGs6N(s0),apply(N(s0), 50)))
| t=0 _

= argmax E[R(sy, a, apply(a, sy))+ v U™(apply(a, sy))]

a€EA

= argmax Y P(s'|s0a)[R(so, @ )+ y UM ()]

A€A ¢'€S




Rewriting U*

Value of optimal Policy U*

U*(sg) = maxyU"(sy) = maxy E

D VR(s6M(s0,apply(N(s0), 50)))
| t=0 _

= Max E[R(So, a, applY(a; SO))-I_ Y U”*(apply(a, SO))]

a€EA

= max z P(s'|50,a)[R(Sq, @ s")+ v UT(s)]

a€EA

s'"ES

Known as the “Bellman Equation”




Rewriting U*

Value of optimal Policy U*

U*(sg) = maxyU"(sy) = maxy E

D VR(s6M(s0,apply(N(s0), 50)))
| t=0 _

= Max E[R(So, a, appl}"(a; SO))-I_ Y U”*(apply(a, SO))]

a€EA

= max z P(s'|50,a)[R(Sq, @, s")+ y U™ (5]

a€EA

s'"ES

Known as the “Bellman Equation”




Rewriting 'l

UM(s0) = E| ) V' R(seM1(50),apply(N(s0),50))
t=0

= E[R(so,M(s¢), apply(N(s¢), so))+ v U™ (apply(M(s;), So))]

— z P(s'|s,M(s))[R(s, M(s), s")+ y UN(s")]

s"ES



MDPs and Reinforcement Learning:
Game Plan

 Figure out MN* if you know S, R, and P — no learning
* Figure out MN* if you know S and P but not R — learning
* Figure out M* if you know S but not R and P — learning

(|S]| finite and ~small)



MDPs and Reinforcement Learning:
Game Plan

<Figure out MN* if you know S, R, and P —no IearninD

* Figure out N* if you know S and P but not R — learning

* Figure out M* if you know S but not R and P — learning

(|S]| finite and ~small)



First:
How can you compute U"
for a specific policy I (not necessarily optimal)
if you know P and R?



Simplified Example

0.8
2
0.1 0.1
START
1 ) R(s,a,<2,2>) =1

R(s,a,<2,1>) =-1
R(s,a,s’) =r=-.04
for all other states



Simplified Example — Version 2

) Swu.o LR

'; {U, D, L, R}

R(s,a,<2,2>) =1
R(s,a,<2,1>) =-1
R(s,a,s’) =r=-.04
for all other states

1 START

M !



Example

Policy Mz = Go up if you’re in row 1, otherwise go right
Approach 1: Can compute from the definitions above

Thus for example U"ur(<1,1>) represents what your expected cumulative
reward will be if you start at <1,1> and select an action at each step using I ;
—always going up in row 1, right in row 2.



Example

Policy Nz = Go up if you’re in row 1, otherwise go right

UMur(<1,1>) = 0.8 x
+0.1x
+ 0.1 x

R(<1,1>,U,<1,2>) + v x UMwr(<1,2>)’
R(<1,1>,U,<1,1>) + v x UMur(<1,1>)’

R(<1,1>,U,<2,1>) + v x UMur(<2,1>)’

This uses the definitions of U from
the previous slides together with the
definition of actions, P, and R



Example

Policy Nz = Go up if you’re in row 1, otherwise go right

UMur(<1,1>) = 0.8 x [R(<1,1>,U,<1,2>) + ¥ x UTur(<1,2>)]
+0.1 x [R(<1,1>,U,<1,1>) +y x UNwr(<1,1>)]
+0.1 x [R(<1,1>,U,<2,1>) +y x UNwr(<2,1>)]
= 0.8 x [-0.04 + vy x UMur(<1,2>)]

+ 0.1 x [-0.04 + vy x UMur(<1,1>)]
+ 0.1 x [-0.04 + v x UMur(<2,1>)]
=-0.04 +yx [0.8 x UTwr(<1,2>) + 0.1 x UMvr(<1,1>) + 0.1 x UMr(<2,1>)]




Example
Policy Nz = Go up if you’re in row 1, otherwise go right

UMur(<1,1>) = 0.8 x [R(<1,1>,U,<1,2>) + ¥ x UTur(<1,2>)]
+0.1 x [R(<1,1>,U,<1,1>) +y x UNwr(<1,1>)]
+0.1 x [R(<1,1>,U,<2,1>) +y x UNwr(<2,1>)]
= 0.8 x[-0.04 + vy x UMur(<1,2>)]

+ 0.1 x [-0.04 + vy x UMur(<1,1>)]
+ 0.1 x [-0.04 + v x UMur(<2,1>)]
=-0.04 +yx [0.8 x UTwr(<1,2>) + 0.1 x UMu~(<1,1>) + 0.1 x UMur(<2,1>)]

And similarly for <1,2>, <2,1>, and <2,2>



Example
Policy Nz = Go up if you’re in row 1, otherwise go right

UMur(<1,1>) =-0.04 + vy x [0.8 x UMur(<1,2>) + 0.1 x UMur(<1,1>) + 0.1 x UMwr(<2,1>)]
UMur(<1,2>) =-0.04 +y x [0.8 x UMr(<2,2>) + 0.1 x UMur(<1,2>) + 0.1 x UMur(<1,1>)]
UMur(<2,1>) =-1.0 +y x [0.8 x UMur(<2,2>) + 0.1 x UMwr(<1,1>) + 0.1 x UMur(<2,1>)]
UMur(<2,2>) = 1.0 + y x [0.8 x UMwr(<2,2>) + 0.1 x UMur(<2,2>) + 0.1 x UMur(<2,1>)]



Example
Policy Nz = Go up if you’re in row 1, otherwise go right

UMur(<1,1>) =-0.04 + vy x [0.8 x UMur(<1,2>) + 0.1 x UMur(<1,1>) + 0.1 x UMwr(<2,1>)]
UMur(<1,2>) =-0.04 +y x [0.8 x UMr(<2,2>) + 0.1 x UMur(<1,2>) + 0.1 x UMur(<1,1>)]
UMur(<2,1>) =-1.0 +y x [0.8 x UMur(<2,2>) + 0.1 x UMwr(<1,1>) + 0.1 x UMur(<2,1>)]
UMur(<2,2>) = 1.0 + y x [0.8 x UMwr(<2,2>) + 0.1 x UMur(<2,2>) + 0.1 x UMur(<2,1>)]

Four equations, four unknowns, for a given y can now solve
(for example, with Gaussian Elimination)



MDPs and Reinforcement Learning:
Game Plan

<Figure out MN* if you know S, R, and P —no IearninD

* Figure out N* if you know S and P but not R — learning

* Figure out M* if you know S but not R and P — learning

(|S]| finite and ~small)



U*(<1,2>) = max,c, {0.8 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)]
0.8 x [—0.04+ vy U*(<1,1>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)]
0.8 x [—0.04+ vy U*(<1,2>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,1>)]
0.8 x [—0.04+ v U*(<2,2>)] + 0.1 x [—0.04+ vy U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,1>)]}

M*(<1,2>)=argmax,c, {0.8 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)]
0.8 x [—0.04+ vy U*(<1,1>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)]
0.8 x [—0.04+ vy U*(<1,2>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,1>)]
0.8 x [—0.04+ vy U*(<2,2>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,1>)]}

UP

DOWN
LEFT
RIGHT

UP
DOWN
LEFT
RIGHT



U*(<1,2>) = max,c, {0.8 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)] UP

0.8 x [—0.04+y U*(<1,1>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)] DOWN
0.8 x [—0.04+ v U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,1>)] LEFT
0.8 x [—0.04+y U*(<2,2>)] + 0.1 x [-0.04+ y U*(<1,2>)] + 0.1 x [-0.04+ y U*(<1,1>)]} RIGHT

M*(<1,2>)=argmax,c, {0.8 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<2,2>)] UP
0.8 x [—0.04+ y U*(<1,1>)] + 0.1 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+ v U*(<2,2>)] DOWN
0.8 x [—0.04+ y U*(<1,2>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ v U*(<1,1>)] LEFT
0.8 x [—0.04+y U*(<2,2>)] + 0.1 x [—0.04+y U*(<1,2>)] + 0.1 x [—0.04+ y U*(<1,1>)]} RIGHT

If you write down U* for every state it no longer gives a set of
linear equations to which you can apply Gaussian elimination



If you write down U* for every state it no longer gives a set of
linear equations that you can apply Gaussian elimination to

What to do?



Policy M* = argmax; U"



Policy M* = argmax; U"

Can we enumerate all policies to find the best one?



Policy M* = argmax; U"

Can we enumerate all policies to find the best one?
Rarely
It’s usually intractable



Policy M* = argmax; U"
Can we enumerate all policies to find the best one?
Rarely

It’s usually intractable

What can we do?



What to do?

Policy Iteration algorithm
(among various algorithms for doing this)



Intuition

How might | compute M*(s) if | knew U*(s)?

If | know the expected values, would that help me figure out what action to take?

U*(s) just tells me the expected cumulative discounted reward, not what action to take...



U*(s) just tells me the expected cumulative discounted reward, not what action to take...

M*(s) = argmax ,ex 2ores P(S'[s,@)[R(s,a,5) +yU*(s)]

Look at each action, figure out which gives me the best expected value
| can compute this if | know U*



Finding [1*: Policy Iteration
Notation:
7. Evolving approximation of policy
: Approximation on iteration |

T
U: Evolving approximation of U

)

i Approximation on iteration i



Finding I1*: Policy Iteration
Policy_lteration(S,A,P,R,Y):

Forall seS { ﬁO(s) « <random aeA>; Uy(s) « 0;i< 0}
Repeat
i —i+1
For all seS
U;(s) < R(St, At Se41) +Y X [P(s']s, T0i—1(s)) Ui—1(sN)]

SIES
For all seS

Fmax 2. [P(s'l's,2) Uy(sD] > 2 [P(s'l 5, Ti—1(5)) U;(s)]

Then TT;(s) < argmax Y [P(s’|s,a) U;(s)]

.~ __A€eA srS
Else TT;(s) « TT;_1(s)

Until <stopping condition> /* for example: 51\ doesn’t change */



