CS 465 HW 7 Solutions Problem 1

Problem 1: B-spline Surfaces

Consider a B-spline surface patch that is defined on a 7 by 7 grid of control points. The

points are laid out on in an integer lattice on the x-y plane, running from (0, 0, 0) to (6, 6, 0),

except for the center point, which is at (3, 3, 1). In this configuration the spline surface is a

graph of the basis function associated with the center patch.

Now suppose we begin moving the center control point in the +x direction. This makes the

bump in the surface lean over, and eventually the surface ceases to be a height field. That

is, the side of the bump becomes a vertical cliff and then an overhang. The question is, how

far has the point moved when this happens?

1. How can you tell by looking at the coordinate functions that the curve has a vertical

tangent?

The coordinate function for x(t) will have a horizontal tangent at some point because at some point, t will be changing but x will not be as t increases.

2. Show that the first and second derivatives of a B-spline curve are defined by basis

functions, in the same way that the position is, and sketch graphs of the basis

functions. Note that symmetry can save you some work in coming up with these

functions.

We begin with

tVect = [t3 t2 t 1]
p=[p0 p1 p2 p3]’
M = 
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First derivative is:

 dtVect= d/dt(tVect) * M = [3t2 2t 1 0] *  1/6
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p= 

 1/6[-3t2+6t-3; 9t2-12t; -9t2+6t+3; 3t2]p

Second derivative is:

  d2/dt(tVect) * M = [6t 2 0 0] *  1/6
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1/6[-6t+6 18t-12 –18t-12 6t]p=[1-t 3t-2 –3t-2 t]p

Basis Function
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First Derivative
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Second Derivative
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3. Sketch plots of the x coordinate and its derivative for the initial configuration and

for a configuration with the center point moved a bit to the right. (The point here is

qualitative; great precision is not needed.)

When we move the point over to the right a bit, this is equal to adding a bit of the basis function to the x(t) curve.
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4. At what parameter value will the cliff form?

We are adding the equation for p’(1) to the x’(t), and so the cliff will form when the “bump” hits zero.  This occurs when the p’(t) reaches a minimum 

P(1): (1/6)(3t2 – 6t2 – 4)

d/dt p(1) = 3/2t2 – 2t

d2/dt p(1) = 3t-2 = 0 (  t=2/3

This is formed with respect to p(1), so the cliff forms at t=22/3 

5+6. Write the relevant derivative of the curve at that parameter value as functions of _x.   At what value of _x does the cliff form?

recall first deriv: 1/6[-3t2+6t-3; 9t2-12t; -9t2+6t+3; 3t2]p

plugging in for p=[2 3+dx 4 5]’ and t=2/3

[-1/18   -2/3   ½   2/9] * p = 1 - 2/3*dx = 0dx ( dx = 3/2

Now we return to the case of the spline patch.

7. What are the basis functions for the two tangents of the patch? It’s OK to write them

in terms of the basis functions you worked out for the curve.

The basis functions for the spline patch are just two B-spline basis fns multiplied together with each other.  That is, 

b3D= b(s)*b(t)

and d/ds b3D= d/ds (
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8. At what value of _x does the cliff form in the spline patch?

So, for the part of the patch we care about, Z:

Z = 
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And so

Z’ = 
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+ dx * b3’(s)b3(t) = 1 + dx * b3’(s)b3(t) = 1 – dx*2/3*2/3

Z’ = 0 = 1 - 4/9dx 
dx = 9/4
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