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CS4620/5620: Affine Transformations

Professor: Kavita Bala
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Announcements

2

Sign up on Piazza

Send cs4620-staff-l@cs.cornell.edu mail about issues

(not only me)

Probably work in pairs

Today
Affine transforms

Next 2-3 lectures: 3D transforms, perspective, viewing
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Linear transformations using 
matrices

• One way to define a transformation is by matrix 
multiplication:
 

• Such transformations are linear, which is to say:
 

(and in fact all linear transformations can be written this way)

• Is translation linear? 
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Geometry of 2D linear trans.

• 2x2 matrices have simple geometric interpretations
– uniform scale
– non-uniform scale
– reflection
– shear
– rotation
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Linear transformation gallery

• Shear
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Linear transformation gallery

• Rotation
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Composing transformations

7

• Want to transform an object, then transform it some more
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Composing transformations

• Want to transform an object, then transform it some more
–  

• We need to represent S o T (“S compose T”)
– and would like to use the same representation as for S and T
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Composing transformations

• Translation easy

• Translation by uT then by uS is translation by uT + uS

– commutative!
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Composing transformations

• Linear transformations also straightforward
–  

• Transforming first by MT then by MS is the same as 

transforming by MSMT

• Composing transforms only sometimes commutative
– e.g. rotations & uniform scales
– e.g. non-uniform scales w/o rotation

– Note MSMT, or S o T, is T first, then S
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Composite non-commutative 
transformations

scale, then rotate rotate, then scale
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Combining linear with translation

• Need to use both in single framework
• Can represent arbitrary seq. as 

–  

–  

–  

• Transforming by MT and uT, then by MS and uS, is the same 

as transforming by MSMT and uS + MSuT

– This will work but is a little awkward
12
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Homogeneous coordinates

• Represent translations and linear transformations elegantly
• Extra component w for vectors

– extra row/column for matrices

• Linear transformations get dummy extra row and column
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Homogeneous coordinates

• Represent translation using the extra column
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Homogeneous coordinates

• Composition just works, by 3x3 matrix multiplication

• This is exactly the same as carrying around M and u 
– but cleaner
– and generalizes in useful ways as we’ll see later
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Affine transformations

• The set of transformations we are interested in is known 
as the “affine” transformations
– straight lines preserved; parallel lines preserved
– ratios of lengths along lines preserved (midpoints preserved)
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Affine transformation gallery

• Translation
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Affine transformation gallery

• Uniform scale
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Affine transformation gallery

• Nonuniform scale
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Affine transformation gallery

• Reflection
– can consider it a special case

of nonuniform scale

20



© 2012 Kavita Bala  •
(with previous instructors James/Marschner) 

Cornell CS462/5620 Fall 2012 • Lecture 3

Affine transformation gallery

• Shear

21

© 2012 Kavita Bala  •
(with previous instructors James/Marschner) 

Cornell CS462/5620 Fall 2012 • Lecture 3

Affine transformation gallery

• Rotation
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Composite affine transformations

• In general not commutative: order matters!

rotate, then translate translate, then rotate
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Composite affine transformations

• Another example

scale, then rotate rotate, then scale
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General affine transformations

• The previous slides showed “canonical” examples of the 
types of affine transformations

• Generally, transformations contain elements of multiple 
types
– often define them as products of canonical transforms
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Rigid motions

• A transform made up of only translation and rotation is a 
rigid motion or a rigid body transformation

• The linear part is an orthonormal matrix

• Inverse of orthonormal matrix is transpose
– so inverse of rigid motion is easy:
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Transforming points and vectors

• Recall distinction between points vs. vectors
– vectors are just offsets (differences between points)
– points have a location

• represented by vector offset from a fixed origin

• Points and vectors transform differently
– points respond to translation; vectors do not
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Transforming points and vectors

• Homogeneous coords. let us exclude translation
– just put 0 rather than 1 in the last place

– and note that subtracting two points cancels the extra 
coordinate, resulting in a vector!

• Preview: projective transformations
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More math background

• Coordinate systems
– Expressing vectors with respect to bases
– Change of bases
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Composing to change axes

• Want to rotate about a particular point
– could work out formulas directly…

• Know how to rotate about the origin
– so translate that point to the origin
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Composing to change axes

• Want to scale along a particular axis and point
• Know how to scale along the y axis at the origin

– so translate to the origin and rotate to align axes
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