
SVD for Matrix Approximation
or, When Rank De!ciency is Good News

CS3220—1 Apr 2009



Figures from:

Turk & Pentland, “Eigenfaces for Recognition.” Journal of 
Cognitive Neuroscience 3:1, 1991.

Chan & Mozurkewich, “Simplified representation of atmospheric 
aerosol size distributions using absolute principal 
components analysis.” Atmospheric Chemistry and Physics 
7, 875–886, 2007.

Tomasi & Kanadi, “Shape and Motion from Image Streams 
under Orthography: a Factorization Method,” International 
Journal of Machine Vision 9:2, 137–154, 1992.



884 T. Chan and M. Mozurkewich: PCA representation of aerosol size distributions

Fig. 4. Comparison of measured and fitted data for a six day segment of the Pacific 2001 data set. The components used were determined

from the entire 17 day data set. The top panel shows the measurements, the middle panel shows fitted data using 5 components, and the

bottom panel shows fitted data using 8 components. Circled are two intervals during which the 5 component fits show significant deviations

from the measurements.

Table 1. Comparisons of the r.m.s. deviation between the sum of all

component scores and the integrated DMA total number concentra-

tions for maximum and minimum numbers of retained components.

Field study Components Deviation Components Deviation

Egbert 2003 5 2.5% 7 1.9%

Pacific 2001 5 1.0% 8 0.85%

Hamilton 2000 4 2.5% 5 1.9%

Simcoe 2000 6 2.0% 8 1.6%

Hamilton 1999 5 2.0% 6 0.75%

associated with specific sources at this site. In contrast, the

Pacific 2001 sampling site was located at a considerable dis-

tance from a number of sources; this leads to greater atmo-

spheric processing which may be the reason for the larger

number of mixed components. In terms of the size distri-

butions, this is seen as a greater variability in the locations

and shapes of the various fine particle modes. Compared to

the Pacific 2001 sampling site, the Simcoe 2000 data were

obtaineded at a rural site that occasionally receives local pol-

lution from Nanticoke but mostly experiences regional scale

pollution, largely transported from the United States. Thus,

air in Simcoe is also highly processed but not as variable as

that sampled during the Pacific 2001 study. The Egbert 2003

data were measured at a rural site that has a major nearby

pollution source from Toronto as well as being impacted by

regional scale pollution; it has an intermediate number of

mixed components.

It does not appear that there is a direct connection between

the individual components obtained by this method and any

specific sources. However, we believe that this procedure

will be extremely useful in simplifying the analysis of size

distribution data since it enables a large number of size bins

to be replaced with a much smaller number of components.

At a minimum these components can be thought of as a way

of “binning” the data that preserves maximum information.

We find it remarkable that only 4 or 5 such “bins” are needed

to reproduce most features of the size distributions and that

just 6 to 8 components can preserve virtually all details of the

distributions. This is made possible by the fact that the data

themselves are used to determine the optimal “binning”. In

analysing data, the scores may be treated as being analogous

to the numbers of particles in various size ranges (such as nu-

cleation, Aitken, and accumulation modes). However, using

the principal components should be much preferred to us-

ing predefined size ranges since the components retain much

more of the information present in the size distribution data.

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/



882 T. Chan and M. Mozurkewich: PCA representation of aerosol size distributions

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e
n

v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e
n

v
a

lu
e

s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u

s
e

d
 E

ig
e
n

v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/



882 T. Chan and M. Mozurkewich: PCA representation of aerosol size distributions

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e
n

v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e
n

v
a

lu
e

s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u

s
e

d
 E

ig
e
n

v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u

s
e

d
 E

ig
e

n
v
a

lu
e

s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

 signal components

 mixed components

 noise components

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number Components Retained

5

4

3

2

1

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

30

25

20

15

10

5

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

35302520151050

Number of Component Retained

8

6

4

2

0

(Σ
 U

n
u
s
e
d
 E

ig
e
n
v
a
lu

e
s
)1

/2

302520151050

Number of Components Retained

Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data
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Fig. 2. Modified scree plots for various field studies. Open circles represent signal components, open triangles represent noise components,

and solid squares represent mixed components. The solid line indicates the best fit to a four parameter function defined as the greater of two

straight lines.

4.3 Quality of fits

As noted above, the modified scree plot does not provide an

unambiguous result for the number of components to retain;

deciding whether to include the mixed components is some-

what subjective. In all five data sets considered here, we

found that when all the mixed components are retained we

obtain excellent fits to the original data throughout each data

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/
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Fig. 1. The relative positions and shapes of the components after Varimax rotation and probability normalization for the five field studies.

Each component is labelled with its modal diameter, as determined by fitting the component loadings to log-normal distributions.

from 6 to 10 for Simcoe 2000, and from 5 to 6 for Hamil-

ton 1999. For the Pacific 2001 data set, we conclude that

the minimum number of components to retain should be in-

creased to five due to the shape of the rotated components;

with four components, one of the rotated components shows

a bimodal structure, while with five components, all rotated

components are monomodal.

www.atmos-chem-phys.net/7/875/2007/ Atmos. Chem. Phys., 7, 875–886, 2007
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Fig. 4. Comparison of measured and fitted data for a six day segment of the Pacific 2001 data set. The components used were determined

from the entire 17 day data set. The top panel shows the measurements, the middle panel shows fitted data using 5 components, and the

bottom panel shows fitted data using 8 components. Circled are two intervals during which the 5 component fits show significant deviations

from the measurements.

Table 1. Comparisons of the r.m.s. deviation between the sum of all

component scores and the integrated DMA total number concentra-

tions for maximum and minimum numbers of retained components.

Field study Components Deviation Components Deviation

Egbert 2003 5 2.5% 7 1.9%

Pacific 2001 5 1.0% 8 0.85%

Hamilton 2000 4 2.5% 5 1.9%

Simcoe 2000 6 2.0% 8 1.6%

Hamilton 1999 5 2.0% 6 0.75%

associated with specific sources at this site. In contrast, the

Pacific 2001 sampling site was located at a considerable dis-

tance from a number of sources; this leads to greater atmo-

spheric processing which may be the reason for the larger

number of mixed components. In terms of the size distri-

butions, this is seen as a greater variability in the locations

and shapes of the various fine particle modes. Compared to

the Pacific 2001 sampling site, the Simcoe 2000 data were

obtaineded at a rural site that occasionally receives local pol-

lution from Nanticoke but mostly experiences regional scale

pollution, largely transported from the United States. Thus,

air in Simcoe is also highly processed but not as variable as

that sampled during the Pacific 2001 study. The Egbert 2003

data were measured at a rural site that has a major nearby

pollution source from Toronto as well as being impacted by

regional scale pollution; it has an intermediate number of

mixed components.

It does not appear that there is a direct connection between

the individual components obtained by this method and any

specific sources. However, we believe that this procedure

will be extremely useful in simplifying the analysis of size

distribution data since it enables a large number of size bins

to be replaced with a much smaller number of components.

At a minimum these components can be thought of as a way

of “binning” the data that preserves maximum information.

We find it remarkable that only 4 or 5 such “bins” are needed

to reproduce most features of the size distributions and that

just 6 to 8 components can preserve virtually all details of the

distributions. This is made possible by the fact that the data

themselves are used to determine the optimal “binning”. In

analysing data, the scores may be treated as being analogous

to the numbers of particles in various size ranges (such as nu-

cleation, Aitken, and accumulation modes). However, using

the principal components should be much preferred to us-

ing predefined size ranges since the components retain much

more of the information present in the size distribution data.

Atmos. Chem. Phys., 7, 875–886, 2007 www.atmos-chem-phys.net/7/875/2007/
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