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3. From Exercise 2, we see that QTa = Ha = (||a|2,0,...,0)T = R, where
H=1-2% andv=a— ||allse;. So @ = H” = H. The LS solution
to ar ~ bis * = Ry "H(1,:)b = H(1,:)b/|a|l».

To show that columns of Q form an orthonormal basis, first recall that
by definition of orthogonal matrix, Q(:,4)7Q(:,7) = 1 for any ¢ and
Q(:,1)TQ(:,j) = 0 for any j # i. Hence its columns are orthonormal.
To show that it is a basis for R"™, it suffices to show that these n vectors
are linearly independent. Suppose y is a vector such that Q(:, 1)y, +Q(:
2+ +Qm)yn = 0. Then 0 = Q)70 = Q- )7Q(:, )y + Qo
A)TQ 2y + ...+ Q(,)TQ(:,n)y, = y;. Therefore y; = 0. Since i is
chosen arbitrarily, the vector ¥ must be zero. Therefore, the columns
of @) are linearly independent.

To see that m is one of the basis vectors, note that (Qe; is the first

column of Q. Let a denote ||a||2. Simplify using the same technique as

in question 4.3 of PS4 results in
(a — aey)(ale; — aeley)

(a” — ael)(a — aey)

Q61 = 61—2

(a — aey)(efa — a)
—a(ela — a)

= el—

1
= e+ a(a — ae)
a

= (1)

lall2

4. Let w be any arbitrary nonzero vector of length &, then w” X7 AXw =
(Xw)TA(Xw) = y"Ay, where y = Wz € R™. Since X is of full
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rank, columns of X are linearly independent. Therefore, y = Xw =
Zle w; X (:,i) # 0 as w is nonzero. By positive definiteness of A,
wl XTAXw = yT' Ay # 0 for any nonzero y. So, XTAX is positive
definite.

Note that it is important to argue that Xw cannot be zero. If it were
possible, then there would be a nonzero vector w such that w? X7 AXw =
07 A0 = 0, which would imply that X7 AX is not positive definite.

. For the first part of the hint, let x € R™ be defined as

1, k=1,
Ty = -1, k=y,
0, otherwise.

By positive definiteness of A, we see that 7 Az = A(i,i) — A(i,5) —
A7, i) + A7, ) = A(i,i) — 2A(, j) + A(J,J) = 0 (A(i,j) = A(j,7) by
symmetry). This inequality implies that

A(i,j) < (A(i,9) + A, 5)) /2. (2)
Similarly, define y as

1, k=iork=j,
yk:{ J

0, otherwise.

We have yT Ay = A(i, 1)+ A(4, j)+ A(j,1) + A(J, j) = A(i,1) +2A(i, ) +
A(j,j) > 0. This inequality implies that

—A(i,§) < (Al 1) + A3, 7)) /2. (3)

Finally, (2) and (3) imply |A(4, )| < (A(i,7) + A(4,7))/2.



