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Probability: Continuous distribution
and variables

« Continuous distributions
— Random variables
— Probability density function
— Uniform, normal and exponential distributions
— Expectations and variance
— Law of large numbers
— Central limit theorem

— Probability density functions of more than one
variable

— Rejection and transformation methods for sampling
distributions (section)



Statistics

Estimators: mean,
standard deviation
Maximum likelihood
Confidence intervals
y4 : statistics
Regression

Goodness of fit



Continuous random variables

A random variable X is a real value
function defined on a sample space S.

« X Is a continuous random variable if a non-
negative function f, defined on the real
line, exists such that an integral over the
domain A is the probability that X takes a
value in domain A. (A is, for example, the
interval [a,b]) ]

a< X < b :j f



Probability density function

* fis called probability density function
(p.d.f.). Note that the unit of the pdf below
are of 1/length, only after the multiplication
with a length element we get probability

* For every p.d.f. we have
f(x)=0

o0

j f(x)dx=1.

—00



Examples of p.d.fs

A carisdriving in a circle at a constant speed.
What is the probability that it will be found in the
interval between 1 and 2 radians?

* A computer is generating with equal probabillity
density, random numbers between 0 and 1.
What is the probability of obtaining 0.757?

* Protein folds at a constant rate (the probability
that a protein will fold at the time interval [t,t+dt]
IS a constant adt). If we have at time zero N,
protein molecules, what is the probability that all
protein molecules will fold after time t’ ?




Uniform distribution on an interval

« Consider an experiment in which a point X
IS selected from an interval g _— {x:a<x<b}
in such a way that the probability of finding
X at a given interval is proportional to the
interval length (hence the p.d.f. is a
constant). This distribution is called the
uniform distribution We must have for this
distribution

j dxif dxl




Uniform distribution (continue)

1
f(x):<— fora<x<b

—a ,
0 otherwise

f(x)

1/(b-a)




Examples of simple distributions

« Xis arandom variable distributed uniformly
on a circle of radius a. Find f(x)

« Check that the following function satisfies the
conditions to be a p.d.f.

rg s
f(x)=<3x for0<x<1>

0 otherwise

\



fx) |

Exponential distribution

f(x)=|aexp(-ax) 0<x<o|

N
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Normal distribution

I

T

1/2
j exp(—a(x—xo)z) —00 < X < 00

Na [,
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Continuous distribution functions

definedas F (x)=Pr(X <x)  for -co < x <

F(x) is a monotonic non decreasing function of x (can you show it?),
that can be written in terms of its corresponding p.d.f.

F(x)=Pr(X <x)
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Distribution function: Example

f (x) = aexp(—ax) for0<x<oo
- 0 otherwise

jf X) dx = jaexp —ax)dx = | —exp( ax] =1-exp(-ax)

—Q0
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Expectation

* For a random variable X with a p.d.f. f(x)
the expectation E(X) is defined

E(X)zjx-f(x)dx
The expectation exists if and only if the integral is absolutely converged, i.e.

]o x| f (x)dx < oo
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Expectation (example)

f(x):{zox O<x<1}

otherwise

E(X)zjx-Zx-dx:Z Z | ==

Even if the p.d.f, satisfies the requirements, it is not
obvious that the expectation exists (next slide)
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The Cauchy p.d.f.

f(x)= z(lixz) R

T T

N

F ()= I 1 > dx :iarcta;l(x)‘xoo =3(arctan(><)—(—%jj
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Cauchy distribution: Expectation

Test for existence of expectation

:Ux\- dx_ﬂx\ (1+X)dX—>oo

Expectation does not exist for the Cauchy distribution.
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Some properties of expectations

* Expectation is linear
E(aX +bY)=aE(X)+bE(Y)

* If the random variables X and Y are
iIndependent (f(xy)=f(x)f(y)) then

E(X-Y)=E(X)-E(Y)
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Expectation of a function

* |Is essentially the same as the expectation
of a variable

E(r(x))zzr-g(r)dr:zr(x)- f (x)-dx

of special interest is the expectation value of moments

variance = E(XZ)—[E(X)}2 :zxz. f(x)-dx— jx. f(X)-dx

Can you show that the variance is always non-negative?
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Functions of several random
variables

* We consider a p.d.f.

f (X, X, )

of several random variables
X11 e Xn

he p.d.f. satisfies (of course)
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Expectation of function of several
variables
* Similarly to one variable case,

expectations of functions with several
variables are computes
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Example: expectation of more than
one variable

1 for (x,y)eS
9
0  otherwise

f(X,y)= Y

Sisasquare: 0<x<1l0<y<l

X2+Y ”x+y (x,y)-dx-dy

11 2
” x +y dx dy—g
00
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Markov Inequality

X I1s a random variable such that
Pr ( X > O) =1
For every t>0

Pr( X Zt)sE(tX)

Prove it
Why E(X)>t is not interesting”?
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Chebyshev Inequality
IS a special case of the Markov inequality

« X is a random variable for which the variance
exists. For t>0

Pr([x —E(X)] 2t*)<

+ Substitute
Y =[X-E(X)] > E(Y)=var(X) andt’ byt

var ( X )
t2

to obtain the Markov inequality
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The law of large numbers |

« Consider a set of N random variables X,,..X,

I.i.d. Each of the random variables has
mean (expectation value) y and variance
0-2

* The arithmetjc average of n samples is
defined X, ==(X,+..+X,) . Itdefines a
new random'Variable that we call the
sample mean

* The expectation value of the sample mean
E(Xn)=%ZE(Xi)=%~“ﬂ=ﬂ 2s



The Law of Large Numbers ||

» The variance of X_

wr(X,)=E(X - €°(R,) = 5 S ()5 Ze(x)|

Since X; and X ; are independent fori= j E(X,X,)=E(X;)E(X;)

%[n.E(x2)+(n2—n)-EZ(x)—nZEZ(x)]

N

(E(X*)-E*(X))/n=var(X)/n

var (X, )

var (X, )

Which means that the variance is decreasing linearly with the

number of sampled points 26



Law of Large numbers ll|

Chebyshev Inequality:
var( X )

> fore>0

1-Pr((X, - u) 2 82| =Pr((X, - p) <&%)>1- —

= X > Uu

n
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Central Limit Theorem

« Statement without proof:

* Given a set of random variables X,,..., X,
with mean p; and variance 0% we define a
new random variable Z X,
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