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1 Lecture Plan

e announcements

e reading
Hickey book
Kozen Lecture 9
PS4 write up

e more on modules

e functors / parameterized modules

e illustrating with R

e computing with R and proofs about R

e constructing an irrational number

2 Examples from Michael George’s Lecture
12

Modules are collections of types and functions that are useful together for
specifying and implementing commonly needed functionality in a system.



They are especially important for organizing a program or system with
clear subcomponents. They could be used to organize course material as
well. They are key to software engineering.

The OCaml modules are called structures in SML, and that name was
inspired by the notion of algebraic structures in mathematics.

Proof assistants such as MetaPRL use theories to capture the structure
idea. MetaPRL is implemented in OCaml.

As Mike noted in his lecture, modules are key for specifying tasks. Recall
his quote:

“Write specs for somebody else because:
tomorrow you will be somebody else.”

3 Mathematical Structures vs OCaml
Modules

The ambitious “encyclopedia of mathematics,” The FElements of
Mathematics, written by several eminent French mathematicians under
the pseudonym Nicolas Bourbaki, is organized around mathematical
structures, some are algebraic structures some topological structures, all
based on set theory.

A Real Analysis module, as presented in H.L. Royden’s Real Analysis could
look like this module.

module type Reals_Type = sig
type reals
val O
val 1
val add : reals -> reals -> reals
val mult :
val sub :
val div :
end



CONTENTS
.- OF
THE ELEMENTS OF MATHEMATICS SERIES

I. TrEORY OF SETS

1. Description of formal mathematics. 2. Theory of sets. 3. Ordered
sets; cardinals; natural numbers. 4. Structures.

II. ALGEBRA

1. Algebraic structures. 2. Linear algebra. 3. Tensor algebras, exterior
algebras, symmetric algebras. 4. Poylnomials and rational fractions.
5. Fields. 6. Ordered groups and fields. 7. Modules over principal ideal
rings. 8. Semi-simple modules and rings. 9. Sesquilinear and quadratic
forms. » :

IT1I. GENERAL TOPOLOGY

1. Topological structures. 2. Uniform structures. 3. Topological groups.
4. Real numbers. 5. One-parameter groups. 6. Real number spaces,
affine and projective spaces. 7. The additive groups R*. 8. Complex
numbers. 9. Use of real numbers in general topology. 10. Function
spaces.

IV. FUNCTIONS OF A REAL VARIABLE

1. Derivatives. 2. Primitives and integrals. 3. Elementary functions.
4. Differential equations. 5. Local study of functions. 6. Generalized
Taylor expansions. The Euler-Maclaurin summation formula. 7. The
gamma function.  Dictonary.

V. ToPOLOGICAL VECTOR SPACES

1. Topological vector spaces over a valued field. 2. Convex sets and
locally convex spaces. 3. Spaces of continuous linear mappings.
4. Duality in topological vector spaces. 5. Hilbert spaces: elementary
theroy. Dictionary.

V1. INTEGRATION

1. Convexity inequalities. 2. Riesz spaces. 3. Measures on locally
compact spaces. 4. Extension of a measure. LP spaces. 5. Integration
of measures. 6. Vectorial integration. 7. Haar measure. 8. Convo-
lution and representation.



4 Implementing the Reals with a module

module Reals : Reals_Type = struct
type reals = int -> int * int
let 0 = (0, 1)
let 1 = (1, 1)
let add = fun n -> fun m -> ...
let mult = fun n -> fun m -> ...
end

There are other implementations we can build

module Reals2 : Reals_Type = struct
type reals = int stream

let 0 = [0; 0; ... ]
let 1 = [1; 0; ... 1]
end

module Reals3 : Reals_Type = struct
type reals = int * int
(* Dedekind Cuts *)
let 0 = ...

end

5 Using functors (parameterized modules)
to implement reals

A functor is a module parameterized by a module. We could
parameterize the Reals by the ways of creating the elements of real.



module MakeReal (Values : Real_Sig)
type Values
val add : Values -> ...

end

6 Diagonalization over N — B

Suppose e : N — (N — B) and for all f in N — B there is an ny € N such
that e(ng) = f, i.e., the map e is onto N — B or surjective.

Then define the diagonal function

d(n) = e(n)(n), where b is the complement of the Boolean,
e.g. true = false.

This d is a function N — B, so there is an ng such that e(ng) = d

BUT d(d) = e(d)(d) = d(d). This is a contradiction.

fo(0) fo(1)

f0) f(1)

f20) f2(1) f2(2)

fd(o) ......... fd(d)



7 Constructing an irrational number by
diagonalization

Theorem 1 (Bishop '67)

Let {a,} be a sequence of real numbers. Let g and yo be real
numbers, xg < 1. Then we can construct a real number x such
that

(a) 2o <z <yp, and
(b) x #a, foranynin Z™.

Example

Take xo = 0 and yo = 1. Let {a,} be the rational numbers
(injected into R) in the interval [0, 1].

In this case z is an irrational number in [0, 1].

How to do this? We construct {z,}, {y,} to “miss every rational” and
satisfy

* xOanSxm<ym§yn§yO and

xkx  x, >a, OR y,<a, foralln>1
ko k Y, — T, < 1/n
Construct {z,}, {y,} inductively (e.g. define the numbers recursively).
assume xo, 1, ..., Tp_1 and yo,y1,...,Yn_1 are constructed.

Notice, either a,, > x,,_1 or a, < y,_1 by *x*.

If a,, > x,,_1, pick a rational x,, such that
Tp1 < T < min{an,y,_1} and y, such that
Ty < Yp < Min{ @, Y1, T + 1/n}

6



If a, < y,_1, then let y,, be any rational such that
max{an, Tp_1} < Yn < Yn—1 and x, such that
max{an, Tn_1,Yn — 1/n} < T, < Yp.

From * and * % % we have

|Tm — Tp| = Ty — T < Yp — 2, < 1/n (M >n)
Likewise |y, — yn| < 1/n for m > n.
Thus {z,}, {y.} are reals, by * * % they are equal.

If a, < x,, then a, < x
If a, > y,, then a,, > y. Hence a,, # x for all n.



