
CS 2800: Discrete Structures
Aaron Chen

LECTURE 9
The construction of the real numbers

9.1. Introduction

While all of us intuitively know what a real number is, the classical
mathematical construction of R is actually much more complicated
than the intuitive idea. Although this class is about developing rigor
in formulating mathematical definitions and results, we will take some
things for granted in this lecture, namely the standard properties of N
and Z. Of course, these can be formally constructed, the first through
the Peano axioms. One can then define + and · on N, and Z is
the smallest ring containing the natural numbers. We will not have
time to formally define these terms, but the interested reader may
consult 1 for a thorough construction beginning from N all the way to
R. Alternatively, the course MATH 4130 here at Cornell will spend the
first couple of weeks focused on formally constructing the reals.

9.2. The Integers Z and Preliminary Definitions

Definition 9.1. A commutative ring is a set R, along with two
binary operations + and · that satisfy the following properties:

(a) Closure of +: For all a, b ∈ R, a+ b ∈ R.
(b) Associativity of +: For all a, b, c ∈ R, (a+ b) + c = a+ (b+ c).
(c) Additive identity: For all a ∈ R, there exists 0 ∈ R such that

0 + a = a+ 0 = a.

1http://www.math.wustl.edu/ kumar/courses/310-2011/Peano.pdf
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(d) Additive inverses: For all a ∈ R, ∃b ∈ Z such that a+ b = 0.
(e) Commutativity of +: For all a, b ∈ R, a+ b = b+ a.
(f) Closure of ·: For all a, b ∈ R, a · b ∈ R.
(g) Associativity of ·: For all a, b, c ∈ R, (a · b) · c = a · (b · c).
(h) Commutativity of ·: For all a, b ∈ R, a · b = b · a.
(i) Multiplicative identity: There exists 1 ∈ R such that for all

a ∈ R, 1 · a = a · 1 = a.
(j) Distributive property: For all a, b, c ∈ R, a · (b+ c) = a · b+a · c

and (a+ b) · c = a · c+ b · c.
If we only consider axioms (a)− (d) and forget about the operation

·, we have what is known as a group. If we add in the axiom

(k) Multiplicative inverses: For all a ∈ R− {0}, ∃b ∈ R such that
a · b = 1.

then (R,+, ·) becomes a field. We call 0 the additive identity, and 1
the multiplicative identity. Now what gives us the right to use the word
“the”? It is because additive and multiplicative identities are unique, a
fascinating result that can follow only from the axioms we have given!

Claim 9.2. Additive identities are unique.

Proof. Let 0 and e denote two elements of R that satisfy axiom (c).
We then know that 0+e = 0 because e is an identity. Likewise, we also
know that 0 + e = e because 0 is an identity. Thus, we have 0 = e. �

The case for multiplicative identities follows similarly, and one can also
show that inverses (both additive and multiplicative, should they exist)
are unique. Now it is clear that Z, together with integer addition and
multiplication, form a commutative ring. Namely, it is these properties
about Z that we will refer back to as we construct Q and R. While Z is
not a field (why?), we shall see that Q and R are fields. In the future,
we will also omit the ·, letting multiplication be defined implicitly in
the usual sense (ab = a · b).

9.2.1. Total orders

Definition 9.3. A total order ≺ on a set S is a relation that is:

• transitive
• satsifies the law of trichotomy : For all a, b ∈ S, exactly one of
a ≺ b, b ≺ a, and a = b is true.

Note that < on N,Z,Q,R are all total orders. We shall later see
the definition of a partial order, which modifies the second axiom so
that two elements do not necessarily have to be “comparable.” Now
we will define what an ordered field is.
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Definition 9.4. An ordered field (F,+, ·, <) is a field (F,+, ·) with
an associated total order < so that for any a, b, c ∈ F , the following
properties hold:

• If a ≤ b then a+ c ≤ b+ c.
• If 0 ≤ a and 0 ≤ b, then 0 ≤ ab.

9.3. Construction of the Rationals

With our integers Z, we will give the following construction of the ra-
tionals. Consider the set K = Z×Z−{0}, that is, pairs of integers such
that the second integer is nonzero. We define the following equivalence
relation on K:

(a, b) ∼ (c, d) if ad = cb.

Proposition 9.5. ∼ on K is an equivalence relation

Proof. We must show that ∼ is reflexive, symmetric, and transitive.
We will only consider pairs (a, b) where a is nonzero (b is by definition
nonzero). The case where the first coordinate can be zero needs only
a simple fix for the proof of transitivity. Now to prove reflexivity, by
the commutativity of integer multiplication, we see that (a, b) ∼ (a, b).
For symmetry, if (a, b) ∼ (c, d), it is easy to see that (c, d) ∼ (a, b) by
the same reasoning. Transitivity is more difficult: suppose that

(a, b) ∼ (c, d) and (c, d) ∼ (e, f).

We want to show that (a, c) ∼ (e, f) (equivalently, af = ce). Now we
know that

ad = bc and cf = de.

(∗) We can multiply the equations with each other to get

adcf = bcde.

Rearranging (by commutativity and associativity), we have af(dc) =
ce(dc) (∗∗). Now we can cancel out (dc), we have shown that af = ce,
and thus, transitivity of ∼. �

Remark. It is important to note that in the line denoted by (∗) above,
we could not have done the naive argument of claiming that a = bc/d
and substituted this into the second equation and cross multiplied out.
This is because we have not defined what / is on the integers! Addi-
tionally, if we wanted to be entirely formal, we would need to justify an
implicit assumption (∗∗). Namely, we have the cancellation property:
if ac = bc, then a = b, which can be proved directly from the axioms.
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Now we define Q = K/ ∼. Recall that when we “quotient” a set by
an equivalence relation, we are considering only the equivalence classes
of Q. Instead of writing a rational as [(a, b)]∼, however, we simply write
a/b.

Theorem 9.6. (Q,+, ·, <) is an ordered field. In particular, we can
now use the / operator to denote the inverse of · (and by our construc-
tion division by 0 is undefined, as it should be).

We will not prove the theorem, but it can be done solely using
the fact that Z is a commutative ring and our equivalence relation ∼.
Finally, we will define the absolute value of a rational as well as state
without proof the triangle inequality.

Definition 9.7. For a ∈ Q, we define the absolute value

|a| =

{
a if a ≥ 0

−a otherwise.

Theorem 9.8 (Triangle Inequality). For a, b ∈ Q, |a+ b| ≤ |a|+ |b|.

9.4. Construction of the Reals

9.4.1. Sequences

Now for the construction of the real numbers, we need a bit more
machinery.

Definition 9.9. A sequence on some set S is a function a : N → S.
Rather than saying a(0), a(1), ..., a(n), etc. we simply put the index in
subscript, e.g. a0, a1, ..., an, .... We denote the sequence itself as (an)n.
For two sequences (an)n and (bn)n, we can define addition, subtraction,
and multiplication of sequences as just the operations done pointwise
for each element of the sequence, and we write such sequences like
(an + bn)n, (an − bn)n, and (anbn)n respectively. Note that division
of sequences may cause an issue if we have 0’s in the sequence being
divided!

For the following definitions, we are assuming that we have a given
ordered field (F,+, ·, <) (we will only be considering the case that F =
Q, but these definitions hold for a more general class of sets known as
metric spaces).

Definition 9.10. We say a sequence (an)n is Cauchy if ∀ε > 0,∃N ∈
N such that ∀n,m ≥ N , |an − am| < ε.



LECTURE 9. THE CONSTRUCTION OF THE REAL NUMBERS 5

Note that in the above definition, we are letting ε range over positive
rational numbers, not positive real numbers (because we don’t know
that real numbers are yet).

Definition 9.11. A sequence (an)n converges to a limit L (contained
in the set) if ∀ε > 0,∃N ∈ N such that ∀n ≥ N , |an − L| < ε. If (an)n
converges to L, we write (an)n → L.

Definition 9.12. An ordered field is complete if every Cauchy se-
quence converges to a limit.

Proposition 9.13. Q is not complete.

Proof Sketch. Since we are proving that Q is not complete, we only
need to give an explicit counterexample that violates our definition of
completeness. Intuitively, we can think of any irrational number we
already know, say

√
2 or e, and come up with an increasing sequence

of rationals that gets closer and closer to that number. In particular,
one definition of e is

e =
∞∑
n=0

1

n!
.

This gives us a natural sequence, (an)n, where an =
∑n

n=0
1
n!

. Since the
proof is rather technical for the scope of this class, we will only give a
reference 2, and one can find many more proofs of the irrationality of
e on the internet. �

9.4.2. Construction of R

Now that we have seen that Q is not complete, we will define R as a
quotient of rational Cauchy sequences by some suitably chosen equiv-
alence relation. Letting (an)n and (bn)n be two Cauchy sequences of
rationals, we define ∼R to be the following equivalence relation:

(an)n ∼R (bn)n if (an − bn)n → 0.

Exercise. Prove that∼R is an equivalence relation on the set of Cauchy
sequences over Q. You may use without proof that for any a, b, c ∈ Q,
|a| = |−a| and the triangle inequality. As an additional hint, the proof
of transitivity will be very similar to that of Proposition 8.14.

9.5. Properties of the Reals

The real numbers, R, also form an ordered field.

Proposition 9.14. R is closed under addition

2http://www.mathshelper.co.uk/Proof%20That%20e%20Is%20Irrational.pdf
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Proof. Since elements of R are equivalence classes, we must show that
for (an)n and (bn)n any two Cauchy sequences of rationals, (an + bn)n
is Cauchy. Let ε > 0 be an arbitrary rational. We want to show that
there exists N such that for all n,m ≥ N , |(an + bn)− (am + bm)| < ε.
Since (an)n is Cauchy, we know that there exists N1 such that for all
n,m ≥ N1, we have |an − am| < ε/2. Similarly, there exists N2 such
that for all n,m ≥ N2, |bn − bm| < ε/2. Then we see that taking N to
be the greater number between N1 and N2, we see by various properties
of the rationals and the triangle inequality that for all n,m ≥ N ,

|(an + bn)− (am + bm)| < |(an − am) + (bn − bm)|

≤ |an − am|+ |bn − bm| <
ε

2
+
ε

2
= ε.

�

Likewise, one can check all the other field axioms as well as the or-
der axioms to completely verify this fact. Additionally, R is complete,
which can be shown by a “diagonalization” argument (this is not ex-
actly like the one done in class, as we are not building a contradiction).
A diagonalization argument (exactly like the one done in class) can
show that R is an uncountable set.

9.6. Further reading

A reader interested in learning more about the construction of the reals,
and in turn the area of mathematics known as real analysis may con-
sult Principles of Mathematical Analysis by Walter Rudin for a thor-
ough treatment of the subject. As far as relevance to computer science,
real analysis is essential in areas of approximation algorithms and op-
timization, as well as numerical analysis and scientific computing. The
language of probability theory is also grounded in real analysis, which
is extremely important for probabilistic algorithms, CS Theory, as well
as machine learning. The analysis sequence at Cornell (MATH 4130-
4140) would be a suitable place to learn this content, and completing
CS 2800 should supply enough “mathematical maturity” for anyone in-
terested in taking it in the future (although it is an honors course, and
thus the time commitment required to succeed in the courses should
not be taken lightly). Alternatively, if the reader is interested in the
material discussed in the first half of section 9.2, this is the begin-
ning of an area of math known as (abstract) algebra. In general,
we can consider structures like groups, rings, and fields other than
the numbers we are familiar with and study their various properties.
One area of computer science where this is particularly relevant is the
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field of cryptography. A standard reference for this is Abstract Algebra
by Dummit and Foote. One may also see A Book of Abstract Algebra
by Charles Pinter for a much more relaxed (and cheaper) exposition.
The corresponding courses at Cornell that cover this subject matter
are MATH 4330-4340 or 3340.


