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Heuristic: pick configuration with greatest number of correctly placed tiles
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Breadth-first search: explore nodes generation by generation

Generation 0:   {A} 

Generation 1: {B,H}

Generation 2: {C,I}

Generation 3: {D,J}

Generation 4: {G}

Generation 5: {F}

A,B,H,C,I,D,J,G,F

A,H,B,I,C,D,J,G,F

A,B,C,D,G,J,I,H,F not BFS

Breadth-first Search (given start node): gerontocracy

Generation i = set of all nodes n such that shortest path from start to n
has i edges
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Breadth-first search
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0,1,2...: these are generation numbers for configurations

Sequence structure returns configuration from oldest live generation.
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Queue: First-in-first-out Sequence Structure

Queues are simpler to implement than priority queues.
Queues are faster than priority queues.

=> We will design special structures for queues rather than reuse priority queues.

[A]

head

Sequence structure: queue    [q w e r t y]

tail

[H B]

[E C J G]                        [C J G]

[B I E]         [I E C]


 +



 ! � � 	� � Q R ��

�� � 	 � � 	 � � � 	! � � �! �� Q R � � � � � � � � � � � � � �! � 	! � �� � 	� 
 ��!

I 	 � �� � � 	� �� � ' � �� - � � (� 	 J - �� � 	 � � � � '� � � �� � * �� � ��� � � � � 	� �� � �

�� � * �� � ��� � � %

V � � � � ' � �� � � �� � � � �� , �! � �� � � � ' � � � � � 
 ��! 	 - �� � � �� � � � �

� �� �! � � �� � � � � �! � � � � 
! % � � � �� 	�� � � � � 
! 	� � � �! � � � � � 3 � �! �

�� � � � � �! � � � %

 ! � � 	� ! � � �� 	�� � � � � 
! 	� � � �! �! � ��

 7



S �� �! � �� ' �� (� � � 	 � � � 
! 	� � � �! 	� � �� � � � � � 	� � 	� � � 3

8� � � � � � � � �� (� � ' � 	� ��� � � �� 	� �� �� � �� �! �� � 	

WXY @[Z> \ Z ] = Y @Z ?^ @ I`_ � R L J I � 3 � 	� � �3 � 	� � 	� � � 3 � - �� � � 	 J

put order

head

get

tail
put

� � �! � �� �� �" � � - 	� � � 3 	 ,


 � � � 	 3 �� � � � 	 
 � 	!

�� � � 	 3 �� � � � 	 
� 



 9



1" � � 
 � � �

toDo

Done

A

B C

D

F
E

J

A

A
I

G
H

S 	� � �3 � 	 � _ � R L 	� ��� � � �� 	� �� �� � �� %

6! � 	 � � � 
! 	� � � �! 	� � �� � � �� 	 � �� � � � � � 
 �! ) * � 	� � � � 
! 	� � � �! %


 ;



S � - 	� � � � � �

[A] -> [H B] -> [I B] -> [J B] -> [B] -> [C] -> [D] -> [G]
-> [F] -> []
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-> [I J H] -> [H J H] -> [J H] -> [H] -> []
[A] -> [B H] -> [C H] -> [D H] -> [G J H] -> [F J J H] -> [J J H]
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<<interface>>
SearchStructure

<<interface>>
SequenceStructure

SSAsSortedArray

QAsArray

StackAsArray

PQAsSortedArray SortedArray

Bridge ClassesAbstractions

Concrete
Implementation

Bridge classes: decoupling abstractions from implementations
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put

get

head

size = 3

0
1 4

head tail

tail

1 5

head tail
2 4

size = 4

size = 2

head:slot for item that arrived earliest
tail: empty slot for enqueue
size: number of elements in Q

w 	� �! � � � � � � � 	 �/ �� � �� � � � ' �x � �/ %
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headtail
0 3

put

get

size = 3

size = 4

Wrap-around: array is a ring buffer!

3

tail
0

1
tail head

head
4

Exercise: can you compute size from values of head and tail?

Check: does your expression work for empty Q? full Q?

size = 2

+ ;
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89

dequeue

5 45 -7 3

5 45 -7

QAsList

last

last

last

-7 5 4 3 89

3

enqueue 89

first

first

first

QAsList

QAsList
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Keep PQ items as sorted list in decreasing order of priority

Entries with same priority are in FIFO order.

Code: look at SortedList class discussed earlier

Designing data structures for PriorityQ’s

4 2

data

4 1

put: walk down list and insert into "right place"

get: extract from head of list

y I{z J 
 � � � � � � , y I $ J �� � � � � � %
7 T
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"Don of the living dead"

16

24"Red Don"

- stick new element into a new leaf node anywhere in tree
- result is not necessarily a heap
- compare parent of new leaf and new leaf and exchange if necessary

(in our example, we would exchange "Red Don" and "Don of the living dead"
  since "Red Don" is more ruthless)

- if no exchange was needed, we are done : we have a heap
- otherwise, let p be the parent of the leaf node. We now have to compare 
   p and parent(p) to see if heap condition is violated.

- if so, exchange, etc.
- this process has to terminate at the root of the tree at the worst.

Uriah
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- "complete binary tree": if node n is occupied, all nodes numbered 
      less than n are also occupied

- if we can maintain a heap as a complete binary tree, tree will be 
    short and bushy. Can we design put and get to "complete binary tree"
    property is maintained after operation?

- Put: insert new element into "first" empty node (in example, node 13), rather
    than into any random new leaf node as before, and heapify up the path from
    this new node to root.

Uriah

Problem: how do we know where in tree to create the new node (node 13 
in example)? Easy: keep track of size of heap (in example, size is 12). 
Put will make size = 13, and 13 is 1101, so path to new leaf is RLR.

empty node

filled node
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Uriah

empty node

filled node

- get algorithm that ensures complete tree-ness:

- extract element from root of tree and return it
- in old algorithm for get, we would promote max of nodes 2 and 3
    to root, and keep going recursively down the tree. However, this
    may create a "hole" in some position like 8 or 9 ultimately, and we
     lose complete tree-ness
- clever way to fill root: promote element from "last" filled node 
    (in our example, node 12) to root
- this may violate heap property, so heapify by comparing new root element
   with elements in 2 and 3, and exchanging root with largest of its children etc.

(intuitively, if new root element is a loser, he sinks down the tree till 
  he needs to sink no more)

¸ ¸
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(1)
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(1)   extract root
(2)    promote "last" element into root

(3)  exchange 8 and 22

(4) exchange 8 and 14

final heap: complete tree once again
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