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1. Goals

This report &plains Nevton’s Method for root solving. A majority of this reportviews
background concepts/formula/theory that all hekpl&n the “gist” of Nevton's Method.
Students who need to refresh their memory of some underlying mathematics should thoroughly
review this report. Also, ayone interested in diseering hav to apply Jaa, Maple, andIATLAB

to these concepts should check each section for scattered bits of code.

2. Functions

Recall some basic concepts about functions. Althoughymaotions appear oious,
understanding Neton’s Method requires a solid foundation of basic algebra.

2.1 The Basics

Lety = f(x), where

* vy is thedependent variableplotted on the ertical axis

* X is theindependent variableplotted on the horizontal axis.

2.2 Plotting

For example, consider the plot df(x) = x>—1in Figure 1.
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Figure 1: Plot of Function



How can you create this graph? Because tmakle x is independent, you can pick arbitrary
values ofx. Given an arbitrary alue ofx, you would then calculatd (x) from the polynomial
x*—1. For example, atx = 2, f(x) = 2°_1=3, Thus, forx = 2,y = f(2) = 3. So, you
plot the point(x, y) = (2, 3) and, then, try otheralues ofx.

2.3 Algorithm

Remember thay depends ox. So, when corerting a function into computer code, you need to
let the computerary the independentiviable. Each time the independeatiable changes, you
can let the computer calculate avnealue for the dependenanable. Br instance, to implement
the xample presented ab®in Section 2.2, folle these steps:

1. Declare your griables:
* Lety be dependent.
* Letx be independent.
2. Choose starting and stoppinglwes for the dependerdnable:
* Choosestart = -2
* Choosestop =2
3. Incremenix and iterate for alues ofy:
e Letdelta x=0.1
* Computey = Math.pow(x,2) - 1

2.4 Computer Code

The folloving code implements the algorithm in Section 2.3. Note H@mat.java
borroved from CUCS Stationerprovides methods for printing formatted output:

public class plotting_function

public static void main(String args[])

{

double x; // independent variable
double y; // dependent variable

double start = -2; /I starting value of x
double stop = 2; /Il stopping value of x
double inc = 0.1; /I increment of x

/I iterate for different values of y given increments of x
for (x = start; x <= stop; x=x+inc) {
y = Math.pow(x,2) - 1;
Format.print(System.out,”%4.2f “ x); /[See Format.java
Format.print(System.out,”%4.2f\n"y); //[See Format.java
}
}



NOTE: Format.java  stationery will be ®plained in an upcoming handoutorFow, please
accept ondith!

3. Slope

Newton’s Method relies on a thorough understandinglope a measure of o a function
changes.

3.1 Approximate

Assume a functiory = f(x) is continuous and smooth foryavalue ofx. Pick two values ofx,
calledx, andx,, that hae respectie valuesy, = f(x;) andy, = f(x,), as shan in Figure 2.
The following equation represents the approximate slope between Points 1 and 2:

Ay _Ya™Y1
Slope= = = o, (1)

In general, denote slope with the letter

3.2 Lines

If f(x) is linear then Equation 1 isxact. For example, the liney = f(x) = x+ 1 is linear Two
formulas for the equation of a line use Equation 1 and should éoolkdr:

y = mx+bh, (2)
giveny-interceptb, and
Y=Yy = m(X=Xx,). €))

Equation 3 is also called tip@int-slope ébrmula of a line.

3.3 Exact

Calculus preides an analytical method for finding slope. Consider theegurwy f(X), shavn in
Figure 2. Find the slopen, of Line 12 using Equation 1:

() = f(x)  F(x+Ax) —f(xy)  f(xp+Ax) —f(xy)

27 x-xg (A —(x) Ax '

(4)

Apply mathematical limits such thaix “shrinks” asAx — 0. Then, the Linel2 approaches the
tangent to Point.:

f(xy + Ax) — f(Xy)

mTangent = AQTO AX )

Equation 5 represents the formula fl@rivatives A dervative measures slope, the instantaneous
rate of change of a function at a point. Note thatvdéves &ist only where a function is smooth
and continuous.



y = f(x)

Figure 2: Finding Slopes

3.4 Notation
Using 2—2(/ only approximates slopeubyou can impree your accurac Thefirst derivative of y
with respect tax finds the gact, “instantaneous” slopeyamhere onf(x) :
. s _dy _ d
First Dervative: y' = f'(x) = Ix &f(x). (6)

WhereasA indicates a “lage” changed indicates an infinitesimal change inamable. Thus, a
derwvative provides an gact slope at a point.

3.5 Implementation

Except when using a numerical method for computingvderes, like finite diferences, you
should just wrk out the dewative by hand. Wu can then>gress the formula you deed using
mathematicalxgressions.

For example, consider the polynomial functiog = f(xX) = x>+ 2x+1. The first

deriative is f'(x) = 3% +2 using rules of dferentiation. Using Ja, you could enter the
following code to compute thales off(x) and f'(x) atx = 2:

double x = 2; /[ assign 2 to x
double y = Math.pow(x,3) + 2*x + 1; /[ assign f(2) to y
double y_prime = 3*Math.pow(x,2) + 2; // assign f'(2) to y_prime

3.6 Mathematical Software

Would you prefer that computer do the dative as well? Consult programs called Computer
Algebra Systems (CAS), ikMaple. Ier instance, the follesing Maple code will compute the
derivative for you:

 Maple



> diff(x*3+2*x+1,X); Maple code: Do not enter the prompt >!

If you preferMATLAB, the folloving code instructMATLAB to actvate its CAS, which happens to
be Maple!

* MATLAB:
>> f = sym('x"3+2*x+1"); MATLAB code: Do not enter the prompt >>1
>> diff(f)

Both approaches produce the identical resubé+ 2.

4. Roots

4.1 Equation

Sometimes functions argmressed in terms of aguation wherey = f(x). Wheny = 0, you
can sayf(x) = 0. If y has a constantlue, you can still rearrange the equation to get a zero on

one side. Br e<ample,x2 = 1 is equvalent tox*~1 = 0.

4.2 Assumptions

Lety = f(x), wheref a function ofx. Assume thatf(x) is smooth and continuous, so you can
rest assured (x) is differentiable “agwhere” you like. So, you can calculati(x) at ary value
of x. Solving for a deviative, the slope at a point, will help find a rootfg¢k) . So, what aroot?

4.3 Real Roots
A particular \alue of x that will produce f(x) = 0 is called aroot. For instance, gen

f(x) = x2—1, thealuesx = 1 andx = —1 produce 0, as sha in Figure 1. When roots &
real \alues, sometimes the roots are caleal roots Sincey = f(x) = 0 whenx is root, the

plot crosses thg-axis. This notion, though a bit wibus, doesxplain why plotting a graph helps
understand an equatiagrbehaior.

4.4 Approximate Solution

Think about this simple statement: Whens a root,y = f(x) = 0. Without doing much math,
you can try plotting a function to see where the function crossesttieal axis. Refer to the
code in Section 2.4.r¥ different starting and stoppingiues, and inspect the output for a change
in signs.

NOTES: A better approachomld irvolve either storing the twvvalues ofx just “before”
and just “after” the sign of changes. &u could also send theandy data to a file and read in
the \alues intdVIATLAB to produce a plot. (A reminder: something we should enhance here.)

4.5 Imaginary Roots

Although not mandatorysometimes imaginary roots will also produce 0 in a function. Recall that
animaginary numberi is defined as foll@s:



i = J-1. 7)

Consider the forth-order polynomiiﬂl —1.Thealuesl, -1, i, and —i are all roots. ¥u can use
both Maple andMATLAB to test these results:

* Maple:
> solve(x"4-1=0,x);
1,-1,1,-
e  MATLAB:

>> sym('x"4-1=0");

>> solve(f,’x’)
ans =
[ 1]
[ -1]
[ 1]
[ -i]
In general, ignore potential imaginary roots and concentrate on finding real roots.

5. Newton’ s Method

Newton’s Method is a quick, B€ient approach that finds a root of a function. This section
assumes that you understand concepts of functions, equations, plotting, slopesyatnedeli
not, please rgew earlier sections in this report.

5.1 Using Tangents

Most numerical approachessolve some guessing.od might @en get luck! Assume that you
need to find the roat, of a function. Ty the following steps assuming you\eaa diferentiable

function f(x) with slopef’(x):
1. Guess aalue ofx.
« Call this \aluex, , your first “guess” ok.

» Use the code in Section 2.4 to pide a “close” answer
* Check if you “got luck.” If not, continue on....

2. Consider the tangent to the functid(x,) atx; .

 Compute thex-intercept of the tangent, the position where the tangent crosses the
horizontal axis.

* You can use the point-slope formula for thegent line given f(x) and f'(x) :
y—f(x) = f'(x)(x—xy) (8)

« The tangent line crosses thaxis at the poin{x,, 0) , as shan in Figure 3. Thusy = 0
whenx = X,. From the point-slope formula, you can then say



0-F(x) = F(xp)(Xp—Xy) (©)

for the tangent line. Remember: Equation 9 represents the tangent wmefoyen your first
guess X, , but not the functionf (x)!

* Rearranging Equation 9 produces the folltg result that find, :

f(xy)

Xy = X4 — : 10
2 1 f:(xl) ( )
. Repeat Step 2, as sk in Figure 3.
* X, becomes the me“guess, resemblingx; .
* Solwe for x5 by Equation 10, using aweangent line dran atx,:
f(x5)
Xq = Xg———. 11
3 2 f'(XZ) ( )

. Stop iterating when your “result” is “close enough:”
* The preious and n& value ofx differ less than a gén tolerance .

* Thealue of f(X) is close to zero within agn tolerance .

Tangent

f(xy)

f(xp)
f(x)

1st Guess

Figure 3: Ne wton’ s Method



5.2 Algorithm

The follonving algorithm is modified from Programming Assignment 2. Thassion enforces
tolerance inf(x). Assume that the functiofi(x) is assigned to theawablef of x . Also,

assume that the deative f'(x) is assigned tderiv . Refer to Section 3.5 for more details on
coding these functions:

¢ Pick an initial aluex.
» Calculatef_of x

e While |f(x) —0| <€, iterate as follas:
* Compute the alue of f(x) . Assign the result tb of x
» Compute the alue of f'(x) . Assign the result tderiv .
» Compute the ne value ofx usingx = x - f_of_x/deriv

* Compute the ne value of f(Xx) .

5.3 Notes

» Stopping condition: Checking eithgror f(x) will work, though checkind (x) might
provide a more accurate resulbrinstance, if a root is along a “steep” airgmall changes
in X make “big” changes inf(x) .

» Corvergence: Neiton’s Method is not perfect! If the slope of the function is zero or if there

are multiple roots, Neton's Method is insdicient. More adanced algorithms in numerical
analysis account for thesacts and impnee this basic algorithm.



