
16 Oct 2023 Max-Cut

The MAX-CUT problem is : given graph G Lundirected)
and integer >0

,
can the vortex set

V(G) be partitioned into A
,
B such

that at least K edges are "cut" by
the partition . (Meaning one endport in A,
the other in Bi)

How to prove NAX-Cut is NP-hard ?

⑦

) A pating gadate for a SAT

reduction
,
but it becomes triky

to represent clauses
.

For reducing 3 . COLORABILITY IP MAX-CUT ....
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for verdex V
,

Vertex V ↑
Cuts in this graph

" that cut In edges-n are in bijection
with 3-colorings of
the vertices

.



Proposed Reduction: Given graph H which is an instance
>

of 3-COLORABILITY , construct G

whose vortex set is :

· Ex Groot vertex)

-

[Ur, ,Um 13 gadget nodes corresponding)
Ar each 40V(H)

and edge set is

- Edges from X to every other vertex

- Edges 4: uj) for all usW(H)

and it;
in 90

,
1
,
23 .

-

Edges Ini
,
vi) for all (u

,
4- [(H)

and i = 40
,

1
,
23

.

finally , we ask if I a cut of size

In + 2 m edges. (M= #vertices in H, I
m = # edges in th

Conclusion:
-

- Cuts that cut In black edges
den't exist

-Cuts that cut exactly In black edges
and at least Im purple. edges
do correspond to proper 3-colorings
-

of H .

-Cuts that cut <4n black
,
but <4n+2m

edges in total may exist,



violating correctness of reduction .

If black edges have weight wi 3m

Intal purple edges)
then crets of total weight taw+2m
must cut In black edges and

,
-
-

in addition
,
at least ai purples -

⑪Mor2 .

There is a slightly more

general problem , WEIGHTED MAX CUT
,

where the input is :

- graph G

- edge weights whu,vie N

~

target cut weight 14

and the question is
: does I a

vertex partition
A
,

sit

2 [ wh, & K ?
U =A vo

Then the reduction above
,
with

black edge weights set to w
= 3mr1

and purple edge weights set to 1

and K = 4nw+2m
,
is a valid reduction

3- COLORABILITY WEIGHTED MAX-CUT



If we allow multigraphs (i . e
,
where

two vertices can potentially be connected

by multiple edges) then we can

represent an edge of weight w

by w paraiel edges , and the

reduction above becomes a reduction

3-COLRABILITY I MULTEGRAPH MAX-CUT

9 we want our reduction to output

a simple graph , we require one

more gadget. As before
,
let

1 = instance of 3-COLORABILITY
n = #vertices of H

m = # edges of H

w = 3m+1
.

and now set

M = Gnw +3m+ 1

Replace each vertex (other than i
in the original reduction with

2M vertices forming a complete



bipartite Irapt wit M vertices

↳n each side
.

Thus , our reduction takes H and outputs
a graph Ge with

-> not vertex or

-vertices hij
for all neV(H)

,

= 40
,
1 ,2}

, j = 41,2, 3, . .

., 23
-blue edges (i , Mix)

whenever u=V(r)
,

ie 40
, 1
,23, -K

odd

- black edges (X
,
M ;, 2,) for is 10,23

and 1 jEw .

- black edges (wi ,2j , We, for

distinct i
,

le90,2 and 1jw
- purple edges (n ;, 1 , Vi ,al

wherever (n
,4) = <(A) and = 40, 1,23 .

This gropl G has 3nM2 blue edges ,
Gaw black edges

,

3m purple idges,

MAX-CUT :
Is there a partition that cuts at least

k= 3 M+ 4nw+hm edges of G?



f A partition of the set

V
e
,
i

- Ewij/1- jam
into Sets Ani , Bai is "pure"
if either

Andri rd Bufmij/ even
Ov

An Ewijli even Baidwig/rudd
A partition or VCC)-druFresVu , i

i= 40, 1
,22

into sets A
,
B is pure i

the partition :
Ar V

,
i

n
,

i S

is pure fr all u, .

ama A
pare partition rats 3nM

blue edges . Any other partition cuts
at most 3 - M blue edges .

Dry Every blue edge has endpoints

Mijj and rik for some neV(H)
,



i= [0,,2, and j,ke [am] with

j-k add
. By definition a pure

partition cuts every
such edge ,

If a partition A
,

& is o

Pure , them Ju, such that

(Ani
,

Buil is not a pare partition
of Vi If one of Ani

,

Bui is

empty ,

then none of the blue

edges in G[Uni] is cut, So at

least M2 blue edges are uncut .

If Ami, Bas are both non-empty
but (Avi, Buil is not

pure,
then at

last one of the sets qui; /joddy or
Gui; / even intersects both Ani and Bair

Assume WIG that it is [Uij) rod]
There are M vertices in Guijl; even] and

each of them has ?1 blue edge to
another vertex on its side of the

partition . Hence at least M blue edges



are uncut
.

⑭

Back to analyzing the reduction .

If # is 3-colorable and

c
= V(r) - 30

,
1
,23 is a valid coloring

let

A = (x3-(n
,j)n + x(r)

,
i sa)
,j even

~ Su;j/nV, it cul
, jodd)

B = v(or) A

Them the partition (A
,

B) cuts :

- all blue edges

- 4w black edges in each

induced subgraph
67/3u VorVaerVz] , naVCH)

-

Im purple edges .

hence K edges in total
-



Conversely , if 5 a partition (A , B)

that cuts K edges in total :

① The partition must be pure .

Otherwise there are at least

M uncut blue edges . By
the choice of M>Gnw+3m

the combined number of cut

black and purple edges can't

possibly compensate the loss of

M blue edges from the cut,

② for
every neV(H)

, exactly one
is (0

,
1
,
2 satisfies quijfever A .

Otherwise at most 3w of the

block edges in induced subgraph

67/3u VorVae-Vz]
are cut. By choice of w3m

,

no number of cut purple edges
can compensate the loss of w



black edges from the cut.

③ Color each vertax noV(H) with

the unique color (u) = e

such that huij/ j even A
.

This must constitute a proper

coloring of H
,
as otherwise

Fewer than 2m purple edges

would be cut
,


