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PUSH-RELABEL ALGORITHM

initialize h(s) = n
,
h(r =0 FrES

.

initialize f(u) = <(ux) I u=SE - xu,) ↑ v
= S

0 otherwise .

tWhile I Vis, with x(r)>0 :

let ret be a vertex of positive excess with

maximum height among
all such vertices .~

if I edge Lux with cyr)> flor) and h(u)>h(r) :

I PUSH(n,)
let 8 = mind x(u), clux-fluxt]
f(u,) f(ux) + 8 S = c(u

,v) = f(x,)

f(v
,
n) f(x

, u) - 8 "Saturating push"
S <chr, - fLi,

"non-saturating push
else :

- RELABEL (n)

h(n) - G(u) + 1

endwhile

output f.

ma If f is a preflow und vs is a
⑥

vortex with x() 0 them OS Contains
O

a path from W to S made up of elgesO

with <(n
,
x - f(x,) > 0 .

⑳ Let 2 = G(y
,
n))xnni- f(yk 03

and A =Sw/ There is a path from to shwish edges, in E

B = VIA ,

- Lemma asserts veA



87 construction A (EGY with ueB
,
reA

.
I

⑰

Ex) =

s r
flat *8

- 0 +

0*

o
by skew

-Er -(4,
X

symmetry

0- a a furt

-A f(,)s edses from B to A

are saturated
.

->
- x,) 0

SEA
,

so x(r20 for arr ve.

But <O so must be that xiO WreB
.

·: VEA because X(rr)> O .

QD
.

Do At all times Fr h(r) < 2n -

P . The most recent time we relabeled v
,

x(u) was 8
. By Lemman

,

E had a path from v to S

with pos,
resid

. cap ,
on every calge .

~+ - - 0 + 0 - ⑮
<2n-2 SGn-2 .. . Ent2 <Ut h(s) = n
or else we 2 I

Wouldrit have relabelect -·z W- I
S - I8

" 3 0
I relabels .

2 (2n-1) n . ↳a
2 I



satingpushes .

When PuSr() saturates (a) it means

residual cap .
of (u) becomes equar to zero

.

Also
,
h(u) = h(r) + 1.

We will not PUSH (n
,
v) again until (u,) has positive

residual cap, which happens after PUSH (v
, n) .

height hich ·
~ height linr = +2

height ht1 U "You height h

Between
any

two saturating preshes of (n
,
2)

(v) Increases by 2 = at most h

saturating pushes per Coriented) edge .

=2mn saturating pushes total
.

No rating pushes Let H = max 9az .

vEs : x (r)> 0

Divict execution into phases when th

is constant

I can only increase during relabels
.

(&n-1)n times)
# phases = 2 (2n-1) n .

Vertices vis will be the source of a

ron-saturating pash at most once

per phase .

-> > 2(2n-i) n (n-1) non-saturating-

pushes .


