CS 6815 Pseudorandomness and Combinatorial Constructions Fall 2019

Lecture 5: September 12
Lecturer: Eshan Chattopadhyay Scribe: Priya Srikumar

5.1 Expander Mixing Lemma

Lemma 5.1 Let G = (N, ) be a spectral expander. VS, T C [N], we have two equivalent equations
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Proof: Recall that E(S,T) counts each edge botwocn S and T twice, I = (1,..,1) € R, Tg5(i) = the
indicator vector for S € R™, A the normalized adjacency matrix of G.

We see that T§ ATy = E(%T) =" A T5(i)T7(j) (we can switch i and j since A is symmetric).

Using vector decomposition, we get that Tg = |S|T+ 14 = S0, i, Ir = |T|T+ 15 = S0, piv;, and
ultimately that TgATy = (|S|T 4 1) TA(|T|T + T5).

Note that Z/szg = |S|, sz2 = |T|, U; = ﬁf, 1 =< ]TS,’[Tl = \I/Sl, p1 =< ]_1'5,171 >=
this together we see that
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Putting all
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This means that @

< A X2 pipi|, where prer = BTN = max{|Aa], [An]}.
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We invoke the Cauchy-Schwartz inequality to bound the previous by
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5.2 Spectral Expansion Implies Vertex Expansion

Proof: Let G be a(lV, ) spectral expander. Ve > 0,G is an (eN, A) vertex expander, where A = ﬂ—e)ﬁ’
A=1—7. Fixe >0, S C[N], |[S| =eN, T = [N\N(S). Suppose N(S) < A|S| = AeN; we observe
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that g = |Nl| >1-—Ae. E(S,T) =0, soaB < A\/aB(l—a)(l—-p3) by the Expander Mixing Lemma.
af < N1 —-a)(l-p8); B < ﬁigli@fl) Invoking the earlier bound on beta yields Ae > 0¢+/\+(1*a)’ but
epsilon is equal to alpha by definition, so A > Wll—a)
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