Machine Learning Theory (CS 6783)

Lecture 18: Lower Bounds via Stochastic Multi-armed Bandit

1 Stochastic Multi-armed Bandit Problem

We already looked at adversarial Multi-armed bandit problem. In this lecture we switch to the
stochastic version of the problem. In this version, As before we have N arms or N experts. We only
receive as feedback on any round the loss of the arm or expert we chose and not the other. Only
difference is that there is a fixed distribution D over losses of the N arms. That is, D € A([0,1]")
(we can also use losses between -1 and +1, I am simply choosing this one). We will define regret as

nReg, = > G[L] =) 4[i%]
t=1 t=1

where i* = argmin E,p [¢[i]]. Note that the usual notion of regret we would pick ¢* that minimizes
1€[N]

> iy 4[i*], but due to concentration, using ¢* that minimizes expected loss is actually pretty close
(at most 1/4/n away). Hence we will use this version of regret as a proxy. We will quickly review
algorithms for stochastic multi-armed bandit problems next lecture but for now let us do lower
bounds as lower bounds here are also lower bounds for adversarial setting naturally.

A quick note before we proceed, for every k € [N] let ux = Epop [([k]] and define Ay, = pg — pui=,
the sub-optimality of the k’th arm. Now note that

n n n N
nEp An [Reg,| = ZED,A,n L] — npi = ZED,A,n (1, — pix] = Z]ED,A,n [Ar] = ZED,A,n [Mk,n] Ak
k=1

t=1 t=1 t=1

where 7y, is the number of times arm k € [N] was pulled amongst the n rounds.

2 Lower Bound Tools

For this section just to ease notation, assume losses on each arm take on a finite set of values (for
what we care you can just assume that losses are 0 or 1). To deal with more general case you will
need to deal with Radon Nykodym derivative and differential entropy etc.

Key Idea: The main idea in these lower bound proofs is to find two distributions D and D’
and an event A such that,

1 1
> §A and Epr An [Reg,|A°] > iA
where A refers to the bandit algorithm. That is, even A is “bad” under D and A¢ is bad under
D'. For instance, event A could be that a sub-optimal arm according to D is pulled more than n/2
number of times. With this, note that,

IE:'D,A,n [Regn|A] >

A
Ep.an([Reg,] =Epan[Reg,|A] Pp An(A)+Epan[Reg,|A] Pp A n(A°) > 5 » An(A)



where Pp A, is the probability distribution over observed losses and arms chosen induced by the
algorithms A when run for n rounds and when losses are drawn iid from distribution D. Similarly,

A
Epr an [Reg,] > §PD’,A,n(Ac)

Hence we have that

Ep,an[Reg,] + Ep A, [Reg,) > % (Pp,an(A) + Ppran(A°)
%( + Pp A n(A) — Ppan(A))
> 2 (1= |Po.an(4) ~ Poan(A))
> % (1= ||Pp,a,n — PoranlTv)

where, the total variation distance between two distributions P, P’ is defined as:

|P = P'll7v = sup |P(A) — P'(A)]
AcF

where F above is the sigma algebra. Now the key idea is that if we can find such D, D’ that are

close in terms of KL we would be done.
It is often easier to work with KL divergence than TV distance and for this reason the following

relationships bounding TV distance in terms of KL is useful:

1. Pinsker’s Inequality
1
1P = Plllrv </ SKL(PIF)

2. An exponential bound:

IP — P'llzv < /1 —exp (-KL(P|P"))

First, let us start with a bound on KL divergence over distributions of runs under two different
product dsitribution over losses of arms.

Lemma 1. Let D and D' be two distributions on the losses with (D1, Ds, ..., Dy) and (D}, D, ..., DY)
being the corresponding marginal distributions for the N arms. Let A be any stochastic bandit algo-
rithm (that is, the algorithm picks the next action to play (possibly randomly) based on past actions
and losses observed). In this case,

N
KL(Pa Dl Papin) = Y Ererap,, 0] KL(Di|Dy)
j=1
Proof. Consider any sequence R of action losses pairs we encounter, say

R = (-[1761[[1]7 <o 7In7 ;gn[[n])



Now

Papn(R) =[] Pallell, 1[0, ..., Te—1, i1 [Te1]) - Pp,, (4] 1))
=1

and similarly,
Papn(R) = HPA(MIl,El (L], i1y b [Tia]) - Py (G[11])
t=1

(I am abusing notation here to make life simpler. Basically we want to look at probability of the
run under the two distributions). Hence we can conclude that:

KL(Pa,p,n|Pa, D/ 1)

= ERNPA,D.,H IOg (
Pth (€e[1¢])
=ER~Pa.pn Zl (PD’ (6e[I D)
- g [ £ (Gil1e])
&\ Poy, (GlT)

:ERNPA,D,n ZE@[A]NDQ
= ERNPA,D,n Z KL(PDIt |PDI St )‘|

H?:l P-A(Itulvgl[ll]v RN Itflvétfl[lt*h}) : PDIt (Et[‘[t])
[[oy Pa(Llly, 40, - Ty, Gea [Tea]) - Py, (G[12])

Lt=1

Lt=1
N

= Erpan.,. [0jn] (KL(Dk 5| D} )
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3 Instance Independent Lower Bound

Theorem 2. For all N > 2 and any n > N, there exists a distribution over losses of arms such
that:

1 /N-1

E R > —
Proof. Let D1 = Byjy_a and for all other k € [2,...,N], D; = By, where By is the Bernoulli
distribution with probability # of a 1 and 1 — 6 of producing 0. Now the way we produce D’ is as
follows. Pick j* = argmin Ep, ;. [ngn,]. Note that, Ep, ,, . [nj«n] < 5% Now set D’ to be such
kE[N]:k#1 o

that for all k # j*, D) = Dy, and D;* = Dy/3_oa Note that for D’ optimal arm is 5* while for D it
is 1. Define the event A to be

A={weQ:ny, <n/2}
That is, the event that arm 1 is played less than 1/2 the times. Now note two things. First,

Ep [Reg,|A] > -A

DN | =



and )
Eps [Reg,|A] > §A

The first is true because we play optimal arm less than 1/2 the number of times and so we are A
suboptimal more than 1/2 the time. The second is also true because when we are in complement
of A, and distribution is D’, then we are playing again a A sub-optimal arm more than 1/2 the
times. Hence we conclude that:

(1= |Pa,prn(A) — Papn(A))

1
(1 a \/QKL(PA7D1”|PA,D’M)>

Now using lemma from section 2 we have for this case that

Ep an [Reg,] +Epran[Reg,| >

1\3\|> | >

n
KL(PA,D,n‘PA,D’,n) = EPA,’D,n [”]*n] KL(B1/2|31/2—2A) < N — 1KL(B1/2’BI/2—2A)

However,

KL(B) 2By /2_2n)
ot (770 5s) + 3 (v as)
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1 1/4
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1 1+£
©8 1/4 — 4A2

- 4N?
= 2(1/4 — 4A2)

A /1
[Regn] + Ep [Regn > 5 ( Gn >

Hence we can conclude that:

max{Ep [Reg, ], Ep [Reg,]} % ( \/ 16n )

Setting A = % yields the result that:

since 1 +x < e*,

< 16A?

Hence we conclude that:

max{Ep [Reg,], Ep [Reg, ]} >

and hence lower bound.



4 Instance Dependent Lower Bound

We use similar style proof technique now to provide an instance specific lower bound. This one
needs a more careful statement.

Theorem 3. For any Stochastic bandit algorithm (with binary losses) that guarantees a regret
bound of: E[Reg,] < rate(n), we have that for any distribution D,

2 1
Ep [Reg,] > — > A
k:Ai>4e rate(n)
Proof. Given a distribution D with mean losses of arms pu = (1, ..., un) where pp = Epop [C]K]].

Note that since the losses are binary, the marginal distribution of loss of each arm k& is a Bernoulli
distribution B,,,. Given an arm k, consider the product distribution

D), = (Buys .-, By Buy—20,, Buyy s - - - Buy ). That is, for this new distribution Dj, arm k is
now the optimal arm with margin Ag. Now similar to the previous section, define event:

A={weQ:ng,>n/2}

Note that conditioned on this event, clearly, regret under distribution D is larger than Ag/2. On
the other hand, conditioned on the complement of A, regret under distribution Dj, is lower bounded
by Ay/2. Hence, we have that

A
Ep.an [Reg,] +Ep; an[Reg,] > 7k (1 ~IPADn = Papin ‘TV>
A
> Tk (1 — \/1 — exp (—KL (PA,D,n PA,D;,n)>>
JAVA 1
> " exp <—2KL (PA,D,n|PA,D§C,n)>

However, since max{Ep; A » [Reg,],Ep,an[Reg,]} < rate(n) (as the algorithm has a regret guar-
antee), we have that:

Ay
KL PApn|lPapin) = 21 4 rate(n)
( A.D.n|Papy, ) 8 (4 rate(n)>

On the other hand, note that by Lemma 1, we have that

N
KL (PA,D,n P A,D;,n) = Epprap,, [nin] KL(Di|D})
i=1

= ER~Pa p,n [Mh,n] KL(Dk|D},)
= ERNPA,D,n [nkn] KL(BMk ’Bﬂk*ZAk)

Now as long as puy € (0.1,0.9) we can conclude that

KL(B/% |Buk*2Ak) < A%



Hence putting it all together we can conclude that for any k,:

2log (ﬁ%)
N

Er~Pa p. [Mkn) >

Using this with the fact that

1
Ep [Reg,] =~ > AE[nig] >= - > AGE [1.0]
1 #0 :A;>4 e rate(n)

Hence, we can conclude that:

ED-AW [Regn} >

Z 2log (4 raAtg(n)> >

Ay
k:Ag>4e rate(n) k:Ag>4e rate(n)
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Two things about the above lower bound.

1. First, note that if we consider the asymptotic bound, that is when n — oo, then we see that

rate(n) — 0 for any consistent algorithm and so, for such an algorithm,

. 2
nll_>nolo Ep.an [nReg,] > Z Ik
k: AR £0

But in fact, take a closer look at the proof above, since rate(n) > /1/n, if we actually work
this out carefully we can conclude that,

. nReg 2
lim Ep A, nl > il
nooo DA [bg(n)] 2 2 &,

k:AR£0

. Second, note that the instance independent bound can be recovered easily by setting only
one optimal arm and using all other non-optimal arms to have Ay = 4e rate(n) so that for
this specific distribution,

2N —1)
Ep a,[nReg, ] > )
D.an [MReg,] > 4e rate(n)

However, since rate(n) is an upper bound on every regret, we can conclude that

2(N —-1)
n rate(n) > Ep A, [nReg,] > le rato(n)
and hence we can conclude that rate(n) > 7]\2[;11



