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1. Introduction

Let R be the real field, we consider an m-order n-dimensional tensor A consisting of n™ entries
in R:
A= (Giy.ip), Giyeiy €ER, 1 <11, ...,0p <n.
An m-order n dimensional tensor A is called nonnegative, denoted A > 0, if aj; ...;,, > 0.
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A higher order tensor is a multilinear map, which is a natural generalization of a matrix; a matrix
is simply an order two tensor. We shall denote the set of all m-order n-dimensional tensors by RIm.n

and the set of all nonnegative m-order n-dimensional tensors by RH"‘”] throughout the rest of this
paper.

To an n-vector x = (X1, - - - , Xp), real or complex, we define the n-vector:
n
m—1 .__
Ax = ( z Qjiy.--ipy Xiy * * 'Xim) ’
i2,enim=1 1=i=n
and the n-vector xIm =11 := (XT_1, R

The following were first introduced and studied by Qi and Lim [17,25-27].

Definition 1.1. Let A € RI™™ A pair (1, x) € C x (C"\ {0}) is called an eigenvalue-eigenvector (or
simply eigenpair) of A if they satisfy the equation

A = jxm=1, (1)
We call (A, x) an H-eigenpair if they are both real.

Definition 1.2. Let 4 € RI™" A pair (A,x) € C x (C"\ {0}) is called an E-eigenvalue and E-
eigenvector (or simply E-eigenpair) of A if they satisfy the equation

Axm1 = ),

xTx=1

(2)

We call (A, x) a Z-eigenpair if they are both real.

Both H-eigenvalues and Z-eigenvalues of a given tensor have found vibrant new applications in
numerical multilinear algebra, image processing, higher order Markov chains, and spectral hypergraph
theory. Although both of these eigenvalue problems for tensors are nonlinear, their chief difference
lies in that the H-eigenvalue problem (1) is equivalent to finding nontrivial solutions of a system of
homogeneous polynomial equations of the same degree in several variables, whereas the Z-eigenvalue
problem (2) is equivalent to finding nontrivial solutions of a system of inhomogeneous polynomial
equations in several variables.

We further introduce the following.

Definition 1.3. [2,17] A tensor A = (a;,...i,,) € RI™1 s called reducible if there exists a nonempty
proper index subset I C {1, ..., n} such that
Qi iy =0, Vi] el, Viz,...,im ¢1.

If A is not reducible, then we call A irreducible.

1-

The above definition for irreducibility has been used extensively in the literature; for example, see
[1,2,23,24,28]. In some articles, the alternative notion of weak irreducibility is used; for example,
see [9].

There is abundant literature on the development of H-eigenvalues for nonnegative tensors; for
example, see [2,3,9,17,23,24,27,28]. In particular, the largest positive H-eigenvalue of a nonnegative
tensor is related to measuring higher order connectivity in linked objects [18] and hypergraphs [8].
Many effective algorithms for finding the largest positive H-eigenvalue and the corresponding posi-
tive eigenvector of a nonnegative tensor have been implemented; for more detailed discussions, see
[3,9,23,24].

Equally important, E/Z-eigenvalues play a fundamental role in best rank-one approximation. The
best rank-one approximation of higher order tensors has numerous applications in engineering and
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higher order statistics, such as Statistical Data Analysis. We refer the interested reader to [7,14,29]
for a more systematic treatment on the analysis, algorithms, and applications of the least-squares
approximation of a tensor by a tensor of low multilinear rank or a tensor of low rank, e.g. in the
canonical polyadic decomposition, canonical decomposition, or parallel factor decomposition.

In a series of their recent work [19-22], Ng et al. discovered intriguing new connections of the
Z-eigenvalue problem to the transition probability tensors of higher order Markov chains. They pro-
pose a framework (HAR) that can be used in multi-relational data mining. Some other related work
in this new front have been conducted in [4] and [11]. In [4,11,19,22], an alternative normalization
of Z-eigenvalue problem is employed (using the £;-norm instead of the conventional £,-norm);
this amounts to a rescaling of both the eigenvalue as well as the corresponding eigenvector (cf.
Theorem 1.3 [4]).

Using Z-eigenvalues, Qi et al. [10,16] have recently extended the notion and results regarding the
algebraic connectivity of a graph in spectral graph theory to k-uniform hypergraphs.

It is also worth mentioning that Qi et al. [12] have found a new exciting application of some of
our main results presented here in quantum entanglement problem. In particular, based on the Z-
spectral radius of a nonnegative tensor first introduced in Section 3 of this paper, they establish a
surprising connection to the geometric measure of quantum entanglement for a symmetric pure state
with nonnegative amplitudes.

While the spectral theory of H-eigenvalues for nonnegative tensors is relatively complete and more
mature, the spectral theory of Z-eigenvalues for nonnegative tensors is still underdeveloped and in
its early stage. With this in mind, we endeavor to highlight the similarities, but more importantly, the
differences one may encounter when dealing with Z-eigenvalue problems in general.

Our paper is organized as follows. In Section 2, we review the Perron-Frobenius Theorems for both
H- and Z-eigenvalues of nonnegative tensors from the previous work of Chang et al. [2]. Example 2.7
demonstrates the non-uniqueness of positive Z-eigenvalues and corresponding positive Z-eigenvectors
of a nonnegative irreducible tensor, which is strikingly different from H-eigenvalues. In Section 3, we
conduct a systematic investigation of the Z-spectrum Z(.A) and the nonnegative Z-spectrum A (A) of
a (nonnegative) tensor A. It will be seen that quite different from the H-eigenvalues, Z(.A4) may be an
infinite set. However, Theorem 3.7 establishes the compactness of Z(A). Next, we review the class of
weakly symmetric tensors and show that for a weakly symmetric tensor .4, Z(.A) must be a finite set;
this is Proposition 3.10. Consequently, by specializing in the subclass of weakly symmetric nonnegative
tensors, we obtain Theorem 3.11, which asserts the equalities among the Z-spectral radius (denoted
0(A)), the maximum of the function f, over the unit sphere (denoted 1), and the maximum of the
nonnegative Z-spectrum A (A) (denoted A*). In Section 4, we study the max-min characterization of
A*. Similar to H-eigenvalues, the irreducibility of tensors is imposed. In particular, we shall prove:

~ : A,
Q(.A) = )\* =A= maXycpnsn—1 MIN<j<p % s
i
under the assumptions that .4 is nonnegative, weakly symmetric, and irreducible. Examples are given
toillustrate that all these assumptions cannot be avoided. In Section 5, we adapt the Shifted Symmetric
Higher-Order Power Method (SS-HOPM) proposed by Kolda and Mayo [ 13] to compute some numerical
examples.

2. The Perron-Frobenius Theorem for nonnegative tensors

In this paper, we will mostly be working with nonnegative tensors. One of the pinnacles of the theory
of nonnegative matrices is the classical Perron-Frobenius Theorem. The idea of extending powerful
results regarding the spectral properties from the realm of nonnegative matrices to the higher order
nonnegative tensors setting can be traced back to Lim [17] and subsequently carried out by a number
of research teams worldwide; for example, see [2,3,8,9,23,24,28]. To make the comparisons between
H- and Z-eigenvalues more transparent, we list some recent progress in this area below, beginning
with H-eigenvalues.
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Theorem 2.1. (cf. Theorem 1.3 in [2]) If A € R[_Ln’"], then there exists Ao > 0 and a nonnegative

vector Xy #% 0 such that .Axom_1 = )Lox([)m_l]. In particular, Ag is a nonnegative eigenvalue in terms of
Definition 1.1.

Theorem 2.2. (cf. Theorem 1.4in [2])If A € RE{"’"] is irreducible, then the pair (Lo, Xo) in the previous
theorem satisfy:

(1) The H-eigenvalue A is positive.

(2) The H-eigenvector X is positive, i.e. all components of xq are positive.

(3) If A is an eigenvalue with nonnegative eigenvector, then .. = Aq. Moreover, the nonnegative
H-eigenvector is unique up to a multiplicative constant.

(4) If A is an eigenvalue of A, then |A| < Xo.

The spectral radius of a tensor is defined as follows in [28].

Definition 2.3. Let A € RI™ " We define the (H)-spectral radius of A, denoted p(A), to be p(A) =
max{|A| : A is an eigenvalue of .4}, where |A| denotes the modulus of A.

It is established, for instance in [28], that p (A) is itself the largest positive H-eigenvalue of a non-
negative tensor .A.

Let P = {(X1,...,%;) € R"|x; > 0,1 < i < n} denote the positive cone in R" and P° =
{(x1,...,%,) € P|x; > 0,1 <i < n} its interior. We have the following min-max characterizations
of p(A).

Theorem 2.4. (cf. Theorem 4.2 in [2])If A € R[f’n] is irreducible, then

. AT . (AX™ 1),
MiNyepe MaX{j|x; >0} xmi*] = p(A) = maxyepe min{j|x; >0} xmi,] (3)
i i

In addition, from a practical viewpoint, one can effectively implement the analog of the power
method to numerically compute p(A), provided A € ]RET’”] is irreducible. For a more systematic
treatment of this topic, we refer the interested readers to [3,9,24] for details.

Similar to H-eigenvalues, we also have the following statements for Z-eigenvalues:

Theorem 2.5. If A € ]R[_Lﬂ’"], then there exists a Z-eigenvalue A9 > 0 and a nonnegative Z-eigenvector
Xo # 0 of A such that AXJ ™' = Ao

Theorem 2.6. If A € RT’"] is irreducible, then the pair (Lo, Xo) in Theorem 2.5 satisfy:

(1) The eigenvalue Mg is positive.
(2) The eigenvector X is positive, i.e. all components of xo are positive.

In [2], a more general version of Theorems 2.1, 2.2, 2.5, and 2.6 was established. To avoid de-
touring from our current goal, we shall present the proofs of Theorems 2.5 and 2.6 in the appendix.
These proofs are modified from our original proof given in Section 2 [2] to specifically address Z-
eigenvalues.

However, unlike H-eigenpairs for a nonnegative irreducible tensor A, neither the
positive Z-eigenvalue nor the associated positive Z-eigenvector of A has to be unique in general.
This has been pointed out by a counterexample in the Errata of [2], which is similar to the
following.
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Example 2.7. Let A € R[f’zl be defined by

4
ain = a2 = ﬁ, a2 = d1121 = A = Ao = 1,

(1222 = Q122 = Q212 = G221 = 1, and ajp = 0 elsewhere.

It is not difficult to check A is irreducible. It is straightforward to compute, whose detailed cal-
culation will be carried out in the subsequent section hence omitted here, that A has two positive
Z-eigenvalues:

=2+ % ~ 3.1547 with corresponding positive Z-eigenvector xo = (4, 4)

A = -~ 3.1754 with corresponding positive Z-eigenvectors x; = (?

1
243 ' 2
(1 V3
2> 72 )
It was shown in [5], for m > 2, the degree of the E-characteristic polynomial ¥/ 4(1) of a generic
tensor A is

dg=(m—-1"=1)/m=2)=m—-D""+m—-1)"? 4.+ (m—1)+1.

It was shown in [15], the E-characteristic polynomial, hence Z-eigenvalues, are in fact invariant under
the action of the orthogonal group. Hence, many results we prove for Z-eigenvalues of nonnegative
tensors remain valid for a broader class of tensors which are not necessarily nonnegative themselves
but are orthogonally similar to nonnegative tensors. Unfortunately, H-eigenvalues are not orthogonally
invariant.

Consequently, from an invariance theory perspective, Z-eigenvalues seem more desirable. However,
as we shall see in the latter part of this paper, for nonnegative tensors, Z-eigenvalues lack certain
important minimax characterization such as the Collatz type Theorem 2.4.

3. The nonnegative Z-spectrum of A

The main focus of this section is to study the nonnegative Z-eigenvalues of an m-order
n-dimensional tensor A if A is a nonnegative tensor or A is a weakly symmetric tensor. Some im-
portant characterizations of the largest Z-eigenvalue of A are established at the end of this section if
A is both nonnegative and weakly symmetric. We begin with some definitions.

Similar to H-eigenvalues, we may define the Z-spectrum of A as follows.

Definition 3.1. Let A € RI™" We define the Z-spectrum of 4, denoted Z(A) to be the set of all
Z-eigenvalues of A. Assume Z(A) # ¢, then the Z-spectral radius of A, denoted o(A), is defined as
o(A) :=sup{|r| |1 € 2(A)}.

Similar to H-eigenvalues, the set Z(.4) may be the empty set; see the following:

Example 3.2. Let n = 2. Let A be given by
ap.2 =1, ay.1=-—1, and aj..;, =0 elsewhere.

Then the Z-eigenvalue problem is to solve

m—1
X = AX1,
X1 = g,

which by elimination, yields no nonzero real solution if m is even.
We now justify o(A) is well defined. The proof is a routine exercise and resembles that of p (A).
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Proposition 3.3. Let A € RL’_"’”]. Then 0(A) < /nmaxi<i<n 20 i Giiyevipy-

Proof. Since A € RY [m.n] \ve have Z(A) # @ by Theorem 2.5. Let (1, x) be a Z-eigenpair of A. Since
Xx= (X1, - ,Xp) w1thx% + .- +xﬁ = 1, there exists an index ip € {1, ..., n} such that |x;,| > ﬁ
We also have:

n

Z Qigiy--ei Xipy * ** Xiy = )\,Xio.

ig,...,ip=1
Since |x;| < 1, we have:

n

1
EW S Mlxil < D0 Gigigeein:

i2,...,im=1

our assertion now follows. [J

Indeed, the assumption on the non-negativity of A is too strong; as long as Z(A) # @, we have
o) < Vnmaxi<icn X} i 1 Gy |-

In contrast to the H-spectral radius p (A), the Z-spectral radius o (A) of a nonnegative tensor .4 may
not be itself a positive Z-eigenvalue of A. This is demonstrated by the following example.

Example 3.4. Let A € R[;"Z] be defined by

a2 =30, apn=1, apn =1, dam =6,
a2 = 13, axipp =37, and qjy =0 elsewhere.
The Z-eigenvalue problem is to solve:
30x3%; + x1X%5 + X3 = Axq,
6x3 + 13x3xy + 37x1%3 = Axy,
X +x2=1.
Note A is irreducible and we calculate the three Z-eigenpairs of A to be:

1. The Z-eigenvalue A1 = 653 with its corresponding Z-eigenvectors £ (‘F «/ﬁ)_
i

\S

2. The Z-eigenvalue A, = 654 with its corresponding Z-eigenvectors (:I:

L)_
Inthis case, 0(A) = |A3| = 15,but 15is notaZ-eigenvalue of A. To see this, using the computational
commutative algebra system CoCoA[6], we consider the ideal generated by

\S

3. The Z-eigenvalue A3 = —15 with its corresponding Z-eigenvectors (:i:

{30x3x; + x1%5 + x5 — Axq, 6x5 + 13x3xp + 37x1%5 — Axp, X] + x5 — 1}.

By computing the elimination ideal via eliminating the variables x; and x,, we come up with the
E-characteristic polynomial v 4 of A:

Ya(r) = 2524 4+ 75543 4 174312 — 1198351 — 907200;

whose four real zeros are A1 = %, Ao =—% and X3 = —15 with algebraic multiplicity two.
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Definition 3.5. Let A € R[frﬂ "l We define the nonnegative spectrum of A4, denoted A (A) to be the set

of all A > 0 such that there exists x € P N S"~! satisfying Ax™~! = Ax, where "~ is the standard
unit sphere in R".

It is important to notice the set A (A) (thus Z(A)) is not necessarily a finite set in general. This is a
very notable distinction from the H-spectrum, since the set of all H-eigenvalues of A is always finite.

This very distinction stems from the homogeneous versus inhomogeneous systems involved in solving
the two types of eigenvalue problems. We consider the following example.

Example 3.6. Let A € ]R[f’zl be defined by
arz = dzi2 = 2 and aj = 0 elsewhere.

The Z-eigenvalue problem is to solve:

ZX%XZ = AX1,

2x1X3 = Axp,
2 2 _

x]tx; =1

Let (x1,x2) € PN S'.Ifx; = 0 (implying x, = 1) or x, = 0 (implying x; = 1), then A = 0. Let
(x1,%2) € P° N ST satisfy 0 < 2x1x, < 1. By taking A = 2x1x, we see (A, (x1, x2)) is a Z-eigenpair.
Hence, A(A) = [0, 1], the whole closed interval.

Theorem 3.7. Let A € R[f’"]. Then ) # A(A) C Z(A) C Ris a compact subset.

Proof. We proceed in the following steps. First, the fact that A (A) is nonempty follows from Theorem
2.5. Second, the boundedness of both Z(A) and A(A) follow from Proposition 3.3. Third, the fact
that Z(A4) and A(A) are both closed follow from the compactness of the unit sphere S"~! and the
continuity of the mapping x — .Ax™~'. To be more explicit, we shall only present the details to show
A(A) is closed since a similar argument shows Z(A) is also closed. Choose a sequence {Ay} C A(A)

and a sequence {x,} C PN S"™ 1 with Ax = ApXg such that A — X as k — 00. We must show

X € A(A). Clearly, such x > 0. Since {x;} C S"7!, there exists a convergent subsequence of {x};
without loss of generality, we still denote it by {xk} such thatx;, — X € PNS"'ask — oo.By

continuity, we see that Ax — A1 and A — Axask — o0; hence, AX™~1 = )%, ie.
L e A(4). O

Consequently, for A € RL’”*”], we can modify the definition of o (A) to be
o(A) = max {|A| | A € 2(A)}.
We hereby define the following two special values associated with A (A):

A i=maxpeap A and Ay i= minjep(a) A

It is obvious A* < o(A). We shall investigate the possible circumstances for which A* = g(A). With
this in mind, we next target the class of (weakly) symmetric tensors.
We first recall the following from [1,25].

Definition 3.8. 4 € RI™" is called symmetric if

Ay iy = o (iy i) fOrallo € Gy,

where &, denotes the permutation group of m indices.
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The notion of weakly symmetric tensors is introduced in [1].

Definition 3.9. 4 € RI™" is called weakly symmetric if the associated homogeneous polynomial

n
fa) = D GiipeinXinXiy - Xy,

i1,i2,...,im=1

satisfies Vf4(x) = mAx™ 1. In the tensor notation, according to [25], the homogeneous polynomial
fa(x) is also denoted by Ax™.

Although this definition is not as intuitive as symmetric tensors, it nevertheless provides the same
desired variational (extremal) property as symmetric tensors. It should also be noted for m = 2, sym-
metric matrices and weakly symmetric matrices coincide. However, it is shown in [1] that a symmetric
tensor is necessarily weakly symmetric form > 2, but the converse is not true in general. Furthermore,
if A € RI™M is weakly symmetric, by homogeneity, we find

AXT = fa(x) = — (V) x) = (A" x), (4)

1
m
where (-, -) denotes the standard inner product on R".

Proposition 3.10. Let A € RI™™ be weakly symmetric.

(1) Z(A) consists precisely of all critical values of f4(x) = Ax™ on S"~, hence it is nonempty.
(2) The cardinality of Z(A) is finite.

Proof. From Eq. (4), we see that A € Z(A) if and only if A is a critical value of f,(x) on the constraint
manifold S"~!. Furthermore, since f,(x) is a continuous function defined on the compact set S"~ !, it
must attain both its absolute maximum value and its absolute minimum value, hence Z(A) # @; this
proves (1). To prove (2), we will show the set of E-eigenvalues of A is in fact finite. It is shown in [5]
that the number of E-eigenvalues for a symmetric tensor is finite. The argument for weakly symmetric
tensors is essentially identical, hence omitted. [

For simplicity, we define

A i= MaXyegn1 f4(X) = MaXycgn1 AX™.

By specializing in the subclass of weakly symmetric nonnegative tensors, we arrive at another major
result of this section.

Theorem 3.11. Assume A € ]RET’"] is weakly symmetric. Then
A =A% = 0(A).

Proof. It will suffice to establish the following chain of inequalities:
<2 <o) <h

First we show A < A*.From Proposition 3.10, we have A € Z(A). Since A is weakly symmetric, using
the Lagrange multipliers, we can find a maximizer, say x, of the function .Ax™ on the smooth manifold
$"~1. We have the following equation

VAR = mAX™ ! = max

for some multiplier A. However, since (AX™~!',X) = A, we see that . = A. So AX"™! = )%, ie.
(A, X) is a Z-eigenpair of A. We now show (A, |x|) is also a Z-eigenpair of 4, where the n-vector
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%] := (|X1], ..., |Xn]) for X = (X1, ..., Xn). Since X € S"~!, by definition, A|x|™ < A. However, from
the inequality:
_ n n
A== D Gy Ky S D iy Xy - (R, | = AR
i1,i2,..,im=1 i1,i2,..,im=1

it follows |X| is also a maximizer of .Ax™ on S"~ . Using the Lagrange multipliers, it yields .A|x|™~! =
A|X|, i.e. A € A(A). Thus, A < A*.

Since A(A) C 2(A), A* < 9(A) holds.

Lastly, we show o (A) < X.Letxg € S" 'bea corresponding Z-eigenvector of o (A). We then have:

0(A) = (AT, xo) = AXT < Alxo|™ < A

hence, it completes the proof. O

Corollary 3.12. Let A € RET’"] be weakly symmetric and not equal to the zero tensor. Then A.* =
maxxepmsnfl .Axm > 0.

Proof. The fact that A* = maX,cpnsn—1 follows immediately from Theorem 3.11. Suppose 1* = 0.

Since A* = X and A > 0, it follows that Ax™ = 0 for all x € P N S"~'. Hence A must be the zero
tensor itself, a contradiction. [

4. A max-min characterization of A*

In this section, we establish a max-min property of A*, which is similar to half of the Collatz’s
type (see Theorem 2.4) of characterizations of the largest positive H-eigenvalue of 4. However, the
other half of the statement fails as will be illustrated by a specific example at the end of this sec-
tion.

In order to explore the max-min property of a nonnegative tensor, we assume tensors to be irre-
ducible, as we did for H-eigenvalue problems.

Definition 4.1. Let A € R[f’"]. We say A is non-degenerate if for all x € P \ {0}, (Ax™1); and x; do
not vanish simultaneously for alli € {1, --- , n}.

We now show if A is irreducible, then A is non-degenerate. Suppose for somex € P \ {0},x;, =0

and (AX™ 1) = 3F im=1 Uigiy-imXiy == * Xi, = 0 for some i € {1, ---, n}. Since each summand
in (A)_(m_l),-o is nonnegative and x;, cannot all be zero, this is only possible if ajj,...;, = 0 for all
1 <ip,---,in < n.Inparticular, ajy,...;, = 0foralliy, ---in € {1,---,n} \ {io}, which implies A

is reducible. The converse is not true in general, e.g. see example 4.6.

Definition 4.2. Let A € R[JF" M pe non-degenerate. We define the following two functions for all
x e P\ {0}:
m—l)l_

Vi (X) 1= minj<j<p B and v*(x) := maxj<i<n "
i i

(Ax™1y;

(A

m
Xi

Since A is non-degenerate, the fractions [ 1<i< n] are well defined over the extended

reals for all x € P\ {0}. Hence, v,(x) and v*(x) are both well defined. Note v*(x) = oo can only
happen on the boundary 9P \ {0}. Since v, (x) < v*(x) pointwise and v,(x) < v*(x) < oo for all
x € P° NS 1 v, (x) and v*(x) are both continuous in P° N S"~ 1.
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Definition 4.3. We define
Qx ‘= SUPyegpongn—1 V*(X) and o = lnfxepomsnfl % (X)

Lemma4.4. Let A € RET’"] be non-degenerate. There exist two vectors x, and x* € P N S such that
0x = Vi(xy) and o™ = v*(x¥), ie.

. (AX™ ),
maxxepmsn—l mlrl‘lsifn 7){ = Q*
i
_ (A"
MiNycpngn—1 MaXq<j<p R 0.
i

Proof. By definition, the function v, is nonnegative and continuous on P N S 1. Therefore,
MaXycprgn—1 Vi(X) = SUPyeporsn—1 Vi (X) = 04. Consequently, there exists x, € P N S"~! such that
Vi (X4) = MaXyepngn—1 Vx(X) = Q.

Similarly, the function v* is nonnegative and lower semi-continuous on P \ {0}, which is bounded
below by o*. By the compactness of P N $"~!, there exists x* € P N $"™~! such that v*(x*) =
min,cpngn-1 V¥ (x) = o*. O

We shall prove that o* and g, are the respective lower and upper bounds of A (A) if Aisirreducible,
namely,

Theorem 4.5. If A € RE’L”’"] is irreducible, then for all . € A(A), we have: 0 < 0* < A < 04, i.e. A(A)
is contained in the closed interval [0*, 0]

Proof. We first prove o* > 0 by contradiction. Suppose ¢* = 0. Then there exists xg € PN s"=1 such
that v*(xg) = 0, which implies AXB"_] = 0, i.e. Xp is an eigenvector with eigenvalue 0. Since A > 0
is irreducible, this contradicts Theorem 2.6. Let . € A(A). Again by irreducibility, we see that A > 0
and there exists x € P° N S"~! such that AX™~! = Ax. Hence, v*(x) = A = v,(x), which implies
0 <A<y O

In order to ensure A(A) C [0*, 04], the assumption of irreducibility on A is crucial. Otherwise,
we have the following example.

Example 4.6. Let A € R[f’zl be a symmetric tensor defined by

2
a2 = 3 and ajjy = 0 elsewhere.

Then the corresponding function Ax* = 4x%x% on the quarter unit circle P N S! is equivalent, in
polar form, to

4 _ 20020 _ e 11
Ax™ = 4 cos” 0 sin” 6 = sin“(20) = 5 2cos(4t9) for 0 <60 <m/2.

V2 V2
22
of 1; it also achieves its absolute but not local minimum at the points (0, 1) and (1, 0) with its minimal

value of 0. It is easy to see that

This function achieves its absolute and local maximum at the point ( ) with its maximal value

V2 V2.

22 )
2. Ay = O with its corresponding Z-eigenvectors (0, 1) and (1, 0);

1. A* = 1 with its corresponding Z-eigenvector (
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2%, for 0<xp, <x
3. v.(x) = min{2x3, 2%} = 2 ==
2x3, for x; <xp <1;

2x%2, for 0<x; <x
4. v*(x) = max{2x3, 2x?} = ! =R ="
2x3, for x; <xp <1.
Hence, o* = 0.« = 1/2;itis clear A(A) = {0, 1} & [0*, 04] = {1/2}.
Remark. It is possible to have the strict inequality 0* < ©4; see Example 2.7.

If A is further assumed to be irreducible, we can extend the equalities obtained in Theorem 3.11
and obtain the following:

Theorem 4.7. Assume A € ]RIJT’"] is weakly symmetric and irreducible. Then o (A) = A= AF = Ox-

Proof. It follows from Theorem 4.5 o* < A, < A* < .. It remains to show A* > .. By Lemma 4.4,
there exists xg € P N S"! such that v, (xg) > 0x. So we have:

-1

(Axg i -
(%0)i

It follows that (Axom_l)j > (04)(xp)i forall 1 < i < n. We thereby obtain:

Vs (X0) = mini<j<p e

Axg = (Axg ", X0) = 04
Thus, we have 1* = A > 0. This completes our proof. [

It is important to point out the equality A* = g, may not hold in general if we drop the weakly
symmetric assumption. We demonstrate this by revisiting Example 3.4. We consider the function

3
2, X%

= 30x1x; + x5 + —=
X1

(A

X1

g1(x) =

and the function

Ax3 x3
2(x) = Q =6-1 + 13x% + 37x1X3.
X2 X2

Changing to polar coordinates, we have for0 < 6 < /2

) 5 sin® 0
g1(0) = 30cos O sinf + sin“ 6 +
cos
cos> 6 ) .
2(0) = 6— 2 + 13 cos“ 6 + 37 cos 6 sin 6.
sin

We find that o, ~ 16.08381 but the two curves intersect at A* = 12.6.
In a similar fashion, we can validate the calculation of the values o* and g, for Example 2.7. For
simplicity, we set the function

4 3 2 3
A N A I T X3
gt = PN 5 = st 2
1

X1 X1 N ﬁ

and the function




K.C. Chang et al. / Linear Algebra and its Applications 438 (2013) 4166-4182 4177

), X3 +3x1%5 + %xg % 4
LK) = N XZ =% + 3x1x2 + fxz.
Changing to polar coordinates, we have for0 < 6 < 7/2
4 5 ) sin’ 6
g1(0) = ﬁcos 6 4+ 3cosOsinb + o
cos> 60 ) 4
2(0) = gy + 3 cosfsinf + ﬁ sin“ 0
Therefore,
2 1
516) ~26) = 20050 =~ o]

The two curves g1 (0) and g, (0) intersect at three different points where 6 = %, %, and
It is evident

sea() s )=

omn () =e ()0 ()5 )= 5

From the discussions given above, one expects some kind of duality result between the pair (04, A™)
and the pair (0*, 1) for weakly symmetric nonnegative irreducible tensors. Unfortunately, we have
an example to show the equality 0™ = A, fails to hold in certain cases.

w|x

and

Example 4.8. Let A € R[_f 2lhea symmetric tensor defined by

1 1
an = 2’ a2 =3, and aj = 3 elsewhere.

We then have:
1 1 1
(A% = Ex? + X% + X135 + gxg and (AxX%); = Ex? + X% + %125 + 3%.

A Ax®
It follows that A is irreducible and the functions g; := (A and g = ( )2, under polar
X1 X2

coordinates, are given by

1% 1 29+1 in(26) + i 20+1sin39
——= = —cos — sin sin -
3 X 2 2 3 cos6
1cos’@
3 sinf
On the interval 6 € [0, /2], the graph of g»(6) stays above the graph of g;(0) for 0 < 6 <
0* ~ 1.40687. They have only one intersection at 6* ~ 1.40687, which corresponds to the value
A® = 04 ~ 3.10921 and the corresponding approximated Z-eigenvector is (0.1632, 0.9866); thus

15 2
g1(0) = 5X1 + Xx1X2 + x5 +

1x 2 2 1 in2
£0) = v +x] +Fx1x +3x; = + cos“ 6 + 551r1(29) + 3sin” 6.
X2

A(A) = {hy = A* ~ 3.10921}.

However, since v*(x) = g»(x) on the interval [0, 0*] and v*(x) = gy(x) on [0*, /2], 0* =
minycpongt V¥ (X) is attained at 0, ~ 0.42677184 with o* ~ 2.32694 < A.
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When we compare Examples 2.7 and 4.8, we find the tensors in both examples are nonnegative
symmetric and irreducible. However, in Example 2.7, 0* = A, whereas, in Example 4.8, 0* < A,.

Inspired by Example 4.8, we define A := min,cpngn-1 AX™. Then A > 0. We have the following
partial “dual” result to Theorems 3.11 and 4.7.

Proposition 4.9. Let A € R[_,r_" M pe weakly symmetric and irreducible. Suppose the function AX™ attains
its local minimum value )\ in P° N S"~ 1, then
A=A = Q*-

Proof. We proceed by showing A, < A < p0* < A,.Suppose A is attained at some interior point
x5 € P° N S"1. Since P° N S"~ ! is open in S"1, it is itself a differentiable manifold. The Lagrange
multipliers therefore yields Ax*’"’l = MAX,; hence, L, < A. Next we show A < p*. By Lemma 4.4,

there exists Xo € P N S"~" such that (Ax{''); < 0*(xo); forall 1 < i < nwhere (xo); > 0.So
n
AT = (AT xo) = D (AT Dixo)i < 0*[1x0l1? = 0%
i=1

Since A = minyepngn-1 AX™, we have L < p*. The last inequality o* < X, follows from
Theorem 4.7. O

Remark. The conclusion of Proposition 4.9 can be verified by Example 5.1 in the subsequent section.

We end this section with a more direct lower bound on o(A):

Corollary 4.10. If A € RH"’"] is weakly symmetric, then o (A) > max{ci, c2}, where

n

1 m—2 )
€1 = Maxi<i<pf{@i..i} and c; = (ﬁ) minj<j<p z iy iy -

i2,...,im=1

Proof. On one hand, we choose {e; | 1 < i < n}, the standard orthonormal basis for R". Fix an index
ie{1,...,n}, by Theorem 4.7, we have:

(A(e)™ )
0(A) =04 > ———= =03
(€
S0 04« > c1.0n the other hand, we choose 1 = (1, - - - , 1), the vector whose entries are all ones. Then
we have:

m—1
o a1
1 ' iz, .cosim=1 Biiz-im \
O« = Vx| —= | = miNj<i<p 1 =c. O
Jn

N

5. The algorithmic aspect

In this section, we adapt an iterative algorithm to compute A* when m is even, known as the
Shifted Symmetric Higher-Order Power Method (SS-HOPM), proposed by Kolda and Mayo; see [13].
Although the algorithm as well as its convergence analysis are given under the assumption 4 € RI™"!
is symmetric, the entire process nonetheless continues to work successfully when we only assume A
is weakly symmetric. Since the proof is identical, it will be omitted. We refer the interested reader to
[13] for a more in-depth discussion on this subject.

We now adapt the SS-HOPM (cf. Algorithm 2 [13]) as follows. Given a weakly symmetric tensor

[m,n]
Ae Ry
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Step 0. Choose x(g) € P\ {0}, set Ao = Ax’g(")), and choose the shift constant

n

a=[m > a.i,l,

i, im=1
where [y] is the ceiling function, i.e. it equals the smallest integer no less than y. Set k := 0.
Step 1. Set y(k+1) := Ax'{,i;l + ax ().
Step 2. Compute
Y(k+1)
Iy el
)‘k-H = AX(mk+]).

X(k+1) =

The choice of « is far too conservative according to [13]. We now supply a brief outline of the main
idea used in the proof. By choosing the shift constant @ > 0 large enough, the function fA(x) =
Ax™ £ «||x]|™ becomes convex or concave on R". Hence when the order m is even, based on a result
due to Kofidis and Regalia [14], the convergence of the sequence {Ay} is guaranteed.

[4.2]
+

Example 5.1. Consider the symmetric tensor A € R given by

1
ann = 1.1, az22 = 1.2, ai112 = Qa2 = Z, and Qi = 0 elsewhere.

It defines

Axt = 1.1x;1 —|—x?xz —I—x]x;’ + 1.2x§,

hence we choose @ = [4(1.1+ 2+ 1.2)] = 18. After we run 200 iterations using MATLAB, the above
algorithm produces:

1. If we start with the initial point (1, 1), then A, — 1.3040.

2. If we start with the initial point (0, 1), then A, — 1.3040.

3. If we start with the initial point (1, 0), then A, — 1.2139.

4. For many other randomly chosen initial point xg € P°, the iterations will yield either the eigen-
value 1.3040 or 1.2139.

Both of these values are very good approximations. Since this example is of moderate size, we can
compute its eigenpairs directly. We begin with

3 1
(A3 = 1.1 + Zx%xz + ng
3 15,3 =2 3
(Ax7), = il + 2% + 1.2x;.

A A
The two curves g1(x) = (A and g(x) = Q intersect at the following points
X1 X2

(approximately):
(i) The point (0.73386, 0.67929) corresponding to the eigenvalue
A= 0" = A ~ 1.07307.

(ii) The point (0.971953, 0.235176) corresponding to the eigenvalue A1 ~ 1.21394.
(iii) The point (0.212318, 0.977201) corresponding to the eigenvalue
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0x = A* ~ 1.30396.

There is however an interesting aspect of the algorithm that deserves mentioning. Since
X+”21.07307 is a local minimum of Ax*, we can also obtain this by reversing the sign of , i.e. shifting
by —18 instead. We verify the approach by starting with the initial point (1, 1); after 200 iterations,
the algorithm yields the approximated value A ~ 1.0731.

We comment that although the exact number of solutions for symmetric tensors of this nature was
also studied in Section 3.5 [7], the exact number of positive solutions was not deduced.

It is true in general, if A, is a local minimum of Ax™ on P° N S"~!, then by reversing the sign of «
in the above algorithm, one can also reach A,. Furthermore, since we are using a large enough « to

guarantee the convexity offA (x), the upper bound of o (A) is useful, but not the lower bound of o (A).
It is claimed by [13] that the SS-HOPM also works for m odd. Lastly, we demonstrate via a concrete
example the SS-HOPM is not strictly limited to weakly symmetric tensors only.

Example 5.2. Let A € R[f’ﬂ be defined by
a2 = a133 = dz11 = asp = 1 and ajx = 0 elsewhere.
The eigenvalue problem is to solve:
X3+ X% = dxq,
X2 = \xy,
X2 = hxs,
X4 +xd=1.

We choose o = 12 with initial point (1, 1, 1) (among many other choices). After we run 100 it-
erations using MATLAB, the above algorithm produces A, — 0.8381 with the corresponding X ~
+(0.6652, 0.5280, 0.5280).

On the other hand, using the computational commutative algebra system CoCoA[6], we consider the
ideal generated by

2,2 2 2 2,22
(x5 + X3 — AXq, X] — AXp, X] — AX3, X7 + x5 +x3 — 1}.

By computing the elimination ideal via eliminating the variables x1, x,, and x3, we come up with the
E-characteristic polynomial ¥ 4 of A:

Ya(h) =32° + 601 — 4;

whose only two real zeros are 1* ~ 0.8381016549 and —0.8381016549.
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A. Appendix

® Proof of Theorem 2.5. As for the H-eigenvalue problem, we reduce the algebraic problem to a fixed
point problem. LetD = {(x1,...,x,) € R" |x; > 0,1 <i <n, > ' x; = 1} be the unit simplex,
then D is a closed convex set. Suppose there exists some ug € D such that Auom_l =0.LetAp =0
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and xo = ugp/||uol|, then (Ao, xo) is a solution to equation (2), and we are done. Thus, one may
assume Ax™~1 = 0 for all x € D; the following map F : D — D is therefore well defined:

Axm—l .
F(x),»=n(7)_‘1, 1<i<n,
Zj:l (Ax™ )j

where (Ax™~1); represents the i-th component of AxX™~!. ThemapF : D — Dis clearly continuous.
According to the Brouwer’s Fixed Point Theorem, there exists a vo € D such that F(vg) = vy,

ie. Avom’1 = tvg for some T = }’zl (Avomfl)j > 0. Finally, we normalize vg to produce the

nonnegative Z-eigenvector xo = vo/||vo|| with the normalized Z-eigenvalue Ao = t/||vo||™ 2 as
required.

e Proof of Theorem 2.6. We first prove xg € P°, i.e. assertion (2). Note P \ P° = 0P = Uje1F;, where
IT is the set of all index subsets I of {1, ..., n} and

Fi={(1,...,xp) €P|x;=0Vieland x; #0 Vj ¢ I}.

Suppose xg ¢ P°. Since xg # 0, there must be a maximal proper index subset I € IT such that
Xo € Fy,ie. (x9)i =0Vieland (xg)j > 0Vj ¢ I. Let § = min{(xo); | j ¢ I}, we then have § > 0.
Since xg is an eigenvector, Ax)' "' € F, i.e.

n

> Giiyeiny(X0)iy -+ (X0)i,, =0, Vi€l

i2,...,im=1

It follows that

-1 .
8" D Gigein £ D Giigeiny(X0)iy - (X0)iy, =0, Vi€
i3, im &l ip,...,im &l

hence we have aj,...;, = Oforalli € I and forall i, ..., in ¢ I; according to Lemma 2.2 [2], Ais
reducible, which is a contradiction.
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