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In this lecture...

 LTL syntax and semantics
* Intro to BDDs
* “Special” FSMs that LTL specs get translated to

* Algorithms for translating LTL to FSMs



Next lecture?

* Asynchronous Maude “interpreter” monitoring algorithm

e Synthesis of dynamic-algorithm monitors for LTL

* A more efficient “online” monitoring algorithm in Maude



LTL Syntax
@=pl(@)|@|eAQ |V |op|eUqe |Op]| 0

* p—a proposition over state (event) variables
* op — “next”

* @ U @ —“until”

* Og — “always”, “forever”, “box”

7

* 0 — “eventually”, “sometime”, “diamond”



L TL standard model

1 : Nt— 2% for some set of atomic propositions P

* £ maps each time point to the set of propositions
that hold at that point



LTL Semantics (informally)

P—|Dp

O(P—> (P




Finite trace future time LTL semantics

* In RV, we only have finite traces. So we need a
different LTL semantics over finite traces

* Finite trace 7: a non-empty finite sequence of
states, each state denoting the set of propositions
that hold at that state

e State == Event?



Finite trace future time LTL prelims

head (e, t) = head (e) = e
tail (e, t) =t

length(e) =1

length(e, t) =1 + length(t)

1. : suffix of trace 7 that starts at position i



Finite trace future time LTL (1)

1 E f when a trace 7 satisfies a formula f, defined as

1 F true

1 E false
1TED
TEQAQ
tEQ++ @
1 Eo@

T EQQ

1 E O
tEQeUQ

ff
ff
ff
ff
ff
ff
ff
ff
ff

true

false

p € head (%)

tE@andt k@’

tE@xort E @’

if tail(t) is defined then tail(%) E ¢ else £ E @
(3i < length(%)) t,F @

(Vi < length(¥)) £, E @

(3t < length(t)) (£;F @ and (Vj< i) %, F @)



Finite trace future time LTL (2)

L Eo® iff if tail(7) is defined then tail(f) E @ elset E @
- tail(t) -
O(P — (P

Case 2: tail(t) is not defined
<

O(p—»

tail(?) >
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Finite trace future time LTL (3)
1T EQ@ iff (3i <length(f)) £,k @

=8

0 — ©

Recall: %, 1s the suffix of trace £ that starts at position i



Finite trace future time LTL (4)

teE@UQ’ iff (3 < length(4)) (£;F @ and (Vj<i) %, F @)
(=6

¢UP — o |o|o|o o

Recall: %, 1s the suffix of trace £ that starts at position i



Binary Decision Diagrams: examples

Given ((A A B) vV =C), where A, B, C are propositions

What do you notice about this BDD?
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Binary Decision Diagrams: examples

Given ((A A B) vV =C), where A, B, C are propositions

What do you notice about this BDD?
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Some things to know about BDDs

* A way to represent Boolean formulas
* A formula can have many BDD representations

* Problem: find a BDD that is “most efficient”
* The order of propositions in the BDD is important

* Procedures exist for
e creating a BDD from a formula
 creating a Reduced-order BDD from a BDD



Our LTL monitor-synthesis goal

* Synthesize an FSM that receives an event 6 and
transitions as fast as possible to a new state

* We will explore two such FSMs
* Multi-transition FSMs
* Binary-transition tree FSMs

e What is a multi-transition?

* What is binary-transition tree?



Multi-transitions

* Let S be a set of states s.t. {s,, S,, ..., S,} E S

* Let A be a set of atomic predicates s.t.
* Py, Py, -, P, are propositions over atoms in A
*p,Vp,V..Vp,holds

» for any distinct p; and p;, p; > —p;

* Then, [p;?s, P, 7Sy, -, P, ? S,] IS @ multi-transition
(MT) over S and A

e MT(S, A) is the set of MTs over S and A



Multi transitions on events

e Let O be an event

* Then Oy is a function that maps MTs to states after
O is received

Ovr(lP:? Sy, P,? Sy, -0 P, 2 S,]) =5;if O(p,) = true



Binary Transition Trees (BTTs)

* Syntax
« BTT:=S | (A?BTT: BTT)

e Let BTT(S, A) be the set of BTTs over S and A

* Then Oy is a function that maps BTTs to states
after event O is received

Ogr1(s) =sforanys €S,
Ogr(@ ? by b,) =6g(b,) if B(a) is true, and
Ogrr(@ ? by b,) = B51(b,) if B(a) is false



Relating MTs and BTTs

A BTT b in BTT(S, A) implements a MT tin MT(S, A) iff
Og1(b) = 6,,:(t) for any event 6



BTT Example

a,;?a,?s,:a;?violation:s,:a; ? s, : validation

violation

BTTs as generalizations of BDDs?
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Recall: our goal

* Synthesize an FSM that receives an event 0 and
transitions as fast as possible to a new state

* We will explore two such FSMs
* Multi-transition FSMs
* Binary-transition tree FSMs

A " o

W " .
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MT-FSM

* An MT-FSM is a triple (S, A, 1), where S is a set of
states, A is a set of atomic predicates, and pis a
map from S - {violation, validation} to MT(S, A).

* In a terminating MT-FSM*, u* maps to MT({violation,
validation}, A).

* If we reach {violation, validation}, stay there

* On event 0, transition s > s’ denotes Oy ((s)) = &’



MT-FSM by example

MT for terminal events

State MT for non-terminal events
yellow \/ !green 7 1, ‘
! lyellow /\ green /\ !red 7 2, [ T:’Elliiw \;\!green : ;;?F
SE
tyellow /\ green /\ red ? false | 'yellow /\ green 7 false |
[ yellow 1, .
- lyellow /\ !'red ? 2, | !Y:EZ: : f;?:; |
lyellow /\ red 7 fﬂi:‘i‘ﬁ ] -y : S€

Figure 3: MT-FSM for the formula [] (green -> !'red U yellow).




BT T-FSM

* ABTT-FSM is a triple (S, A, B), where S is a set of
states, A is a set of atomic predicates, and B is a
map from S - {violation, validation} to BTT(S, A).

* In a terminating BTT-FSM*, B* maps to BTT({violation,
validation}, A).

* If we reach {violation, validation}, stay there

* On event 0, transition s > s’ denotes Oy (B(s)) = ¢



BTT-FSM by example

State | BTT for non-terminal events | BT T for terminal events

I

Figure 4: A BTT-FSM for the formula [] (green -> !red U yellow).
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BTT-FSMs are efficient MT-FSMs

* One way to think about it informally
e BTT-FSMs are to MT-FSMs what RoBDDs are to BDDs

 Another way to think about it informally
* MT-FSMs: many if-then statements, all conditions evaluated

* BTT-FSMs: if-then-else sequence, only some conditions
usually need to be evaluated

* LTL synthesis: LTL spec = MT-FSM - BTT-FSM



Why not LTL = BTT-FSMs?

e Short answer: state mergeability is well defined and
allows for more elegant LTL - MT-FSM conversion

oy ] [ ? s TR 7 Fa _r ra F et
MERGE([p17s1,p2752, ... Pu?55). [P1 78], P5 785, ..., P, 750 ])
contains all choices p?s”, where s” is a state in {s;, s9....,5,} U{s].55,....s,} and

e pisp; when s” =s; forsome 1 <i<nands”#s, forall1 <i <n', or
e pis p;, when §" = s}, for some 1 <i <n'and §" #s; forall 1 <i <n, or

e pisp; Vp, when s” = s; for some 1 <i < n and s” = s/, for some 1 < i’ <n'.

* MERGE is used in the LTL2ZMT-FSM algorithm
* Is this elegance at the cost of efficiency?
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MT-FSM = BTT-FSM conversion

* Recall: many BDDs can represent the same formula
e Similarly, many BTTs can represent the same MT

* How do we find optimal BTT for an MT?
 Enumerate BTT all and pick the most efficient

* |s it time to revisit the optimal BTT problem
(probabilities, cost, new algorithm)?

31



LTL spec = MT-FSM preliminaries

P

O(green - -red U yellow)

MT-FSM states are formulas

(p contains all event names

State

—> MT-FSM

MT for non-terminal events

MT for terminal events

[

yellow \/ !green 7 1.

lyellow /\ green /\ !red 7 2,
tyellow /\ green /\ red 7?7 false |

[

yellow \/ !green 7 (irue,
lyellow /\ green 7 false

]

[

yellow 7 1,
lyellow /\ !red 7?7 2,
tyellow /\ red ? false |

[ yellow 7 {irue,
tyellow ? false |

Key idea: After event 6 occurs, what formulas can ¢ be re-written to?

Terminal states: what if © is the last event in the trace?

33




Formula rewriting basics

* |Intuition:
e Lettrace £ = E, T consist of event E followed by trace T
 Formula X holds on £ iff X{E} holdson T

 If E is terminal, then X{E*} holds iff X holds in standard
LTL semantics

* Rewrite rules: eq (o X){E} = X .
eq (o X){E *} = X{E *} .
eq (<> XD{E} = X{E} \/ <> X .

eq (<> X){E *} = X{E *} .
XmL:ISt hold now (X{E}) | .eq (] X\){E} =X{E} /\ [ X .
and in the future (OX) eq ([1 X){E %} = X{E *} .

eq (XU V{E}=YEF\/ HEx NXTUY .
eq (X U YD{E *} = Y{E %} .

op _|l-_ : Trace Formula -> Bool .
eq E |- X = [X{E *}] .

eq EST [-X =T |- X{E} . 54



Formula rewriting example (1)

e Let X = O(green - -red U yellow), E = green yellow
e X =*=> g(true ++ green ++ green A (true ++ red) U yellow)

([] (true ++ green ++ green /\ (true ++ red) U yellow)){green yellow} =*=>
(true ++ green{green yellow}
++ green{green yellow} /\ ((true ++ red) U yellow){green yellow})

/\ [l(true ++ green ++ green /\ (true ++ red) U yellow) ==
((true ++ red) U yellow){green yellow})

/\ [](true ++ green ++ green /\ (true ++ red) U yellow) =k=D>
(yellow{green yellow} \/ ((true ++ red{green yellow}) /\ (true ++ red) U yellow)

/\ [l(true ++ green ++ green /\ (true ++ red) U yellow) =%=>

[] (true ++ green ++ green /\ (true ++ red) U yellow)
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Formula rewriting example (2)

e Let X = O(green - -red U yellow), E = green
e X =*=> g(true ++ green ++ green A (true ++ red) U yellow)

([0 (true ++ green ++ green /\ (true ++ red) U yellow)){green} =k=)>
(true ++ green{green}
++ green{green} /\ ((true ++ red) U yellow){green})

/\ [](true ++ green ++ green /\ (true ++ red) U yellow) =k=>
((true ++ red) U yellow){green})

/\ [](true ++ green ++ green /\ (true ++ red) U yellow) =k=D
(yellow{green} \/ ((true ++ red{green}) /\ (true ++ red) U yellow)

/\ [](true ++ green ++ green /\ (true ++ red) U yellow) =x=>

(true ++ red) U yellow /\ [](true ++ green ++ green /\ (true ++ red) U yellow)

Rewriting takes many steps! Sections 4.2 and 6.1 have details

Theorem 2: rewriting terminates (among other things)
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LTL2MT-FSM algorithm (1)

1. let S be ¢

2. procedure LTL2MT-FSM(¢y)

3. let u*(v) be

4. let pu(p) be

5. foreach #: A — {true. false} do

6. let eg be the list of atoms a with #(a) = true
7. let pg be the proposition A{a | 8(a) = true} A A{—a | 6(a) = false}
8. let p*(¢) be MERGE([pg ? p{ej}], u*(¢))
9. let g be p{eg}
10. if there is ¢’ € § with VALID(pp < ¢')
1jj 8 then let u(p) be MERGE([pg 7 ¢'], ()
12. else let S be SU {py}
13. let u(p) be MERGE([pg ? wgl, (i)
14. LTL2MT-FSM(yg)
15. endfor

16.  if u(p) = [true ? ¢| and p* (@) = [true ? b] then replace ¢ by b everywhere
17. endprocedure

Figure 5: Algorithm to generate a minimal MT-FSM* (S, A, i, u*, ) from an LTL formula ¢.



LTL2MT-FSM algorithm (2)

1] let S be ¢ >
2. procedure LTL2MT-FSM(y)
3. let u*(¢) bel
4. let p(yp) be 0
5. foreach # : A — {true. false} do
6. let ep be the list of atoms a with H(u} true
il let pp be the proposition A{a | #(a) = me} A AN{—a | 6(a) = false}
8. let ;*(¢) be MERGE([pg ? {F‘HH {
g. let ¢y be ¢ {93}
10. if there is ¢’ € § with VALID(gy < ¢')
Tl then let u(p) be MERGE([pg 7 ¢'], u(¢))
12. else let S be SU {py}
13, let ;) be MERGE([pg 7 gl p1())
14. LTL2MT-FSM(yp)
15. endfor

16.  if u(p) = [true ? p] and p*(¢) = [true ? b] then replace ¢ by b everywhere
17. endprocedure

S is the set of states
(initialized to {})
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LTL2MT-FSM algorithm (3)

1. let S be ¢ For each state formula ¢
2. procedure LTL2MT-FSM(¢ . . . .
3. Mot (o bed o |in S, maintain terminal
1. |let 1(p) be 0 g *
5. foreach # : A — {true. false} do (l“l ((p)) and non-
6. let ep be the list of atoms a with E!( ) = {rue 1
el let pp be the proposition A{a | #(a) = ime} A AN{—a | 6(a) = false} termlnal (u((p)) states
8. let p*(¢) be MERGE([pg ? p{ej}]. u* (¢
g. let ¢y be p{ey}

10. if there is ¢’ € § with VALID(py < "]

4 (8 then let u(p) be MERGE([pg ? -“;] (e

12. else let S be SU {py}

13, let ;) be MERGE([pg 7 gl p1())

14. LTL2MT-FSM(g)

15. endfor

16.  if u(p) = [true ? p] and p*(¢) = [true ? b] then replace ¢ by b everywhere

17. endprocedure
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LTL2MT-FSM algorithm (4)

1. let S be ¢

10.
i 8
12.
13.
14.
15.
16.

2. procedure LTL2MT-FSM(y)
3
4

let u*(¢) be

let ;1(p) be

foreach # : A — {true, false} do
let ep be the list of atoms a with H( ) = {rue

let ps be the proposition Afa | 8(a) = ime} AN{—a | b(a
let ;*(¢) be MERGE([pg ? {F‘HH {

= false}

let ¢y be ¢ {93}
if there is ¢’ € § with VALID(gy < ¢')
then let u(p) be MERGE([pg 7 ¢'], u(¢))
else let S be SU {py}
let ;) be MERGE([pg 7 gl p1())
LTL2MT-FSM(yp)

endfor

if u(p) = [true ? ] and p*(p) = [true ? b] then replace ¢ by b everywhere

17. endprocedure

A 4

Update p*(¢p) by
considering O to be
the last event
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LTL2MT-FSM algorithm (5)

do

let ep be the list of atoms a with ¢ u} true

= ua} A AN{—a | 6(a) = false}
{FEJH '[

E([ps 7 '], n(e))

1. let S be ¢
2. procedure LTL2MT-FSM(y)
3. let u*(¢) bel
4. let p(yp) be 0
5. foreach # : A — {true. false}
6.
ik let pyp be the proposition A{a | 6(c
8. let ;i*(¢) be MERGE([pg ?
g. let ¢y be ¢ {F,g}
10. if there 1s p € O with VALID(pg < ¢')
i ) then let ,u( ») be MERGE
12. else let S be SU {py}
13, let ;) be MERGE([pg 7 gl p1())
14. LTL2MT-FSM(g)
15. endfor
16.  if u(p) = [true ? ] and p*(p) =

17. endprocedure

[true ? b] then replace ¢ by b everywhere

\ 4

Rewrite ¢ to {0}
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LTL2MT-FSM algorithm (6)

1. let S be ¢
2. procedure LTL2MT-FSM(y)
3. let u*(¢) bel
4 let ;1(p) be
5. foreach @ : A — {true. false} do
6. let ep be the list of atoms a with ¢ (1} true
il let pp be the proposition A{a | #(a) = ua} A AN{—a | 6(a) = false}
8. let ;*(¢) be MERGE([pg ? {F‘H}] {
0. let vy be w{egl
10. if there is ¢’ € § with VALID(pg < ¢')
1 18 then let u(yp) be MERGE(|pg 7 ¢'|. ()
12. else let S be SU {py}
13, let ;) be MERGE([pg 7 gl p1())
14. LTL2MT-FSM(¢g)
15. endfor
16.  if u(p) = [true ? p] and p*(¢) = [true ? b] then replace ¢ by b everywhere

17. endprocedure

\4

Did we see @’ = @{06}?
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LTL2MT-FSM algorithm (7)

1. let S be ¢

10.
i 8
12.
13.
14.
15.
16.

2. procedure LTL2MT-FSM(y)
3.
4

let u*(¢) be

let ;1(p) be

foreach # : A — {true, false} do
let ep be the list of atoms a with H(u} true
let pp be the proposition A{a | #(a) = me} AN{—a | b(a
let ;*(¢) be MERGE([pg ? {F‘HH {
let ¢y be ¢ {93}
if there is ¢’ € S with VALID(wg < &)

= false}

then|let (p) be MERGE E([pg 7 ], u(p))
else let S be 5 U gt
let ;) be MERGE([pg 7 gl p1())
LTL2MT-FSM(p)

endfor

if u(p) = [true ? ] and p*(p) = [true ? b] then replace ¢ by b everywhere

17. endprocedure

\4

Yes: modify the
transition set of ¢ to
point to ¢’
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LTL2MT-FSM algorithm (8)

1. let S be ¢

6.
<

9.
10.
.,
12.
13.
14.
15.
16.

2. procedure LTL2MT-FSM(y)
3.
|
5)

let u*(¢) be
let ;1(p) be
foreach # : A — {true. false} do
let ep be the list of atoms a with E!( ) = {rue

let pp be the proposition A{a | #(a) = tr ue} A AN{—a | 6(a) = false}

let 1*(2) be MERGE([py ? @{e}}], u* (¢

let ©p be p{eq}

if there is ¢’ € § with VALID(pg < ¢)
then let si(v) be MERGE([ps 7 &']. i
else|let S be SU {py}

\ 4

let () be MERGE([pg 7 g, u())
LTL2MT-FSM(g)

endfor

if u(p) = [true ? p] and p*(¢) = [true ? b] then repl

No:

1.Add ¢’ to S,

2.add a non-terminal state to p(y),
3.what formulas can ¢’(0) rewrite to?

17. endprocedure
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LTL2ZMT-FSM algorithm

10.
) (8
12.
13.
14.
15.
16.
17. endprocedure

W00 By BhER G N

. let S be ¢
procedure LTL2MT-FSM(yp)
let u*(¢) be
let ;1(p) be
foreach # : A — {true. false} do
let ep be the list of atoms a with ¢ (1} true
let pp be the proposition A{a | #(a) = ua} A AN{—a | 6(a) = false}
let ;*(¢) be MERGE([pg ? {F‘H}] {
let ¢y be ¢ {F,g}
if there is ¢’ € § with VALID(pg < ¢ ]
then let u(p) be MERGE([pg 7 '], u(
else let S be SU {py}
let ;) be MERGE([pg 7 gl p1())
LTL2MT-FSM(g)

©))

(9)

endfor
I;'f p(p) = [true ? @] and p*(p) = [true ? b] then replace ¢ by b ex-'er}‘whereﬂ—>

Optimization???
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LTL2MT-FSM algorithm (10)

1. let S be ¢
2. procedure LTL2MT-FSM(y)

3 let p*(¢) be ()

4. let pu(p) be

5] foreach # : A — {true. false} do

6 let ep be the list of atoms a with #(a) = true

7. let pp be the proposition A{a | #(a) = true} A A{—a | 6(a) = false}

8. let p*(p) be MERGE([pg ? p{ej}]. u*(¢))

9. let ¢y be p{ey}

10. if there is ¢’ € § with VALID(pg < ¢)

Tl then let u(p) be MERGE([pg 7 ¢'], u(¢))

12 else let S be SU {ps}

13 let ;) be MERGE([pg 7 gl p1())

14. LTL2MT-FSM (i) By now, we generated
el ey all possible LTL formulas

16.  if pu(p) = [true ? p| and pu*(p) = [true ? b] then replace ¢ by b everywhere
17.]endprocedure

\ 4

to which ¢ can ever

evolve (modulo finite
state semantics)

By (the almighty) theorem
2, this will terminate i




LTL2ZMT-FSM algorithm (6, again)

Homework: what is valid?

1. let S be ¢
2. procedure LTL2MT-FSM(y)
3. let u*(¢) bel
4 let ;1(p) be
5. foreach @ : A — {true. false} do
6. let ep be the list of atoms a with ¢ (1} true
il let pp be the proposition A{a | #(a) = ua} A AN{—a | 6(a) = false}
8. let ;*(¢) be MERGE([pg ? {F‘H}] {
0. let vy be w{egl
10. if there is ¢’ € § with VALID(pg < ¢) B
1 18 then let u(yp) be MERGE(|pg 7 ¢'|. ()
12. else let S be SU {py}
13, let ;) be MERGE([pg 7 gl p1())
14. LTL2MT-FSM(¢g)
15. endfor
16.  if u(p) = [true ? p] and p*(¢) = [true ? b] then replace ¢ by b everywhere

17. endprocedure
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What we saw in this lecture...

 LTL syntax and semantics
* Intro to BDDs
* “Special” FSMs that LTL specs get translated to

* Algorithms for translating LTL to FSMs



