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Definition ((Biased) (Set-enriched) Category). A tuple 〈O,M, ;, a, id , i〉 where the components have the following
types:

Objects O: Type1

Morphisms M : O ×O A Type

Composition ;: ∀C1, C2, C3 : O. M(C1, C2)×M(C2, C3) AM(C1, C3) (infix — objects implicit)

Associativity a: ∀C1, C2, C3, C4 : O. ∀m1 : M(C1, C2),m2 : M(C2, C3),m3 : M(C3, C4). (m1 ; m2) ; m3 = m1 ;(m2 ; m3)

Identities id : ∀C : O. M(C , C) (object implicit)

Identity i: ∀C1, C2 : O,m : M(C1, C2). id ; m = m = m ; id

Notation. When the category is implicit from context, we use C1 → C2 to denote the type M(C1, C2), referred to as
morphisms from C1 to C2.

Notation. When the category is implicit from context, we use C1
m−→ C2 to denote m : C1 → C2.

Definition (Domain,Codomain,Source,Target). Given a morphism C1
m−→ C2, we refer to C1 as the domain (or source)

of m , and to C2 as the codomain (or target) of m .

Notation. We use C1
m1−→ C2

m2−→ C2 (and longer chains) to denote m1 ; m2.

Notation. We use m2 ◦ m1 to denote m1 ; m2.

Example. Set = 〈Type, λ〈τ1, τ2〉. τ1 A τ2, λ〈τ1, τ2, τ3〉. λ〈f, g〉. λx. g(f(x)), �, λτ. λx. x, �〉
n = 〈n,≤, transitivity, proof-irrelevance, reflexivity, proof-irrelevance〉 where n is {1, . . . , n}
ω = 〈N,≤, transitivity, proof-irrelevance, reflexivity, proof-irrelevance〉
Rel = 〈Type, λ〈τ1, τ2〉. τ1 × τ2 A Prop, λ〈τ1, τ2, τ3〉. λ〈φ1, φ2〉. λ〈t1, t3〉. ∃t2. φ1(t1, t2) ∧ φ2(t2, t3), �, λ〈t, t′〉. t = t′, �〉

Prost

〈 ∑
τ :Type

∑
R:τ×τAProp(∀t : τ. R(t, t)) ∧ (∀t1, t2, t3 : τ. R(t1, t2)×R(t2, t3) A R(t1, t3)),

λ〈〈τ1, R1, �〉, 〈τ2, R2, �〉〉.
∑
f :τ1Aτ2

∀t1, t2 : τ1. R1(t1, t2) A R2(f(t1), f(t2)),

λ〈R1,R2,R3〉. λ〈〈f1, �〉, 〈f2, �〉〉. 〈λx. f2(f1(x)), �〉, �, λ〈τ,R, �〉. 〈λx. x, �〉, �

〉
Mat = 〈N, λ〈n1, n2〉. Rn2×n1 , λ〈n1, n2, n3〉. λ〈M1,M2〉. M2 ·M1, �, λn. δnn , �〉
�n = 〈n, λ〈n1, n2〉. {σ : n1 A n2 | ∀n1, n2 : n1. n1 ≤ n2 ⇒ σn1 ≤ σn2}, λ〈n1, n2, n3〉. λ〈σ1, σ2〉. σ1 ;σ2, �, λn. λx. x, �〉
� = 〈N, λ〈n1, n2〉. {σ : n1 A n2 | ∀n1, n2 : n1. n1 ≤ n2 ⇒ σn1 ≤ σn2}, λ〈n1, n2, n3〉. λ〈σ1, σ2〉. σ1 ;σ2, �, λn. λx. x, �〉

Sig =

〈 ∑
O:TypeO A Type,

λ〈〈O1, N1〉, 〈O2, N2〉〉.
∑
f :O1AO2

∏
o:O1

N2(f(o)) A N1(o),

λ〈〈O1, N1〉, 〈O2, N2〉, 〈O3, N3〉〉. λ〈〈f1, n1〉, 〈f2, n2〉〉. 〈λo. f2(f1(o)), λo. λn. n1(o)(n2(f1(o))(n))〉, �,
λ〈O,N〉. 〈λo. o, λo. λn. n〉, �

〉

Alg(Ω : Sig) =

〈 ∑
A:Type

∏
op 7→N∈Ω(N A A) A A,

λ〈〈A, a〉, 〈B, b〉〉.
∑
f :AAB ∀op 7→ N ∈ Ω. ∀i : N A A. bop(λn. f(i(n))) = f(aop(i)),

λ〈A1,A2,A3〉. λ〈〈f1, �〉, 〈f2, �〉〉. 〈λx. f2(f1(x)), �〉, �, λ〈A, a〉. 〈λx. x, �〉, �

〉

Rel(Φ : Sig) =

〈 ∑
A:Type

∏
rel 7→N∈Φ(N A A) A Prop,

λ〈〈R,φ〉, 〈S, ψ〉〉.
∑
f :RAS ∀rel 7→ N ∈ Φ. ∀i : N A A. φrel(i) =⇒ ψrel(λn. f(i(n))),

λ〈R1,R2,R3〉. λ〈〈f1, �〉, 〈f2, �〉〉. 〈λx. f2(f1(x)), �〉, �, λ〈A, a〉. 〈λx. x, �〉, �

〉

1



Exercise 1. Define a category Monb with biased monoids as its objects and biased monoid homomorphisms as its
morphisms.

Exercise 2. Define a category Monu with unbiased monoids as its objects and unbiased monoid homomorphisms
as its morphisms.
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