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Definition ((Biased) (Set-enriched) Category). A tuple (O, M,;, a,id,i) where the components have the following
types:

Objects O: Type,

Morphisms M: O x O — Type

Composition ;: V1, G, C3: O. M(C1, G) X M (G, G3) > M((1, G3) (infix — objects implicit)

Associativity a: V1, G, (3, G : O.Vmy - M(C1, G),ma 2 M(Ca, (3),m3 - M(Cs, Cy). (my 3 ma) 5 mg = my 3(mo 5 m3)
Identities id: VC: O. M(C, C) (object implicit)

Identity i: V1, G : Oym: M(Ci, G). id ;m=m=m;id

Notation. When the category is implicit from context, we use ¢; — G to denote the type M((y, &), referred to as
morphisms from ¢y to G.

Notation. When the category is implicit from context, we use ¢} — C» to denote m : ¢y — Go.

Definition (Domain,Codomain,Source, Target). Given a morphism ¢; = Gz, we refer to ¢; as the domain (or source)
of m, and to ¢ as the codomain (or target) of m.

Notation. We use (] =5 G 22 G (and longer chains) to denote my ; my.

Notation. We use my o my to denote my ; my.

Example. Set = (Type, A(11,T2). 71 = T2, AX(11, T2, 73). A(f, 9). Ax. g(f(x)),, AT. Az. x,.)

n = (n, <, transitivity, proof-icvelevance, veflexivity, proof-ivvelevance) where n is {1,...,n}

w = (N, <, transitivity, proof-itrelevance, veflerivity, proof-irrelevance)

Rel = (Type, A(11,T2). 71 X T2 = Prop, A(11, T2, 73). A(P1, d2). A(t1,t3). Tta. d1(t1,t2) A da(ta,ts),, A(t,t). t =1',.)
> riType 2o Rirscrprop Ve 1 T- R(E, 1)) A (Vin, ta,ts 1 7. R(t1, t2) X R(ta,t3) > R(t1,13)),

Prost < (71, Ray o)y (25 Rasa))e D firyory Vst 0 o Ra(tr, t2) > Ra(f(t1), f(22)), >
MR1, Ra, Ra) M{f1,0), (fa, ). (Ax. fo(f1(x))y), 0 M7, R, &) (Az. x,.),.

Mat = (N, A(n1, na). R™*™ X(ny,na,n3). A(My, Ma). My - My, ., An. o7, .)

A, = (0, Any,ng). {o:n1 > 0o | Vni,ne i 1. ny <ng = ong < ongt, AM(ny, ne,ns). A(o1,09). 01;02,s, An. Ax. z,.)

A= (N,Xni,n2). {o:n; > ny | Vn1,ne : ny. ny < ng = ony < onat, A(ny,ne,ng). Mo1,02). 01;02,s, An. Az. z,.)
2_0:1ype O = Type,

Sig — < (01, Nli, (03, N2)). 3.0, 20, 0, Na(£(0) > Ni(0), >

A((O1, N1),(O2, No), (O3, N3)). AX((f1,n1), (f2,n2)). (Mo. f2(f1(0)), Ao. An. nyi(0)(n2(f1(0))(n))),
MO, NY. (Mo. 0, do. An. n),.

ZA:Type Hop»—)NeQ(N - A) - A,

Alg(Q: Sig) = < M(A,a), (B, b)). > papVop > N €Q Vit N —> A bop(An. f(i(n))) = f(aop(i)), >
MAL, Ag, As). A((f1, 4, (fa, ) (Az. fa(f1(2)), ), 0 A4, a). (Az. 2,4),4
ZA:Type Hrel»—)NEQ(N g A) - PI‘Op,

Rel(® : Sig) = < AR, @), (S, ). Zf:R—»Svrel S NeD.Vi: N> A ¢re(i) = Yrer(An. f(i(n))), >
AMR1, Ra, Ra). M{f1,0), {f2, ). (Az. fo(f1(x)), ), A{A,a). (Az. x,.),.



Exercise 1. Define a category Mon, with biased monoids as its objects and biased monoid homomorphisms as its
morphisms.

Exercise 2. Define a category Mon, with unbiased monoids as its objects and unbiased monoid homomorphisms
as its morphisms.



