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Scattering in the eye

Scattering also happens inside the eye 

Causes “flare” from bright sources to add 
with other parts of the image 

Amount of flare 
• depends on angle  

between the source  
and the pixel  
receiving flare


• angle ~= image-space 
distance, so model 
as a convolution
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Bloom and lenticular flare
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Plan
Physics of the Air 

• scattering due to gases

• scattering due to aerosols/particles

• distribution of atmosphere


Atmospheric Phenomena 
• sunlight

• skylight

• aerial perspective

• clouds


Computational Models 
• ray and path tracing

• analytic approximations
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Figure 3: Meteorological range for various turbidity values.
Values computed from source data in McCartney [21]

where is the scattering coefficient (fraction scattered per me-
ter of length traveled) which may vary along the path. Several
other definitions of turbidity are used in various fields, so some care
must be taken when using reported turbidity values. Since turbidity
varies with wavelength, its value at 550nm is used for optical ap-
plications [21]. Turbidity can also be estimated using meteorologic
range, as is shown in Figure 3. Meteorological range is the
distance under daylight conditions at which the apparent contrast
between a black target and its background (horizon sky) becomes
equal to the threshold contrast ( ) of an observer, and it
roughly corresponds to the distance to most distant discernible ge-
ographic feature.
Although turbidity is a great simplification of the true nature

of the atmosphere, atmospheric scientists have found it a practical
measure of great utility. Because it does not require complex in-
strumentation to estimate turbidity, it is particularly well-suited for
application in graphics, and we use it to characterize atmospheric
conditions throughout the rest of this paper.

2.2 Atmospheric Measurements and Simulation
One way to develop a sky model is to use measured or simulated
data directly. The CIE organized the International Daylight Mea-
surement Program (IDMP) to collect worldwide information on
daylight availability. Several other efforts have collected measured
data that can be used directly. The data sources do not include spec-
tral radiance measurements, so they are not directly useful for our
purposes. Ineichen et al. surveyed these data sources and compared
them to analytic sky luminance models [12]. They did find that ex-
isting sky luminance models are reasonably predictive for real skies
in a variety of locations around the world.
Various computer graphics researchers have simulated atmo-

spheric effects. Blinn simulated scattering for clouds and dusty
surfaces to generate their appearance [1]. Klassen used a pla-
nar layer atmospheric model and single scattering to simulate sky
color [18]. Kaneda et al. employed a similar simulation using a
spherical atmosphere with air density changing exponentially with
altitude [15]. Nishita et al. extended this to multiple scattering
to display sky color [25] and also simulated atmospheric scatter-
ing to display earth and atmosphere from space [26]. All of these
methods require a lengthy simulation for a given sky condition, but
they have the advantage of working with arbitrarily complex atmo-
spheric conditions.

2.3 Analytic Sky Models
For simpler sky conditions, various researchers have proposed para-
metric models for the sky. Pokrowski proposed a formula for sky
luminance (no wavelength information) based on theory and sky
measurements. Kittler improved this luminance formula which was
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Figure 4: The coordinates for specifying the sun position and the
direction on the sky dome.

later adopted as a standard by the CIE [4]:

(1)

where is the luminance at the zenith, and the geometric terms
are defined in Figure 4. The zenith luminance can be found
in tables [17], or can be based on formulas parameterized by sun
position and turbidity [4, 16].
In computer graphics, the CIE luminance formula has been used

by several researchers (e.g., [23, 30]). To get spectral data for val-
ues returned by the CIE luminance formula, Takagi et al. inferred
associated color temperature with luminance levels using empirical
data for Japanese skies, and used this color temperature to gener-
ate a standard daylight spectrum [29]. In the Radiance system the
luminance is multiplied by a unit luminance spectral curve that is
approximately the average sky color [31].
Moon and Spencer developed a formula for the luminance dis-

tribution of overcast skies which was later adopted by the CIE [4]:

(2)

There are various more complicated formulas for overcast sky lumi-
nance, but they vary only subtly from Equation 2 [17]. The zenith
values for luminance of overcast skies can be found from tables
[17] or from analytic results adopted by CIE [4].
To gain efficiency over brute-force simulations, while retaining

the efficiency of the CIE representation, researchers have used basis
functions on the hemisphere to fit simulation data. Dobashi et al.
used a series of Legendre basis functions for specific sky data [7].
These basis functions can be used to fit any sky data, and does not
supply a specific analytic sky model. Rather, it provides a represen-
tation and a fitting methodology for some arbitrary data set. These
basis functions have the advantage of being orthogonal, but have
the associated property that care must be taken to keep the approxi-
mation nonnegative everywhere. Because these basis functions are
not tailored specifically for sky distributions, many terms might be
needed in practice. Our work differs from that of Dobashi et al.
in the choice of basis functions. More importantly, we supply the
parameters resulting from our simulations, so the formulas in this
paper can be used directly.
Nimeroff et al. used steerable basis functions to fit various sky

luminance models including the CIE clear sky model [24]. They
demonstrated that the steerable property yielded great advantage in
rendering applications. They used approximately ten basis func-
tions for their examples.
Brunger used the SKYSCAN data to devise a sky radiance

model [2]. His model represented the sky radiance distribution as a
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(a) T = 2 (b) T = 4

(c) T = 6 (d) T = 8

Figure 2: Brute force path tracer renderings: a demonstration of

the difference varying turbidity values make to the appearance of

the sky at daybreak. Solar elevation is 4�. Note that these images

only show the sky-dome without the solar disc itself.

place on the projection plane. When computing an image for solar
elevation 0�, we can e.g. place 720 suns around the horizon with-
out overlapping (since each of them is 0.5� wide), and achieve a
speedup of up to 720⇥ if we use a suitable acceleration structure
for intersection testing. We did not use direct sampling of the sun
(i.e. light source sampling), since the simulator is fast enough as
a reference solution generator with the described “many suns” op-
timisation. Also, in its current simple form the simulator makes
only minimal assumptions about the atmospheric density distribu-
tion and the nature of the scattering events that can occur. This is a
desirable feature for further research, in which we plan to investi-
gate more complex atmospheric distributions and environments.

The brute force model provides us with reference images, but it was
always clear that it would be totally unusable for any sort of produc-
tion work – a sufficiently converged image requires shooting about
one million rays per pixel and calculating a 128⇥128 image takes
somewhere between 40 minutes and 3 hours, depending on the tur-
bidity, on a 2.66GHz Core i7 920 machine. In addition to this, the
simulation requires that one supplies it with physical parameters
such as particle polarisability or anisotropy factors, which are not
the sort of controls one would want to force on anyone who merely
wants to use a sky-dome model. What is useful in practice are an-
alytic models with just a few easily comprehensible and expressive
parameters. All results from such a model have to be obtainable by
using closed form formulas, which can be tuned by a reasonably
small number of comprehensive parameters.

4 Reference Data: Simulation Results

The simulation described in the previous section produces images
with the distribution patterns expected from a physically-based sim-
ulation: an example is shown in figure 2. We systematically per-

formed these simulations for a wide range of input values for wave-
length, solar elevation, turbidity, and ground albedo. The two most
interesting features of the result images are the effect of ground
albedo on the radiance distribution, and the colour of the sunset.

(a) ↵ = 0.1 (b) ↵ = 0.9 (c) difference

Figure 3: Brute force path tracer renderings. Difference between

low and high ground albedo ↵, solar elevation 40�, T = 4. Images

rendered in linear colour space.

4.1 The Effect of Ground Albedo

Something which apparently has not been discussed much in graph-
ics literature is the influence of ground albedo on the overall ap-
pearance of the sky. High albedo values can e.g. occur in winter
scenes - snow reflectance reaches values up to 1 at 550nm, so al-
most all incident radiation is reflected and backscattered towards
the viewer due to Mie scattering. On the other hand, grass has
albedo of about 0.09 at 550nm. Especially in high turbidity set-
tings, changing ground albedo alters the brightness of the whole
sky-dome in a perceptible fashion. Figure 3 shows that a highly
reflective surround can almost double sky dome brightness.

This observation was actually our initial motivation for developing
a modified version of the Preetham skylight model. The other ben-
efits of our new model, such as the more realistic sunset colours, or
the better handling of high turbidity situations, emerged as further
results once we started work on the modification process. But as fig-
ure 10 shows, the changes in sky-dome appearance due to ground
albedo are not restricted to monochrome brightness changes.

4.2 Sunset Colour

The second important issue that we noticed in the brute force refer-
ence renderings was that the predictions of the Preetham model for
sunset situations are actually not particularly good. Images 4c and
4d show a comparison between a fisheye photo of a real sunset sky,
and our reference rendering. Figure 1 shows side by side compar-
isons of our analytical model (which is visually indistinguishable
from the reference rendering) to the Preetham model for similar
turbidity values, and solar elevations. Both the absolute colours, as
well as the distribution of the colours in the Preetham model can
only be considered a rough approximation at best.

5 An Improved Analytical Skylight Model

Based on the results discussed in the two previous sections, we then
proceeded to derive an analytical model that is fitted to these results.
Our goals were threefold: to obtain a genuinely spectral analytical
model with separate fitting for different wavelengths, to have this
fitting process start in the near ultraviolet range to enable proper
outdoor fluorescence rendering, and to extend the useful range of
turbidities to 10. We did not go beyond a turbidity of 10 mainly
because the layering of very hazy atmospheres starts to be rather
specific after some point: inversion layers, which would require ad-
ditional parameters to control, can start to play a visually prominent
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Figure 3: Meteorological range for various turbidity values.
Values computed from source data in McCartney [21]

where is the scattering coefficient (fraction scattered per me-
ter of length traveled) which may vary along the path. Several
other definitions of turbidity are used in various fields, so some care
must be taken when using reported turbidity values. Since turbidity
varies with wavelength, its value at 550nm is used for optical ap-
plications [21]. Turbidity can also be estimated using meteorologic
range, as is shown in Figure 3. Meteorological range is the
distance under daylight conditions at which the apparent contrast
between a black target and its background (horizon sky) becomes
equal to the threshold contrast ( ) of an observer, and it
roughly corresponds to the distance to most distant discernible ge-
ographic feature.
Although turbidity is a great simplification of the true nature

of the atmosphere, atmospheric scientists have found it a practical
measure of great utility. Because it does not require complex in-
strumentation to estimate turbidity, it is particularly well-suited for
application in graphics, and we use it to characterize atmospheric
conditions throughout the rest of this paper.

2.2 Atmospheric Measurements and Simulation
One way to develop a sky model is to use measured or simulated
data directly. The CIE organized the International Daylight Mea-
surement Program (IDMP) to collect worldwide information on
daylight availability. Several other efforts have collected measured
data that can be used directly. The data sources do not include spec-
tral radiance measurements, so they are not directly useful for our
purposes. Ineichen et al. surveyed these data sources and compared
them to analytic sky luminance models [12]. They did find that ex-
isting sky luminance models are reasonably predictive for real skies
in a variety of locations around the world.
Various computer graphics researchers have simulated atmo-

spheric effects. Blinn simulated scattering for clouds and dusty
surfaces to generate their appearance [1]. Klassen used a pla-
nar layer atmospheric model and single scattering to simulate sky
color [18]. Kaneda et al. employed a similar simulation using a
spherical atmosphere with air density changing exponentially with
altitude [15]. Nishita et al. extended this to multiple scattering
to display sky color [25] and also simulated atmospheric scatter-
ing to display earth and atmosphere from space [26]. All of these
methods require a lengthy simulation for a given sky condition, but
they have the advantage of working with arbitrarily complex atmo-
spheric conditions.

2.3 Analytic Sky Models
For simpler sky conditions, various researchers have proposed para-
metric models for the sky. Pokrowski proposed a formula for sky
luminance (no wavelength information) based on theory and sky
measurements. Kittler improved this luminance formula which was
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Figure 4: The coordinates for specifying the sun position and the
direction on the sky dome.

later adopted as a standard by the CIE [4]:

(1)

where is the luminance at the zenith, and the geometric terms
are defined in Figure 4. The zenith luminance can be found
in tables [17], or can be based on formulas parameterized by sun
position and turbidity [4, 16].
In computer graphics, the CIE luminance formula has been used

by several researchers (e.g., [23, 30]). To get spectral data for val-
ues returned by the CIE luminance formula, Takagi et al. inferred
associated color temperature with luminance levels using empirical
data for Japanese skies, and used this color temperature to gener-
ate a standard daylight spectrum [29]. In the Radiance system the
luminance is multiplied by a unit luminance spectral curve that is
approximately the average sky color [31].
Moon and Spencer developed a formula for the luminance dis-

tribution of overcast skies which was later adopted by the CIE [4]:

(2)

There are various more complicated formulas for overcast sky lumi-
nance, but they vary only subtly from Equation 2 [17]. The zenith
values for luminance of overcast skies can be found from tables
[17] or from analytic results adopted by CIE [4].
To gain efficiency over brute-force simulations, while retaining

the efficiency of the CIE representation, researchers have used basis
functions on the hemisphere to fit simulation data. Dobashi et al.
used a series of Legendre basis functions for specific sky data [7].
These basis functions can be used to fit any sky data, and does not
supply a specific analytic sky model. Rather, it provides a represen-
tation and a fitting methodology for some arbitrary data set. These
basis functions have the advantage of being orthogonal, but have
the associated property that care must be taken to keep the approxi-
mation nonnegative everywhere. Because these basis functions are
not tailored specifically for sky distributions, many terms might be
needed in practice. Our work differs from that of Dobashi et al.
in the choice of basis functions. More importantly, we supply the
parameters resulting from our simulations, so the formulas in this
paper can be used directly.
Nimeroff et al. used steerable basis functions to fit various sky

luminance models including the CIE clear sky model [24]. They
demonstrated that the steerable property yielded great advantage in
rendering applications. They used approximately ten basis func-
tions for their examples.
Brunger used the SKYSCAN data to devise a sky radiance

model [2]. His model represented the sky radiance distribution as a
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CIE Standardized sky model 
• parameters A…E are tabulated for various conditions and solar elevations


• Preetham provides empirical analytic functions for these coefficients in x, y, Y


Hosek extended sky model 

• They provide tabulated values for A…I, fitted to simulation; models turbidity quite a bit better.

Empirical analytic sky models
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An Analytic Model for Full Spectral Sky-Dome Radiance

Lukas Hosek⇤
Charles University in Prague

Alexander Wilkie†
Charles University in Prague

Abstract

We present a physically-based analytical model of the daytime sky.
Based on the results of a first-principles brute force simulation of
radiative transfer in the atmosphere, we use the same general ap-
proach of fitting basis function coefficients to radiance data as the
Perez and Preetham models do. However, we make several mod-
ifications to this process, which together significantly improve the
rendition of sunsets and high atmospheric turbidity setups – known
weak points of the Preetham model. Additionally, our model ac-
counts for ground albedo, and handles each spectral component
independently. The latter property makes it easily extensible to
the near ultraviolet range of the spectrum, so that the daylight ap-
pearance of surfaces that include optical brighteners can be prop-
erly predicted. Due to its similar mathematical properties, the new
model can be used as a drop-in replacement of the Preetham model.

CR Categories: I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Color, shading, shadowing, and texture;

Keywords: skylight models

Links: DL PDF WEB

1 Introduction

Renderings of outdoor scenes usually include vistas of the sky.
Since everybody is intuitively familiar with its appearance, a cor-
rect skylight model can often make the difference between a good
and an uncanny looking image. More importantly, though, a radio-
metrically plausible model that provides reliable illuminance data is
important for predictive rendering purposes in appearance-sensitive
areas like architecture and illumination engineering.

One common approach to rendering scenes that are lit by a sky-
dome luminaire is to use skyboxes, or some other form of environ-
ment map with actual photographs of the sky, as lightsources. This
approach produces visually pleasing results, but has some disad-
vantages: you cannot easily alter the used HDR photo of the sky
when you decide the sun needs to be just a little bit lower and the
sky needs to be just a little bit hazier.

The other approach is to use an analytical model, ideally one that
can be fully tweaked to suit the needs of the artist. The intention
of this work is to produce such an analytic model. Our work is
based on the widely used Preetham model, but it fixes some of its

⇤e-mail: hosek@cgg.mff.cuni.cz
†e-mail: wilkie@cgg.mff.cuni.cz

most apparent flaws, allows for the simulation of a wider variety of
atmospheric conditions, and offers additional features.

In order to be able to develop such a model, we first had to obtain
reference data. In the case of skylight, capturing the large amounts
of data needed for this from nature in a reliable and repeatable fash-
ion is very hard, which is why we resorted to implementing a brute
force, first-principles model of atmospheric light transport. This
model, which we describe in section 3, was used for generating a
large number of reference images of the sky-dome. Then, using this
reference data, and inspired by how the Perez and Preetham models
are derived, we devised an extended skylight model, and fitted the
parameters of the formulas to our reference renderings through an
offline optimisation process. The results of this fitting process are
discussed in section 5, and a reference implementation that includes
the numerical data we obtained is included as supplemental material
to this paper. Since our proposed model fixes most known flaws of
the widely used Preetham model without being significantly more
complex, we hope that our findings are useful to all those who re-
quire a flexible, realistic model of sky-dome luminance.

2 State of the Art in Sky Models

2.1 Luminance-only Sky Models

Especially for earlier applications in architecture and lighting de-
sign, simpler models that only describe the luminance distribution
of a clear sky were devised, and even standardised by the CIE. They
can not be directly used for renderings, but are to this day still very
useful for their original purpose. They also served as starting points
for some of the sky models that include colour information.

An analytic formula for describing the luminance of clear skies with
low turbidity was devised by Perez et al. [1993]:

FPerez(✓, �) = (1 + Ae
B/ cos ✓)(1 + Ce

D� + E cos2 �) (1)

This formula was later adapted by CIE in a slightly different form:

FCIE2003(✓, �) = (1+Ae
B/ cos ✓)(1+C(eD��e

D ⇡
2 )+E cos2 �)

(2)
In these formulas, � is the angle formed by the view direction and
a vector pointing towards the sun, and ✓ is the angle formed by
zenith and view direction. The values returned by these formulas
are normalised so that the value at zenith is one and then multiplied
by the luminance at zenith obtained from elsewhere, which gives
the final Luminance distribution function:

Y =
F(✓, �)
F(0, ✓S)

· YZ (3)

where ✓S denotes the angle formed by Sun and zenith and YZ is the
luminance at the zenith.

The parameters A through E in the Perez formula and its modified
CIE counterpart are used to tune the luminance distribution and do
not directly translate to any physical quantities. One way to ob-
tain these parameters is by using tabulated values. This was done
in the joint ISO/CIE standard [ISO/CIE 2004], which comprises
16 different models describing luminance distribution for different
atmospheric conditions that vary from clear sky to overcast with
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(a) Sunrise (b) ↵ = 0.1 T=3

(c) Sunset (d) ↵ = 0.1 T=4

(e) Daytime sky (f) ↵ = 0.9 T=7

Figure 4: Comparison between fisheye photos (left) and brute force

path tracer outputs (right). 4c was taken on Velvia film, which

produces characteristically saturated pictures. To compensate, the

path traced image was rendered with a white point of 4400K.

5 An Improved Analytical Skylight Model

Based on the results discussed in the two previous sections, we then
proceeded to derive an analytical model that is fitted to these results.
Our goals were threefold: to obtain a genuinely spectral analytical
model with separate fitting for different wavelengths, to have this
fitting process start in the near ultraviolet range to enable proper
outdoor fluorescence rendering, and to extend the useful range of
turbidities to 10. We did not go beyond a turbidity of 10 mainly
because the layering of very hazy atmospheres starts to be rather
specific after some point: inversion layers, which would require ad-
ditional parameters to control, can start to play a visually prominent
role. We therefore restricted ourselves to a scenario of a gradual in-
crease in haze up to moderate haze levels. A CIE XYZ fitting is also
available for applications where a full spectral model is not needed.

Using the brute force model, we generated a reference dataset for
turbidity ranging from 1 to 10, albedo 0 to 1 and eleven spectral
channels in total: nine in the visible range (400nm - 720nm in
40nm increments) and two in the ultraviolet range (320nm and
360nm). For each of these combinations of turbidity, albedo and
wavelength, 46 images with solar elevations ranging from 0� to

90� were generated. The appearance of the sky undergoes a very
dramatic change as the sun goes through the first few degrees of
sunrise. After the solar elevation reaches about 15�, sky-dome ap-
pearance stabilises and subsequent changes are minimal.

To better capture this behaviour, the reference images were not gen-
erated at equidistant solar elevations. Instead, more samples were
taken at lower solar elevations: the n-th image (n 2 {0, 1 . . . , 45})
was placed at solar elevation ( n

45 )3 · 90�. The method for calculat-
ing radiance distribution parameters, described further in this sec-
tion, directly reflects this decision.

The path tracer was configured to exclude rays that directly hit the
sun without being scattered first, since this would produce a dis-
continuity in the data: the solar disc is several orders of magnitude
brighter than the surrounding sky. As with the Perez model, the fit-
ted model therefore does not include the solar disc, so users of the
model have to include it separately.

5.1 Extending the Perez Model

The Perez formula can capture luminance distributions of skies with
low turbidities almost flawlessly, providing the A, B, . . . E param-
eters are fitted specifically to the setup we want to simulate (i.e.
including a specific solar elevation). That is because at its core, the
Perez formula is basically a single scattering model with Rayleigh
phase function and exponential out-scattering. As the turbidity
rises, the contribution of Mie scattering becomes more pronounced,
though. Recall that Mie scattering is highly anisotropic.

The zero order glow of Mie scattering produces a phenomenon
called circumsolar ring (aureole). This produces a highly localised
spike, one that is impossible to accurately fit using the original
Perez formula, which is also at the core of the Preetham model.
Our first goal was to replicate this phenomenon and for that, we
used a modified version of the Perez formula which includes an
anisotropic term � (the reader may find this term similar to the
phase function of Mie scattering we used in the brute force path
tracer) that places a localised glow around the solar point.

Another thing apparent from viewing reference images and fisheye
photographs of the sky is that at lower solar elevations, the aureole
does not extend towards the zenith nearly as much as it does towards
the horizon and sides. There are obvious reasons for this: the higher
the viewing angle, the fewer scatterers are in the way to in-scatter
light in the viewer’s direction. We added a term I · cos

1
2 ✓, which

produces a smooth gradient around the zenith. When I is set to a
negative value (as it always is with our fitted data), it suppresses
brightness around the zenith, and thereby also reduces the extent of
the aureole around the zenith.

Finally there is one more minor technical issue: in the original
Perez formula, as the viewing direction neared the horizon, the val-
ues diverged towards infinity and when querying luminance exactly
at the horizon, it would produce division by zero: when ✓ becomes
90�, B/ cos ✓ becomes undefined. This is solved simply by adding
a small fudge factor that moves the offending division by zero about
0.5� below horizon and also solves the extremely bright rim around
horizon. The final formula is:

F(✓, �) =(1 + Ae
B

cos ✓+0.01 ) · (C + De
E�+ (8)

+ F cos2 � + G · �(H, �) + I · cos
1
2 ✓)

�(g, ↵) =
1 + cos2 ↵

(1 + g2 � 2g · cos ↵)
3
2

(9)
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Sky Colour Patterns (sunset) 
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(a) Sunrise (b) ↵ = 0.1 T=3

(c) Sunset (d) ↵ = 0.1 T=4

(e) Daytime sky (f) ↵ = 0.9 T=7

Figure 4: Comparison between fisheye photos (left) and brute force

path tracer outputs (right). 4c was taken on Velvia film, which

produces characteristically saturated pictures. To compensate, the

path traced image was rendered with a white point of 4400K.

role. We therefore restricted ourselves to a scenario of a gradual in-
crease in haze up to moderate haze levels. A CIE XYZ fitting is also
available for applications where a full spectral model is not needed.

Using the brute force model, we generated a reference dataset for
turbidity ranging from 1 to 10, albedo 0 to 1 and eleven spectral
channels in total: nine in the visible range (400nm - 720nm in
40nm increments) and two in the ultraviolet range (320nm and
360nm). For each of these combinations of turbidity, albedo and
wavelength, 46 images with solar elevations ranging from 0� to
90� were generated. The appearance of the sky undergoes a very
dramatic change as the sun goes through the first few degrees of
sunrise. After the solar elevation reaches about 15�, sky-dome ap-
pearance stabilises and subsequent changes are minimal.

To better capture this behaviour, the reference images were not gen-
erated at equidistant solar elevations. Instead, more samples were
taken at lower solar elevations: the n-th image (n 2 {0, 1 . . . , 45})
was placed at solar elevation ( n

45 )3 · 90�. The method for calculat-
ing radiance distribution parameters, described further in this sec-
tion, directly reflects this decision.

The path tracer was configured to exclude rays that directly hit the

sun without being scattered first, since this would produce a dis-
continuity in the data: the solar disc is several orders of magnitude
brighter than the surrounding sky. As with the Perez model, the fit-
ted model therefore does not include the solar disc, so users of the
model have to include it separately.

5.1 Extending the Perez Model

The Perez formula can capture luminance distributions of skies with
low turbidities almost flawlessly, providing the A, B, . . . E param-
eters are fitted specifically to the setup we want to simulate (i.e.
including a specific solar elevation). That is because at its core, the
Perez formula is basically a single scattering model with Rayleigh
phase function and exponential out-scattering. As the turbidity
rises, the contribution of Mie scattering becomes more pronounced,
though. Recall that Mie scattering is highly anisotropic.

The zero order glow of Mie scattering produces a phenomenon
called circumsolar ring (aureole). This produces a highly localised
spike, one that is impossible to accurately fit using the original
Perez formula, which is also at the core of the Preetham model.
Our first goal was to replicate this phenomenon and for that, we
used a modified version of the Perez formula which includes an
anisotropic term � (the reader may find this term similar to the
phase function of Mie scattering we used in the brute force path
tracer) that places a localised glow around the solar point.

Another thing apparent from viewing reference images and fisheye
photographs of the sky is that at lower solar elevations, the aureole
does not extend towards the zenith nearly as much as it does towards
the horizon and sides. There are obvious reasons for this: the higher
the viewing angle, the fewer scatterers are in the way to in-scatter
light in the viewer’s direction. We added a term I · cos

1
2 ✓, which

produces a smooth gradient around the zenith. When I is set to a
negative value (as it always is with our fitted data), it suppresses
brightness around the zenith, and thereby also reduces the extent of
the aureole around the zenith.

Finally there is one more minor technical issue: in the original
Perez formula, as the viewing direction neared the horizon, the val-
ues diverged towards infinity and when querying luminance exactly
at the horizon, it would produce division by zero: when ✓ becomes
90�, B/ cos ✓ becomes undefined. This is solved simply by adding
a small fudge factor that moves the offending division by zero about
0.5� below horizon and also solves the extremely bright rim around
horizon. The final formula is:

F(✓, �) =(1 + Ae
B

cos ✓+0.01 ) · (C + De
E�+ (8)

+ F cos2 � + G · �(H, �) + I · cos
1
2 ✓)

�(g, ↵) =
1 + cos2 ↵

(1 + g2 � 2g · cos ↵)
3
2

(9)

The inputs of this formula are the same as those in the original Perez
formula: ✓ is the angle formed by viewing ray and zenith, and � is
the angle between viewing ray and the solar point.

Notice that compared to the original Perez formula in equation 1,
the value of 1 at the beginning of the second parenthesis block has
been replaced by a variable C. This is due to another complication
that arose with adding an anisotropic term. Recall that in the origi-
nal Perez model, values of the F function were normalised against
zenith luminance (see equation 3). Our model can now reproduce
the huge spikes in brightness around the sun, which poses a prob-
lem with very high solar elevations (> 85�), because the function
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(a) Sunrise (b) ↵ = 0.1 T=3

(c) Sunset (d) ↵ = 0.1 T=4

(e) Daytime sky (f) ↵ = 0.9 T=7

Figure 4: Comparison between fisheye photos (left) and brute force

path tracer outputs (right). 4c was taken on Velvia film, which

produces characteristically saturated pictures. To compensate, the

path traced image was rendered with a white point of 4400K.
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Aerial perspective
Attenuation removes light from the viewing ray 

• more blue removed, resulting 
in warmer colors


Inscattering adds light 
to the viewing ray 
• more blue added (usually), 

resulting in blue contribution 
(away from sunrise/sunset)


Computing both requires 
integration along ray 
• density, sun radiance change with h 
• analytic approximations used 

for fast performance
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Figure 7: The new model looking west at different times/turbidities.
Top to bottom: morning, tubididity 2; evening, turbidity 2; evening,
turbidity 6; overcast, turbidity 10.

Figure 8: Top: the CIE clear sky model using constant chromaticity
coordinates and Ward-Larson’s aerial perspective approximation
for east viewing directions and the same viewpoint. Bottom: the
new model. Note the change in hue for different parts of the sky for
the new model.

the effects of localized pollution sources and inversion effects that
often occur near some large cities. In these cases the density dis-
tribution of particles is much more complicated than in our model.
In these cases, our model can be used as boundary conditions for
more complex simulations.
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A Appendix

Although much of the data in this appendix is available in the liter-
ature, it is not in sources readily accessible to most graphics profes-
sionals. The information here should allow users to implement our
model without sources other than this paper.
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