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DIA4 = EXM) : M does not accept <M) 3

TTAG = [ <M) : M accepts <M> 3
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HALT = E <M)# <x) : M halts on input 13

HALT = E <M)#<X) : M does not half onehe
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EQ = [ <M1) # (M2) : 1(m
,
) = 1 (M2) 3

Given two TMs
,
do they recognize the same language ?

Therem .

EQ REUcoRE
.

↳ Not Recognizable ,
nor collecognizable !

Proof Approach : Reduction from the Halting Problem
-
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Recall . HALT E coRE
-

↳ Determining if M halts on input x

is recognizable ,
but not decidable.

HALT < EQ => EQ E coRE .

-

Computable Reduction R

<M3+<x= <M ,) # <M2)

if M halts on then 2(M1) = I(M2)
input *

if M does not half then 1(M1) + I(M2)
on input X
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Rduction from HALT to EQ
.

On input (M)#[X) .

Mi
-

on

construct↳Accept
Mz

1 Hand code
-

on imput W
M and X#
of M2

Execute M running into finite

Accept state controller

Output (M , )#(M2)



Rduction from HALT to EQ
.

On input (M)#(x) .

Mi
-

on 2(m . ) = 2
*

construct↳Accept
Mz
-

on imput W L(M2) =?#Execute M running on X

Accept

Output (M , )#(M2)



*I(M) = I
Mz
on input w

L(M2) =? Eleanerunning on +

Accept

Suppose
<M>#[x) -HALT.

-> M halts on input x

=> M2 Accepts on input w
,

twe [*

=> I(M2) = &
*



*I(M) = I

on input w*L(M2) =? Execute M running onx

Accept

Suppose
<M>#[x) -HALT.

-> M halts on input x

=> M2 Accepts on input w
,

twe [*

=> I(M2) = &
*

Suppose
<M7#(*) /HALT. => M does NOT half on input x

=> M2 does Not half on input W, fre
*

=> I(M2) = 0



(Mb+(x) (M ,)#<M2)

5.t

I(M ,
) = I (M2) E> M halts on input X .

-> HALT [ EQ
.

E EQ RE



Recall #ALT RE .

-o

So ALT [EQ EQ RE

Computable Reduction
s

R

(M)+<x)
R

<M ,) # (M2)-

if M does NOT halt then 2(m , ) = ((nz)
on input X

if M halts on then 1(M1) + I(M2)
input X



Rduction from HALT to EQ
.

On input (M)#[X) .

Mi
-

onEnter Great ideal

construct Accept
But

---

wrong.
Mz
-

on imput W (M)#(x)
L on X E HALTExecute M running#

(M)#(x)
Reject => L(M2=0

Output (M , )#(M2) HALT

=> F(M2) =0



Rduction from HALT to EQ
.

On input (M)#[X) .

Mi
-

on

construct Ente (M) = 0
ect .Reg

Mz
-

on imput W L(M2) =?#Execute M running
Accept

Output (M , )#(M2)



2(M , ) = &
-

on imput W↳L(M2) =? Execute M running on X

Accept

Suppose
M does not half on x

-<M#(x) E ALT.

2(M2) = 0

Suppose

[M) #(x) #ALT Mhaltson

It mi= I (Mc) <> M does not halt
on input X.



EQ = [ <M ,) # (M2) : 2(M1) = 2 (Mn) 3
Encore

Determining whether two programs have the

same functionality is the hardest problem
we've seen !



Announcements
--

* HW8 out
,
due Thurs (1 : 59 pm .

↳ Q1 : No formal proof required

Explain your TM design
& why significant steps work

.

Analogy to well-documented code



theck-GPTProblem ·

* Write an inefficient algorithm A for 4820 homework

* Ask GPT to return an efficient algorithm **
that solves the same problem as A.

* Return True if A and A* solve the same problem·

Theorem Check-GPT is Undecidable !
-

Namely ,
there is no algorithm (current or future)
that can reliably check the output of Al

for correctness.



MachinesLanguagesabout Turing
* Examples

DIAG
,
HALT

,
EQ, ...

* Many such languages are undecidable.

Do we have to show a new reduction for each one ?



Languagesabout languages

* A I Property is a language of TM descriptions

e. g. 4. = [<M) : Q(M) has 100 states 3



Languagesabout languages

* A IPoperty is a language of TM descriptions

e. g. 4. = [<M) : Q(M) has 100 states 3

* A TM property is semantic it membership (M)-P
--

is determined by the language I(M)

Pempt = [ (M) : I(M) = 03
Printe : [[M) : M accepts a finite

collection of strings 3

Pr = [4M) : w + I (m) 3
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Languagesabout languages

* A I Property is a language of TM descriptions

e. g. 4. = [<M) : Q(M) has 100 states 3

* A TM property is semantic it membership [MDEP
is determined by the language I(M)

- M
, M2 s . t. I(M1) = 2(Mz)

M
,
satisfies P E My satisfies 4

* A TM Property is nontrivial if PK[0 ,
[
* 3



Rice'sTheorem

Every nontrivial
,
semantic TM property

is Undecidable !
--

Idea Reduce from Halting Problem !



If Suppose P is a nontrivial
,
semantic property.

* Consider the TM Mo = "On input W , Reject" .
Assume (Mo) # P .

(similar argument if <MP) -P)
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If Suppose P is a nontrivial, semantic property.- -

* Consider the TM Mo =

"

on input w , Reject" .
Assume (Mo) # P .

* There exists some TM K sit . [K) < P .

P,Reductionfrom HALT En

Given Min
input W.

output

(M)# (x) constructemrunningen x -
-><Mas

Run K on W.

semantic if K accepts . Accept .
m-

2(Mp) = 2(Mp) = 0 P if M does Not half on x

2(M) = 2(K) E P if M halfs onX .



Deciding any
nontrivial

,
semantic property

allows us to decide the hal ting problem !

Rice's Theorem

H
Cannot generically verify

correctness/security of arbitrary programs !


