Machine Learning for Data Science (CS 4786)

Lecture 21: Belief Propagation

The text in black outlines main ideas to retain from the lecture. The text in blue
give a deeper understanding of how we “derive” or get to the algorithm or method.
The text in red are mathematical details for those who are interested. But is not
crucial for understanding the basic workings of the method.

1 Belief Propagation

In class we looked at variable elimination algorithm which was a fancy way of saying to compute
marginal of some bunch of variables, we sum over all remaining variables (other than ones we are
computing marginal of). We saw that order of summation mattered to a great extent in terms
of determining efficiency of the method. Often one might need to compute multiple marginals or
conditional probabilities and using variable elimination to compute these one by one is very time
consuming. As an example, consider the case of HMM. We could have used variable elimination
there and done this for each variable multiple times. But this would have been exhausting! Instead
what we did there was a single backward pass a single forward pass and with that we were ready
to do the multiple inferences in a stroke. In fact the forward backward algorithm was your first
example of message passing.

Belief propagation is a method for performing inference in graphical models where one can think
of each vertex in the graph as a node in a network. Nodes send messages to neighboring nodes
passing their beliefs along. The idea is that once the nodes have passed messages long enough,
these messages hopefully converge and thus help us converge to the right answer that can be used
for inference.

To this end, here are the rules of belief propagation game. Assume for simplicity that each
nodes in our Bayesian network can take on K values. Now the messages each node passes to its
neighbor will be a vector of length K.

1. Each node X; has a so called evidence vector E,. If a node X; is unobserved, then Ex, (k) = 1
for every k € {1,..., K}. On the other hand, if a node is observed, specifically if node X;
is observed to have value X; = z;, then, Ex,(z;) = 1 and Ex, (k) = 0 for any k # z;.
Think of evidence as accounting for observations, if we don’t observe anything, every value is
equally likely, on the other hand, if a variable is observed, we set evidence to exactly indicate
observation and set all other values to 0.

2. Messages a node sends to its children are belief about its own value. That is, the message
that X; sends to a child X; is one that ranges over values of variable X;.

3. Messages a node sends to its parent are belief about value of parent. That is, the message
that X, sends to a parent X; is one that ranges over values of variable Xj.



Now the computations of messages on every round, is given as follows:

e Each message computed by each node are sum over product of three types of terms. First, the
evidence of the node sending the message. Second, the conditional probability of that node
given values of its parents. Finally, the third term is product of all messages from neighbors
except the message received from the node we are computing the message for. Specifically
we now provide the exact messages computed.

e If node X; is a parent of X, then message at round ¢ that X; sends to X is computed as

follows:
—1
M)(QHX],(:Q): 3 Ex,(z;) x P(X; = z;|Parent(X;)) x  [[  MEYx

{z;:leParent(X;)} keN(X:)\{X;}

e If node Xj; is a child of Xj, then message at round ¢ that X; sends to X; is computed as

follows:
-1
M)(QHXJ_(%): 3 Ex,(z;) x P(X; = z;|Parent(X;)) x [ ME,

{x;:l€Parent(X;)U{X;}} keN(X)\{X,}

The key thing to observe above is that the only portion of the message computation that changes on
every round is the term involving product of messages received. Further, note that if all incoming
messages to a node have converged on some round, then the message that this node sends out from
that round onwards is the same (has converged).

To understand the procedure better, lets look at the following example: To shorten notation,

Alarm in Alarm in Alarm in
Kitchen Bedroom Garage
Central system for
System garage
Call your
cell-phone

You receives phone call

Figure 1: Mixture model

let us name variables as follows:
Xg: Alarm in Kitchen

Xp: Alarm in Bedroom



Xg: Alarm in Garage
Xcg: Central system alerted
Xgs: Garage system alerted
X Cell phone call recieved
Xg: Emergency (911) call receieved

In the above example, all variables are binary having values 0 if switched off and 1 if switched
on. The observation is that we have received a phone call on the cell phone. Hence we have the
evidences as follows:
For node X¢, the evidence is given as Ex,(0) = 0 and Ex.(1) = 1. For all other nodes, the
evidence is the vector (1,1).

Now we are ready to compute messages sent on various rounds. We will assume that all messages
on round 0 are the all 1’s vectors, that is (1,1). Now before we start working out the messages for
each round let us simplify the computation a bit as follows: For any ¢,

X Xos (@K) = Exy (vx) x P(Xk = 2K)
= P(XK = xk)

M;;HXCS(zB) =FEx,(zp) x P(Xg =2xp)

:P(XB :.’tB)

M)(Q;HXGS (za) = Exq (rg) x P(Xg = 2q)

= P(Xg = z¢)

ME | xo(zes) = > Exgs(ras) x P(Xas = zas|Xa = x6) x ME s (zc)
zg

= 3" P(Xas = 2051 Xa = 26) x MYy (26)

G

t—1 t—1 t—1
M?(ft)csHXE (zcs) = ZZEXcs(xCS) X P(Xcs = xcs| Xk = vk, Xp = B) ¥ M§<K3>Xcs($K) X M)((B'—2Xcs (zp) X M)(<cé

B TK

=33 P(Xes = wes|Xi = v, Xp = a5) x M{ Ny (ax) x ME D (op) x ME Dy, (vcs)

B TK

t—1 t—1 t—1)
M) oxo(@es) = D0 % Bxcs(wes) x P(Xes = wos| X = v, Xp = wp) x MY Dy () x MYy (0n) x ML

B TK

=YD P(Xos = weslXk = ax, Xp = wp) x M Dy, (o) x My Ny (wp) x M (wes)

B TK



ME xo.(wes) = > Ex,(xp) x P(Xg = 2p|Xcs = 2cs) = Y P(Xp = 25[Xcs = 2cs)
TE TE
=1

M)(gl,_)XGS(xGS) => Y Ex.(zc) x P(Xo = z¢|Xes = xos, Xas = zas) % Mﬁé;;LXC (zcs)

Tc Tcs

= ZP(XC =1|Xcs = zcs, Xas = ras) X M;;;LXC@CS)

rcs

O xoe@es) =323 Ex (we) x P(Xe = el Xes = ves, Xas = 2as) x MYy (x65)
TCc TGS
=Y P(Xc =1|Xcs = zcs, Xas = zas) X MY o (@as)

rGs

_ —1 —1
ME v @x) =3 Exos(wes)P(Xos = zos| Xk = ax, Xp = ap) MY (ves)MS )y (zes)ME, )y (25)
B TCsS
_ _ _ _ (t—1) (t-1) (t-1)
=> Y P(Xcs =zcs| Xk =wx, Xp =xp)My, x  (@es)My_ Dy  (xes)My, . (zB)

B XCS

t —1 t—1 t—1
MYy (wp) = > Y Exeslwos)P(Xos = xos| Xk = 2k, Xp = wp)MYE Ny (os)ME Dy (res)ME Dy (ex)
TK XTCS
=33 P(Xos = wos| Xk =k, Xp = 25)MY, Dy (wos) MYy (wos)ME D o (k)

TK XCS

MY o xo(ze) = Y Exgs(was) x P(Xas = zas|Xa = 26) X ME Dy (cs)

rGas

=¥ P(Xas = was|Xa = va) x MED ( (vas)

rGas

Now all we need to do is, in each of the equations above substitute the messages from previous
rounds to compute the new messages. To this end, note that,

Round t = 1: the following messages already converge.

(ex) = P(Xx =2K), MY . (t8) = P(Xp=15), My y (¢c)=P(Xc=u1c)

XBHXCS

Round ¢ = 2: In second round, given the messages converged in round 1, note that all but one
incoming messages to nodes Xog and Xgg have converged and so in this round the following



messages converge:

2 1 1 1
MP . xo(zes) = > > P(Xcs =wos| Xk =k, Xp = 2p) X M) oo (@r) x ME) Ly (@) x MY) v (zcs)

B TK

= ZZP(XCS =2cs| Xk =2k, Xp=2p) X P(Xk =zg) x P(Xp=2ap) x 1
B TK

=YY P(X¢s =w0s, Xk =k, Xp = p)
B TK

= P(X¢s = wcs)

MY v (rcs) =Y P(Xas = 1es|Xa = 26) x My) . (z¢) = Y P(Xas = zas|Xe = v6) x P(Xa = x6)

Tra rG

=Y P(Xgs = 265, X = 26) = P(Xgs = 2as)

G

Round ¢ = 3: Note that give the messages converged up to round 2, on round 3 we can show that
messages sent from node X¢ to Xog and to Xgg will converge. Let us calculate these messages:

3 2
M;((gHXCS(fcs) = Z P(X¢ =1|Xcs = zcs, Xas = ©as) X M)((C);SHXC(QJGS)
TrGs
= Z P(X¢ =1|X¢cs = z0s, Xgs = vas)P(Xas = zas)

TGS

1

=Y P(Xc =1|Xgs = zas, Xos = fch)m

xGs

P(Xgs = 2gs)P(Xcs = zcs)

where in the above we simply multiplied and divided by P(Xcs = z¢s). Next note that nodes
Xcs and Xgg are marginally independent and so P(Xgs = zgs)P(Xcs = zcs) = P(Xgs =
xas, Xcs = xzeg) and so,

1
P(Xcs = zcs)
1
P(Xcs = zcs)
1
P(Xcs = zcs)

M)(?C),,_)XCS(CCCS) =Y P(Xc =1|Xgs = zas, Xos = 2cs)

TGS

= ZP(XC =1|Xgs = zgs, Xos = xcs)

TGS

= Z P(Xgs =z¢s, Xcs = vcs, Xo =1)

rGs

= P(X¢cs =xcs, Xc =1)

P(Xgs =2as)P(Xcs = xcs)

P(Xgs = zas, Xcs = xcs)

1
P(Xcs =xcs)
= P(XC = 1|XCS = xcs)

Similarly note that:

o xes(@as) =D P(Xe =1|Xcs = zcs, Xas = zas) X MY x. (wes)

rcs

= Z P(Xc =1|X¢cs =xcs, Xas = zas)P(Xcs = zcs)

rcs

Z P(Xc =1|Xgs = zas, Xcs = zcs)

xcs

1
P(Xgs = zas)

P(Xgs = zas)P(Xcs = zcs)



Again P(Xgs = zgs)P(Xcs = zos) = P(Xgs = zas, Xos = xzcs) and so,
1
P(Xgs = zgs)
1
P(Xgs = xgs)

M;(?QHXGS(UCGS) =Y P(X¢ =1|Xgs = zas, Xos = 2cs)

xrcs

= P(Xgs = zgs, Xes = wos, Xo = 1)

rcs

=P(Xgs =zags, Xc=1)

P(Xgs =2gs,Xcs = xcs)

1
P(Xgs = zas)
= P(X¢c = 1|Xgs = zas)

Round t = 4: Finally on round 4 all the messages converge. Specifically, we have,

4 3 3 3
MY (@) =3 P(Xcs = wes| Xk = ok, Xp = wp)ME) Ly (es)ME) Ly (wes)MS) Ly (zp)

B ICS
= ZZP(XCS = xcs‘XK = IK,XB = J?B) x 1 x P(Xc = 1|XCS = zcs)P(XB = :CB)
B TCS
1
=> Y P(Xcs =zcs| Xk = ax, Xp = 25)P(X¢ = 1|Xcs = 205)P(Xp = 25)P(Xk = xK)m
B XTCS K — 4]
Now since Xx and Xp are marginally independent, we have that P(Xp = 2p)P(Xg = zx) =
P(Xp =xp,XKg = zx) and so,
1
M)((45)~5>—>XK($K) = ZZP(XCS = xcs‘XK = IK,XB = J?B)P(XC = 1|XCS = xcs)P(XB = IB,XK = IK)W

B ZCS

1
=YY P(X¢s =20, Xk = v, Xp = w)P(Xo = 1|Xcs = zos)

Ly P(Xg =2K)
1
— %p(xcs =zcs, Xg = 2 )P(Xo = 1|Xcs = xcs)m
1
= P(Xcs = wos, Xi = vx) P(Xo = 1| Xos = wes, Xk = tk) 5r——— (local Markov)
Tos P =)
1
= ZP(XC =1,Xcs =zcs, Xk = IK)m

rcs

e = L = ) B =

= P(XC = ].|XK :lL'K)



Similarly we have that

4 3 3 3
M o @p) =YY P(Xcs =xcs| Xk = 2k, Xp = wp)MS) v (o) MY o (wes)MS) Ly (oK)

TK TCS
=> Y P(Xcs = zcs| Xk = vk, Xp = a)P(Xe = 1|Xcs = 20s) P(Xk = 2x)

TK TCS

1
= ZZP(XCS =205/ XKk =2k, Xp = 2B)P(Xc = 1|X¢cs = 205)P(Xk = 2k )P(Xp = 2B) 57—
P(XB = TFE
TK XCS
1
- ZZP(XCS =rcs| Xk =7k, Xp = 2p)P(Xc = 1|Xcs =20s)P(XKk =2k, Xp =2B) 55—
P(Xp =xp)
TK TCS
1

= ;P(Xcs =05, Xp = 25)P(X¢c = 1[Xcs = xcs)m

Ccs

1

=Y P(Xc=1,X¢s =205, Xp = ZL’B)m

rcs

1
:P(XC:LXB :LUB)

P(XB il’B)
:P(Xc:].|XB :.TB)

Finally note that,

4 3
M) xo(@a) =Y P(Xas = xgs|Xa = 2¢) M), v, (vas)

Tas

=Y P(Xas = zas|Xa = 26)P(Xc = 1|Xgs = zas)
TGS

= Z P(XGS = xgs|XG = fg)P(Xc = 1|XGS = fGSvXG = xg) (local markov)
TGS

=Y P(X¢ =1,Xgs = zas| X = za)

rGs

= P(XC = 1|XG = .%'G)

Thus on the 4th round all messages converge. More generally this algorithm is guaranteed to
converge on any tree and takes twice the diameter number of rounds to converge.
Now for instance to finally compute

P(Xg =zx|Xc =1) x Ex, (zx) x P(XKg = xj) % product — of — messages

= Ex, (zx) x P(Xx = z3,) X M)(;*gSﬁXK (zK)

= P(Xk = x)P(X¢ = 1| Xk = vk)
— P(Xe =1, Xk = o)

Clearly it is true that P(Xx = zx|X¢c = 1) x P(X¢ = 1, Xg = xk) and hence normalizing we
can indeed complete inference of P(Xx = x| X = 1).



