Principal Component Analysis



Announcement:

1. P2 will be out later this week



Recap on K-means

T/F: K-means also has curse of dimensionality

T/F: K-means solution depends on its initialization
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Outline for today:

1. Intro of PCA

2. PCA via eigendecomposition

3. Example of PCA: eigenfaces
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Data compression

Goal: reduce high dimensional data to low dimensional
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Normalize u s.t. ||u|[, = 1

Math skill: z := x ' u

Dim-reduction:
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Data compression

Goal: reduce high dimensional data to low dimensional

Linear algebra

x2

U

Calculus
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Normalize u s.t. ||u|[, = 1

Math skill: z := x ' u

Dim-reduction:
Given D = {x,...,x,},X; € R?2

We get a 1-d dataset
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Data compression

Goal: reduce high dimensional data to low dimensional

Reduce data from 3-d to 2-d:

u, € R, u, € R’

D =1{x,...,x,},x, € R’
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1. Intro of PCA

2. PCA via eigendecomposition

3. Example of PCA: eigenfaces



Compute the Principal Component

Setup
Input: dataset & = {xy, ..., x,},x; € Rd@: X, X5, ... X, ] € R*n
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Compute the Principal Component

Setup
Input: dataset @ = {x;,...,x, },x, ERY X = X, X5, ... X, ] € [REXn

Output: K principle components uy, ..., Ux (they are orthonormal)
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Step 1: data normalization



Compute the Principal Component
Setup
Input: dataset D = {xy,....%,},5 € RY X =[x, x5, ..., x,] € R

Output: K principle components uy, ..., Ux (they are orthonormal)

Step 1: data normalization

For each coordinate k € [d], compute data mean u[k] and std o[ k]
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Compute the Principal Component
Setup
Input: dataset D = {xy,....%,},5 € RY X =[x, x5, ..., x,] € R

Output: K principle components uy, ..., Ux (they are orthonormal)

Step 1: data normalization

For each coordinate k € [d], compute data mean u[k] and std o[k]
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Compute the Principal Component

The outcome of data normalization
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Compute the Principal Component

The outcome of data normalization
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Compute the Principal Component
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Compute the Principal Component

X2

Step 2: compute first principle component

Intuition: find a direction such that the projected
points are spread out

Mathematically, maximizes the variance of
projected points




R

/) X\-' “ K

2

® = arg

¢ QQa\m

Compute the Principal Component

n

arg max Z (xiTu)2
U ullull=1 4

I

(
u Xy xv W

- \/{T(‘X\‘ Y_\r) A




X

2

Compute the Principal Component
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Claim: the maximizer is the first eigenvector of xx'
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Compute the Principal Component

Definition of Eigenvalue/Eigenvectors
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Compute the Principal Component

Definition of Eigenvalue/Eigenvectors
or of XX if:

(A, u) is a pair of eigenvalue / ei
XXNDu= =2u"XXNu =2

Eigendecomposition:
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Compute the Principal Component

Definition of Eigenvalue/Eigenvectors

2
(1, u) is a pair of eigenvalue / eigenvector of XX ' if: ﬂnﬁx | 2 (x u)
u.|\\u =
XXNDu=M =u"XXNHu=2 )
T T
Eigendecomposition: = arg u'mﬁvil u [ Z X;X; ] 7}
R i=1

XXT = UAUT

hodl
Solution:

The arg max returns the first
eigenvector FXXT




What about computing the second Principal component?

First Principle component u; = arg max Z (x. Tu)?
wrljull=1"%

To compute the second PC:




What about computing the second Principal component?

First Principle component u; = arg max Z (x. Tu)?
wrljull=1"%

To compute the second PC:

o P A ..“'

1.0 80 2e % e — T, —
by Force constraints: ||u,|[, = 1, uy u; =0
% % ¢ ..;"%}5 :3.0 =

/ .. ” L
R ';}..’i: o 0.
ITEAEELS 3 t e
:e.o.so:. 0.’.‘;\‘ :. o' .
L 3 ..d': e



What about computing the second Principal component?

First Principle component u; = arg max Z (x. Tu)?
wrljull=1"%

To compute the second PC:

Force constraints: ||u,]|, = 1, u2Tu1 =0




What about computing the second Principal component?

First Principle component u; = arg max Z (x. Tu)?
wrljull=1"%

To compute the second PC:

Force constraints: ||u,]|, = 1, u2Tu1 =0

U, = arg Z (xl-Tu)2
) i=1 //T/
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What about computing the second Principal component?

First Principle component u; = arg max Z (x. Tu)?
wrljull=1"%

To compute the second PC:

Force constraints: ||u,]|, = 1, u2Tu1 =0
U, = arg max Z (x. Tu)?
w:||ull,=1,u’ u1=0

= arg max uT(XX N
u:||ul|,=1,u"u;=0

Solution: u, will be the second eigenvector
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Algorithm: PCA

Input: given the normalized dateset I = {xy, ..., X, },x; € R? and parameter K < d

1. Compute Eigendecomposition of XX ' := UAU'

2. Return the top K eigenvectors (corresponding to the top k largest eigenvalues)

— d
U= upuy, ... u, Upiq--->Ugl,u, € R

top k eigenvectors



PCA

Q: what happens if we do not center the data?
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PCA

Q: what happens if we do not center the data”?

A: the first principle might be just the mean of the data




Geometric interpretation of the dataset

Denote X = [xy, ..., X,] € R4xn
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Geometric interpretation of the dataset

Denote X = [xy, ..., X,] € R4xn

det(XX ") can be interpreted
as Volume of this d-dim
ellipsoid




Think about PCA from a data re-construction perspective
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Think about PCA from a data re-construction perspective

Represent x using u: x = (x "u)u

u, ” u ” =1 (i.e., project x on u)
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Think about PCA from a data re-construction perspective

Represent x using u: x = (x "u)u
” ” — 1 (i.e., project x on u)

\%74\'\)

Reconstruct error: ||(xTu)M — X ||%

PCA first principle component procedure : find u that

minimizes the total reconstruction error
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Think about PCA from a data re-construction perspective

Xproj = (ulTx)u1+ (usz)uz

X = aqr min ||x - X*||2
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Think about PCA from a data re-construction perspective

X
/Hx — Xprojll
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Think about PCA from a data re-construction perspective

Another way to think about PCA is to find u, u,, ..., #; to minimize re-construction error
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Application of PCA: Eigenfaces

The top 15 Eigenfaces (top 15 eigenvectors reshaped into 64 X 64 matrices)

eigenface 0 eigenface 1 eigenface 2 eigenface 3

elgenface 4 eigenface 5 eigenface 6 eigenface 7

eigenface 10
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eigenface 9 eigenface 11

eigenface 12

eigenface 13
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Application of PCA: Eigenfaces

Reconstruct original images using Eigenfaces
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Reconstruct original images using Eigenfaces
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iven x € R% , and top K eigenvectors u, ..., u;, we can approximate x as follows:
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Application of PCA: Eigenfaces

Reconstruct original images using Eigenfaces

[ 2 . [
Given x € R , and top K eigenvectors u, ..., u;, we can approximate x as follows:

x, - (xTI/tl)ul + (xTuz)uz + ... + (xTuk)Mk

(Q: when k — 642, we should expect x’ — x, why?)



Application of PCA: Eigenfaces

Reconstruct original images using Eigenfaces

[ 2 . [
Given x € R , and top K eigenvectors u, ..., u;, we can approximate x as follows:

x, - (xTI/tl)ul + (xTuz)uz + ... + (lexlk)Mk

(Q: when k — 642, we should expect x’ — x, why?)

We will check if the visualization of x’ is similar to that of x



Application of PCA: Eigenfaces

Reconstruct images u top 50 eigenfaces
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Application of PCA: Eigenfaces

Reconstruct images using top 200 gigenfaces

Lindsay Davenport George W Bush Vin Diesel Surakait Sathirathai

Lindsay Davenport George W Bush Vin Diesel Surakait Sathirathai

Billy Crystal i Rubens Barrichello Billy Crystal

Richard Myers

Richard Myers

Frank Taylor Sheryl Crow Noah Wyle Colln Powell

i A

Sheryl Crow Noah Wyle Colin Powell




Summary

1. The PCA algorithm: Eigendecomposition on XX '

2. Dimensionality reduction and Data reconstruction via PCA



