Principle Component Analysis
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Outline for today:

1. Intro of PCA

2. PCA via eigendecomposition

3. Example of PCA: eigenfaces
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Data compression

Goal: reduce high dimensional data to low dimensional
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Goal: reduce high dimensional data to low dimensional

2

X
Normalize u s.t. ||u|[, = 1

©

a Math skill: z 1= x Tu
o)

©

P -

Y]

m . .

= Dim-reduction:

Given D = {x,...,x,},x; € R?

1
Calculus ~*

We get a 1-d dataset
Z =1{z,...,2,}, where z; = u ' x;
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Data compression

Goal: reduce high dimensional data to low dimensional

X Reduce data from 3-d to 2-d:

u, € R’ u, € R?

D= {xp,....,x,},x; € R?

u
1 ‘z: — {Zla ""Zl’l}’zi € R37Zl — [ul-rxp u;-xl]-r
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Compute the Principle Component

Setup

Input: dataset D = {x;,...,x,},x, ER? X = X1, %5, ..0hx, ] € [RAxn

Assume data is centered, i.e.,

n

le-/n =0

i=1
(Otherwise, compute the mean and shift every data point)

Output: K principle components u, ..., Ug (they are orthonormal)
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Compute the Principle Component
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max Z(X u)?
U ® =t
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® = arg max u' inxiT u

P u:|lull,=1 i—1

xxT
o x!
Claim: the maximizer is the first eigenvector of xxT




Compute the Principle Component

Definition of Eigenvalue/Eigenvectors
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Compute the Principle Component

Definition of Eigenvalue/Eigenvectors n
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Compute the Principle Component

Definition of Eigenvalue/Eigenvectors n
T.\2
(4, u) is a pair of eigenvalue / eigenvector if: arg Tlnﬁlx 1 Z (x; u)
u:|\u = .
i=1
XXNDu=u =u"XXNHu=21
Eigendecomposition: = arg umﬁvil“ [2 ]
=
XX =UAU"T
bodl
Solution:
The arg max returns the first
eigenvector of XX '
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What about computing the second principle component?

n

First Principle component #; = arg max Z (xiTu)2
wflull =1~

To compute the second PC:

Force constraints: |[u,]|, = 1, uzTul =0
U, = arg max Z (x; Tu)?
w:flull =1, =0 4

=arg  max uT(XX Nu
u:||ull,=1,u"u=0

Solution: u, will be the second eigenvector
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Algorithm: PCA

Input: given the centered dateset @ = {x, ..., x,}, x; € R% and parameter K < d

/
1. Compute Eigendecomposition of XX ' := UZU'

2. Return the top K eigenvectors (corresponding to the top k largest eigenvalues)

d
U=[ ul,uz,...,uk, uk+1,ud],ul€|R

top k eigenvectors
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Algorithm for data compression via PCA

Input: the centered dateset & = {x, ..., x, }, parameter K

1. ul, u2, ceey uK: PCA({.XI, ,.xn},K)

2.Vx € U, compute 7 = [ulTx, usz, cees ugx]T e RK

Output: K-dim dataset Z = {z,,...,z,},7; € RX
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Think about PCA from a data re-construction perspective

Represent x using u: x — (x "u)u

U, ” M” — 1 (i.e., project x on u)
¢ T 2
€ Reconstruct error: ||(x " u)u — x||5
¥ o
o ~ 1 PCA first principle component procedure : find u that
L\ X

minimizes the total reconstruction error

n

o - i ,
arg min Z ||uu " x;,)— xl-||%
u:l|ull,=1

i=1
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Think about PCA from a data re-construction perspective

tproj = (4 ki + (e

X = ar min ”X - X*HZ
- *proj gx:zzespanwl-lrfz) 2




Think about PCA from a data re-construction perspective

B —xproj“z

.............................................................................

--------------- Xproj = (4 1)k + (g x)u

X = ar min ”X - x*'lz
< POl T S L cspanau) 2




Think about PCA from a data re-construction perspective

Another way to think about PCA is to find uy, u,, ..., u; to minimize re-construction error

y 2
n
min Z (uiji)uj - x| , s.t.Vi: uiTul- =1, and uiTuj =0,Vi#j
ul,uz,...,uk i=1 J=1 '
2 4
' ||x—xproj||2
Uy frr Xproj = (4 )4 + (g )i

2 Xpepai = ar min lx = x*|13
- proj gx*espan(ul.uz) .
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Application of PCA: Eigenfaces

D= {x,....x,},x; € RO4
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Application of PCA: Eigenfaces

7
The top 15 Eigenfaces (top 15 eiﬂen\l;'e%cors @sha&ed into 64 X 64 matrices)
Sxiox] o
6¢
XeR
U, u.-- U
) Ye = 2
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Reconstruct original images using Eigenfaces



Application of PCA: Eigenfaces
Reconstruct original images using Eigenfaces

2 . .
Given x € R% , and top K eigenvectors uy, ..., u,, we can approximate x as follows:
P g 1 k

x' = (xTul)ul + (xTuz)uz + ...+ (xTuk)uk
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Application of PCA: Eigenfaces
Reconstruct original images using Eigenfaces

2 . ]
Given x € R% , and top K eigenvectors u,, ..., iy, we can approximate x as follows:

x' = (xTul)ul + (xTuz)uz + ...+ (xTuk)uk

(Q: when k — 642, we should expect x’ — x, why?)

Recall that PCA is about finding u, u,, ..., i; to minimize re-construction error
2
min 2 Z (uijl.)uj —x |l . s.t.Vi: ul-Tul- =1, and uiTuj =0,Vi#j

2
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Reconstruct imalges using top 50 eigenfaces
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o/ S) Application of PCA: Eigenfaces
’\XDV‘ SY W, ¢ \AZ,O’ Kzaa?
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Summary

1. The PCA algorithm: Eigendecomposition O‘QXXT

2. Dimensionality reduction and Data reconstruction via PCA



