Principal Component Analysis
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Recap on K-means

Given any K disjoint groups C;, (>, ..., Cg, and any K centroids i, ..., Ug, define

A(ARTAE Z Z lx — w13

K-means Algorithm:

Initialize puq, ..., ug
Repeat until convergence;

Ci,...,Cp = arg mlnC c({Cits {ui})

Uis..., g =arg min £({C}, {y;})

Hise s
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1. Intro of PCA
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3. Example of PCA: eigenfaces
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Data compression

Goal: reduce high dimensional data to low dimensional

Linear algebra

Calculus

X

Normalize u s.t. ||u||, = 1

Math skill: 7z := x"u

Dim-reduction:

Given I = {x,...,X,},X; € |

We get a 1-d dataset
:Zo — {Zl’ ...,Zn}, where Zl — l/tTXl
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Data compression

Goal: reduce high dimensional data to low dimensional

L =124y --52,},2 €|

Reduce data from 3-d to 2-d:

u, € R, u, € R’

D = {x,...,x,},x; € R’

v

3, 7, = [ulTxl-, uszi]T
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Compute the Principal Component

Setup

d

InPUt: dataset 9 — {xl’ ""xn}’xi € | X — [-xla x29 ,xn] - \. dxn

Assume data Is centered, I.e.,

n

le-/n = ()

=1
(Otherwise, compute the mean and shift every data point)

Output: K principle components u, ..., U (they are orthonormal)
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Compute the Principal Component
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Compute the Principal Component

T.1\2
arl Imax X- U
g 12'(1 )

u:||ull,=

u:||ull,=1

n
—arg max u' [inxiT] U

Claim: the maximizer is the first eigenvector of XX '
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Compute the Principal Component

Definition of Eigenvalue/Eigenvectors n

T,.\2

(4, u) is a pair of eigenvalue / eigenvector if: dalg T\H\E\IX 1 Z (x; u)

Uu.\||U 2: )

=1

XXDu=u =u"XXNHu=21 )

T T
Eigendecomposition: = arg u-ﬁﬁvil U Z XX | U
Jlue|,= -
XX = UAUT -
bod
Solution:

The arg max returns the first
eigenvector of XX '
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What about computing the second Principal component?

First Principle component ©#; = arg max Z (xiTu)2
u:[|ul|,=1 i

To compute the second PC:

Force constraints: ||u,|[, = 1, uzTul =0

U, = arg  max. Z (x; 1)

w:||ull,=1u ”1—0

—arg  max uT(XX Nu
u: || ull,=1,u"u;=0

Solution: u, will be the second eigenvector
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Algorithm: PCA

Input: given the centered dateset & = {x,...,x, },x; € 4 and parameter K < d

1. Compute Eigendecomposition of XX ' := UAU

2. Return the top K eigenvectors (corresponding to the top k largest eigenvalues)

U= u,u,...,u, Upy1---5Ugl, u; € 1

top k eigenvectors
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Algorithm for data compression via PCA

Input: the centered dateset &Y = {x, ..., x,}, parameter K

1. Uy, Uy, ..., U = PCA({ Xy, ... X, ), K)

2.Vx € U, compute 7 = [ulTx, usz, ...,ugx]T e RX

Output: K-dim dataset Z = {z;,...,2,}, % € | K
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Think about PCA from a data re-construction perspective

Represent x using u: x — (x ' u)u
U, ” I/t” — 1 (i.e., project x on u)

Reconstruct error: ||(x ' u)u — xH%

PCA first principle component procedure : find u that

minimizes the total reconstruction error

n
arg min Z HuuTxl-—xiH%
cllufl =1
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Think about PCA from a data re-construction perspective

| x _xprojuz

'kproj — (ulT x)ul + (uzT X)u,

2 XpdpAi = ar min lx — x*||3
’ Proj . x*eSPaN(u,u,) ’




Think about PCA from a data re-construction perspective

Another way to think about PCA is to find u,, u,, ..., #; to minimize re-construction error

n k :
min Z Z (uijl-)uj —x; || , st.Vi:u'u =1, and uiTuj =0,Vi#]J
Ui, Uy, Uy ] =1
2
‘ Hx_xprojllz
...... ’
W e Xproj — (ulTX)l/ll + (MJX)MZ

2 XpdpAi = ar min lx — x*||3
’ Proj . x*eSPaN(u,u,) ’
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Application of PCA: Eigenfaces
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Application of PCA: Eigenfaces

The top 15 Eigenfaces (top 15 eigenvectors reshaped into 64 X 64 matrices)

eigenface 0 eigenface 1 eigenface 2 eigenface 3

e

eigenface 4 eigenface 5 eigenface 6 eigenface 7

eigenface 8 eigenface 9 eigenface 10 eigenface 11

eigenface 12 eigenface 13 eigenface 14 eigenface 15
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Application of PCA: Eigenfaces

Reconstruct original images using Eigenfaces

647

Given x € | , and top K eigenvectors u,, ..., u;, we can approximate x as follows:
X' = (xTul)ul + (xTuz)uz + ...+ (xTuk)uk
(Q: when k — 647, we should expect X’ — x, why?)
Recall that PCA is about finding u,, u,, ..., 4, to minimize re-construction error

2
n

k
min z Z (u; x)u; —x; ||, S.LVI:u u; =1, and u; u; = 0,Vi #j
j=1

1272 ’klzl

2
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Application of PCA: Eigenfaces

Reconstruct images using top 50 eigenfaces
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Application of PCA: Eigenfaces

Reconstruct images using top 200 eigenfaces
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Summary

1. The PCA algorithm: Eigendecomposition on XX '

2. Dimensionality reduction and Data reconstruction via PCA



