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Setup

Input: dataset 𝒟 = {x1, …, xn}, xi ∈ ℝd

Assume data is centered, i.e., 
n

∑
i=1

xi/n = 0

(Otherwise, compute the mean and shift every data point)

Output:  principle components  (they are orthonormal)K u1, …, uK

X = [x1, x2, …, xn] ∈ ℝd×n
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Definition of Eigenvalue/Eigenvectors

 is a pair of eigenvalue / eigenvector if:(λ, u)
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XX⊤ = UΛU⊤

Solution:
The  returns the first 

eigenvector of 
arg max

XX⊤
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Solution:  will be the second eigenvectoru2

To compute the second PC:
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Algorithm: PCA

Input: given the centered dateset , and parameter 𝒟 = {x1, …, xn}, xi ∈ ℝd K < d

1. Compute Eigendecomposition of XX⊤ := UΛU⊤

2. Return the top K eigenvectors (corresponding to the top k largest eigenvalues)

U = [ u1, u2, …, uk,

top k eigenvectors

uk+1…, ud], ui ∈ ℝd
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Algorithm for data compression via PCA

Input: the centered dateset , parameter 𝒟 = {x1, …, xn} K

1.  = u1, u2, …, uK PCA({x1, …, xn}, K)

2. , compute  ∀x ∈ 𝒟 z = [u⊤
1 x, u⊤

2 x, …, u⊤
K x]⊤ ∈ ℝK

Output: K-dim dataset 𝒵 = {z1, …, zn}, zi ∈ ℝK
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u,∥u∥ = 1 Represent  using :  

(i.e., project  on )

x u x → (x⊤u)u
x u

Reconstruct error: ∥(x⊤u)u − x∥2
2

PCA first principle component procedure : find  that 
minimizes the total reconstruction error 

u

arg min
u:∥u∥2=1

n

∑
i=1

∥uu⊤xi − xi∥2
2
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Application of PCA: Eigenfaces

Reconstruct original images using Eigenfaces

Given , and top K eigenvectors , we can approximate  as follows:x ∈ ℝ642 u1, …, uk x

x′￼ = (x⊤u1)u1 + (x⊤u2)u2 + … + (x⊤uk)uk

(Q: when , we should expect , why?)k → 642 x′￼ → x

Recall that PCA is about finding  to minimize re-construction erroru1, u2, …, uk

min
u1,u2,…,uk
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,  s.t.∀i : u⊤
i ui = 1, and u⊤

i uj = 0,∀i ≠ j
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Application of PCA: Eigenfaces
Reconstruct images using top 200 eigenfaces



Summary

1. The PCA algorithm: Eigendecomposition on XX⊤

2. Dimensionality reduction and Data reconstruction via PCA


