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Announcements	  

•  PA	  3	  is	  out	  

•  Prelim	  grades	  out	  
– SoluEons	  on	  CMS	  



Points	  and	  lines	  

•  IntersecEon	  of	  two	  lines	  
– u1	  =	  (a1,	  b1,	  c1),	  u2	  =	  (a2,	  b2,	  c2)	  
– p	  =	  (b1	  c2	  –b2c1,	  a2c1-‐a1c2,	  	  a1b2-‐a2b1)	  
– p	  =	  u1	  x	  u2	  
–  If	  u1	  parallel	  to	  u2	  
•  p	  =	  (b1c2-‐b2c1,a2c1-‐a1c2,0)	  

•  Given	  two	  points	  p1	  and	  p2	  	  
– Line	  through	  them	  u	  =	  p1	  x	  p2	  





l	  

Point	  and	  line	  duality	  
•  A	  line	  l	  is	  a	  homogeneous	  3-‐vector	  
	  

p2	   p1	  

What	  is	  the	  intersecEon	  of	  two	  lines	  l1	  and	  l2	  ?	  
•  p	  is	  ⊥	  to	  l1	  and	  l2	  	  	  ⇒	  	  	  p	  =	  l1	  ×	  l2	  

Points	  and	  lines	  are	  dual	  in	  projecEve	  space	  

l2	  
l1	  

p	  

What	  is	  the	  line	  l	  spanned	  by	  rays	  p1	  and	  p2	  ?	  
•  l	  is	  ⊥	  to	  p1	  and	  p2	  	  	  ⇒	  	  	  l	  =	  p1	  ×	  p2	  	  
•  l	  can	  be	  interpreted	  as	  a	  plane	  normal	  



Vanishing	  points	  

•  ProperEes	  
– Any	  two	  parallel	  lines	  (in	  3D)	  have	  the	  same	  vanishing	  
point	  v	  

–  The	  ray	  from	  C	  through	  v	  is	  parallel	  to	  the	  lines	  
– An	  image	  may	  have	  more	  than	  one	  vanishing	  point	  

•  in	  fact,	  every	  image	  point	  is	  a	  potenEal	  vanishing	  point	  
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Vanishing	  lines	  

•  MulEple	  Vanishing	  Points	  
–  Any	  set	  of	  parallel	  lines	  on	  the	  plane	  define	  a	  vanishing	  point	  
–  The	  union	  of	  all	  of	  these	  vanishing	  points	  is	  the	  horizon	  line	  

•  also	  called	  vanishing	  line	  
–  Note	  that	  different	  planes	  (can)	  define	  different	  vanishing	  
lines	  

v1 v2 



CompuEng	  vanishing	  lines	  

•  ProperEes	  
–  l	  is	  intersecEon	  of	  horizontal	  plane	  through	  C	  with	  image	  plane	  
–  Compute	  l	  from	  two	  sets	  of	  parallel	  lines	  on	  ground	  plane	  
–  All	  points	  at	  same	  height	  as	  C	  project	  to	  l	  

•  points	  higher	  than	  C	  project	  above	  l	  
–  Provides	  way	  of	  comparing	  height	  of	  objects	  in	  the	  scene	  
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q1	  

CompuEng	  vanishing	  points	  (from	  lines)	  

•  Intersect	  p1q1	  with	  p2q2	  	  

v 

p1	  

p2	  

q2	  

Least	  squares	  version	  
•  Be_er	  to	  use	  more	  than	  two	  lines	  and	  compute	  the	  “closest”	  point	  of	  

intersecEon	  
•  See	  notes	  by	  Bob	  Collins	  for	  one	  good	  way	  of	  doing	  this:	  

–  h_p://www-‐2.cs.cmu.edu/~ph/869/www/notes/vanishing.txt	  
	  









Vanishing	  points	  are	  useful	  

•  Recover	  size	  
•  Camera	  calibraEon	  
•  …	  



Comparing	  heights	  
Vanishing	  
Point	  



Measuring	  height	  
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Camera	  height	  

How	  high	  is	  the	  camera?	  



Measuring	  height	  
without	  a	  ruler	  

H	   R	  



C 

Measuring	  height	  without	  a	  ruler	  

ground plane 

Compute	  Z	  from	  image	  measurements	  
	  Actually	  get	  a	  scaled	  version	  

Z 



The	  cross	  raEo	  
•  A	  ProjecEve	  Invariant	  
–  Something	  that	  does	  not	  change	  under	  projecEve	  
transformaEons	  (including	  perspecEve	  projecEon)	  
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The	  cross-‐ra4o	  of	  4	  collinear	  points:	  raEo	  of	  raEos	  
	  

Can	  permute	  the	  point	  ordering	  
•  4!	  =	  24	  different	  orders	  (but	  only	  6	  disEnct	  values)	  

This	  is	  the	  fundamental	  invariant	  of	  projecEve	  geometry	  
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image	  cross	  ra9o	  

Measuring	  height	  

B 	  (bo_om	  of	  object)	  
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Measuring	  height	  
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What	  if	  the	  point	  on	  the	  ground	  plane	  b0	  is	  not	  known?	  
•  Here	  the	  guy	  is	  standing	  on	  the	  box,	  height	  of	  box	  is	  known	  
•  Use	  one	  side	  of	  the	  box	  to	  help	  find	  b0	  as	  shown	  above	  
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3D	  Modeling	  from	  a	  photograph	  

Flagella4on,	  Piero	  della	  Francesca	  



3D	  Modeling	  from	  a	  photograph	  

video	  by	  Antonio	  Criminisi	  



3D	  Modeling	  from	  a	  photograph	  



3D	  Modeling	  from	  a	  photograph	  

St.	  Jerome	  in	  his	  Study,	  H.	  Steenwick	  



3D	  Modeling	  from	  a	  photograph	  



Some	  Related	  Techniques	  

•  Image-‐Based	  Modeling	  and	  Photo	  EdiEng	  
– Mok	  et	  al.,	  SIGGRAPH	  2001	  

•  Single	  View	  Modeling	  of	  Free-‐Form	  Scenes	  
– Zhang	  et	  al.,	  CVPR	  2001	  

•  Tour	  Into	  The	  Picture	  
– Anjyo	  et	  al.,	  SIGGRAPH	  1997	  



Camera	  calibraEon	  
•  Goal:	  	  esEmate	  the	  camera	  parameters	  
– Version	  1:	  	  solve	  for	  projecEon	  matrix	  
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•  Version	  2:	  	  solve	  for	  camera	  parameters	  separately	  
–  intrinsics	  (focal	  length,	  principal	  point,	  pixel	  size)	  
–  extrinsics	  (rotaEon	  angles,	  translaEon)	  
–  radial	  distorEon	  



CalibraEon	  using	  a	  reference	  object	  
•  Place	  a	  known	  object	  in	  the	  scene	  

–  idenEfy	  correspondence	  between	  image	  2D	  and	  scene	  3D	  
–  compute	  mapping	  from	  scene	  to	  image	  

Issues	  
•  must	  know	  geometry	  very	  accurately	  
•  must	  know	  3D-‐>2D	  correspondence	  



EsEmaEng	  the	  projecEon	  matrix	  
•  Place	  a	  known	  object	  in	  the	  scene	  

–  idenEfy	  correspondence	  between	  image	  and	  scene	  
–  compute	  mapping	  from	  scene	  to	  image	  



Direct	  linear	  calibraEon	  



Direct	  linear	  calibraEon	  

Can	  solve	  for	  mij	  by	  linear	  least	  squares	  
•  use	  eigenvector	  trick	  that	  we	  used	  for	  homographies.	  A	  x	  =	  0	  



Direct	  linear	  calibraEon	  
•  Advantage:	  

–  Very	  simple	  to	  formulate	  and	  solve	  

•  Disadvantages:	  
–  Doesn’t	  directly	  tell	  you	  the	  camera	  parameters	  
–  Doesn’t	  model	  radial	  distorEon	  

Nonlinear	  methods	  are	  preferred	  

•  Define	  error	  funcEon	  E	  between	  projected	  3D	  points	  and	  
image	  posiEons:	  nonlinear	  funcEon	  of	  intrinsics,	  extrinsics,	  
radial	  distorEon	  

•  Minimize	  E	  using	  nonlinear	  opEmizaEon	  techniques	  



Summary	  

•  Known	  correspondences	  
–  (ui,	  vi)	  	  and	  (Xi,	  Yi,	  Zi)	  

•  Compute	  mij	  solving	  system	  of	  linear	  equaEons	  
– May	  use	  this	  to	  iniEalize	  non	  linear	  error	  
minimizaEon	  problem	  to	  recover	  more	  accurate	  mij	  



ProjecEon	  equaEon	  
	  
	  
	  

•  The	  projecEon	  matrix	  models	  the	  cumulaEve	  effect	  of	  all	  parameters	  
•  Useful	  to	  decompose	  into	  a	  series	  of	  operaEons	  
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Camera	  parameters	  
A	  camera	  is	  described	  by	  several	  parameters	  

•  TranslaEon	  T	  of	  the	  opEcal	  center	  from	  the	  origin	  of	  world	  coords	  
•  RotaEon	  R	  of	  the	  image	  plane	  
•  focal	  length	  f,	  principal	  point	  (x’c,	  y’c),	  pixel	  size	  (sx,	  sy)	  
•  blue	  parameters	  are	  called	  “extrinsics,”	  	  red	  are	  “intrinsics”	  

•  The	  definiEons	  of	  these	  parameters	  are	  not	  completely	  standardized	  
–  especially	  intrinsics—varies	  from	  one	  book	  to	  another	  



CalibraEon	  from	  vanishing	  points	  


