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Reading	  

•  Appendix	  A.2,	  6.1	  



Homographies	  



Why	  do	  we	  care?	  

•  What	  is	  the	  relaQon	  between	  a	  plane	  in	  the	  
world	  and	  a	  perspecQve	  image	  of	  it?	  

•  Can	  we	  reconstruct	  another	  view	  from	  one	  
image?	  

•  RelaQon	  between	  pairs	  of	  images	  
– Need	  to	  make	  a	  mosaic	  



Alignment	  
•  Alignment:	  find	  parameters	  of	  model	  that	  
maps	  one	  set	  of	  points	  to	  another	  

•  Typically	  want	  to	  solve	  for	  a	  global	  
transformaQon	  that	  accounts	  for	  *most*	  true	  
correspondences	  

•  DifficulQes	  
– Noise	  (typically	  1-‐3	  pixels)	  
– Outliers	  (oEen	  50%)	  



CompuQng	  transformaQons	  

?	  



Simple	  case:	  translaQons	  

How	  do	  we	  solve	  for	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?	  	  



Mean	  displacement	  =	  	  	  	  

Simple	  case:	  translaQons	  

Displacement	  of	  match	  i	  	  =	  



Another	  view	  

•  System	  of	  linear	  equaQons	  
–  What	  are	  the	  knowns?	  	  Unknowns?	  
–  How	  many	  unknowns?	  	  How	  many	  equaQons	  (per	  match)?	  



Another	  view	  

•  Problem:	  more	  equaQons	  than	  unknowns	  
–  “Overdetermined”	  system	  of	  equaQons	  
–  We	  will	  find	  the	  least	  squares	  soluQon	  



Least	  squares	  formulaQon	  

•  For	  each	  point	  

•  we	  define	  the	  residuals	  as	  	  



Least	  squares	  formulaQon	  

•  Goal:	  minimize	  sum	  of	  squared	  residuals	  

•  “Least	  squares”	  soluQon	  
•  For	  translaQons,	  is	  equal	  to	  mean	  displacement	  



Least	  squares	  formulaQon	  

•  Can	  also	  write	  as	  a	  matrix	  equaQon	  

2n	  x	  2	   2	  x	  1	   2n	  x	  1	  



Least	  squares	  

•  Find	  t	  that	  minimizes	  	  

	  



Least	  squares:	  find	  t	  to	  minimize	  

•  To	  solve,	  form	  the	  normal	  equa/ons	  
•  DifferenQate	  and	  equate	  to	  0	  to	  minimize	  



Affine	  transformaQons	  

•  How	  many	  unknowns?	  
•  How	  many	  equaQons	  per	  match?	  
•  How	  many	  matches	  do	  we	  need?	  



Affine	  transformaQons	  

•  Residuals:	  

•  Cost	  funcQon:	  



Affine	  transformaQons	  

•  Matrix	  form	  

2n	  x	  6	   6	  x	  1	   2n	  x	  1	  



Alternate	  formulaQon	  for	  
homographies	  

where	  the	  length	  of	  the	  vector	  [h00	  h01	  …	  h22]	  is	  1	  



Solving	  for	  homographies	  

Linear	  or	  non-‐linear?	  



Solving	  for	  homographies	  



Solving	  for	  homographies	  



Solving	  for	  homographies	  

Defines	  a	  least	  squares	  problem:	  

2n	  ×	  9	   9	   2n	  

•  Since	  	  	  	  	  	  	  	  is	  only	  defined	  up	  to	  scale,	  solve	  for	  unit	  vector	  



Homographies	  

To	  unwarp	  (recQfy)	  an	  image	  
•  solve	  for	  homography	  H	  given	  p	  and	  p’	  
•  solve	  equaQons	  of	  the	  form:	  	  p’	  =	  Hp	  

–  linear	  in	  unknowns:	  	  coefficients	  of	  H	  
–  H	  is	  defined	  up	  to	  an	  arbitrary	  scale	  factor	  
–  how	  many	  points	  are	  necessary	  to	  solve	  for	  H?	  

p	  
p’	  



Solving	  for	  homographies	  

Defines	  a	  least	  squares	  problem:	  
•  Since	  	  	  	  	  	  	  	  is	  only	  defined	  up	  to	  scale,	  solve	  for	  unit	  vector	  
•  SoluQon:	  	  	  	  	  	  	  	  =	  eigenvector	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  with	  smallest	  eigenvalue	  
•  Works	  with	  4	  or	  more	  points	  

2n	  ×	  9	   9	   2n	  



Recap:	  Two	  Common	  OpQmizaQon	  Problems	  

Problem	  statement	   SoluQon	  
	  
	  

    1  s.t.      minimize =xxAxAx TTT
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Problem	  statement	   SoluQon	  
	  
	  

bAx = osolution t squaresleast bAx \=

2  minimize bAx − ( ) bAAAx TT 1−
=

(matlab)	  




