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Announcements

e PS6o0uUt

e Today: Foster office hours 3-4pm (not 11-12pm)



Review

So far we've seen how to develop a type system for A-calculus, and
have developed mathematical tools for proving type soundness.

Today we'll extend our type system with a number of other
additional features commonly found in real-world languages,
including products, sums, references, and exceptions.
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Products

Syntax
en=---|(er,e) | #le|#2e
vi=--|(vy,v2)
Semantics
Eu=--[(Ee)| (v,E) | #1E|#2E

#1 (vi,v2) = vy #2 (vi,v2) = v
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Product Types

T X T

r|_€12’7'1 r|_€2:7'2
[ (er,6):m X1

lFe:rm xn
=#1e:n

e xn
=#2e:n

Note the similarities to the natural deduction rules for conjunction.
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Sums

Syntax
en=---|inl,1ne|inr, €| (case e of e; | €3)
vi=--inlygn V]iNG v

Semantics
Ev=---|inlytn E|inry,4r, E| (case Eof e, | e3)

caseinl; 4, vofe, |es — ey v caseinr,, 1, vofe, | e3 —e3v
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sum Types

Ti=- M4+

MFe:n

[ in|ﬁ+Tz e:mn+mn

r|_€:7'2

I+ ianH‘Tz e:T + 1

e+ ThHey:mm—7 TRy — 71

[ caseeofe |ey:T



Example

let f= Aa:int + (int — int).case a of (\y.y + 1) | (A\g.g 35)in
let h = Ax:int.x + 7in

f (il’] lint+(int—int) h)



Example

let f= Aa:int + (int — int).case a of (\y.y + 1) | (A\g.g 35)in
let h = Ax:int.x + 7in

f (il’] lint+(int—int) h)

Question: what does this evaluate to?
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References

Syntax
en=---|refe|le|e =6 | ¢
\/;;:...|£
Semantics
Ev=---|refE|E|E:=e|v:=E
¢ & dom(o) o(l) =v

(o, 1ef V) — (o]0 = 1], 0)

(o, W) — (o, V)
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Reference Types

T o= | Tref

[Fe:T
I+ refe:7ref

I~ e:7ref
N=le:r

r|_€1:TrEf r|_€2:7'
I_l—e1 =T
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Question

Is this type system sound?
Well... what is the type of a location £?

Oops!
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Store Typings

Let X range over maps from locations to types

MxXke:r
Xt refe:7 ref

Xk e:rref
YXkEle:r

NXte:rref ILXbey:T
Xbke =e:7

Y(0)=r
X F{:7ref

Z



Reference Types Metatheory

Definition

Store o is well-typed with respect to typing context I' and store
typing X, written I', £ = o, if dom(o) = dom(X) and for all

¢ € dom(o) we havel, X - o(¢):X(¢).
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Reference Types Metatheory

Definition

Store o is well-typed with respect to typing context I' and store
typing X, written I', £ = o, if dom(o) = dom(X) and for all
¢ € dom(o) we havel, X - o(¢):X(¢).

Theorem (Type soundness)

If-,XFe:rand-, X F oand (e, a) —* (¢',a’) theneithere isa
value, or there exists e” and o such that (¢’, o) — (", ").

Lemma (Preservation)

T, Fe:randl, X+ oand (e, a) — (€',0’) then there exists
someY D Y suchthatT, ' e :randl, X' F o
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Landin’s Knot

It turns out that using references we (re)-gain the ability define
arbitrary recursive functions!

letr =ref \x.Oin
r:= Ax:int.if x = O then 1 else xx Ir (x — 1)

This trick is called “Landin’s knot” after its creator.
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Syntax

en=---|fixe

Semantics

Eu=---|fixE

fix \x:1.e — e{(fix \x:7.e)/x}



Fixpoints

Syntax

en=---|fixe

Semantics

Eo=.--|fixE

fix \x:1.e — e{(fix \x:7.e)/x}

The typing rule for fix is left as an exercise...



Fixpoint Examples

With fix, we can define letrec x: 7 = e in e, as syntactic sugar:

L

letrecx:T =eine, = letx =fix \:7.e,ine

16



Fixpoint Examples

With fix, we can define letrec x: 7 = e in e, as syntactic sugar:

letrecx:7 = e;ine, £ letx = fix \: 7. e; in e,

We can also take fixpoints at other types. For example, consider the
following expression,

fix Ax: (int — int) x (int — int).
(An:int.if n = O then true else (#2x) (n — 1),
An:int.if n = O then false else (#1 x) (n — 1))

which defines a pair of mutually recursive functions; the first
returns true if and only if its argument is even; the second returns
true if and only if its argument is odd.



Exceptions

Syntax

e =...error | tryewithe

~



Exceptions

Syntax

Semantics

E[error] — error
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Exceptions

Syntax

e = ...error | try ewith e

Semantics

Eux=---|tryEwithe

E[error] — error try error withe — e



Exceptions

Syntax

e = ...error | try ewith e

Semantics

Eux=---|tryEwithe

- try vwithe — v
E[error] — error try error withe — e



Exception Types

We don't need to add any new types...

[+ error:t

MEe:r MEey:r
[+ trye withe,: 7
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Lemma (Progress)
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Exception Metatheory

Lemma (Progress)

If& e: 7 then either

e ejsavalueor

® ¢jserroror

e there exists € such thate — €.

Theorem (Soundness)

Ifte:Tande —* € and e’ 4 then either
e ejsavalueor
® ¢ jserror



