It's the last class

(and it's sunny out)

Who cares about the syllabus?
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There are two ways to perfectly shuffle a deck of 2# cards. Both methods cut the
deck in half and interlace perfectly. The out shuffle O leaves the original top card on
top. The in shuffle [ leaves the original top card second from the top. Applications
to the design of computer networks and card tricks are reviewed. The main result is
the determination of the group (7, O) generated by the two shuffles, for all n. If 2
is not a power of 2, and if 27 = 12,24, then ([, 0) has index 1, 2, or 4 in the Weyl
group B, (the group of all 2”n! signed n X n permutation matrices). If 2n = 2%, then
(I, 0) is isomorphic to a semi-direct product of Z§ and Z,. When 2n = 24, (I, 0)
is isomorphic to a semi-direct product of Z;' and M,,, the Mathieu group of degree
12. When 2n = 12, (I, O) is isomorphic to a semi-direct product of Z? and the
group PGL(2,5) of all linear fractional transformations over GF(5).



Persi Diaconis, Professor of Statistics and Mathematics, Stanford University
Admitted to Harvard PhD program for his abilities as a cardsharp

Can do eight consecutive perfect shuffles
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Perfect Shuffles

e A shuffle i1s a permutation of »n cards

— A permutation is a bijection from a set to itself
— ... ItIs a function
— ... and functions can be composed (do one shuffle after another)

* The set of all permutations (shuffles) forms a group under
composition

— Recall from HW6, a group is a set G plus operation * s.t.
e Closure:a*pbeGforalla, beG
e Associativity: (a*b)*c=a* (b * ¢)
* |dentity: 3e€Gs.t.a*e=e*a=aforala€G

* Inverse: ForallaeG,3a1e€Gs.t.a*al=al*a=e



Perfect Shuffles

* The set of all permutations (shuffles) forms a
group under composition

— This is called the symmetric group
* Two types of perfect shuffles: IN and OUT

— Here are some combinations:
1111, OO, 01O, OOINOOII

— The set of all such combinations forms a subgroup of
the symmetric group

o |t's denoted <I, O> (“the group generated by | and O”)



Order of a perfect shuffle

The order of an element « in a group (or, the length of
its cycle) is the smallest integer m such that a»=e¢

a a: a’ a* ... an-1 e
In group <l, O> on 2x cards

— the order of | is the smallest & s.t. 2*=1 (mod 2n + 1)

— the order of O is the smallest & s.t. 2=1 (mod 2n - 1)
8 perfect out-shuffles restore order in a 52-card deck!
— ... since 28=1 (mod 51)

2n — 1 out-shuffles or 2n + 1 in-shuffles also restore the
deck (Fermat's Little Theorem!)



Permutation groups are fundamental

* Every group Is iIsomorphic to a
group of permutations [Cayley's
Theorem]

* Arthur Cayley (1821-95) took
group theory beyond
permutations. His theorem is

the link.

- Cayley's formula for number of
trees on a labeled graph is also
named after him




Groups encode symmetries

identity rotations reflections
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Dihedral group of an equilateral triangle
ecademy.agnesscott.edu



Symmetries can be continuous!

Siel=isle
Sl Els

The 1D rotation group SO(2) acting on the sphere
The points trace out orbits under rotation

mathworld.wolfram.com



A Lie group of continuous symmetries
Is a differentiable manifold

Some Lie groups:

 Euclidean space
(under vector
addition)

* SO(2), SO(3), SO(n)
* Heisenberg group

* Lorentz group

Stomatapoll@wikipedia
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The Lagrangian of a system

e The action of a physical system with parameters q Is

1= L(q,q,t)dt

... where L is the Lagrangian of the system

* The path taken by the system is given by the principle of least
action, as expressed by the Euler-Lagrange equation

oL d|OL|_

oq dt\oq =Y



http://sites.davidson.edu/mathmovement/algebra-of-angry-birds/

A symmetry of the Lagrangian

* The Lagrangian of a free particle is its kinetic energy
V2 mv?2

e This is the same regardless of the particle’'s absolute
position, so it has translational symmetry (Lie group is
Euclidean space)

e Substituting into Euler-Lagrange equation,

d(oL)_oL _,
dt\ox| 0Ox
oL .
... S0 the momentum of the system —— or mv Is constant

0 X



Noether's Theorem

* Any global differentiable symmetry of the action of
the Lagrangian corresponds to a conserved
quantity

— Translational invariance <= Momentum
— Time invariance <= Energy

— Rotational invariance <= Angular momentum

* Noether's Second Theorem: local symmetries

— Local energy conservation in general relativity



Emmy Noether, 1882-1935




THE LATE EMMY NOETHER.

Ta the Editar of The New York Times:

The efforts of most human beings are
consumed in the struggle for their daily
bread, but most of those who are, either
through fortune or some special gift,
relieved of this struggle are largely
absorbed in further improving their
worldly lot. Beneath the effort directed
toward the accumulation of worldly
goods lies all too frequently the illusion
that this is the most substantial and
desirable end to be achieved; but there
is, fortunately, a minority composed of
those who recognize early in their lives
that the most beautiful and satisfying
experiences open to humankind are not
derived from the outside, but are bound
up with the development of the individ-
ual's own feeling, thinking and acting.
The genuine artists, investigators and
thinkers have always been persons of
this kind. However inconspicuously the
life of these individuals runs its course,
none the leas the fruita of their endeav-
ors are the most valuable contributions
which one generation can make to its
successors. -

Within the past few days a dis-
tinguished mathematician, Professor
Emmy Noether, formerly connected
with the University of Goettingen and
for the past two years at Bryn Mawr
College, died in her fifty-third year. In
the judgment of the most competent
living mathematicians, Frasulein Noe-
ther was the most significant creative
mathematical genius thus far produced

since the higher education of women be-
gan. In the realm of algebra, in which
the most gifted mathematicians have
been busy for centuries, she sdiscovered
methods whih have proved of enormous
importance in the development of the
present-day younger generation of math-
ematicians. Pure mathematics is, in its
way, the poetry of logical ideas. One
seeks the most general ideas of opera-
tion which will bring together in simple,
logical and unified form the largest pos-
sible circle of formal relationships. In
this effort toward logical beauty spir-
itual formulae are discovered necessary
for the deeper penetration into the laws
of nature.

Born in a Jewish family distinguished
for the love of learning, Emmy Noether,
who, in apite of the efforts of the
great Goettingen mathematician, Hil-
bert, never reached the academic stand-
ing due her in her own country, none
the less surrounded herself with a group
of students and Investigators at Goet-
tingen, who have already become distin-
guished as teachers and Investigators.
Her unselfish, signifieant work over a
period of many years was rewarded by
the new rulers of Germany with a dis-
missal, which cost her the means of
maintaining her simple life and the op-
portunity to carry on her mathematiecal
studies, Farsighted friends of science
in this country were fortunately abla to
make such arrangements at Bryn Mawr
College and at Princeton that she found
in America up to the day of her death
not only colleagues who esteemed her
friendship but grateful pupils whose en-
thusiasm made her last years the hap-
piest and perhaps the most fruitful of
her entire career.

ALBERT EINSTEIN.
Princeton University, May 1, 1835,
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Galois Theory

e A polynomial of degree 5 or higher is not always
solvable by radicals

— E.g. roots of x5 - x - 1 =0 can't be found by radicals

* Proved by Niels Abel (1802-29)

» Re-proved, and the conditions for unsolvability-by-
radicals characterized, by Evariste Galois (1811-32)

— Galois group of a polynomial: set of permutations of its
roots s.t. any algebraic equation satisfied by the roots Is
still satisfied after the permutation

- 77 Symmetries of the roots



1811-32

y

Evariste Galois

Niels Henrik Abel, 1802-29



1+2+3+4+5+... = ?7?7?



1+2+3+4+5+... = )



1+2+3+4+5+... = )

Pull the other ownel



A “proof”

¢ S, =T-T+1-14+1-1+ ...
- S, = 0 when #terms is even, 1 when it is odd
- ..505,=0+1/2="%
e S5, =1-2+3-44+5-6+..
-25=1-2+3-4+5-6+..
+1-2+3-4+5-06+..
=1-1+1-1+1-1+..=5,="%
-S0S, ="

e S-S5, =1+2+3+4+5+6+ ..
-(1-2+3-4+5-6+..)
=4+8+12+16+..=4S

e 5035 =-5,=-Va,0rS =-1/12



What are the flaws in this “proof™?



But there's more to this result than meets the eye...
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Srinivasa Ramanujan, Notebook 1, Chapter 8



“Dear Sir,

| am very much gratified on perusing your letter of the 8th
February 1913. | was expecting a reply from you similar to
the one which a Mathematics Professor at London wrote
asking me to study carefully Bromwich's Infinite Series and

not fall into the pitfalls of divergent series. ... | told him that
the sum of an infinite number of terms of the series:
1+2+3+4+ - =-1/12 under my theory. If | tell you this

you will at once point out to me the lunatic asylum as my
goal. | dilate on this simply to convince you that you will
not be able to follow my methods of proof if | indicate the

lines on which | proceed In a single letter.”

Srinivasa Ramanujan to G. H. Hardy, 27 Feb 1913



“Fascinating . . . exciting and thoughtful® INDEPENBENT

THE MAN WHO KNEW

A Life of the Genius Ramanujan

I NFINITITY

ROBERT KANIGEL

Srinivasa Ramanujan, 1887-1920



The Riemann Zeta Function

1 1 1 1 1
S)l=—+—+—+—+— ...
Z; ( ) 15 25 35 45 55

for complex numbers s with real part > 1



The Riemann Zeta Function

C(S):l+i+l+i+l“.

15 25 35 45 55
for complex numbers s with real part > 1

For Re(s) < 1, the series diverges, but ((s) can be
defined by a process called analytic continuation.



The Riemann Zeta Function

C(S):l+i+l+i+l“.

15 25 35 45 55

for complex numbers s with real part > 1

For Re(s) < 1, the series diverges, but ((s) can be
defined by a process called analytic continuation.

This also gives ((-1) =-1/12!



The Riemann Hypothesis

All the “non-trivial”
zeros of the Riemann
zeta function ((s) have
real part /2

Im(z)

30 i —
-20-15-10 -5 O 5 10 15 20
Re(z)

Empetrisor@Wikipedia



The Riemann Hypothesis

30

All the “non-trivial”
zeros of the Riemann
zeta function ((s) have
real part />

s O

20 [

10 '._::.:_1:_ ™

Im(z)
L

A consequence: characterizes the
distribution of the prime numbers
. (more precisely, gives a tight bound

for the error term in the Prime
Number Theorem)

10 S

Z20-15-10 =5 C 5 10 15 20
Re(z)

Empetrisor@Wikipedia






HOMEWORK 11

imigflip.ciom




HOMEWORK 11

(and avoid
- backwards
imigflip.com - o N 2 ?YOO%S)
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