Discrete Structures Homework 1
(CS2800 Spring 2015 Logic and Proofs

1. Recall that we defined a valid sudoku solution as a set of numbers z;; satisfying the following rules:
rule 1 Each cell contains a number from 1 to 9 (formally, z;; € {1,2,...9})
rule 2 Each row contains all the numbers from 1 to 9 (formally, {zi1, :2,..., 2z} ={1,2,...,9})
rule 3 Each column contains all the numbers from 1 to 9 (formally, {z1;, z2j,...,%9;} = {1,2,...,9})

rule 4 No big square contains the same number twice (formally, for distinct (¢, 7) and (k, £), if square(i, j) =
square(k, ), then z;; # xre)

Here, i, j, k and ¢ are implicitly numbers between 1 and 9; x;; refers to the entry in the i*" row and the
§*™ column. square(i, j) refers to the large square that contains the ij entry. You may use clearly stated
facts about the square function without proof (but they should be true!).

(a) For each of the following arguments, decide whether the logic is valid or invalid. If the logic is invalid,
explain why.

i. Claim: if x is a valid solution and is compatible with the following board:

81317 416121
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(that is, if z12 = 8, x13 = 3, X232 = 6 and so on), then x1; = 9.

Proof: Suppose z1; = 9. Then since square(1,1) = square(2,1) = square(2,2) = square(2,3),
rule 4 tells us that none of x21, 22, nor xa3 can be 9. Similarly, since x37 = 9, none of za7, Tag,
nor xog can be 9. Thus by rule 2 (with ¢ = 2), one of xa4, a5, or g must be 9. But we are
given that xo6 = 9, so the conclusion that one of xa4, x25, and xsg is 9 holds. Thus our original
assumption that x1; = 9 is correct.

ii. Claim: if = is a valid solution and is compatible with the board from part (i), then x56 = 6.

Proof: Assume that x5 # 6. By rule 4, there are two remaining possible values of x5¢: it could
be either 5 or 7. Let us consider these cases separately:

o If u55 = 5, then x4 # 5, by rule 4. By rule 2, we see that this means xg; = 5 (since none
of the other cells in row 6 can contain 5). Note that none of the cells in square(6,1) can
contain 3: each of z42, T43, T53, Te2, and xg3 were given other values; we just showed that
re1 = b, and none of x4, T51 or x5 can be 3 because of rule 2.

Now, the nine cells of square(6,1) must be elements of {1,2,...,9} by rule 1. Moreover,
they must be distinct by rule 4. Thus one of them must be 3. However we just showed that
none of them are 3, so our assumption that x5 = 5 must be false.

o If z55 = 7, then by rule 4, x4 # 7. Moreover, rule 4 shows that x4 # 7. All the other cells
of row 4 have already been assigned values other than 7. So 7 does not appear in row 4, but
this contradicts rule 2. Thus our premise that x5 = 7 must be false.
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We have concluded that x5 # 6, 56 # 5, and x5 # 7. This contradicts rule 1, and thus the
initial premise that x5 # 6 must be false. Therefore x55 = 6, as claimed.

iii. Claim: if x is a valid solution and is compatible with the board from part (i), then xz5; = 8.

Proof: The following is a complete solution that is compatible with the board from part (i):
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Since each sudoku puzzle only has a single valid solution, x5; must be 8.

(b) State clearly what it means for a board not to satisfy rule 1. Similarly, carefully state what it means
for a board to fail to satisfy rules 2, 3 and 4. Be sure to specify whether your statements are for all ¢
and j or for any 7 and j. Clearly state what it means for a board not to be a valid sudoku solution.

Using your definitions, prove that the following board is not a valid sudoku solution:
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(c) Suppose that z is a valid sudoku solution. Define another solution y by y;; = x;;. Prove that y is a
valid sudoku solution.

2. Briefly and clearly identify the error in this proof:

Proof that 1 is the largest natural number: Let n be the largest natural number. Then n?, being a
natural number, is less than or equal to n. Therefore n? —n = n(n—1) < 0. Hence 0 < n < 1. Therefore
n=1.

3. Here is a proof that is technically correct, but stylistically atrocious. It is a proof of the irrationality
of v/2. Rewrite this proof in English, using good mathematical writing style. See the Sample Proofs
at the end of Chapter Three of Bridge to Higher Mathematics (http://myslu.stlawu.edu/~svanderv/
chapthree.pdf) for some models.

PS: Nicely written versions of this proof are of course widely available online. Please try not to look at
them before you write up your answer!
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Proof (by contradiction):
Z = Integers {...,—2,-1,0,1,2,...}, | = “divides”
Define R(z) = “x is rational” = <3p, qE€EZ,q#O0NT = g A(=Ir € Z,(r>1)A(r|p)A(r| q)))
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contra!

Qed.



