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s:UW�>O�bHklP|ZxrEPiUWg�zlPSsSZiö��tVYZ[ryP:npPS�8PSXDZxQtUHv�ZxrEPinpVYQlZ �E§ G
µNUW�Ekt�8P_ZxrEU�dy���EQ�Ztr�b�hWPiZxrEP0vLUWnYnpU��tVpXE�JQ[Vp�HX�bjZx�ok[PHG
ü úAý §�¤Dõ¾û þE¦Hþ�¤Dõ43�ÿAÿ�� ø §A§�� ø § ø þ ø ¡53�ÿAÿ6� ø §�§7�E§8�!� ý	�Aø õ þ ö ¨�

K'rEPJ¯ ^�^ ² P:nYn�s:npbHQ[QtVYQ'k[P:Ook[U�dE�Es:PSd�bjZ'Z[rEPiP:XEduUHv�ZxrEPiP_�obH� vLUHkqMWUW�Ek
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ILg�\¬µNUW�®�tVpnYn�Ook[UWg�bjgEnYM>�WP_Z'�¬bjXAM>QlUWnp�oZ[VpUWXoQ:R�Q[U�À.Q[�o�W�WP:Q�ZtQ[UW�>PSZ[rEVpXo�JnpVYáHP
ZxrEVYQ:G
dMe fMgihJekjPfmlMeJnpo4h`eknpnYfMh1qMr`sitPeJnvu w6r rvjYrPxvy{z6eY|}uYq�g

dMe fMgihJekjPfmlMeJnpo4h`eknpnYfMh1qMr`sE|`tE~1�6� fYh�q\eij e fMg�u6ekq�eYh h�wYn,|�u4rY|Pg}q\jYrPxvy
z6eM|�uYq�g

��t\e`�M� fYh�q�eijPepf6g�eYh h}wPn,|}u�qJ�6f\rP|Pg1qF�C�JnPfvqk�Mf�u6fp�kqE��uYjmzYnYfJ��|`e`w)g
t6|Jf rkj6gig`fJq4hJeknpnYfYh�qMr`siqYe,g�z�rP| hJf\hJfPrprve`wPq�x��vz6eY|}uPq&g

� nYf�uMfp�kqE��uMjmzPnYfJ��|Je�w)g�t6|Jf rkj6gig`fJq4hJeknpnYfYh�qMr`svlp�Mf`uLh`fPrpr{�6fM|�uM�,g�z�rP| hJfkj
e`wYq4| g!qk�Mfit6|�n�g1q4h`fPr rmekn"qk�Mf\r �Yg1q4hJf r rPx{�vz6eM|�uYq�g

� g!qk�Mfvn�|��J�YqErP|Pg}qinYfJqkwYnJu6fkjE|`tiqJ�6fEhJf r r{�MfM|}uY�,g�z6rY|phJfpjie`wYq4| g!qk�Mf
t6|�n�g1q4h`fPr rPx{�mz6eY|}uPq&g

� g!qk�Mfvn�|��J�YqErP|Pg}qinYfJqkwYnJu6fkj"ekqJ�6fknkl&| g`fMxB�mz6eY|}uYq�g
z w �6rY|ph"g1qY�Jq�|phBdP�p�Y�pfPr r�jPfPrkfkqPf��Sd � �P� fPrpr{jPr���~1�6� fYh�q\e6���

�p� lM� r`o"jPeJlku4rY| g1q"qYeitM|}uYjit6|1n&g1q�eYh h�wYn nPf`u&hJfvekt\eE|`tE��uPs
d � �P� fPrpr\h}wPn&g�ekn"�\jYr��
lk�	|Jrpf�� ��h}wPn&g`eJn����mu w�rpr6�!�p�����(h�wYn�g`ekn� ¡� fkqpdM�JqJwk¢T���£ ¡fp¤Jw6�prYg¥�5e��p� �¦�

h�wYn&g�ekn"�4h�wYn&g�ekn� ¡�PfJq §Pfp�pq����¥�
¨

|�t©�(h�wYn&g�ekn"�p�mu w6r r6�
�p� j6|�j�u6eJq\t6|�uMj\eE|}uLrP|Pg1q
nPfkqkwPnku�jPr��

�p� eJqk�6fJnpl�|Pg`f!lMfit e`w uYj\��u4eYh h}wPn nPf`u	h`fvekt\e
�p� g�fkq\t6|`fPrJj�g{ekt,hJfPrprMg��Mfpt eknYfi��uMj��JtpqPfkn4hJf r ri�`q4h}wPn&g`eJn
d � �P� fPrpr!�6fktPeJnYfv�4h}wPn&g�eknT /�PfJq ª nPfk�6|Je`w	g¥���«�
d � �P� fPrpri�ktkqYfJn"�4h}wYn�g`eJnT ¡� fkqJu6fp�kq����«�
|�t©�U�MfptPeJnYf¬���mu w6r r6���Mfpt eknYfF 2g�fkq §Pfp�kq��(h�wYn�g`ekn� ¡�pfkqp§YfJ�pq����p�¥�
|�t©���JtpqYfJn��/�vupw�r rM�{�ktkqYfJnT 2g�fkqpª nYfJ��|`e`w)g)�(h�wYn&g�ekn8 ¡� fkqkª nYfJ�6|`e`w&g¥��� �)�

|�t©�(h�wYn&g�ekn"�p�"jYrM�
�p� h}wPn&g�ekn,| gm�Jq\t6|1n&g}q,hJf r r��¦g�ei�PfJq"n�|`j\ekt"t6|1n&g1qEhJfPrpr
nPfkqkwPnku�jPrF /�Pfkqp§Yfk�pq����«�

f rMg�fvnYfkqJwYnJu�jYr��
¨
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K'roVpQ'O�bH�HPcVYXDZxP:XDZ[VpUWX�bjnpnYM>nYPSv´ZtgEnpbHXEá�G
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¿ GJILK�klP:PSQ~bHXodenYVpQ�ZxQ:RE¼WT�O�UWVYXDZxQ]\
}7��ð�����gEVYX�bHklMyZ[k[P:P�VYQ0b¬QlO�PSs:Vmbjn�s�bHQlP�UHvNb®gEVYX�bHklMeZxklP:PJ�troVps]r�r�bHQ0b�Z0npP:bHQlZ
UHXEP�XEU�dEPHR�bHXEd@VpXu�trEVps]r@P_hWP:k�M@XEU�dEP�r�bjQ|P:V³ZxrEPSk0T®UWk0f¬s]roVpnpdok[P:XÙI$V�G PHG³R�XEU
XoU�dEPws�bjX¬r�b�hWP.zl�EQlZ�UWXEPws]rEVYnpd�\�G� �UWk�P_�obH�>OEnpPjRDZxrEPtZxklP:P~VYX¬ �Vp�W�EklP0FAI�bW\�VYQ�b
vL�onpn�gEVpXEbHklM�ZxklP:P~�troVpnpPtZxroP|gEVpXEbHklM�ZxklP:P|VYX® �VY�W�EklP	FAILg�\�VYQ�XEUjZtb	vL�EnYn�goVpX�bHk�M
Z[k[PSPHG
I$bD\�I�F ç	O�UWVYXAZ[Q]\®­.k[U�hWP|VYXEdE�Es_ZxV³hWP:n³M�Zxr�bjZ�b	vL�EnYn�gEVpX�bjklM�ZxklP:P|�J�EQlZ�r�b�hWP0bHX

U�dEd�XA�E��g�P:k�UHv�XEU�doP:Q:G�µNUH�Ek�OEklU�UHv��J�EQlZ�sSnpP�bjk[nYM	QlZxbjZxP�ZxrEP'g�bjQ[Pts�bHQlPHR
VpXEdE�osSZxV³hWP|rDM�O�UHZxrEPSQ[VYQ:R�VpXodE�EsSZ[VYhHP|QlZ[P:OybHXEd7sSUWXEsSnp�EQlVpUWX�G�ØwVpXDZ�¸��EQ[PibHX
VpXEdE�osSZxVYUWXyUWX7ZxrEPirEPSVp�WrDZwUHv�ZxrEP0Z[k[P:PjG

ILg�\�I�F ç"O�UWVpXDZxQx\ ² UWXEQlVpdEPSk7vL�EnpnagEVpX�bjklM Zxk[PSP:Q7�trEPSk[P�À�XAZ[P:�WPSk7hHbjnp�EPSQybHk[P
QlZxUHk[P:d<VpXeP�bHs]r<Z[k[PSP	sSP:npn�Gq¯|k[b��°bHnpn�O�UWQ[QlVpgEnYP0vL�Enpn�gEVYX�bHk�M7Zxk[PSP:Qt�trEUWQlP
OEk[P���UWkldEP:kNZxkxb�hHP:k[Q[bHn�OEk[U�dE�EsSP:Q�Z[rEPavLUWnYnpU��tVpXo�0VpXDZxPS�WP:k�Q[P:�A�EPSXEs:Pj¸tF�T8F f
c�fWf>F�G ë â>F�âoGpI�ØaVYXDZ�¸�Z[rEP:klP~VYQ��>UWk[P'ZxrEbHX®UWXEPaQ[�Es]r®vL�onpn�gEVpXEbHklM�Z[k[P:P�\_G

(a) Full binary tree (b) Not a full binary tree

 �Vp�W�ok[P�FW¸� ��EnYn�bHXEdyXEUWX���vL�EnYn�gEVpXEbHklM8Zxk[PSP:Q
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}aXEQl��P:kS¸
I$bD\�I�F ç�O�UWVpXDZxQx\'�aUHZ[PH¸tFiO�UWVYXDZ'�qbHQwdEPSdE�EsSZ[P:devLUWktP�bHs]re�8VYQ[QlVpXE��npbHg�PSn�G.}

QlZx�odEP:XDZt�trEU��>VpQ[�oXEdEP:klQlZ[U�U�d®ZxrEP~dEPS÷�XoVYZxVYUWX7bHXodesSnmbHVY�8PSd8Z[r�bjZtb	vL�onpn
gEVpX�bjklM¬Z[k[PSP	r�bjQ�¯ È°²± Ò f ° XEU�dEP:QtklP:s:PSVYhHP:d�b�Zt�8UWQ�Z ë O�UWVYXDZxQ:G
Û I�f~O�UWVYXAZ[Q]\ ± bHQ[P's:bHQ[Pj¸�}�vL�EnYn�goVpX�bHk�M	Z[k[PSP'UHv�rEP:VY�WrDZ�T|r�bHQ�P��obHsSZ[nYM

UWXEP	XEU�dEPHRCZ[rEP�klU�UHZ:G Ï VYXEs:P	UWXEP�VYQ|bHX@U�dEd�XA�E��g�P:kSRCZxroVpQ~Ook[U�hWPSQ
ZxroPcgEbHQ[Pis�bjQ[PHG

Û I ¿ O�UWVpXDZ[Q]\~À�XEdE�osSZxV³hWP>rDM�O�UHZ[rEP:QlVpQ:¸i}aQ[Q[�o�8P�Zxr�b�ZcbHnpn�vL�Enpn�goVpX�bHk�M
ZxklP:PSQ�UHv�rEPSVp�WrDZ�npP:QlQ�Z[r�bHX�UWk�P:�A��bHn�ZxUiè¬ILvLUWk�Q[UW�>P'è7Î�TD\�r�b�hWPtbHX
U�dEd�XA�E��g�P:k.UHv�XEU�dEP:QSGtI�f|O�UWVpXDZ[Q�vLUWk���P�bHáJVpXEdE�osSZxV³hWPqrDM�O�UHZxrEPSQ[VYQ
bHXEduf�O�UHVpXDZxQqvLUWk'Q�ZxklUWXE��VpXEdo�EsSZ[VYhWPirDM�O�UjZxrEPSQ[VpQx\_G

Û I/ccO�UHVpXDZxQx\NÀ�XEdE�osSZxV³hWP|Q�ZxPSO�G.K'rEP:klP~��P:k[P~�¬bHXDM>dEV´³CPSk[P:XDZ�O�UWQlQ[VYgEnpP
bHXEQ���PSk[QevLUWk7ZxrEVYQ:R~UHXEP½UjvJ�trEVYs]r­��bHQ<�HVYhWPSX g�P:nYU��iG À�X bHnpn|Ujv
ZxroP:�eRCf�O�UWVpXDZxQt��P:k[P	dEP:do�EsSZ[P:d�vLUWk'v$bHVYnpVpXo��ZxU>P_��OEnpVYs:V³ZxnYM¬�EQ[PcZxrEP
VpXodE�EsSZ[VYhHP	rDM�O�UjZxrEPSQ[VpQSG~K'rEPJk[P:�8bHVYXEVpXE� ë O�UWVYXDZxQa��P:klP�bHnYnpU�s�bjZ[P:d
g�bHQlP:deUWXes:nmbjk[VYZ�M¬bHXEdes:UHk[k[PSsSZ[XEP:QlQ:G
ô|XEPiO�UHQ[Q[VYgEnpP0VYXEdE�Es_ZxV³hWP0VpXodE�EsSZ[VYhHPcQ�ZxPSOuVYQw�HVYhWPSXebHQ'vLUWnpnYU �tQS¸
² UWXEQlVpdEPSkwb�vL�onpn�gEVYX�bHk�M¬ZxklP:PiUHv�rEP:VY�WrDZaè Ó FWG
Ï VYXEs:PcZxrEP�rEPSVp�WrDZ~UHv.ZxrEP	Zxk[PSP�VpQ~�Wk[P:bjZxPSkaZxrEbHX�ToR�Z[rEP�klU�UHZ~r�bHQ0b
XEUWX���P:�>OoZ�M¬npPSv´ZtQl�EgoZ[k[P:PcUWktb�XEUWX���P:�>OoZ�M®klVp�WrDZtQl�EgoZxklP:PjG
Ï VYXEs:P'ZxroPtZ[k[PSPaVYQ�bivL�EnYnEgEVYX�bHklM	ZxklP:PJI$P:V³ZxrEPSk.P�bHs]r8XEU�dEPtr�bHQ�TiUHk�f
s]rEVYnpdEklP:X�\�R�g�UHZxr8ZxrEP|nYPSv´ZqbHXEd¬Z[rEP|k[VY�WrDZqQl�EgoZxklP:PSQtbHk[PaXEUWX���P:�>OoZ�MWG
K'rEP	npPSv´ZaQ[�ogoZxklP:P�VYQ|b>vL�onpn�gEVpXEbHklM7Z[k[P:PJQ[VpXos:PJV³Zwr�bHQ0bjZanpP:bHQlZaUWXEP
XEU�dEPuI$V�G PjGYR�VYZiVYQiXEUWX���P:�>OoZ�Mo\ibjXEd
bjnpn�XEU�dEPSQ	r�b�hHP8PSVYZxroP:kcTeUHkJf
s]rEVYnpdEklP:XÙILQ[VYXEs:PcZxrEP_M�bHklPJbjnpQ[U8XEU�dEP:QaUHv.ZxrEP	UWk[VY�WVpXEbHnCvL�EnYn�goVpX�bHk�M
ZxklP:P�\_G Ï Vp�>VpnpbHk[n³MWRWZ[rEPik[Vp�HrAZtQl�EgoZ[k[P:PcVpQtbjnpQ[U>b�vL�EnYn�gEVpXEbHklM8Zxk[PSPHG
K'rEPwnpP_v´Z�Ql�EgoZ[k[P:Par�bHQNrEP:VY�WrDZ�bjZ��>UWQ�Zqè�Q[VYXEs:PtZxroPaPSXAZ[VpklPwZ[k[P:Pwr�bHQ
rEPSVp�WrDZtè Ó F0bHXEd¬Z[rEP|dEPSOoZxr7Ujv�ZxrEP~k[U�UHZ�Ujv�ZxrEPanpPSv´Z�Q[�Eg�Zxk[PSP|VpQaFWG
Ï VY�8VYnmbHklnYMWRWZ[rEPirEP:VY�WrDZwUHv�Z[rEPik[VY�WrDZ'Q[�Eg�Zxk[PSP	VYQwbjZt�8UHQlZaè�G
± MiVYXEdE�Es_ZxVpUHXcrDM�O�UHZxrEPSQ[VYQ:RjZ[rEPNnpPSv´Z�Ql�EgoZxklP:P�bHXEdcZxrEPNk[VY�WrDZ�Q[�EgoZ[k[PSP
P�bjs]rur�b�hHPJbHXeU�dEdyX��o��g�PSktUHv�XoU�dEPSQ:G
K'rEP�ZxUHZxbHn�XA�E��g�P:kiUHv�XEU�dEP:QiVpX�ZxroP�Z[k[PSP>VYQ0ZxrEP�Q[�o� UHviI»F \aZxrEP
XA�E��g�P:k�UHv�XEU�dEPSQ�VYX	ZxroP�nYPSv´Z�Q[�EgoZ[k[PSP�UHvEZ[rEPNk[U�UHZ�RoI�fW\�ZxroP�XA�E��g�P:k
UHv.XoU�dEPSQ~VYXuZxroPJk[VY�WrDZ~Ql�EgoZ[k[P:PJUHv�ZxroPJk[U�UHZ:R�bjXEd I�¼W\iFyI´ZxrEP	k[U�UHZ
VYZ[Q[PSnYvx\_G Ï VpXEsSP I�F \8bHXEdàI�fW\®bjk[P�U�dEd�RwZxrEPSVpk®Ql�E� VpQ¬PShWPSX�R0bHXod
bHdEdoVpXE�8FaZxU	ZxrEVYQ�OEklU�dE�os:P:QqbHX®U�dEd¬XA�E��g�P:kSGNØaP:Xos:P~Z[rEP~XA�E��g�P:k
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UHv�XEU�dEP:QtVpX7Z[rEP0vL�Enpn�goVpX�bHk�M¬Z[k[P:PiUHv�rEPSVp�WrDZaè Ó FiVpQ'U�dEd�G
Û ² UWXEsSnp�EQlVpUWXC¸.}¾vL�Enpn�goVpX�bHk�M¬Z[k[P:Pir�bjQabjXuU�dEdyXA�E��g�P:ktUHv�XEU�doP:Q:G
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ILg�\�I�F ç�O�UWVpXDZxQx\
K'rEk[PSPaO�UWVpXDZ[Q���P:klP~b���bHk[doP:d¬vLUWk.P:bHs]r¬sSUWk[klP:s_Z�Z[k[P:PjG�À�v��>UWklPqZxr�bHX�÷EhHP
Zxk[PSP:Q���P:k[PNdEk[b��tXCR�Z[rEP:XiZ���UtO�UWVpXDZ[Q��qbHQ�dEPSdE�Es_ZxP:dcvLUWk�P:bHs]r�bHdodEVYZ[VpUWX�bjn
Zxk[PSPHG
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hJr �MgpgB��| g1qP� fPrpri�

zYnYeJqYfYh�qYfkj"~1�6� fYh�q"jP�JqJwk¢®�
zYnYeJqYfYh�qYfkjm�6|Pg1qP� f r rBuMfp�kq8�

zpw ��rP| h!�6|Pg}qY� f r rµ��~��M� fYh�qve��¶��| g1qP� fPrpr!u¥���
jY�`qkwJ¢,��e��
u6fk�pq"�vu��

¨

zpw ��rP| hm~1�6�pfMh�qi�Pfkqkd6�`qkwk¢����B�
nYfJqkwPnku�jP�JqkwJ¢®�

¨

zpw ��rP| h!�6|Pg}qY� f r rm� fkqp§Yfp�kq����`�
nYfJqkwPnkuiuMfp�pqF�

¨

zpw ��rP| h!�PeM|�j4g`fkqkd6�`qkwk¢���~1�6� fYh�qve����
jY�`qkwJ¢,��e��

¨

zpw ��rP| h!�PeM|�j4g`fkqp§Yfk�pq��S��| g1qY�pfPrpr�rM�`�
u6fk�pq"�Er��

¨

z w �6rY|phm·Jqpn�|}uY�vqYe ·Jqpn�|}uY�����`�
·Jq n6|}uY�vnM·`q n�|�uM�i�"jP�JqJwk¢: �qYe ·Jq n6|}uY�����¥�
|`t©�UuMfp�kq\� �mu w6r rM��nYfJqkwYnJu\nM·`q n6|}uM���
fPrMg�fvnYfJqkwYnJu\nM·`q n6|}uM�v¸º¹"¹�¸muMfp�kqT /qPeP·`q n�|�uM�����«�

¨
¨

F ë



hJr �Mgpg�dP�p�Y�pfPr rv�

zYnYeJqYfYh�qYfkj"~1�6� fYh�q"jP�JqJwk¢®�
zYnYeJqYfYh�qYfkj�d � �Y�pfPrpr!u6fk�pq8�
zYnYeJqYfYh�qYfkj�d � �Y�pfPrpr!zYnPfk��|`e`w	gµ�

zpw ��rP| hBd � �P� fPrpr£�2~��6�pfMh1qie��»dP� �P� f r r!u��»dP� �P� f r r!z)�`�
jY�`qkwJ¢,��e��
u6fk�pq"�vu��
zYnPfk�6|Je`w	gB�vzT�

¨

zpw ��rP| hBd � �P� fPrpr£�2~��6�pfMh1qie6�`�
jY�`qkwJ¢,��e��

¨

zpw ��rP| hm~1�6�pfMh�qi�Pfkqkd6�`qkwk¢����B�
nYfJqkwPnku�jP�JqkwJ¢®�

¨

zpw ��rP| hBd � �P� fPrprm�PfJq §Pfp�pq������
nYfJqkwPnkuiuMfp�pqF�

¨

zpw ��rP| hBd � �P� fPrprm�PfJq ªpnYfk�6|Je�w)g¥���`�
nYfJqkwPnkuizPnYfk�6|Je�w)gµ�
¨

zpw ��rP| h!�PeM|�j4g`fkqkd6�`qkwk¢���~1�6� fYh�qve����
jY�`qkwJ¢,��e��
¨

zpw ��rP| h!�PeM|�j4g`fkqp§Yfk�pq��UdP�p�Y� f r r!jYrM�{�
u6fk�pq"�\jPr��
¨

zpw ��rP| h!�PeM|�j4g`fkqpª nPfk��|`e`w	g¥�Sd � �P� fPrpr�jYrM���
zYnPfk�6|Je`w	gB�\jYr��
¨

¨

F`G



² UW�ok[Q[P	 �P:PSdEg�bHs]á
µNUW��s�bjX�dEPSZxbHs]r>Z[rEVpQ�Q[rEPSPSZ�vLk[UW�ÜZxroP'P_�obH�ébjXEd�r�bHXEd�VYZ�ZxUcb|K�}�ZxU0�8bHVpXDZ]bjVpX

sSUWXo÷�dEPSXDZxVmbjnpVYZ�MHG
FHGaØwU��¾�8bHXDM®rEUW�ok[QtO�PSk'��PSP:áybHklP|MWUW�eQ[O�P:XEdoVpXE�>UWX7ZxrEPirEUH�8P_��UWklá¬vLUWkqZ[rEVpQ

sSUW�EklQ[P��
f�Ga¯|UÙMHUW�¾bjZlZxPSXEd nYP:s_Zx�EklP�klP:�W�onmbHklnYMo� ��r�bjZes�bjX ��P½dEU ZxU VY�8OEklU�hWP@ZxrEP

nYP:s_Zx�EklP:Q]�

¼�Ga¯|U�MHUW�ebjZ[Z[P:XEdyQlP:sSZ[VpUWXyklP:�W�EnpbHk[n³Mo�y��r�bjZts:bHX7��PidEU�Z[U�Vp�>OEk[U�hWP~Q[P:s_ZxVYUWX��

¿ Ga¯|UcMWUW�¬Q[P:PaZxrEPas:UWXEQl�EnYZxbHXDZxQ�vLUHk�bHQlQ[VYQlZ]bjXEs:P��e��r�bjZ�s�bHX¬��P|dEU	ZxUJVY�8Ook[U�hWP
sSUWXEQl�EnYZ[VpXE�A�

F`c


