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Abstract
A new techniquefor improving the efficiency of propositionalreasoningproceduresis pre-
sented.Themeta-searchprocedure,ND, is parameterizedby a searchprocedure

�
anda real

numberfor controllingthewayin which
�

is appliedto thegivenproblem.Experimentsusing
SATO onthedomainof CrosswordPuzzleConstruction(CPC)illustratethepotentialfor ND.
Experimentswith graphcoloringandrandom3SAT arediscussed.

�
1. Intr oduction
Findingeffectivestrategiesfor controllingpropositionalinferencesystemscontinuesto bea chal-
lenging researchissue.Control strategies suchas set-of-support(Wos, Robinson,and Carson,
1965)andlinear (Loveland,1970)restrictionsrepresenta limited form of informedsearch (Rus-
sell andNorvig, 1995),wherebyrestrictionandguidanceof searchis basedon knowledgeof the
underlyingproblemdomain.For themostpart,currentresearchdirectionsin the field have con-
tinuedto rely on knowledge-intensive techniquesfor restrictingaswell asfor directingreasoning
programs(McCuneandWos,1992;Bundyet.al., 1993;WosandPieper,1999).

Ontheotherhand,promisingcompute-intensivesearchtechniqueshaverecentlybeenappliedto
successfullysolvemany problemsthatarebeyondthecurrentcapabilitiesof knowledge-intensive
reasoningprocedures(Levesque,Mitchell, andSelman,1992b;Gomes,Selman,andKautz,1998).
Thesecompute-intensivetechniques,asdescribedby Selman,attacktheinherentcombinatoricsof
problemsfrom first principles,with little or no domain-specificknowledge.�
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In this paper, we describea compute-intensive meta-reasoningtechniquefor improving theef-
ficiency of propositionalreasoningprocedures.Informally, the new technique,ND, assumesthe
existenceof a baseprocedure� anda method � for reducinga probleminstance� to a related
subproblem.ND first findsthesolutionsof thesubproblem�	�
��� using � . It thendirectsthesearch
for a solutionof � by, using � repeatedly, attemptingto extendthesolutionsof �	���� . Theinter-
estingideahereis, ND doesnot containany knowledgeof theproblemdomain.Its only ability to
affect theperformanceof � is basedonarealnumber, which indicatesthepercentageof solutions
of �	���� to considerin eachrepetition.

As preliminaryexperiments,we explore theeffectivenessof ND on randomlygeneratedprob-
leminstancesof CrosswordPuzzleConstruction(CPC).In spiteof its longhistory(datingbackto
before1976(Mazlack,1976))asa testbedfor automatedreasoningtechniques,CPCstill presents
considerablechallengesto bothcompleteandstochasticsearchprocedures(Konolige,1994).We
demonstrate,for two completesearchstrategiesimplementedin SATO (Zhang,1997;Zhangand
Sickel, 2000),substantialperformanceimprovementfor thecomputationallymostdifficult prob-
lem instancesof CPC.We provide mathematicalanalysiswhich shows that thegain in efficiency
occurswith minimal lossin completeness.

Section2 providessomebackgroundto the research.In Section3, the meta-searchprocedure
ND is formalized.We thendiscusstheresultof applyingND to theproblemof Crossword Puzzle
Constructionin Section4. In Section5, preliminaryexperimentswith graphcoloringandrandom
3SAT arepresented.

2. Background
Thoughuseful, complexity theory provides a very rough grain understandingof the natureof
computationalproblemssinceit addressesonly the worst-casecomplexity of problems;it offers
no insightson thetypical instance.Rodney Brook,MIT professorof computersciencepointsout,

Minsky wasfoundationalin establishingthetheoryof computation,but afterHartmanis
therehasbeenafixationwith asymptoticcomplexity. In reality lotsof problemsweface
in building realAI systemsdonotgetoutof handin termsof thesizeof problemsfor in-
dividualmodules— in particularwith behavior-basedsystemsmostof thesubmodules
needonly dealwith boundedsizeproblems(Selmanet.al., 1996).

Brook is not simply speakingin the abstract.Oneof the morestriking discoveriesin computing
in recentyearsis thatmostinstancesof anapparentlyintractableproblemcanactuallybesolved
fairly quickly. With suchproblems,only thoseinstanceswhich lie in a critically constrainedre-
gion aredifficult to solve.Thesearetheworstcasesceneriosandarethereforetheonesthat time
complexitiesactuallyaddress(Cheeseman,Kanefsky, andTaylor, 1991).

Take for instancethewell-studiedintractableproblem3SAT (Cook,1971).It hasbeenrealized
that typically, if an instanceof 3SAT is underconstrained— that therearemany atomsanda
few clausesto constraintheassignmentsof truth valuesto theatoms,thenmany satisfyingTVAs
exist, andthatmany algorithmsfor determining3SAT run to successfulcompletionvery quickly
(Levesque,Mitchell, andSelman,1992b).On theotherhand,aninstancethat is over constrained
is likely to be unsatisfiable,i.e., that thereexist no satisfyingTVA, andexisting algorithmsfor
determiningunsatisfiabilityalsosucceedquite rapidly. Suddenlyfor theseinstances,3SAT seem
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notsodifficult. Thegeneralintractabilityof 3SAT bearslittle relevance.Indeed,it hasbeendeter-
minedthatthereis acritically constrainedregionatwhichinstancesof 3SAT becomeverydifficult
to solve (for satisfiabilityor unsatsifiability),andthat this region occurswhentheclauseto atom
ratio is about4.3 (Levesque,Mitchell, andSelman,1992a).Clausesarealmostalwayssatisfiable
whenthe clauseto atomratio is sufficiently smallerthan4.3 — the underconstrainedinstances
— andunsatisfiablewhenit is sufficiently larger than4.3— theoverconstrainedinstances.More
interestingly, thetransitionfrom satisfiabilityto unsatisfiabilityoccursabruptly. Thisphasetransi-
tion phenomenonhasbeenobservedfor a numberof intractableproblems(Cheeseman,Kanefsky,
andTaylor, 1991).Gainingfurtherinsightsinto thephasetransitionphenomenon,andintroducing
a new techniquefor attackingthecomputationallymostdifficult probleminstancesarethe focus
of theresearchreportedhere.

3. The Meta-ProcedureND
Given a probleminstance� (representedasa set of propositionalclauses)and a propositional
reasoningprocedure� for determiningthe modelsof � , considera decompositionof � into a
smallerbut relatedsubproblem������ . � Suppose�������������� is thesetof all modelsof ���
��� . Then,
for each���������������
����� , ��� canbeusedasadditionalconstraintsto prunethesearchfor asolution
to � by theprocedure� . Now in general,if � is acritically constrainedinstance,���
��� will bean
instanceof a differentproblemdistribution that is not critically constrained.Thereforethetime it
takesto discoverthemodelsof ������ using � is considerablylessthanthetime it takesto discover
a modelof � . Hence,the overall time for solving � may potentiallybe improved. The idea is
describedmoreformally below in theprocedureSD.

Input: aprobleminstance� , a propositionalreasoningprocedure� , anda decompositionmethod�
Output: amodelof � or theanswer’no’

1. Compute������ .
2. Generate�������������� using � .

3. while ���������
����� is non-empty

(a) Removea model ��� from ���������
����� .
(b) Let �! = �#"$��� .
(c) If �%��  � is solvable,stopandreturnthesolution.

4. Stopandreturn’no’.

Procedure SD(� , � ,� )&
Theexactnatureof thedecompositionis problemdependent.



Lu, Rosenthal,Shaffer: meta-searchin propositionalreasoning 4

If the time it takes to solve a probleminstance� usinga procedure' is representedby the
function (*),+.-�/ , thenour hopefrom SD is that, for a sufficiently largenumberof instances� over
theproblemdomain,(10�23+4-65 785 9:/ will besmallerthan (;7<+.-�/ .

In theworst-case,therunningtime for SD is=?> (���� >A@CBD�E�BFB +.9G+4-�/H/���(;7<+4-�I BD /�KJ
where

=
and (���� arethetimesrequiredto decompose� andgenerate�������������� , respectively.

Unfortunately, experimentssuggestthat,on average,the time requiredby SD is in fact larger
thanthetimeneededto simplyrun � ontheoriginalprobleminstances.Thequalitativeexplanation
is thatthenumberof timesStep3 is repeatedis in generallarge(dueto thesizeof �����
�	������ ).

On theotherhand,we will show that if thesolutionspaceof ���
��� is explorednot oneelement
at a time, but a groupat a time, thentheaveragetime requiredfor finding a solutionto � canbe
improveddramatically, in somecasesoutperforming� by a large margin. The ideais described
morepreciselyin theprocedureND below. It is adaptedfrom SDto allow for groupsof modelsin���������
����� to beaddedasconstraintsto � . To ensurecorrectness,additionalconstraintsareincluded
sincemodelsof ���������
����� arenot pairwiseconsistent.Theconstraints,therefore,will assurethat
givenasetof models����J�LHLMLHJN��O , oneandonly oneof the ��P ’s canbetrue, QSRUTVRXW . Wedenotethe
additionalconstraintsby mutex( ���YJYLMLHLMJZ��O ).

Input: aprobleminstance� , a propositionalreasoningprocedure� , adecompositionmethod� , andanumber[\�]�Q^J�_�Q`Qba
Output: amodelof � or ’no’

1. Compute������ .
2. Generate ���������
����� using � . Let c denote the cardinality of�������������� .
3. while ���������
����� is non-empty

(a) Remove models ���YJ�LMLHLHJN��O from �������������� , where W dceT[f��chg�J,i3jk �*� � and chg is thecurrentsizeof ���������
����� .
(b) Let �  = �l" mutex( ����J�LHLMLHJN��O ).
(c) If �  is solvableusing � , thenstopandreturnthesolution.

4. Stopandreturn’no’.

Procedure ND( � , � ,� , [ )

Theparameter[ controlsthenumberof solutionsof ������ to beaddedto � at Step3(b). It is
specifiedasapercentage.Wecall [ thecontrol variable.

ND is a meta-reasoningprocedurebecauseit doesnot perform any inferenceitself, and its
effectivenesson a particularproblemis intimatelytied to theeffectivenessof thegivenprocedure� . Experimentssuggest,however, that for a varietyof procedures,thereappearsto bea rangeof
valuesfor [ for whichtheaveragetime it takesfor ND( � , � ,� , [ ) to completeis fasterthan �%���� .
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4. Crossword PuzzleConstruction
Theproblemof CPCcanbestatedasfollows: givena finite setof words m andan npoqn grid
for whichsomesquaresin thegrid areshadedin while othersareopenfor letters,canall theopen
squaresbe filled with letterssuchthat every horizontalandvertical maximalgroupof adjacent
lettersformsawordfrom m ?Wefurtherrequirethatnoword from m canappearin thegrid more
thanonce.r

The generalproblemof CPC is complex and a completeunderstandingof the natureof the
problemis beyond the scopehere.To make the probleminstancesmore amenableto analysis,
we consideredthemodifiedproblemof OpenCPC(OCPC)— CPCswith theassumptionthatno
squareis shaded.

For theexperiments,wefix an nsotn opengrid andanalphabetof size u . Stringsof length n
arerandomlygeneratedfrom elementsof thealphabetto form theset m . For a particular m , the
puzzleis encodedinto asetof propositionalclausesasfollows.v Eachpropositionalvariablein the
clausesrepresentsa triple (r,c,let), which indicatesthat the letterlet is placedin thegrid
position(r,c). Hence,thetotal numberof variablesequalsnxwZu .

Therearefour typesof constraintson theplacementsof theletterson thesquares.
unique letter constraint: The requirementthat no two letterscan occupy the samesquareis
indicatedby binaryclauses.For example,if thealphabetcontainsdistinct lettersa andb, thenfor
eachrow, columnpair(r,c), theconstrainty{z ��|}J z JN~���� yCz ��|�J z J1���
statesthat(r,c) cannotbesimultaneouslyfilled with a andb.
shadedsquareconstraint: Shadedsquarescannotbeoccupiedatall. This is representedasnega-
tiveunit clauses.In thecaseof OCPC,sucha constraintdoesnot arise.We includeit herefor the
sakeof completeness.
acceptableword constraint: Thereareclausesto constraintheplacementof thelettersaccording
to theword set.For instance,supposethatall wordsin thegivenword setbeginswith eitherthe
letterd or e in anopen3x3 puzzle(e.g.,dog, egg, andeat). Then,weknow thatz ���8J��8J��^��� z ���`J��`JN���
Thatis, eitherd or e mustoccupy row 1, column1.

Next, if c(1,1,e) is trueandthateat andegg aretheonly wordsbeginningwith theletter
e, then,eitherc(1,2,a) or c(1,2,g) musthold.Thatis,yCz ���8J��8JZ����� z ���`JN�6JN~���� z ���`JN�6J����KL
Finally, therewill bea clausewhich states,givenc(1,1,e) andc(1,2,a), thatc(1,3,t)�

Theno duplicateword constraintis not in theoriginal formulationof theCPCproblemin (Garey andJohnson,
1979).We add this requirementsincewe are also interestedin understanding,as much as possible,the natureof
real-world crosswordpuzzles.�

Instancesof CPCcanbeencodedaspropositionalclausesin differentways(e.g.,(Konolige,1994;Ginsberg et.
al., 1990)).Theletter-basedencodingthatwechoosedoesnotnecessarilyresultin theoptimalcomputationalbehavior,
AppendixC shows,however, thatit is a betterrepresentationschemethanword-basedencoding.
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Figure1: Open �C�?� CPC

holds(assumingeat is theonly word in thewordsetwhichbeginswith ea in its first two letters).
This is capturedastheclause y{z ���`J��`JN���G� y{z ���`JN�6JN~��G� z ���`JZ��J��^��L
unique word constraint: Thereareclausesto ensurethateachword from thewordsetappearsno
morethanoncein thepuzzle.Thereforeif c(1,1,e), c(1,2,a), andc(1,3,t) hold in an
open3x3grid, theneat cannotappearin any otherrow or column.So,for instance,for thesecond
row, at leastoneof c(2,1,e), c(2,2,a), or c(2,3,t) mustbe false.As a propositional
clause,this is writteny{z ���`J��`JN���G� y{z ���`JN�6JN~��G� y{z ���`JZ��J��^���y{z �F�6J��`JN���G� y{z ��6JN�6JN~���� y{z ��6JZ��J��^��L
Fourmoreclausessimilar to thisoneareneededfor eachof theotherfour word slots.

Proofof thenext theoremcanbefoundin AppendixA.
Theorem.GivenaCPCinstance� , let ��[<�,����� denotethesetof clausesobtainedasdescribed,then� hasasolutionif f ��[<�,����� hasa model. �
4.1. Applying SATO to OpenCPC

Experimentswith randomlygeneratedOCPCinstancesexhibit the phasetransitionphenomenon
foundin othercombinatorialsearchproblems(Cheeseman,Kanefsky, andTaylor,1991;Levesque,
Mitchell, andSelman,1992a).For instance,phasetransitionsfor randomlygeneratedopen ��o\�
puzzleswith alphabetsizesrangingfrom 2 to 12 areshown in Figure1. Variouspropertiesof the
open��o�� puzzlescanbeinvestigatedbasedon thedata.As anexample,for agivenalphabet,the
wordsetsizeneededto achieve50%solvableinstancescanbemodeledby theequation� u%� k*� ��k
� >
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Figure2: Open£!�?£ puzzlesover ¤x¥�¦�§ .

��L.¨ . Projectedto a 26 letteralphabet— thesizeof theEnglishAlphabet,this yieldsanexpected
wordsetsizeof 143.67.©

Consistentwith other explorationsinto combinatorialsearchproblems,the computationally
most difficult probleminstancesof CPC occur during the phasetransition.Theseproblemin-
stancesare the critically constrainedones.That is, they occurat a critical ratio of variablesto
clauses.Figure2.A plotsthephasetransitionfor openªSo�ª , 12 letteralphabetpuzzlesalongwith
the averagesolving time (in seconds)usingSATO — an efficient implementationof the Davis-
Putnammodelfinding procedure(ZhangandSickel, 2000).Thedataarebasedon over 100trials
for eachword setsize.
Remark. In spite of their relative small sizes,encodingsfor ª\o«ª , 12 letter alphabetpuzzles
producepropositionalrepresentationsof non-trivial sizesrangingfrom 8000to 10000clausesover
192 variables,dependingon the word setsize.As in (Konolige,1994),mostof theseinstances
arequite difficult for GSAT (Levesque,Mitchell, andSelman,1992b).AppendixB comparesin
greaterdetailtheruntimeof GSAT andSATO.

4.2. DecomposingOpenCPC

A numberof possibilitiesexist for decomposinganOCPCinto relatedsubproblems.Theonewe
considercanbedescribedasfollows.As before,givenanOpenn¬o�n CPCinstance� , wedenote
by m the setof words.Then,the decompositionis the puzzlewhosegrid is the upperleft-hand o  grid of � ,

 ® n , andwhosewordsetis obtainedfrom m by removing thelast n°¯ 
lettersfrom eachword in m . Sinceweconsideronly solutionsthatdonotcontainduplicatewords,
if two or morewordsin m begin with thesame


letters,only onecopy of thereducedword is

kept.Wewill denotethis methodof decompositionfor OpenCPC �¡ ,¢}± .
Given solutions ����JYLMLHLMJZ��O of �¡ ,¢}±e�
��� , computingmutex( ���YJ�LHLMLHJN��O ) is relatively straightfor-

ward. The key is to ensure,if ² is the sub-collectionof ����J�LHLHLMJN��O that assigntrue to an atomz ��|�³�´�J z ³�µ�J�µ`�`�^� (and more generallya set of atoms),then for eachpair _XR T�J·¶¸R 
, the¹

This says,given an open �º�¡� grid and3-letterwordsformedover a 26 letter alphabet,we needroughly 144
wordsto havea 50%chanceof constructinga puzzle.
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only possibleassignmentsof lettersto thesquare��T�J*¶�� arerestrictedto theassignmentsmadeby
membersof ² . Therearea numberof waysto encodethis conditionasconstraints.Thefollowing
exampleillustratesoneencoding.

Supposewehave thethreesolutions:� k d¼» z ���`J��`JN~��KJ z ���8JZ��J1���NJ z ���`JZ��J z �KJYLMLHLH½� w d¼» z ���`J��`JN~��KJ z ���8JZ��J z �NJ z ���`JZ��J z �KJYLMLHLH½��¾Cd¼» z ���`J��`J����KJ z ���8JZ��JZ���NJ z ���`JZ��J z �KJYLMLHLH½
Eithera or d, but notboth,mustoccupy thesquare�;_`J�_�� . This is capturedvia thetwo constraints:z ���8J��8JZ~���� z ���`J��`J����y{z ���`J��`JN~���� yCz ���8J��8J��^�
Whenaddingtheseconstraintsto theoriginal problem � , thesecondconstraintis redundantasit
is aninstanceof theuniqueletterconstraint.

Next, if c(1,1,a) holds,theneitherc(1,2,b) or c(1,2,c) will be trueaccordingto � k
and � w . Thus,weaddtheconstrainty{z ���`J��`JN~��G� z ���`JN�6J��6��� z ���`JN�6J z �
Ontheotherhand,if c(1,1,d) holds,thenc(1,2,e) mustbetrueaccordingto ��¾ .y{z ���`J��`J������ z ���`JN�6JN���
Similar constraintsareneededfor eachof theremaining

 w ¯À¿ squares:�;_`JZ�8�NJ�LHLMLHJ��1_,J  �KJ��F¿�J�_��KJ�LHLMLHJ��¿�J  �NJ�LMLHLHJ��  JY_��KJ�LHLHLMJ��  J  �NL
Indeed,theresultingconstraintsarevery similar in form to theacceptableword constraintsin the
representationof theoriginal puzzle.

Therearetwo issuesto consider. Thefirst is to demonstratea speedup in averagesolvingtime
for ND ��ºJ SATO JZ�Á ,¢}±%J�[:� over SATO ���� for some[À�U�Q^J�_�Q`Qba . Thesecondis to analyzehow
theuseof �¡ ,¢}± asamethodof decomposingprobleminstancesaffectscompleteness.Weexplore
thesecondissuein thenext section.We show thatalthoughtheuseof �Á `¢�± doesnot guarantee
completeness,the probability of finding a solution(whenoneexists) is quite high for even rela-
tively simplepuzzles.In the sectionon Solving Time Improvement,we presentanddiscussthe
speedupsfor a few OpenCPCby applyingND. Together, thetwo resultsdemonstratetheutility
of ND overCPCandarguefor ND’spotentialfor othersearchproblems.

4.3. CorrectnessIssues

Asmentioned,twoormorewordsof m maymapontothesamewordin thedecompositionthrough�Á ,¢ . Therearetwo consequencesof this effect.First, �Á ,¢����� mayhave no solutioneventhough
solutionsexist for � . Second,themodelsof �Á ,¢����� donotnecessarilyextendto any modelof � .
We illustratewith two simpleexamples.Considertheprobleminstance,� k , consistingof anopen
4x4grid andthewordset
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Thereexistsexactlyonesolutionof � k , modulotranspose,in whichall four wordsbeginningwith
abc occurin thehorizontalword positions,andtheremainingfour wordsfill in theverticalword
positions.This is shown below.

gcba

fcba

ecba

dcba

Thedecomposedproblem,�Á `¢G�� k � , consistsof anopen3x3 grid andthefollowing word set.» aaa abc bbb ccc def ½
Thefour wordswhich begin with abc in theoriginal word setaremappedinto a singleword in
thedecomposition.No solutionexistsfor thedecompositionsincethereareonly five wordswhen
six wordslotsareto befilled with distinctwordsin theopen3x3grid.

On theotherhand,considerthepuzzle � w consistingof anopen4x4grid andtheword set» aaaa abcd abce abcf abcg bbbb cccc defg adax beax cfax ½� k and � w have thesamesolutions.Theadditionalthreewordsfor � w : adax, beax, andcfax,
donotaddsolutionsto thepuzzle.Thedecomposition,�Á ,¢��� w � hasthefollowing word set» aaa abc ada bbb bea ccc cfa def ½
andit possessesexactly onesolution,asshown below.

aaa

fed

cba

It is easyto see,however, thatthesolutioncannotbeextendedto thesolutionfor � w .
In spiteof thepossibleinconsistenciesbetweenthesolutionspacesof a puzzleandits decom-

position,suchinconsistenciesappearto occurinfrequentlyover thespaceof randomlygenerated
puzzleinstances.Below weprovidesomeanalysis.

4.3.1. Mathematicalboundsfor OpenCPC

Fix an nÂotn opensquaregrid, analphabetsize uÄÃÅ¿ , andanumberm of distinctwords(to be
chosenuniformly at randomfrom the u?Æ possiblewords).Theexpected(i.e.,average)numberof
solutions,Ç , satisfiesthefollowing.
Theorem 1. Thequantity Ç satisfies Ç d È\ÉtÊf�
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where È satisfiesuºÆÌËÎÍÏ_�¯ÑÐ w ÆwÓÒ uÕÔ�ÆfÖ R È R u?ÆÌË:J where É d Ð�×^Ø Ô w ÆÙ Ô w Æ Ò J andwhere� d Ð�× ØÙ Ò L Here Ð j O Ò d j�ÚO Ú + j Ô OZ/ Ú is theusualbinomialcoefficient.
Proof. Clearly Ç canbecomputedas Ç dÜÛ]Êf�lL
Here � is thetotal numberof waysof choosingthe m distinctwords.Also Û is thetotal number
of waysof filling up the grid and choosingthe m distinct words,in sucha way that the grid is
indeedfilled with properwords.

Now, clearly �¼dÞÝ u Æmsß L
Thatis, of the uºÆ possibledifferentlength-n words,wegetto chooseany distinctW of themany
waywewant.

As for Q, wecanwrite ÛÄdXÈ\ÉqL
Here È is thenumberof differentwaysof filling up the nàoqn grid with letters,so thatno two
“across”or “down” readingshave exactly the sameword. Also É is the total numberof ways,
oncethegrid hasbeensofilled, of choosingthe m wordsin sucha way thatthey includethe ¿bn
wordsrequiredfor thegrid to containonly correctwords(plus m ¯A¿,n additionalwordschosen
arbitrarily).

Now, É is easyto compute:¿,n of thewordsarealreadyspecified,andwe only get to choose
theremainingm ¯A¿,n words,from the u Æ ¯À¿,n wordsnot yet taken,in any way thatwe want.
Thus, Éád#Ý u Æ ¯À¿,nm ¯]¿,n ß

As for È : The total numberof waysof filling the grid with letters,without regardto whether
thesameword is chosentwice, is of courseuºÆ Ë . It follows that È mustbelessthan u?Æ Ë . But for
eachway of filling thegrid, thereare Ð w ÆwVÒ differentpairsof wordsthatwe want to be different,

andeachonewill in fact be identicala fraction uÕÔ�Æ of the time. Thus,the total fractionof grid
fillings thatwill haveat leastonepair identicalis lessthanÝ ¿,n¿ ß u Ô�Æ
sothatthevalueof È is at least u Æ Ë	â _�¯¬Ý ¿,n¿ ß u Ô�ÆÌã L

Thiscompletestheproof.
Remark. Thistheoremprovidesboundsonthe“sluggingpercentage”or “expectedvalue”, Ç , asa
functionof n , u , and m . Theboundsarenot 100%sharpbecauseof theuncertaintyin therange
of È . However they getmoreandmoresharp,on a relative scale,aseitherthegrid size n or the
alphabetsize u increases.Evenfor moderatevaluesof n and u they providefairly usefulbounds.
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Consideranumericalexample.If thegrid sizeis nädX� , andthealphabetsizeis uÅdå¿,æ , andif
thenumberof wordsis m dç_�ª`ª (to give,asshown previously, approximatelyaprobabilityof Q^L.è
of having at leastonesolution),thenthis Theoremsaysthattheexpectednumberof solutions,Ç ,
satisfies_,Léª�ê,ê`ê�_ëRÅÇ¸RÄ_`Léª8ê,¨`ì8êCL

Wethusseethatthetheoremgivesvery tight boundson Ç . Furthermoretheresultingvaluesare
reasonable;they indicatewhenthereis a probabilityof about0.5 of having at leastonesolution,
theaveragenumberof multiplesolutionsis about� .
4.3.2. Extensionsof Sub-solutions

Theprimaryquestionweareinterestedin answeringis, supposewefix u and m , andlet
 ® n

be two positive integers.Then,of all possiblesolutionsof OpenCPCon the n o]n grid, what
expectedfractionof themareextensionsof solutionson the

 o  grid formedby considering
just theupper-left-handcornerof the nso�n grid?(Thepoint is that,to beextensionsof

 o 
solutions,they musthave their upper-left ¿  wordsbedistinctsomewherein thefirst


letters.)

Wehave thefollowing result.
Theorem 2. Of all solutionsof the níoîn OpenCPCproblem,theexpectedfractionwhich are
extensionsof solutionsof the

 o  upper-left-hand-cornerproblemis at least_]¯ Ý ¿  ¿ ß u Ô ± ¯ â Ý ¿,n¿ ß ¯¬Ý ¿  ¿ ß ã u Ô�Æ L
(This bounddoesnot dependon the valueof m , thoughof coursewe need m Ãí¿bn for the
statementto makesense).
Proof. Call this expectedfraction ï . Thenwecanwriteïðd ñ�ÊÌòÁL
Here ò is the total numberof waysof filling the nàoîn grid suchthateachof the ¿,n different
“down” and“across”wordsin thefull nóo�n grid is distinct.Also ñ is thetotal numberof ways
of filling the n oln grid suchthat eachof the ¿bn different“down” and“across”wordsin the
full nÂotn grid is distinct,andalsoeachof thefirst ¿  upper-left “down” and“across”wordsis
distinctsomewherein thefirst


letters.

Now, from theproof of Theorem1, weseethatu Æ3Ë Ý^_ô¯õÝ ¿,n¿ ß u Ô�Æ ß RpòöRUu ÆÌË L
Usingsimilar reasoning,weconcludethat¤3÷:øúù8¦�ûîù §Kü §hý ¤úþ`ÿ]û��Nù §��§ ý ûîù §�ü §hý�� ¤úþ,÷ ý��	��


(Indeed,of the Ð w Æw Ò pairsof length-n wordswhichmustbedistinct, Ð w ± w Ò of thepairsarerequired

to be distinct in oneof the first


letters,which happensa fraction u Ô ± of the time; the otherÐ w Æw Ò ¯UÐ w ± w Ò pairscanbedistinctin any of thefull n letters,whichhappensa fraction uÕÔ�Æ of the
time.)
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Puttingthesetwo boundstogether, weconcludethat

ñ¡Ê�òöÃ _�¯¬Ý ¿  ¿ ß u Ô ± ¯ â Ý ¿,n¿�ß ¯õÝ ¿  ¿ ß ã u Ô�Æ J
whichcompletestheproof.

For example,if thereare uçd _�¨ lettersin thealphabet,and nódçª is thesizeof thegrid, and d¬� is thesizeof thesub-grid,thenthe fractiondescribedin Theorem2 is at least0.997304.
Evenif uÑdç¨ (keepingn dÑª and

 dç� ), thefractionis at least0.967529.On theotherhand,
if uõd¬ª thentheboundof Theorem2 is only 0.714844,andfor uõdõ� is it just 0.283951.(By
comparison,if nðdÜ¨ and

 dXê with uÜdÅ� , thenthefractionis 0.95397.)
Clearly, aseither u� � with n�J  fixed, or as nxJ  � � with u fixed, the fraction of

Theorem2 convergesto 1. Figure2.B shows experimentalresultsconfirming the relative small
lossin correctnesswhenusing �Á ,¢ . Thedataarebasedon anopen ª�o�ª grid, 12 letteralphabet
puzzleswhendecompositionis to its upperleft-hand ¿xol¿ corner. In the figure, the � symbols
denotethepercentageof solvableinstances,computedby SATO, for eachword setsizebetween
100and220 (asshown previously in Figure2.A), while thex symbolsrepresentthe percentage
of solvableinstancesover thesamepuzzles,computedby ND, by first solvingtheupperleft-hand¿ o	¿ subproblems.As canbeseenfrom thefigure,for eachword setsize,theratioof thex value
to the � valueadheresclosely to the value that is boundedby Theorem2 which, for the given
parameters,is at least0.9573.

4.4. PerformanceImpr ovement

Experimentswereconductedto comparethesolvingtimesonavarietyof puzzlesizesusingSATO
andND. Recallfirst thatwhenND is applied,a valuefor thecontrolvariable[ mustbespecified.
This valueindicatesthenumberof subsolutionsof thedecomposedproblemto beinsertedsimul-
taneouslyinto theoverall problem.Differentchoicesin thevalueof thecontrolvariableresultin
differentsolvingtime.Wediscussexperimentswith theopenª¡oxª grid, 12 letteralphabetpuzzle,
shown previously in Figure2.A. Resultsof otherexperimentswill besummarized.

For the ªho�ª grid, 12 letteralphabetpuzzle,we choseto decomposeeachprobleminstanceto
theupperleft-hand ¿�o]¿ grid aswell asto theupperleft-hand �eo � grid. FromFigure2.B, we
know thatsatisfiabilityis preservedto a largeextentevenin thecaseof the ¿So ¿ decomposition,
andthelessthan5 percentlossin accuracy is easilyjustifiedby thespeedupsthatwereportin this
section.

To determinethevaluefor thecontrolvariableof ND, a smallsampleof valueswasattempted
for a numberof selectedword setsizesusingthe �%o	� decomposition.Specifically, thefollowing
tableshows thebestcontrolvariablevaluefor eachof thecorrespondingword setsize
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wordsetsize controlvariablevalue
140 .068
145 .052
150 .048
155 .042
160 .034
165 .03
170 .026
175 .024
180 .024

Fitting thedatato thefunction � ��� �fd��� > �� w > �
wasfirst attempted,yielding the valuesof � d#¿,ê�L.Q`è,¨8ê and � d ¯�Q^LH_��^_�è,æbª . A secondattempt
with thefunction � ��� �fd �� > � � > �
generateda betterfit with the values � dÂ_�Q`æ^Léì`� , � döQ^L.Q,Q`�^_�ê`¿�ª , and ��dÞ¯ _`LH_�ª6_�æ`� . Thusthe
following equationwasusedfor computingthevalueof thecontrolvariable[ . ���_�Q`Q�� _�Q`æ^Léì`�m > Q^L.Q,Q`�^_�ê`¿�ª���m ¯U_`LH_�ª6_�æ`�8� (1)

Thus,for instance,given100wordsin m , thevaluefor [ is setto _�Q`Q�� k � ��� � ¾k �*� > Q^L.Q,Q`�^_�ê`¿�ª��`_�Q`Qº¯_,LM_�ª^_�æ`�8� , or approximately¿bª . This indicatesthatin eachiterationof Step3 of ND, 24percentof
thesolutionsfor thedecompositionwill beinsertedsimultaneously, alongwith theconstraintthat
they aremutuallyexclusive,into theoriginal problemfor pruningthesearchof SATO. Hence,the
loop of ND will berepeatedat most5 times.In constrast,if m contains160words, [�då�^L.¨bª and
theloopwill berepeatedatmost26 times.

Basedon Equation1 for thecontrolvariable,ND wasappliedto theopen ªeo�ª grid, 12 letter
alphabetpuzzles,for wordsizesrangingfrom 100to 220.Figure3.A comparesthesolvingtimere-
quiredby ND to thesolvingtimeusedby SATO (whichis thesameaswhat’sshown in Figure2.A)
whendecompositionis to theupperleft-hand¿ÕoÎ¿ grid.

��
Figure3.B ontheotherhand,compares

thesolvingtime for thetwo searchtechniqueswhendecompositionis to theupperleft-hand��o��
grid.�
��·�

Curve fitting asa way to determinethe optimal valuefor the control variablewasdoneonly on £º�Á£ puzzles.
For otherpuzzles,we fixedthevalueof thecontrolvariableto aconstantandstill obtainedgoodspeedups,aswill be
discussedlater.���

Notwithstandingthe good result displayedin Figure 3.A, the time improvementachieved by ND for the §ë�§ decompositionis not necessarilyoptimal sinceEquation1 was developedbasedon datagatheredfor the � �S�
decomposition.We will revisit thispoint later.&�&

NotethetotalsolvingtimeusingSATO in Figure3.B is slightly differentfrom thoseshown in Figures2.A and3.A
becausetheexperimentswereconductedon adifferentmachine.
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Figure3: ND vs.SATO
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Figure4: Solvingtime breakdown for SATO

SomeobservationsaboutFigure3.B.Whenprobleminstancesareeasilydeterminedto beunsat-
isfiable,ND achievesaspeedupof 80percentof thetimerequiredby SATO. For thecomputation-
ally mostdifficult instances(wordsetsizesbetween150and180),thespeeduprangesbetween50
to 78 percentof the time requiredby SATO. Noteworthy alsois that the increasein solving time
by ND is relatively stablein theword setsizeof theproblem.While a directapplicationof SATO
showsa dramaticincreaseandvariability in time requirementsduringthephasetransition,thein-
creaseratein ND almostappearsto beunaffectedby thesamethresholdphenomenonthataffects
SATO.Theunpredicatabilityof completesearchprocedureshasbeenrecognizedasaconsequence
of the “heavy-tailed costdistributions” (Gomeset. al, 2000).In this respect,thebehavior of ND
resemblesthebehaviorsof randomizedcompletealgorithms(Gomes,Selman,andKautz,1998).

A moredetailedlook at the improvement(for Figure3) is to examinethe speedup with re-
spectto boththesatisfiableandunsatisfiableprobleminstances.Figure4 showsthebreakdown in
solvingtime usingSATO for thesatisfiableandunsatisfiableinstances.Not surprisingly, thetime
requirementsfor theunsatisfiableinstancesover thesameproblemspaceareconsiderablylarger
than for the satisfiableinstances.Using ND, solving timesfor both satisfiableandunsatisfiable
instancesaredecreased.Figure5 shows that the speedupsobtainedfor the satisfiableinstances
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Figure6: Solvingtime for unsatisfiableinstances

arelessnoticeableandthey occuronly duringthephasetransition.Evenso,thedatais revealing
asit showsthattheincreasein runtimefor ND is quitestable,comparedto theruntimefor SATO.
On theotherhand,Figure6 shows that for theunsatisfiableinstances,thespeedupsobtainedare
substantialandthey occuracrossa wide rangeof word sets.Indeed,theability to fail quickly on
unsatisfiableinstancesappearsto beamajorstrengthof ND.

Comparingthesolvingtime improvementsusingthe2x2decompositionandthe3x3 decompo-
sition, theaveragespeedup over thecomputationallymostdifficult probleminstancesis slightly
greaterfor the former. This comesat the expenseof a small loss in correctnesssinceTheorem
2 providesa guaranteeof 95.73percentaccuracy for the 2x2 decompositionwhile for the 3x3
decomposition,correctnessis guaranteedfor at least99.07percentof theprobleminstances.The
speedup using the 3x3 decompositionfor the easily unsatisfiableinstancesis impressive. The
speedup usingthe2x2decomposition,on theotherhand,occursmoreuniformly acrosstheprob-
lem instances.Figure7 comparesthespeedupsfor the3x3andthe2x2decomposition.

4.5. Other OCPC Experiments

Highlightsof otherexperimentswith OCPCsaresummarizedhere.
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Figure8: OtherExperiments

PuzzleIndependence.Experimentswereconductedfor OCPCsof varying sizesandspeedups
similar to theonesfor open ªÎo ª , 12 letteralphabetwereobtained.Figure8.A illustratesspeed
upsbetween40 to 80 percentwhenND is appliedto open è�o«è , 6 letter alphabetpuzzlesby
decomposingto the �Áox� upperleft-handcornersandusingavalueof 1.5for thecontrolvariable.
For theseparameters,Theorem2 tellsusthatat least92.67percentof all solutionsto the èôoSè grid
areextensionsof solutionsof the �So	� upper-left-handgrid.
Control Variable Variance. As mentioned,varying the valueof the control variablecanaffect
theamountof speedup. In fact,Equation1 is tailoredspecificallyto the �%o�� decompositionfor
theopen ªeoqª grid. Therefore,thespeedup obtainedvia ND on the ¿�oî¿ decompositionis not
necessarilyoptimal.Figure8.B demonstratesthatfixing thecontrolvalueto a constant1.5 for the¿�o�¿ decompositiongivesslightly differentperformancefor ND. Clearly, thedeterminationof an
optimalcontrolvalueis an importantresearchtopic for gainingfurther insightsinto thebehavior
of ND.
BaseProcedure Independence.SATO hasseveral differentsearchstrategiesbuilt in, including
a form of intelligentbackjumping(IB). A numberof experimentswereconductedusingboth the
default searchstrategy of SATO aswell asIB, andin eachcase,solvingtime wasimproved.This
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providesevidencethat theeffectivenessof ND is independentof the techniquesemployed in the
basesearchprocedure.

5. Beyond Crosswords
While thedatafor CPCprovidesevidencefor ND asapromisingtechniquefor controllingproposi-
tional reasoningsystems,experimentationwith otherproblemdomainswill certainlybenecessary
for validation.Currentlywe areinvestigatingtheapplicationof ND to graphcoloringandrandom
3SAT. For graphcoloring,thekey issueappearsto befinding theright decomposition.Randomly
removing nodesdoesnotgivegoodperformancesincethedecomposedgraphis likely to havedis-
joint components,andattemptsto matchthesolutionsto thesecomponentsconsumeany savings
thatmight have resultedfrom computingsolutionsto thedecomposedgraphin thefirst place.For
random3SAT, amorebasicissueexists.

Instancesof OCPCsand the graphcoloring problempossessstructuresthat make it easyto
construct,givensolutions����J�LHLMLHJN��O to asubproblem,clauseswhichcorrespondto mutex( ���YJ�LHLMLHJN��O ).
Suchis not the casefor randomlygenerated3SAT, however. The generalproblemof generating
a set of clausesthat correspondto mutex( ���YJ�LHLHLMJN��O ) from ����J�LHLHLMJN��O is similar to transforminga
formula in DNF to anequivalentCNF, with someadditionalconstraints.This is a key issuethat
will beexplored.On theotherhand,below we discusssomepromisingpreliminaryexperimental
resultsbasedon SD.

Thefirst decisionthatneedsto bemadeis how aninstanceof 3SAT canbedecomposed.Since
the complexity of 3SAT is a function of the numberof variablesin the input problem,a natural
choicefor decompositionis to reducethenumberof variables.In theexperiments,30 percentage
of the variablesarerandomlyselectedfrom the given problem � . Then, �	�
��� is definedto be
thoseclausesin � thatcontainonly thosevariablesin theselectedvariables.

Experimentswith clausesetsdefinedover 200variablesareattemptedwith clausesizesin the
critically constrainedregion — between840 and870. As explainedin Section3, however, the
directapplicationof SD is prohibitively expensiveon reasonablesizedproblemsdueto thesizeof���������
����� . In orderto keepthenumberof subsolutionsto arelativelysmallnumber, only10clauses
arechosenfrom �	���� . Experimentallythis generatescloseto 400 solutionson average.On the
otherhand,it is importantto notethat it is not thecasethat thesmallerthesolutionsetof �	�
��� ,
the better. It is a delicatebalancebetweenhaving not too many solutions,andhaving solutions
thatwill direct thesearchfor a solutionof � in a purposefulway. Whenthesolutionsetof �	�
���
becomestoo small,usuallyeachsolutionassignsa valueonly to a few variableswhich doesnot
helpmuchto guidethesearchfor a solutionof � . Thedatain thenext tableshows encouraging
resultsfor someof thecomputationallymostdifficult instances.NotethatunliketheCPCproblem,
completenessis not an issuehere.Any solutionto the original problemmustbe an extensionof
somesolutionof ������ .
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clausesetsize satisfiable SATO SD
840 yes 214.12 1.32
845 yes 1548.07 487.56
845 yes 728.96 10.44
850 yes 360.69 92.4
855 yes 591.88 72.7
855 no 293.54 149.73
860 yes 151.9 13.39
870 yes 768.72 125.77

Perhapsnot sosurprisinglyis thatseldomdoesSD outperformSATO on unsatisfiableinstances.
As previously mentioned,the strengthof ND comesin large part from its ability to fail quickly
(seefor exampleFigure6). Thenext tableshowssomeof themoredramaticfailuresof SD.

clausesetsize satisfiable SATO SD
845 no 422.86 1203.36
850 yes 0.25 117.46
855 no 781.18 1157.64
860 yes 66.41 380.88
865 yes 190.64 529.56
870 no 471.97 1179.67

Thenext tableshowstheaveragecomputingtimeover10 trials for eachclausesetsize.

clausesetsize SATO SD
840 275.602 179.866
845 352.384 215.006
850 351.46 347.021
855 480.95 424.86
860 352.54 289.59
865 173.04 256.52
870 441.469 405.753

A comparisonof the sameexperimentsbut only on the satisfiableinstancesareshown next. As
canbeseen,therelative speedupsof SD is considerablybetterfor theseinstances.This provides
furtherevidencethatthekey to improving theperformanceof propositionalsearchproceduressuch
asSD is to reducethefailuretime for theunsatisfiableinstances.

clausesetsize SATO SD
840 275.602 179.866
845 344.55 105.18
850 112.36 90.61
855 325.26 164.94
860 221.113 132.703
865 163.24 217.22
870 390.23 189.62
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APPENDIX A.

Thecorrectnessof theencodingis provedin thenext theorem.The formal statementof theCPC
problemis adaptedfrom (Papadimitriou,1994).
Definition. A CPCis atriple � @ JNmqJ�uº� wherem � @ � and u an [ x [ matrixof 1’sand0’s.Let Ç
denotethesetof pairs �
T�J·¶�� suchthat u�P���dÄ_ . A sequence� of pairsfrom Ç is asubword slot if�ºd����
T�JZW6�KJ���T�JNW > _��KJYLMLHLMJ��
T�JZW > cx�! 
where _ÕRÅT�JNWhRU[ÌJZQSRUc	JNW > cäRU[ and uôP���dÑ_ for WeRl¶%RXW > c , or�ºd"���FW J*¶��NJ��FW > _,J*¶��KJ�LHLMLHJ��W > c	J*¶��! 
where _ÕRl¶`JNWeRá[ÌJZQ RUc	JNW > cÞRU[ and uôP���dÑ_ for WhRáTúRÅW > c . A subwordslot � is called
word slot if oneof thefollowing holds.

1. If � is a subwordslot ����T�JNW6�NJ��
T�JNW > _��NJ�LMLHLHJ��
T�JNW > cx�! , theneither W�d _ or u P +.O Ô k / dåQ , and
either W > c$dX[ or u�P +.O  i  k /GdXQ .

2. If � is asubwordslot ���W J*¶��KJ��FW > _`J*¶��NJ�LMLHLHJ��FW > c	J*¶��# , theneither W dÑ_ or u +.O Ô k /$� dÜQ , and
either W > c$dX[ or u +.O  i  k /%� dÜQ .

A function

�'& Ç(� @
is asolutionof theCPCif bothof thefollowing conditionshold.

1. For eachword slot �ºd)�·� k J�LHLMLHJN�+*, , thestring� �F� k � � �F� w �KLHLHL � ��+*��
is amemberof m .

2. If ��d��·� k J�LHLMLHJN�+*- and (fd���( k J�LHLMLHJ�(.*, aretwo wordslotssuchthat� �� k � � �� w �KLHLML � ��/*��fd � ��( k � � ��( w �KLHLML � ��(.*��NJ
then ��dÅ( .

Theorem.GivenaCPCinstance� , let ��[<�,����� denotethesetof clausesobtainedasdescribed,then� hasasolutionif f ��[<�,����� hasa model.
Proof. Suppose

�
is asolutionof � . It sufficesto show thatthereis amodel


for eachof thefour

typesof constraintsproducedunder ��[:�b�
��� .
Construct


asfollows,if

� ��T�J*¶��fdÜï , thenput �b�
T�J*¶`JZï � in


. Recallthat �,��T�J*¶`JZïÌ� representsthe
propositionalvariableassociatedwith row T , column¶ , andletter ï in theencoding.
unique letter constraint: Since

�
associatesat mostoneelementof

@
with each �
T�J*¶�� ,  cannot

containtwo propositions,say �b�
T�J·¶`JZï � and �,��T�J*¶`J�ñÌ� , where ï10dÂñ . It follows that eachclause
belongingto theuniqueletterconstraintis satisfiedby


.

shadedsquare constraint: As

�
is definedonly for thosepairs ��T�J*¶�� where uôP���d _ ,  doesnot

containany propositionrelatedto shadedsquares.Thus,eachof thenegativeunit belongingto the
shadedsquareconstraintis satisfiedby


.

acceptableword constraint: Weintroducea few simplifying notations.Given _ RáT ,
len�Fm\J�T*�údÄ»-2¼�	m$��� 2 ��dXT�½�L
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Givenastring 2 ,
suf�Fm\J+2ë�fdÑ»-3f� 2¡J+3Î� @ � J+243��	m¸½�L

Finally,
pre�mÑ�fdÄ» � � � � @ J � 2¼��m for some2¼� @ � ½�L

Now consideraparticularwordslot �ºd �� k JYLMLHLMJZ� i � . Suppose

pre� len�Fm\J�cx���údÄ»�ï k J�LHLHLMJZï�5�½�J
thenaccordingto theencoding,thereis aclauseassociatedwith � of theform�,�� k J�ï k ���\LMLHL����b�F� k JZï�5Z�
Since

� �� k � � �� w �KLHLML � �F� i � , by definition, is an elementof m , it must be the casethat for some_ÕRUTúR76 , � �F� k �údXï�P . It follows that


contains�,�� k JZïGP�� andtheaboveclauseis satisfied.
Thereis alsoasetof conditionalclausesof theformsy �,�� k JZï k ���qLMLHLLHLMLy �,�� k JZïGP������b�F� w J�ñ k ����LMLHL����b�F� w J�ñ98��LHLMLy �,�� k JZï:5����\LHLML
wherethe set »�ñ k J�LMLHLHJ�ñ98Y½ is pre� suf� len�FmqJ�cx�KJ � �� k ����� . Eachliteral y �,���ObJZïGO��NJNWÜ�õ»�_,J�LMLHLHJ�TÓ¯_,J�T > _`J�LHLMLHJ+6�½ is satisfiedandthereforethecorrespondingclausefrom aboveis alsosatisfiedunder

. For T , � �� k � � �� w �KLHLML � �F� i � is anelementof m asbefore,and

� �F� k ��dçï�P from theassumption
above. It follows that

� �� w � mustbelongto an elementof pre� suf� len�Fm\J�cx�KJ � �F� k ����� . Thus,the
clausebeginningwith y �,�² k JZï�P�� is satisfiedin


.

Next, for prefixesof length2 in the setlen�FmqJ�cx� , therewill be clausesconstrainingthe pos-
siblecharactersfor position ��¾ basedon pre� suf� len�mqJ�cx�NJ � �F� k � � �F� w ����� . Theargumentfor their
satisfiabilityfollowssimilarly.
unique word constraint: The satisfiabilityof the clausesunderuniqueword constraintfollows
immediatelyfrom theexistenceof

�
, since

�
is a function.

Conversely, suppose


is a modelof ��[<�,����� . We constructa solutionof � asfollows.Define

�
to bethefunction

� ��T�J*¶�� dÜï if �b�
T�J*¶`JZï �{� d�; otherwise
Thefact that

�
is a function is guaranteedby theuniqueletterconstraints.Theconstructionin

the acceptableword constraintsensuresthat

�
satisfiesthe first conditionrequiredfor

�
to be a

solutionof � :
Considera word slot �Õd<�·� k J�LHLMLHJN�+*- , andsupposeeach� i JY_�RÜcsRA¢ is of theform ��T i J*¶ i � .

By theconstructionof acceptableword constraints,thereis aclause�b�
T k J*¶ k JZï kk �����b�
T k J*¶ k JZï kw ���\LHLML��x�,��T k J*¶ k J�ï kj,= �
where ï k J�LHLMLHJZï j correspondto thefirst lettersof all the ¢ -letterwordsin m . Suppose


assigns

trueto �b�
T k J·¶ k JZï k � . Thenfor eachconstraintof theform:y �b�
T k J*¶ k JZï kk �����b�
T w J*¶ w JZï w k ���qLHLML����,��T w J*¶ w J�ï wj Ë �KJ
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must assigntrue to one of the positive literals as it is a model of ��[:�b�
��� . Without loss of

generality, assumeit is �b�
T w J*¶ w JZï w k � . By similar argument,thereis a constraintof theformy �b�
T k J*¶ k JZï kk ��� y �b�
T w J*¶ w JZï w k ���x�,��TF¾�J*¶�¾�J�ï ¾ k �G��LMLHL����b�
T w J*¶ w JZï ¾j?> �
for which


satisfiesoneof thepositiveliterals.Continuingtheargumentto ¢ , thereis aconstraint

of theformy �,��T k J*¶ k J�ï kk ��� y �b�
T w J*¶ w JZï w k ��� y �,��TF¾�J*¶�¾YJZï ¾ k ���\LMLHL�� y �b�
T@* Ô k J·¶+* Ô k JZï * Ô kk �����,��T@*8J*¶+*`J�ï * k �
where


assignseachof the atomsin the constrainttrue. In otherwords,

� �
T i J·¶ i �Sdðï i k , for_ RUcÞRî¢ . As ï kk ï w k LHLHL.ï * k is aword in thegivenword set,thefirst conditionrequiredfor

�
to bea

solutionof � is holds.
The secondconditionrequiredfor

�
to be a solution � is guaranteedby theuniqueword con-

straints:
Suppose��d��·� k J�LHLHLMJN�+*- and (úd)�
( k J�LHLMLHJ�(.*- aretwo wordslotssuchthat� �� k � � �F� w �KLHLML � �F�+*��úd � ��( k � � ��( w �NLMLHL � ��(.*��

and �A0dö( . We denoteeach � i �
T Bi J·¶ Bi � andeach ( i �
TCB i J*¶DBi � . By similar argumentsasthe first
condition,thereareconstraintsof theform:y �,��T B k J*¶ Bk JZï k ��� y �,��T Bw J*¶ Bw JZï w ���qLHLML�� y �b�
T B* Ô k J*¶ B* Ô k JZï�* Ô k �����b�
T B* J*¶ B* JZï�*��
and y �,��T B k J*¶ Bk J�ï k ��� y �b�
T B w J*¶ Bw JZï w �G�\LHLHL�� y �,��T B* Ô k J*¶ B* Ô k J�ïE* Ô k �����b�
T B* J*¶ B* JZï�*��
where


satisfieseachof the atomsin both constraints.As we assume�F0d°( , thereis a unique

wordconstrainty �,��T B k J*¶ Bk JZï k ��� y �b�
T Bw J·¶ Bw JZï w ���\LHLHL�� y �,��T B* Ô k J*¶ B* Ô k JZï�* Ô k ��� y �b�
T B* J*¶ B* J�ïE*����y �b�
T B k J*¶ Bk JZï k ��� y �b�
T B w J·¶ Bw JZï w ���qLHLML�� y �b�
T B* Ô k J*¶ B* Ô k JZï�* Ô k ��� y �b�
T B* J*¶ B* JZïE*��
which is falsified,contradictingthefactthat


is amodelof ��[<�,���^� . �
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APPENDIX B.

GSAT implementsastochasticalgorithmfor propositionalmodelfinding(Levesque,Mitchell, and
Selman,1992b).It hasbeenappliedsuccessfullyto solve large scalesearchproblems.Here,we
give a few illustrationsof thedifficultiesGSAT hasin computingOCPC.For theopen4x4 grid,
12-letterpuzzles,Figures3.A andB show that in the worst case(between160 and165 words),
the averageruntime of SATO is between70 to 80 CPU seconds.On the samemachine(SUN
Ultra 10) astheoneusedfor thedatagatheredfor Figure3.B, thetablebelow shows theaverage
GSAT runtimeoutof 10 trials for variouswordsetsizes.Also shown arethenumberof satisfiable
instancesfor eachword set size,and the numberof satisfiableinstancessolved by GSAT. The
parametersfor GSAT weresetat thesuggestedvalues.

word setsize averageCPUseconds # trials # satisfiable # solved
150 138.74 10 4 0
160 150.12 10 6 0
170 169.14 10 6 0
180 191.07 10 8 0
190 214.00 10 10 0
200 235.48 10 10 0
210 261.58 10 10 0
220 262.49 10 10 1

Not only aretheaverageGSAT runtimeshigherthanSATO, but alsothat thenumberof times
that GSAT correctlysolvesa problem(1 out of 64) is unacceptablylow. Much moreextensive
analysisof GSAT hasbeencarriedout by otherauthors.Seefor example(GentandWalsh,1993)
and(EastandTruszczynski,1999).
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APPENDIX C.

Choosinganappropriateknowledgerepresentationis thekey to successin many searchproblems.
While thepurposeof our researchin this article is not in trying to find theoptimalpropositional
encodingof crosswordpuzzlesfor SATO,acomparison— evenif limited — to asecondencoding
choicewouldbeusefulin settingtheresultsin abroadercontext.

For OpenCPCproblems,the letter-basedencoding,aspresentedin Section4, appearsto yield
a slightly betterperformanceusingSATO thana word-basedencoding.Thenext graphillustrates
this point for theopen4x4,12-letteralphabetpuzzles.
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In theword-basedencoding,eachpropositionalvariablerepresentsa pair(ws,w) wherews is a
word slot in thegrid (i.e.,a maximalcontiguoussequenceof opensquares),andw is a word from
theword set.


