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Abstract
A new techniquefor improving the efficiengy of propositionalreasoningoroceduress pre-
sentedThe meta-searciprocedureND, is parameterizethy a searchprocedureP andareal
numberfor controllingthewayin which P is appliedto thegivenproblem.Experimentsising
SATO onthedomainof Crossveord PuzzleConstructionCPC)illustratethe potentialfor ND.
Experimentswith graphcoloringandrandom3SAT arediscussed.

1. Intr oduction

Finding effective strategjiesfor controlling propositionainferencesystemsontinuego beachal-
lenging researchissue.Control stratgjies such as set-of-suppor{Wos, Robinson,and Carson,
1965)andlinear (Loveland,1970)restrictionsrepresent limited form of informedsearch (Rus-
sellandNorvig, 1995),wherebyrestrictionandguidanceof searchs basedon knowledgeof the
underlyingproblemdomain.For the mostpart, currentresearctdirectionsin the field have con-
tinuedto rely on knowledge-intensie techniquedor restrictingaswell asfor directingreasoning
programgMcCuneandWos,1992;Bundyet.al., 1993;WosandPieper,1999).

Ontheotherhand promisingcompute-intensie searchitechnique$ave recentlybeenappliedto
successfullysolve mary problemsthatarebeyondthe currentcapabilitiesof knowledge-intensie
reasoningprocedureglLevesqueMitchell, andSelman,1992b;Gomes SelmanandKautz,1998).
Thesecompute-intensietechniquesasdescribedy Selmanattacktheinherentcombinatoricof
problemsfrom first principles,with little or no domain-specifiknowledge.
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In this paper we describea compute-intensie meta-reasonintechniquefor improving the ef-
ficiengy of propositionalreasoningoroceduresinformally, the new technique ND, assumeshe
existenceof a baseprocedureP anda methodD for reducinga probleminstances to arelated
subproblemND first findsthesolutionsof thesubproblemD(€2) usingP. It thendirectsthesearch
for a solutionof €2 by, using P repeatedlyattemptingto extendthe solutionsof D(f2). Theinter-
estingideahereis, ND doesnot containary knowledgeof the problemdomain.lts only ability to
affectthe performancef P is basednarealnumberwhichindicateshe percentagef solutions
of D(2) to considelin eachrepetition.

As preliminary experimentswe explore the effectivenesf ND on randomlygenerategbrob-
leminstance®f Crossvord PuzzleConstructionCPC).In spiteof its long history (datingbackto
before1976(Mazlack,1976))asatestbedfor automateadeasoningechniquesCPCstill presents
considerablehallengeso both completeandstochasticsearchproceduregKonolige,1994).We
demonstratefor two completesearchstratgiesimplementedn SATO (Zhang,1997;Zhangand
Sickel, 2000), substantiaperformanceamprovementfor the computationallymostdifficult prob-
lem instancef CPC.We provide mathematicalnalysiswhich shows thatthe gainin efficiency
occurswith minimal lossin completeness.

Section2 providessomebackgroundo the researchin Section3, the meta-searclprocedure
ND is formalized.We thendiscusgheresultof applyingND to the problemof Crossvord Puzzle
Constructionn Section4. In Section5, preliminaryexperimentswith graphcoloringandrandom
3SAT arepresented.

2. Background

Though useful, compleity theory provides a very rough grain understandingf the nature of
computationaproblemssinceit addressesnly the worst-casecompleity of problems;it offers
no insightson thetypicalinstanceRodne Brook, MIT professoiof computersciencepointsout,

Minsky wasfoundationain establishinghetheoryof computationput afterHartmanis
therehasbeenafixationwith asymptoticcompleity. In reality lots of problemswe face
in building real Al systemsdonotgetoutof handin termsof thesizeof problemdor in-
dividualmodules— in particularwith behaior-basedsystemsnostof the submodules
needonly dealwith boundedsizeproblemg(Selmaret. al., 1996).

Brook is not simply speakingn the abstractOne of the more striking discoveriesin computing
in recentyearsis thatmostinstanceof anapparentlyintractableproblemcanactually be solved
fairly quickly. With suchproblems,only thoseinstanceswvhich lie in a critically constrainede-
gion aredifficult to solve. Thesearethe worstcasescenerioandarethereforethe onesthattime
complities actuallyaddresgCheesemarKanefsky, and Taylor, 1991).

Take for instancethe well-studiedintractableproblem3SAT (Cook,1971).1t hasbeenrealized
that typically, if aninstanceof 3SAT is underconstained— that thereare mary atomsanda
few clausedo constrainthe assignmentsf truth valuesto the atoms,thenmary satisfyingTVAs
exist, andthatmary algorithmsfor determining3SAT run to successfutompletionvery quickly
(LevesqueMitchell, andSelman,1992b).On the otherhand,aninstancethatis over constained
is likely to be unsatisfiablej.e., that thereexist no satisfying TVA, and existing algorithmsfor
determiningunsatisfiabilityalso succeedjuite rapidly. Suddenlyfor theseinstances3SAT seem
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not sodifficult. The generaintractability of 3SAT beardittle relevanceIndeed,t hasbeendeter
minedthatthereis acritically constrainedegion atwhichinstance®f 3SAT becomevery difficult
to solve (for satisfiabilityor unsatsifiability),andthatthis region occurswhenthe clauseto atom
ratio is about4.3 (LevesqueMitchell, and Selman,1992a).Clausesarealmostalwayssatisfiable
whenthe clauseto atomratio is sufficiently smallerthan4.3 — the underconstrainednstances
— andunsatisfiablevhenit is sufficiently largerthan4.3 — the overconstrainedghstancesMore
interestinglythetransitionfrom satisfiabilityto unsatisfiabilityoccursabruptly. This phasetransi-
tion phenomenohasbeenobsenedfor a numberof intractableproblems(Cheesemalanefsky,
andTaylor, 1991).Gainingfurtherinsightsinto the phasdransitionphenomenomndintroducing
a new techniquefor attackingthe computationallymostdifficult probleminstancesarethe focus
of theresearchieportedhere.

3. The Meta-Procedure ND

Given a probleminstancef) (representeds a setof propositionalclauses)and a propositional
reasoningorocedureP for determiningthe modelsof (2, considera decompositiorof €2 into a
smallerbut relatedsubproblenD ().} Supposess(D(12)) is the setof all modelsof D(Q2). Then,
for eachs, € ss(D(2)), so canbeusedasadditionalconstraintdo prunethe searchor a solution
to Q2 by theprocedureP. Now in generaljf Q is acritically constrainednstanceD(2) will bean
instanceof a differentproblemdistribution thatis not critically constrainedThereforethetime it

takesto discoverthemodelsof D(£2) using P is considerablyessthanthetime it takesto discover
a model of €2. Hence,the overall time for solving 2 may potentially be improved. The ideais

describednoreformally below in the procedureSD.

Input: aprobleminstance, a propositionakeasoningorocedure
P, anda decompositioomethodD
Output: amodelof 2 or theanswerno’

1. ComputeD(£2).
2. Generatess(D(2)) usingP.
3. while ss(D(2)) is non-empty
(a) Remore amodels, from ss(D()).
(b) LetQT =Q U s,.
(c) If P(Q1) is solvable,stopandreturnthesolution.
4. Stopandreturn’no’.

Procedure SD(2,P,D)

IThe exactnatureof the decompositioris problemdependent.
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If the time it takesto solve a probleminstanceS2 usinga procedurel is representedby the
functiontr(q), thenour hopefrom SD is that, for a sufficiently large numberof instances? over
the problemdomain,tspq,pp) Will besmallerthantpq.

In theworst-casetherunningtime for SDis

d+ 155 + Xspess(p@) (tP(Quso))s

whered andtss arethetimesrequiredto decomposé) andgeneratess(D(12)), respectiely.

Unfortunately experimentssuggesthat, on average the time requiredby SD is in factlarger
thanthetime neededo simplyrun P ontheoriginal probleminstancesThequalitatve explanation
is thatthe numberof timesStep3 is repeateds in generalarge (dueto the sizeof ss(D(2))).

Onthe otherhand,we will show thatif the solutionspaceof D(£2) is explorednot oneelement
atatime, but a groupat a time, thenthe averagetime requiredfor finding a solutionto €2 canbe
improved dramatically in somecasesutperformingP by a large mamgin. Theideais described
morepreciselyin the procedureND below. It is adaptedrom SD to allow for groupsof modelsin
ss(D(2)) tobeaddedasconstraintso 2. To ensurecorrectnessdditionalconstraintsareincluded
sincemodelsof ss(D(£2)) arenot pairwiseconsistentThe constraintstherefore will assurethat
givenasetof modelssy, ..., si, oneandonly oneof the s;’s canbetrue,0 < i < k. We denotethe
additionalconstraintdy mutex(so, ..., sx)-

Input: aprobleminstance, a propositionakeasoningorocedure
P, adecompositiormethodD, anda numbern € (0, 100]
Output: amodelof 2 or 'no’

1. ComputeD(£2).

2. Generatess(D(2)) using P. Let m denotethe cardinality of
ss(D(R2)).

3. while ss(D(€2)) is non-empty

(a) Remore models sq, ..., s, from ss(D(Q2)), where k& =
min(m’, Tiz) andm’ is the currentsizeof ss(D()).
(b) Let Q" =Q U mutex(sy, ..., Si).
(c) If Q7 is solvableusing P, thenstopandreturnthe solution.
4. Stopandreturn’no’.

Procedure ND(2,P,D,n)

The parameter controlsthe numberof solutionsof D(£2) to be addedto 2 at Step3(b). It is
specifiedasa percentagéWVe call n the control variable.

ND is a meta-reasoningrocedurebecausdt doesnot performary inferenceitself, and its
effectivenesson a particularproblemis intimately tied to the effectivenessf the givenprocedure
P. Experimentssuggesthowever, thatfor a variety of proceduresthereappearso be a rangeof
valuesfor n for whichthe averagetime it takesfor ND((2,P,D, n) to completes fastethan P(<2).



Lu, RosenthalShafer: meta-searcin propositionakeasoning 5

4. Crossword PuzzleConstruction

The problemof CPCcanbe statedasfollows: given a finite setof wordsWW andan N x N grid

for which somesquaresn thegrid areshadedn while othersareopenfor letters,canall theopen
squarese filled with letterssuchthat every horizontaland vertical maximal group of adjacent
lettersformsaword from W? We furtherrequirethatnoword from W canappeain thegrid more
thanonce!

The generalproblemof CPCis complex and a completeunderstandingf the natureof the
problemis beyond the scopehere.To make the probleminstancesmore amenableo analysis,
we consideredhe modifiedproblemof OpenCPC(OCPC)— CPCswith theassumptiorthatno
squares shaded.

For theexperimentswe fix an N x N opengrid andanalphabebf size A. Stringsof length NV
arerandomlygeneratedrom elementf the alphabeto form the setW. For a particulariv, the
puzzleis encodednto asetof propositionaklausesasfollows.Y Eachpropositionalariablein the
clausegepresentstriple (r, c, | et), whichindicatesthattheletter| et is placedin the grid
position(r, ¢) . Hence thetotal numberof variablesequalsN?2 A.

Therearefour typesof constraintonthe placement®f thelettersonthesquares.
unique letter constraint: The requirementthat no two letters can occupy the samesquareis
indicatedby binary clausesFor example,if thealphabetontainsdistinctlettersa andb, thenfor
eachrow, columnpair( r, c) , theconstraint

—c¢(r,c,a) V —c(r, c,b)

stateghat(r, c) cannotbesimultaneouslyilled with a andb.

shadedsquare constraint: Shadedsquaresannotbeoccupiedatall. Thisis representedsnega-
tive unit clausesin the caseof OCPC,sucha constraintdoesnot arise.We includeit herefor the
sale of completeness.

acceptableword constraint: Thereareclausego constrairthe placemenbf thelettersaccording
to the word set.For instance supposehatall wordsin the givenword setbegins with eitherthe
letterd or e in anopen3x3puzzle(e.g.,dog, egg, andeat ). Then,we know that

c(1,1,d)vVe(L,1,e)

Thatis, eitherd or e mustoccugy row 1, columnl.
Next, if c( 1, 1, e) istrueandthateat andegg aretheonly wordsbeginningwith the letter
e, then,eitherc( 1, 2, a) orc(1, 2, g) musthold. Thatis,

—c(1,1,e) Ve(L,2,a) Ve(l,2,g).

Finally, therewill be a clausewhich statesgivenc(1, 1, e) andc(1, 2, a),thatc(1, 3,t)

§The no duplicateword constraintis notin the original formulationof the CPC problemin (Garey andJohnson,
1979). We add this requirementsincewe are also interestedn understandingas much as possible,the natureof
real-world crossvord puzzles.

Tinstancesf CPCcanbe encodedaspropositionalclausesn differentways(e.g.,(Konolige,1994;Ginsbeg et.
al., 1990)).Theletterbasedencodinghatwe choosedoesnotnecessarilyesultin theoptimalcomputationabehaior,
AppendixC shows, however, thatit is a betterrepresentatioschemeahanword-basedncoding.
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Figure1: Open3 x 3 CPC

holds(assumingeat istheonly wordin theword setwhich beginswith ea in its first two letters).
Thisis capturedastheclause

—c(1,1,e) vV —c(1,2,a) Vc(1,3,t).

unique word constraint: Thereareclausego ensurghateachword from theword setappearso
morethanoncein the puzzle.Thereforeif c( 1, 1,e),c(1, 2,a),andc(1, 3,t) holdin an
open3x3grid,theneat cannotappeain ary otherrow or column.So,for instancefor thesecond
row, at leastoneof c(2,1,e),c(2,2,a),orc(2,3,t) mustbe false.As a propositional
clausethisis written
—c(1,1,e) V —c(1,2,a) V —c(L,3,t)V
—c(2,1,e) V—c(2,2,a) V —c(2,3,t).
Four moreclausessimilar to this oneareneededor eachof the otherfour word slots.
Proofof the next theoremcanbefoundin AppendixA.
Theorem. Givena CPCinstancel, let enc(I) denotethe setof clauseobtainedasdescribedthen
I hasa solutioniff enc(I) hasamodel. O

4.1. Applying SATO to OpenCPC

Experimentswvith randomlygeneratedd CPCinstancesexhibit the phasetransitionphenomenon
foundin othercombinatoriakearchproblemgCheesemariKanefsk/, andTaylor,1991;Levesque,
Mitchell, and Selman,1992a).For instance phasetransitionsfor randomlygeneratespen3 x 3
puzzleswith alphabesizesrangingfrom 2 to 12 areshowvn in Figurel. Variouspropertiesof the
open3 x 3 puzzlescanbeinvestigatedasednthedata.As anexample,for agivenalphabetthe
word setsizeneededo achieve 50%solvableinstancesanbe modelecby the equation| A|*-516 +



Lu, RosenthalShafer: meta-searcin propositionakeasoning 7

‘ —
T '
ol & w 'v??iy'
%
80 Wy 80] Y\Zy
vy 4
70 w4 70 &
A% s ¢
60 60 Vv
g5y V
® ﬁf C A% * i
T 35 Yy
a0t o o ates 40| %
A v S0 &
&% g v A %"‘AAAA v
301 P o & S 0 I
mé@xl vV ¥ bh Al
0Lntnt X 20 V‘g
ol
FL VV%%VV v 10 o7 w;"v ¥
%5 AT
word word set size
A. Phase€Transition B. Invariability in satisfiabilityusingChp

Figure2: Opend x 4 puzzlesover A = 12.

3.8. Projectedo a 26 letter alphabet— the size of the English Alphabet,this yields an expected
word setsizeof 143.67!

Consistentwith other explorationsinto combinatorialsearchproblems,the computationally
most difficult probleminstancesof CPC occur during the phasetransition. Theseproblemin-
stancesare the critically constainedones.That is, they occurat a critical ratio of variablesto
clausesFigure2.A plotsthe phasedransitionfor open4d x 4, 12 letteralphabepuzzlesalongwith
the averagesolving time (in secondsusing SATO — an efficient implementatiorof the Davis-
Putnammodelfinding procedurgZhangandSickel, 2000).The dataarebasedon over 100trials
for eachword setsize.

Remark. In spite of their relatve small sizes,encodingsfor 4 x 4, 12 letter alphabetpuzzles
producepropositionakrepresentationsf non-trivial sizesrangingfrom 8000to 10000clausesver
192 variables,dependingon the word setsize.As in (Konolige, 1994), mostof theseinstances
are quite difficult for GSAT (LevesqueMitchell, and Selman,1992b).AppendixB comparesn
greaterdetailtheruntimeof GSAT andSATO.

4.2. DecomposingOpen CPC

A numberof possibilitiesexist for decomposingan OCPCinto relatedsubproblemsThe onewe
considercanbedescribedasfollows. As before,givenanOpenN x N CPCinstance&?, we denote
by W the setof words. Then,the decompositionis the puzzlewhosegrid is the upperleft-hand
M x M gridof 2, M < N, andwhoseword setis obtainedrom W by removing thelastN — M
lettersfrom eachwordin W . Sincewe considemnly solutionsthatdo notcontainduplicatewords,
if two or morewordsin W begin with the sameM letters,only onecopy of thereducedword is
kept.We will denotethis methodof decompositiorior OpenCPCChpy,.

Given solutions sy, ..., s, 0f Chpy(2), computingmutex(so, ..., sx) is relatively straightfor
ward. The key is to ensure,if S is the sub-collectionof s, ..., s, that assigntrue to an atom
c(row, col,1let) (and more generallya setof atoms),thenfor eachpair1 < i, < M, the

IThis says,given anopen3 x 3 grid and 3-letterwordsformedover a 26 letter alphabetwe needroughly 144
wordsto have a 50% chanceof constructinga puzzle.
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only possibleassignmentsf lettersto the square(i, j) arerestrictedto the assignmentsnadeby
memberof S. Therearea numberof waysto encodehis conditionasconstraintsThefollowing
exampleillustratesoneencoding.

Supposeave have thethreesolutions:

s1 ={c(1,1,a),¢c(1,2,b),¢(1,3,¢),...}
so ={c(1,1,a),¢c(1,2,¢),¢c(1,3,¢),...}
s3 ={c(1,1,d),c(1,2,e),¢c(1,3,¢),...}

Eithera or d, but notboth,mustoccupy thesquare(1, 1). Thisis capturedvia thetwo constraints:

c(1,1,a) ve(L,1,4)
—c(1,1,a) vV —c(1,1,4d)

Whenaddingtheseconstraintgo the original problems?, the secondconstraintis redundanasit
is aninstanceof the uniqueletter constraint.

Next, if c(1, 1, a) holds,theneitherc( 1, 2, b) orc(1, 2, c) will betrueaccordingto s;
ands,. Thus,we addthe constraint

—c(1,1,a) Ve(1,2,b) Ve(l,2,c)
Ontheotherhand,if c( 1, 1, d) holds,thenc( 1, 2, e) mustbetrueaccordingto s;.
—c(1,1,d) Ve(l,2,e)
Similar constraintsareneededor eachof theremainingM/? — 2 squares:
(1,3),....,(1, M), (2,1), ..., (2, M), ..., (M, 1), ..., (M, M).

Indeed theresultingconstraintsarevery similar in form to the acceptablevord constraintsn the
representationf theoriginal puzzle.

Therearetwo issuego consider Thefirst is to demonstrate speedup in averagesolvingtime
for ND(Q2, SATO, Chpys,n) over SATO(2) for somen € (0, 100]. The seconds to analyzehow
theuseof Chp,, asamethodof decomposingrobleminstancesffectscompletenesd\Ve explore
the secondssuein the next section.We shawv thatalthoughthe useof Chp,, doesnot guarantee
completenesghe probability of finding a solution (whenoneexists) is quite high for evenrela-
tively simple puzzles.In the sectionon Solving Time Improvement,we presentand discussthe
speedupsfor afew OpenCPChy applyingND. Togetheythe two resultsdemonstratehe utility
of ND over CPCandarguefor ND’s potentialfor othersearchproblems.

4.3. Correctnesdssues

As mentionedtwo or morewordsof W maymapontothesamewordin thedecompositiothrough
Chp. Therearetwo consequences this effect. First, Chp(£2) mayhave no solutioneventhough
solutionsexist for 2. Secondthe modelsof C'hp(2) do notnecessarilyextendto ary modelof .
We illustratewith two simpleexamples Considerthe probleminstance(?;, consistingof anopen
4x4 grid andthe word set
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{aaaa abcd abce abcf abcg bbbb cccc def g}

Thereexistsexactly onesolutionof €2;, modulotransposein which all four wordsbeginningwith
abc occurin the horizontalword positions,andthe remainingfour wordsfill in the verticalword
positions.Thisis shovn below.

Thedecomposegroblem,Chp(£2,), consistof anopen3x3 grid andthefollowing word set.
{aaa abc bbb ccc def}

The four wordswhich begin with abc in the original word setare mappednto a singleword in

thedecompositionNo solutionexistsfor the decompositiorsincethereareonly five wordswhen

six word slotsareto befilled with distinctwordsin the open3x3 grid.
Ontheotherhand,considetthe puzzlef2, consistingof anopen4x4 grid andtheword set

{aaaa abcd abce abcf abcg bbbb cccc defg adax beax cfax}

Q; and(), have the samesolutions.The additionalthreewordsfor (2,: adax, beax, andcf ax,
do notaddsolutionsto the puzzle.ThedecompositionC'hp(2s) hasthefollowing word set

{aaa abc ada bbb bea ccc cfa def}

andit possessesxactly onesolution,asshovn below.

alb| c
dle| f
alal| a

It is easyto see however, thatthe solutioncannotbe extendedo the solutionfor €2,.

In spiteof the possibleinconsistenciebetweerthe solutionspace®f a puzzleandits decom-
position,suchinconsistenciegppearo occurinfrequentlyover the spaceof randomlygenerated
puzzleinstancesBelow we provide someanalysis.

4.3.1. Mathematicaboundsfor OpenCPC

FixanN x N opensquargyrid, analphabesize A > 2, andanumberlV of distinctwords(to be
choseruniformly atrandomfrom the A" possiblewords).The expected(i.e., average numberof
solutions,F, satisfieghefollowing.

Theorem 1. Thequantity F satisfies

E = FT/P
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where F' satisfiesAN’ [1 — (QQ’) A*N] < F < AN whereT = (“;[J,V_‘jfvv) , andwhere
P = (“;,V) . Here(ﬁ) = ﬁlk)' is theusualbinomialcoeficient.

Proof. Clearly E canbecomputedas
E=Q/P.

Here P is thetotal numberof waysof choosingthe W distinctwords.Also @ is thetotal number
of waysof filling up the grid and choosingthe W distinctwords,in sucha way thatthe grid is
indeedfilled with properwords.
AN
P= :
(i)

Now, clearly
Thatis, of the AV possibledifferentlength-V words,we getto chooseary distinctW of themary
way we want.
As for Q, we canwrite
Q=FT.

Here F' is the numberof differentwaysof filling upthe N x N grid with letters,sothatno two
“across”or “down” readingshave exactly the sameword. Also T is the total numberof ways,
oncethe grid hasbeensofilled, of choosingthe W wordsin sucha way thatthey includethe2 N
wordsrequiredfor thegrid to containonly correctwords(plusW — 2N additionalwordschosen
arbitrarily).

Now, T is easyto compute:2 N of the wordsarealreadyspecified,andwe only getto choose
theremainingi’ — 2N words,from the AY — 2N wordsnotyet taken,in any way thatwe want.

Thus, N
T_ (A — 2N)
W —2N
As for F': The total numberof waysof filling the grid with letters,without regardto whether

the sameword is chosertwice, is of courseA™”. It follows that ' mustbe lessthan A’ . But for
eachway of filling the grid, thereare (2;\] ) differentpairsof wordsthatwe wantto be different,

andeachonewill in factbeidenticala fraction A=V of thetime. Thus,the total fraction of grid
fillings thatwill have atleastonepairidenticalis lessthan

()

AN’ l1 - <2N ) A‘N] .
2
This completeghe proof.

Remark. Thistheoremprovidesboundsonthe“sluggingpercentagebr “expectedvalue”, £, asa
functionof N, A, andW. Theboundsarenot 100%sharpbecausef theuncertaintyin therange
of F'. Howeverthey getmoreandmoresharp,on a relative scale, aseitherthe grid size N or the
alphabesize A increasestvenfor moderatesaluesof NV and A they provide fairly usefulbounds.

sothatthevalueof ' is atleast
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Consideranumericalexample.If thegrid sizeis N = 3, andthealphabesizeis A = 26, andif
thenumberof wordsis W = 144 (to give,asshown previously, approximatelya probability of 0.5
of having atleastonesolution),thenthis Theoremsaysthatthe expectednumberof solutions,F,
satisfiesl.47771 < E < 1.47897.

We thusseethatthetheoremgivesverytight boundson E. Furthermoreheresultingvaluesare
reasonablethey indicatewhenthereis a probability of about0.5 of having at leastonesolution,
theaveragenumberof multiple solutionsis about3.

4.3.2. Extension®f Sub-solutions

Theprimaryquestionwe areinterestedn answerings, supposeve fix A andWW, andlet M < N
be two positive integers.Then, of all possiblesolutionsof OpenCPConthe N x N grid, what
expectedfraction of themareextensionsof solutionsonthe M x M grid formedby considering
justthe upperleft-handcornerof the N x N grid?(Thepointis that,to beextensionof M x M
solutionsthey musthave their upperleft 2 wordsbedistinctsomeavherein thefirst M letters.)
We have thefollowing result.

Theorem 2. Of all solutionsof the N x N OpenCPC problem,the expectedfractionwhich are
extensionsof solutionsof the M x M upperleft-hand-corneproblemis atleast

(e [2)-()

(This bounddoesnot dependon the value of W, thoughof coursewe needWW > 2N for the
statemento make sense).
Proof. Call this expectedraction«. Thenwe canwrite

a=pF/7.

Here is the total numberof waysof filling the N x N grid suchthateachof the 2V different
“down” and“across”wordsin thefull N x N grid is distinct. Also g is the total numberof ways
of filling the N x N grid suchthateachof the 2N different“down” and*“across”wordsin the
full N x N gridis distinct,andalsoeachof thefirst 2M upperleft “down” and“across”wordsis
distinctsomavherein thefirst M letters.

Now, from the proof of Theoreml, we seethat

()] <

Usingsimilar reasoningwe concludethat

2= ()= G) -G ) <0

(Indeed of the(ﬁv) pairsof length-V wordswhich mustbedistinct,(Qg/[) of thepairsarerequired
to be distinctin oneof thefirst M letters,which happensa fraction A= of the time; the other

(Qév) — @4) pairscanbedistinctin ary of thefull N letters,which happensfraction A=" of the

time.)
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Puttingthesetwo boundstogetheywe concludethat

o (e[ (3)- (2]

which completeghe proof.

For example,if thereare A = 18 lettersin thealphabetand N = 4 is the sizeof thegrid, and
M = 3 is thesizeof the sub-grid,thenthe fraction describedn Theorem?2 is at least0.997304.
Evenif A = 8 (keepingNV = 4 andM = 3), thefractionis atleast0.967529 On the otherhand,
if A = 4 thentheboundof Theorem2 is only 0.714844 andfor A = 3 is it just0.283951(By
comparisonif N =8 andM = 7 with A = 3, thenthefractionis 0.95397.)

Clearly, aseither A — oo with N, M fixed,or as N, M — oo with A fixed, the fraction of
Theorem2 corvergesto 1. Figure 2.B shows experimentalresultsconfirming the relatve small
lossin correctnessvhenusingChp. The dataarebasedon anopen4 x 4 grid, 12 letter alphabet
puzzleswhendecompositionis to its upperleft-hand2 x 2 corner In the figure, the v symbols
denotethe percentagef solvableinstancescomputedby SATO, for eachword setsizebetween
100and 220 (asshown previously in Figure2.A), while the x symbolsrepresenthe percentage
of solvableinstance®ver the samepuzzlescomputedoy ND, by first solvingthe upperleft-hand
2 x 2 subproblemsAs canbe seenfrom thefigure,for eachword setsize,theratio of thex value
to the v value adherescloselyto the value thatis boundedby Theorem2 which, for the given
parameterds atleast0.9573.

4.4. Performance Impr ovement

Experimentsvereconductedo compareghesolvingtimesonavarietyof puzzlesizesusingSATO
andND. Recallfirst thatwhenND is applied,a valuefor the controlvariablen mustbe specified.
This valueindicatesthe numberof subsolution®f the decompose@roblemto be insertedsimul-
taneouslyinto the overall problem.Differentchoicesin the valueof the control variableresultin
differentsolvingtime. We discussxperimentswith theopen4 x 4 grid, 12 letteralphabepuzzle,
shown previously in Figure2.A. Resultsof otherexperimentswill be summarized.

Forthe4 x 4 grid, 12 letteralphabepuzzle,we choseto decompos@achprobleminstanceto
the upperleft-hand2 x 2 grid aswell asto the upperleft-hand3 x 3 grid. From Figure2.B, we
know thatsatisfiabilityis preseredto alarge extentevenin the caseof the2 x 2 decomposition,
andthelessthan5 percentossin accurag is easilyjustified by the speedupsthatwe reportin this
section.

To determinethe valuefor the controlvariableof ND, a small sampleof valueswasattempted
for anumberof selectedvord setsizesusingthe3 x 3 decompositionSpecifically thefollowing
tableshowns the bestcontrolvariablevaluefor eachof the correspondingvord setsize
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word setsize | controlvariablevalue

140 .068
145 .052
150 .048
155 .042
160 .034
165 .03

170 .026
175 .024
180 .024

Fitting the datato thefunction
fla)=2+ 24
r) = — - C
x x?

wasfirst attemptedyielding the valuesof ¢« = 27.0587 andb = —0.131564. A secondattempt
with thefunction

f(x)z%—kbx—i—c

generatea betterfit with the valuesae = 106.93, b = 0.0031724, andc = —1.14163. Thusthe
following equationwasusedfor computingthe valueof the controlvariablen.**

106.93
100(—77— +0.0031724 - W — 1.14163) (1)

Thus,for instancegiven100wordsin W, thevaluefor . is setto 100(25%22 + 0.0031724 - 100 —
1.14163), or approximately24. Thisindicatesthatin eachiterationof Step3 of ND, 24 percentof
the solutionsfor the decompositiorwill beinsertedsimultaneouslyalongwith the constrainthat
they aremutually exclusive, into the original problemfor pruningthe searchof SATO. Hence the
loop of ND will berepeatedat most5 times.In constrastif W containsl60words,n = 3.84 and
theloopwill berepeatect most26 times.

Basedon Equationl for the control variable,ND wasappliedto theopen4 x 4 grid, 12 letter
alphabepuzzlesfor word sizesrangingfrom 100to 220.Figure3.A compareshesolvingtimere-
quiredby ND to thesolvingtime usedby SATO (whichis thesameaswhat's shovn in Figure2.A)
whendecompositioris to theupperleft-hand2 x 2 grid.'" Figure3.B ontheotherhand,compares
the solvingtime for thetwo searchtechniguesvhendecompositions to the upperleft-hand3 x 3
grid #

**Curwve fitting asa way to determinethe optimal valuefor the control variablewasdoneonly on4 x 4 puzzles.

For otherpuzzleswe fixedthe valueof the controlvariableto a constantandstill obtainedgoodspeedups,aswill be
discussedater.

t Notwithstandingthe good result displayedin Figure 3.A, the time improvementachieved by ND for the 2 x
2 decompositioris not necessarilyoptimal since Equation1 was developedbasedon datagatheredfor the 3 x 3
decompositionWe will revisit this point later.

HNotethetotal solvingtime usingSATQO in Figure3.B s slightly differentfrom thoseshavn in Figures2.A and3.A
becausg¢he experimentsvereconductedn adifferentmachine.
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vvvvv%ﬂﬁv%v
s TV

Yy
il :
‘word set size word set size

A. 2 x 2 decomposition B. 3 x 3 decomposition

Figure 3: ND vs. SATO

Figure 4: Solvingtime breakdeovn for SATO

SomeobsenationsaboutFigure3.B. Whenprobleminstancesreeasilydeterminedo beunsat-
isfiable,ND achieresa speedup of 80 percenbof thetime requiredby SATO. For thecomputation-
ally mostdifficult instancegword setsizesbetweern50and180),the speedup rangesetweerb0
to 78 percentof thetime requiredby SATO. Noteworthy alsois thattheincreasan solvingtime
by ND is relatively stablein the word setsizeof the problem.While a directapplicationof SATO
showvs adramaticincreaseandvariability in time requirementsluringthe phasedransition,thein-
creasaatein ND almostappeardo be unafectedby the samethresholdphenomenomhataffects
SATO. Theunpredicatabilityof completesearctproceduresasbeenrecognizedisa consequence
of the “heavy-tailed costdistributions” (Gomeset. al, 2000).In this respectthe behaior of ND
resembleshe behaiors of randomizedcompletealgorithms(Gomes SelmanandKautz,1998).

A more detailedlook at the improvement(for Figure 3) is to examinethe speedup with re-
spectto boththesatisfiableandunsatisfiablgrobleminstancesFigure4 shovsthe breakdown in
solvingtime usingSATO for the satisfiableandunsatisfiablenstancesNot surprisingly the time
requirementgor the unsatisfiablénstancesover the sameproblemspaceare considerablyjarger
thanfor the satisfiableinstancesUsing ND, solving timesfor both satisfiableand unsatisfiable
instancesare decreasedrigure 5 shavs that the speedups obtainedfor the satisfiableinstances
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Figure 6: Solvingtime for unsatisfiablénstances

arelessnoticeableandthey occuronly during the phasetransition.Even so, the datais revealing
asit shavsthattheincreasean runtimefor ND is quite stable comparedo theruntimefor SATO.
Onthe otherhand,Figure6 shows thatfor the unsatisfiablenstancesthe speedupsobtainedare
substantiabndthey occuracrossa wide rangeof word sets.Indeed the ability to fail quickly on
unsatisfiablenstancesppearso be a majorstrengthof ND.

Comparingthe solvingtime improvementausingthe 2x2 decompositiorandthe 3x3 decompo-
sition, the averagespeedup over the computationallymostdifficult probleminstancess slightly
greaterfor the former. This comesat the expenseof a smalllossin correctnessince Theorem
2 provides a guaranteeof 95.73 percentaccurag for the 2x2 decompositiorwhile for the 3x3
decompositiongorrectnesss guaranteedor atleast99.07percentof the probleminstancesThe
speedup using the 3x3 decompositiorfor the easily unsatisfiablenstancess impressve. The
speedup usingthe 2x2 decompositionpn the otherhand,occursmoreuniformly acrosghe prob-
leminstancesFigure7 compareshe speedupsfor the 3x3 andthe 2x2 decomposition.

4.5. Other OCPC Experiments

Highlightsof otherexperimentsvith OCPCsaresummarizedere.
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Figure 8: OtherExperiments

Puzzle Independence.Experimentswvere conductedor OCPCsof varying sizesand speedups
similar to the onesfor open4 x 4, 12 letter alphabetwere obtained.Figure8.A illustratesspeed
ups betweend0 to 80 percentwhenND is appliedto openb x 5, 6 letter alphabetpuzzlesby

decomposingo the3 x 3 upperleft-handcornersandusingavalueof 1.5for thecontrolvariable.
For theseparametersTheoren® tellsusthatatleast92.67percenof all solutionsto the5 x 5 grid

areextensionsof solutionsof the3 x 3 upperleft-handgrid.

Control Variable Variance. As mentioned,varying the value of the control variablecan affect

theamountof speedup. In fact, Equationl is tailoredspecificallyto the 3 x 3 decompositiorfor

theopen4 x 4 grid. Therefore the speedup obtainedvia ND onthe2 x 2 decompositions not

necessarilypptimal. Figure8.B demonstratethatfixing the controlvalueto a constantl.5for the
2 x 2 decompositiorgivesslightly differentperformancdor ND. Clearly, the determinatiorof an

optimal controlvalueis animportantresearchopic for gainingfurtherinsightsinto the behaior

of ND.

BaseProcedure Independence.SATO hasseveral differentsearchstrategiesbuilt in, including

aform of intelligentbackjumping(IB). A numberof experimentsvereconductedusingboththe
default searchstrateyy of SATO aswell asIB, andin eachcase solvingtime wasimproved. This
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providesevidencethat the effectivenessof ND is independenof the techniqueemployedin the
basesearchprocedure.

5. Beyond Crosswords

While thedatafor CPCprovidesevidencefor ND asapromisingtechniquéor controllingproposi-
tionalreasoningystemsexperimentatiorwith otherproblemdomainswill certainlybenecessary
for validation.Currentlywe areinvestigatinghe applicationof ND to graphcoloringandrandom
3SAT. For graphcoloring, the key issueappeargo be finding the right decompositionRandomly
removing nodesdoesnot give goodperformanceincethedecomposedraphis likely to have dis-
joint componentsandattemptso matchthe solutionsto thesecomponent€onsumeary savings
thatmight have resultedfrom computingsolutionsto the decomposedraphin thefirst place.For
random3SAT, a morebasicissueexists.

Instancesof OCPCsand the graph coloring problempossesstructuresthat make it easyto
constructgivensolutionssy, ..., s, to asubproblem¢lausesvhich correspondo mutex(sy, ..., sk).
Suchis not the casefor randomlygenerateSAT, however. The generalproblemof generating
a setof clausesthat correspondo mutex(sy, ..., sx) from sq, ..., s; is similar to transforminga
formulain DNF to an equivalentCNF, with someadditionalconstraintsThis is a key issuethat
will be explored.On the otherhand,belov we discusssomepromisingpreliminaryexperimental
resultsbasecdn SD.

Thefirst decisionthatneedgo be madeis how aninstanceof 3SAT canbe decomposedSince
the compleity of 3SAT is a function of the numberof variablesin the input problem,a natural
choicefor decompositions to reducethe numberof variablesIn the experiments 30 percentage
of the variablesare randomlyselectedrom the given problem(2. Then, D(Q?) is definedto be
thoseclausesn €2 thatcontainonly thosevariablesin the selectedariables.

Experimentswith clausesetsdefinedover 200 variablesareattemptedwith clausesizesin the
critically constrainedegion — between840 and 870. As explainedin Section3, however, the
directapplicationof SD s prohibitively expensve on reasonablsizedproblemsdueto the sizeof
ss(D(2)). In orderto keepthenumberof subsolutionso arelatively smallnumberonly 10 clauses
arechosenfrom D(f2). Experimentallythis generate€loseto 400 solutionson average.On the
otherhand,it is importantto notethatit is not the casethatthe smallerthe solutionsetof D((2),
the better It is a delicatebalancebetweenhaving not too mary solutions,and having solutions
thatwill directthe searchfor a solutionof 2 in a purposefulway. Whenthe solutionsetof D(Q)
becomedoo small, usuallyeachsolutionassignsa valueonly to a few variableswhich doesnot
help muchto guidethe searchfor a solutionof 2. The datain the next table shavs encouraging
resultsfor someof thecomputationallymostdifficult instancesNotethatunlike the CPCproblem,
completeness not anissuehere.Any solutionto the original problemmustbe an extensionof
somesolutionof D(Q2).
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clausesetsize | satisfiable| SATO SD

840 yes 21412 | 1.32
845 yes 1548.07| 487.56
845 yes 728.96 | 10.44
850 yes 360.69 | 92.4
855 yes 591.88 | 72.7
855 no 293.54 | 149.73
860 yes 151.9 | 13.39
870 yes 768.72 | 125.77

Perhapsot so surprisinglyis that seldomdoesSD outperformSATO on unsatisfiablenstances.
As previously mentionedthe strengthof ND comesin large part from its ability to fail quickly
(seefor exampleFigure6). The next tableshavs someof themoredramaticfailuresof SD.

clausesetsize | satisfiable] SATO SD
845 no 422.86| 1203.36
850 yes 0.25 | 117.46
855 no 781.18| 1157.64
860 yes 66.41 | 380.88
865 yes 190.64| 529.56
870 no 471.97| 1179.67

Thenext tableshavs the averagecomputingtime over 10 trials for eachclausesetsize.

clausesetsize| SATO SD
840 275.602| 179.866
845 352.384| 215.006
850 351.46 | 347.021
855 480.95 | 424.86
860 352.54 | 289.59
865 173.04 | 256.52
870 441.469| 405.753

A comparisorof the sameexperimentsbut only on the satisfiableinstancesare shavn next. As
canbe seentherelative speedupsof SD is considerablybetterfor theseinstancesThis provides
furtherevidencethatthekey to improving theperformancef propositionakearctproceduresuch
asSDis to reducethefailuretime for theunsatisfiablenstances.

clausesetsize| SATO SD
840 275.602| 179.866
845 34455 | 105.18
850 112.36 | 90.61
855 325.26 | 164.94
860 221.113| 132.703
865 163.24 | 217.22
870 390.23 | 189.62
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APPENDIX A.

The correctnessf the encodingis provedin the next theorem.The formal statementf the CPC
problemis adaptedrom (Papadimitriou,1994).

Definition. A CPCis atriple (X, W, A) wherel¥ C ¥* andA annxn matrixof 1'sand0’s.Let E
denotethe setof pairs(z, j) suchthatA,; = 1. A sequence of pairsfrom E' is asubwod slot if

s={(i,k), (1, k+1),...,(i,k +m))
wherel <4,k <n,0<m,k+m <nandA4;; =1fork <j <k+m,or

s=((k,5),(k+1,7),.... (k+m,j))

wherel < j,k <n,0 <m,k+m <nandA;; =1fork <i < k+m.A subwordslots is called
word slotif oneof thefollowing holds.

1. If sisasubwordslot((, k), (i, k + 1), ..., (1, k + m)), theneitherk = 1 or A;;,_,) = 0, and
eitherk +m = n or Ajx4m+1) = 0.

2. If sisasubwordslot((k,7), (k+1,7), ..., (k+m,j)), theneitherk = 1 or A(;_,); = 0, and
eitherk +m = n or Agm+1); = 0.

A function f : E — X is asolutionof the CPCif bothof thefollowing conditionshold.
1. For eachwordslots = (sy, ..., s,), thestring

f(51) f(s2)---f (sp)

is amemberof V.
2. If s = (s1,..., sp) andt = (t1, ..., t,,) aretwo word slotssuchthat

F(s1)f(s2).-.f(sp) = f(t1) f(t2)-.-f(Lp),
thens = t.

Theorem. Givena CPCinstancel, let enc(I) denotethe setof clauseobtainedasdescribedthen
I hasasolutioniff enc(I) hasamodel.

Proof. Supposef is asolutionof /. It sufficesto shav thatthereis amodelM for eachof thefour
typesof constraintgroducedunderenc(I).

ConstructM asfollows,if f(i,j) = «, thenpute(i, 7, &) in M. Recallthatc(s, j, «) representshe
propositionalvariableassociateavith row i, columny, andletter« in theencoding.

unique letter constraint: Since f associateat mostoneelementof ¥ with each(i, j), M cannot
containtwo propositionssay c(i, j, ) andc(i, j, 5), wherea # (. It follows that eachclause
belongingto the uniqueletter constraints satisfiedoy M.

shadedsquare constraint: As f is definedonly for thosepairs(z, j) whereA;; = 1, M doesnot
containary propositionrelatedto shadedsquaresThus,eachof the negative unit belongingto the
shadedsquareconstraints satisfiedoy M.

acceptableword constraint: We introducea few simplifying notationsGiven1 < 4,

len(W, i) = {w € W| |w| = i}.
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Givenastringw,
suf(W, w) = {u|w,u € £*, wu € W}.

Finally,
preW) = {ala € ¥, aw € W for somew € ¥*}.

Now considera particularwordslot s = (sy, ..., $,,). Suppose
pre(len(W, m)) = {ay, ..., g},
thenaccordingto the encodingthereis a clauseassociatedvith s of theform
c(s1,01) V... Ve(s1, aq)

Since f(s1) f(s2)...f(sm), by definition, is an elementof W, it mustbe the casethat for some
1< <gq, f(s1) = . It followsthat M containsc(sy, ;) andtheabove clauseis satisfied.

Thereis alsoa setof conditionalclausesf theforms
—¢(s1, 1) V ...

:‘.C(Sl’ ai) v 0(82,/61) V...V 0(327/67‘)

—c(s1, ) V ..
wherethe set{f3,, ..., 8.} is pre(suf(len(IW, m), f(s1))). Eachliteral —c(sy, i),k € {1,...,7 —
1,141, ..., q} is satisfiedandthereforethe correspondinglausefrom above is alsosatisfiedunder
M. Fori, f(s1)f(s2)...f(sm) is anelementof W asbefore,and f(s;) = «; from theassumption
above. It follows that f(s,) mustbelongto an elementof pre(suf(len(W, m), f(s1))). Thus,the
clausebeginningwith —¢(S1, «;) is satisfiedn M.

Next, for prefixesof length2 in the setlen(1W, m), therewill be clausesconstrainingthe pos-
sible charactergor positions; basedon pre(suf(len(W, m), f(s1) f(s2))). The agumentfor their
satisfiabilityfollows similarly.
unique word constraint: The satisfiability of the clausesunderuniqueword constraintfollows
immediatelyfrom the existenceof f, sincef is afunction.

Corversely supposeV! is amodelof enc(I). We constructa solutionof I asfollows. Define f
to bethefunction

f,7) =a ife(i,j,a)e M
=1 otherwise

Thefactthat f is afunctionis guaranteedby the unigueletter constraintsThe constructionin
the acceptablavord constraintsensureghat f satisfiesthe first conditionrequiredfor f to bea
solutionof I:

Considerawordslot s = (s, ..., 5,), andsupposeeachs,,, 1 < m < pis of theform (i,,, jn).
By the constructiorof acceptablevord constraintsthereis a clause

C(Z'lajla O[%) \ C(ilajla Of%) V..V c(ilajla a'}“)

whereqq, ..., oy, correspondo thefirst lettersof all the p-letterwordsin W. SupposeV assigns
trueto c(i1, j1, 1 ). Thenfor eachconstrainof theform:

_'C(ilajla Of%) \ C(iQana CM%) V..V C(Z'Zaj% C\Kiz),
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M mustassigntrue to one of the positive literals as it is a model of enc(I). Without loss of
generalityassumet is c(iy, jo, @?). By similar agumentthereis a constrainiof theform

_'c(ilajla a’%) \ —'C(i25j2: a%) \ C(i3aj3’ ai’) V..V c(iZ:an 0123)

for which M satisfieneof thepositiveliterals.Continuingtheargumento p, thereis aconstraint
of theform

_'C(ila jla a%) \ _|C(7;2, an a’%) \ _'C(i?n j3: Q:{)) V..V —'C(ipfl,jpfla allj_l) \ c(ipajpa azlj)

where M assignseachof the atomsin the constrainttrue. In otherwords, f (i, jm) = o1, for
1 <m <p.Asaia?...of isawordin thegivenword set,thefirst conditionrequiredfor f to bea
solutionof [ is holds.

The secondconditionrequiredfor f to be a solution! is guaranteedby the uniqueword con-
straints:

Suppose = (s1, ..., sp) andt = (ty, ..., t,) aretwo word slotssuchthat

f(s1)f (s2)...f(sp) = f(02) f (t2)... [ (tp)

ands # t. We denoteeachs,, (i¢,,j5,) andeacht,, (it , ;! ). By similar agumentsasthe first
condition,thereareconstraintof theform:

_'c(iiajfa 011) \% _'C(’L';,j;, 052) V..V _'c(i;)—laj;—la ap—l) \ C(ifwj;a ap)
and
_'c(iivjfa CVl) \% _'C(igajév Ckg) V.V _'C(i;)—lngt;—la ap—l) \ C(ﬁ))j}iv ap)

where M satisfieseachof the atomsin both constraintsAs we assumes # t, thereis a unique
word constraint

_'C(ii’jf’ al) v _'c(igaj57 a2) V..V _'C(i;—laj;—la ap—l) v _‘c(i;’j;’ ap)v
_'C(Z'iaj?lfa 011) \% _'C(igajéa a?) V..V _'c(i;)—laj;—la ap—l) \ _'c(i;aj;a a/p)

whichis falsified,contradictinghefactthat M is amodelof enc(I). O
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APPENDIX B.

GSAT implementsastochasti@lgorithmfor propositionaimodelfinding (LevesqueMitchell, and
Selman,1992b).It hasbeenappliedsuccessfullyto solve large scalesearchproblems.Here,we

give a few illustrationsof the difficulties GSAT hasin computingOCPC.For the open4x4 grid,

12-letterpuzzles,Figures3.A andB shaw thatin the worst case(betweenl160 and 165 words),
the averageruntime of SATO is between70 to 80 CPU secondsOn the samemachine(SUN

Ultra 10) asthe oneusedfor the datagatheredor Figure3.B, thetablebelowv shavs the average
GSAT runtimeout of 10trials for variousword setsizes.Also shovn arethenumberof satisfiable
instancedor eachword setsize,and the numberof satisfiableinstancessolved by GSAT. The

parameter$or GSAT weresetatthe suggestedalues.

word setsize | averageCPUsecondg # trials | # satisfiable| # solved
150 138.74 10 4 0
160 150.12 10 6 0
170 169.14 10 6 0
180 191.07 10 8 0
190 214.00 10 10 0
200 235.48 10 10 0
210 261.58 10 10 0
220 262.49 10 10 1

Not only arethe averageGSAT runtimeshigherthanSATO, but alsothatthe numberof times
that GSAT correctly solvesa problem(1 out of 64) is unacceptablyow. Much more extensve
analysisof GSAT hasbeencarriedout by otherauthors Seefor example(GentandWalsh,1993)
and(EastandTruszczynski1999).
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APPENDIX C.

Choosinganappropriate&knowledgerepresentatiors the key to successn mary searclproblems.
While the purposeof our researchn this article is notin trying to find the optimal propositional
encodingof crossvord puzzlesor SATO, acomparisor— evenif limited — to asecondencoding
choicewould be usefulin settingtheresultsin abroadercontext.

For OpenCPCproblemsthe letterbasedencodingaspresentedn Section4, appeargo yield
aslightly betterperformanceaising SATO thana word-basedncoding.The next graphillustrates
this pointfor theopen4x4, 12-letteralphabepuzzles.
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In theword-basedncodingeachpropositionalvariablerepresents pair (wWs, w) wherews is a

word slotin thegrid (i.e.,a maximalcontiguoussequencef opensquares)andwis aword from
theword set.



