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Abstract
Selectingnodesbasedon their position in the network
is a basicbuilding block for many distributed systems.
This paperdescribesa peer-to-peeroverlay network for
performingposition-basednodeselection. Our system,
Meridian, provides a lightweight, accurateand scalable
framework for keepingtrack of location information for
participatingnodes.Theframework consistsof anoverlay
network structuredaroundmulti-resolutionrings, query
routing with direct measurements,and gossipprotocols
for dissemination.We show how this framework canbe
usedto addressthreecommonlyencounteredproblemsin
large-scaledistributedsystemswithouthaving to compute
absolutecoordinates;namely, closestnodediscovery, cen-
tral leaderelection,andlocatingnodesthat satisfytarget
latency constraints.We show analyticallythat the frame-
work is scalablewith logarithmicconvergencewhenInter-
net latenciesaremodeledasa growth-constrainedmetric,
a low-dimensionalEuclidian metric, or a metric of low
doubling dimension. Large scalesimulations,basedon
latency measurementsfrom 6.25million node-pairs,and
animplementationdeployedonPlanetLabbothshow that
theframework is accurateandeffective.

1 Intr oduction
A centralproblemin distributedsystemsis to �nd an ef-
�cient mappingof systemfunctionalityontonodesbased
onnetwork characteristics.In smallsystems,it is possible
to perform extensive measurementsand make decisions
basedon global information. For instance,in an online
gamewith few servers,a client cansimplymeasureits la-
tency to all serversandbindto theclosestonefor minimal
responsetime. However, collectingglobal informationis
infeasiblefor a signi�cant setof recentlyemerging large-
scaledistributedapplications,whereglobalinformationis
unwieldy and lack of centralizedservers makes it dif�-
cult to �nd nodesthat �t selectioncriteria. Yet many dis-
tributedapplications,suchas�lesharingnetworks,content
distribution networks,backupsystems,anonymouscom-

municationnetworks,pub-subsystems,servicediscovery,
andmulti-playeronlinegames,couldsubstantiallybene�t
from selectingnodesbasedon their location in the net-
work.

A generaltechniquefor �nding nodesthat optimizea
givennetwork metricis to performa network embedding,
that is, to maphigh-dimensionalnetwork measurements
into a locationin a smallerEuclidianspace.For instance,
recentwork in network positioning[40,12,36,52,48,41,
9, 39,35] mapsa large vector of node-to-nodelatency
measurementson the Internetinto a singlepoint in a � -
dimensionalspace.Theresultingembeddedaddressfacil-
itateslocation-awarenodeselection.

While this approachis quitegeneral,it is neitheraccu-
ratenorcomplete.Theembeddingprocesstypically intro-
ducessigni�cant errors.Theselectionof parameters,such
astheconstant� andthesetof measurementstakento per-
form theembedding,is nontrivial andhasasigni�cant im-
pacton theaccuracy of theapproach.Coordinateschange
over time dueto changesin network latencieson the In-
ternet,and introduceadditionalerrorswhen performing
latency estimatesfrom coordinatescomputedat differ-
ent times. Finally, �nding a setof nodesthat matchde-
siredcriteriawithout centralizedserversthatretain �����	�

state,anessentialrequirementin large-scalenetworks,re-
quiresadditionalmechanismsbesidesvirtual coordinates.
Peer-to-peersubstratesthat cannaturallywork with Eu-
clidian coordinates,suchasCAN [43] andP-Trees[10],
canreducethestaterequirementspernode;however, both
systemsintroducesubstantialcomplexity andbandwidth
overheadin additionto the overheadof network embed-
ding. And our simulationresultsshow that even with a
P2Psubstratethatalways�nds thebestnodebasedonvir-
tual coordinates,theembeddingerror leadsto a subopti-
malchoice.

This paperintroducesa lightweight,scalableandaccu-
rateframework, calledMeridian,for performingnodese-
lectionbasedon a setof network positioningconstraints.
Meridian is basedon a loosely-structuredoverlay net-
work, usesdirectmeasurementsinsteadof a network em-
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bedding,and can solve spatialquerieswithout an abso-
lutecoordinatespace.It is similar in functionalityto GNP
combinedwith CAN in performingnodeselectionbased
onnetwork location1.

Meridian is lightweight, scalableand accurate. Each
Meridiannodekeepstrackof a �x ednumberof peersand
organizestheminto concentricrings of exponentiallyin-
creasingradii. A diversenodeselectionprotocol is used
in determiningring membershipto maximizethemarginal
utility providedby eachring member. A queryis matched
againstthe relevant nodesin theserings, andoptionally
forwardedto a subsetof thenode's peers.Intuitively, the
forwarding“zoomsin” towardsthesolutionspace,hand-
ing off the queryto a nodethat hasmoreinformationto
solve the problemdueto thestructureof thepeerset. A
scalablegossipprotocol is usedto notify othernodesof
membershipin thesystem.Meridianavoidsincurringem-
beddingerrorsby makingno attemptto reconcilethe la-
tenciesseenat participatingnodesinto a globally consis-
tentcoordinatespace.Directly evaluatingqueriesagainst
relevantpeersin eachring furtherreduceserrorsstemming
from outof datecoordinates.

In thispaper, wefocusonthreecommonly-encountered
network positioningproblemsin distributedsystems,and
describehow the lightweightMeridianframework canbe
usedto resolve them without computingvirtual coordi-
nates. The �rst, and most signi�cant, problem is that
of discovering the closestnode to a targetedreference
point. This is abasicoperationin contentdistributionnet-
works (CDNs) [25], large-scalemultiplayergames[34],
andpeer-to-peeroverlays[24,26,6,5]. Having the clos-
estnodeserve theclient or operateon the targetcansig-
ni�cantly reduceresponsetime and aggregate network
load. For instance,a geographicallydistributedpeer-to-
peerwebcrawler canreducecrawl timeandminimizenet-
work load by delegatingthe crawl to the closestnodeto
eachtargetwebserver. Similarly, CDNstakenetwork po-
sition into accountwhenassigningclientsto servers.And
multiplayergamesoftenperforma similar mappingfrom
clients to nearbyservers. In fact, the closestnodedis-
covery problemis sopervasive andsosigni�cant thatwe
examineit in greatdetail.We alsoshow thattheMeridian
framework canbeusedto �nd a nodethatoffersminimal
latenciesto agivensetof nodes(wemakeprecisethisno-
tion of closenessin Section3). Intuitively, we wantto se-
lect a nodethat is at thecenterpointof theregion de�ned
by the set members. This basicoperationcan be used,
for instance,for location-awareleaderelection,whereit
would enablethe chosenleaderto minimize the average
communicationlatency from the leaderto set members.

1Weusetheterm“location” to referto anode's positionin theInter-
net asde�ned by its roundtrip latency to othernodes.While Meridian
doesnot assumethat thereis a well-de�ned locationfor any node,our
illustrationsdepictasinglepoint in a two-dimensionalspacefor clarity.

Such an operationcan be usedin tree constructionfor
anapplication-level multicastsystem,whereit canreduce
transmissionlatenciesby placingcentrally-locatednodes
higher in the tree. Finally, we examinethe problemof
�nding a setof nodesin a region whoseboundariesare
de�ned by latency constraints.For instance,given a set
of latency constraintsto well-known peeringpoints, we
show how Meridiancanlocatenodesin theregionde�ned
by the intersectionof theseconstraints.This functional-
ity is useful for ISPsandhostingservicesto cost effec-
tively meetservice-level agreements,for computational
grids that cansell nodeclusterswith speci�c inter-node
latency requirements,andgenerally, for applicationsthat
require�ne-grain selectionof servicesbasedonlatency to
multiple targets.

We demonstratethrougha theoreticalanalysisthatour
systemprovides robust performance,delivers high scal-
ability and balancesload evenly acrossthe nodes. The
analysisensuresthattheperformanceof oursystemis not
anartifactof our measurements.

We evaluateMeridian through simulation parameter-
ized by a large-scalenetwork measurementstudy, and
throughadeploymentonPlanetLab[2]. For ourmeasure-
mentstudy, we collectednode-to-noderound-triplatency
measurementsfor 2500nodesand6.25million nodepairs
on the Internetusing the King [17] measurementtech-
nique. We use500 of thesenodesastargets,andthe re-
maining2000astheoverlaynodesin ourexperiments.

Overall, this papermakes three contributions. First,
it outlines a lightweight, scalable,and accuratesystem
for keepingtrackof location-informationfor participating
nodes.The systemis simple,loosely-structured,anden-
tails modestresourcesfor maintenance.Thepapershows
how Meridiancanef�ciently �nd theclosestnodeto atar-
get, the latency minimizing nodeto a givensetof nodes,
and the set of nodesthat lie in a region de�ned by la-
tency constraints,frequentlyencounteredbuilding block
operationsin many location-sensitivedistributedsystems.
Although lessgeneralthanvirtual coordinates,we show
that Meridian incurssigni�cantly lesserror. Second,the
paperprovides a theoreticalanalysisof our systemthat
shows that Meridian provides robust performance,high
scalabilityandgood load balance.This analysisis gen-
eralandappliesto Internetlatenciesthatcannotbeaccu-
ratelymodeledwith a Euclideanmetric. Following a line
of previouswork on objectlocation(see[21] for a recent
summary),we give guaranteesfor the family of growth-
constrainedmetrics.Moreover, we supporta muchwider
family of metricsof low doubling dimensionwhich has
recentlybecomepopularin the theoreticalliterature. Fi-
nally, the papershows empirical resultsfrom both sim-
ulationsusingmeasurementsfrom a large-scalenetwork
studyanda PlanetLabdeployment. The resultscon�rm
ourtheoreticalanalysisthatMeridianis accurate,scalable,
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andload-balanced.
Therestof this paperis structuredasfollows. Thenext

sectiondescribesthedesignandoperationof thegeneral-
purposeMeridian framework. Section3 illustrateshow
the targetapplicationscanbe implementedon top of this
framework. Section4 containsa theoreticalanalysisof
our closestnodediscovery protocol. Section5 presents
resultsfrom a large-scaleInternetmeasurementstudyand
evaluatesthesystembasedon realInternetdataaswell as
aPlanetLabdeployment.Section6 discussesrelatedwork
andSection7 summarizesour �ndings.

2 FRAMEW ORK
The basic Meridian framework is basedaround three
mechanisms: a loose routing systembasedon multi-
resolutionrings on eachnode,an adaptive ring member-
shipreplacementschemethatmaximizestheusefulnessof
thenodespopulatingeachring, anda gossipprotocolfor
nodediscoveryanddissemination.

Multi-Resolution Rings. Each Meridian node keeps
track of a small, �x ed numberof othernodesin the sys-
tem,andorganizesthis list of peersinto concentric,non-
overlappingrings. The 
 th ring has inner radius �
���

���

����� and outer radius �����

���

� , for 
���� , where �

is a constant,� is the multiplicative increasefactor, and
������� for theinnermostring. Eachnodekeepstrackof a
�nite numberof rings;all rings 
 �!
#" for a system-wide
constant
$" arecollapsedinto asingle,outermostring that
spanstherange %

���

�'&)(+*-, .
Meridian nodesmeasurethe distance�/. to a peer 0 ,

andplacethat peerin the correspondingring 
 suchthat
�

�21
�3.546�

� . This sorting of neighborsinto concen-
tric rings is performedindependentlyat eachnodeand
requiresno �x ed landmarksor distributed coordination.
Thereis an upperlimit of 7 on nodeskept in eachring,
wherepeersaredroppedfrom overpopulatedrings;conse-
quently, Meridian'sspacerequirementpernodeis propor-
tional to 7 . Welatershow in theanalysis(Section4) thata
choiceof 78�9����:<;/=>�	� canresolve queriesin ����:<;/=>�	�

lookups;in simulations(Section6), weverify thatasmall
7 suf�ces. We assumethatevery participatingnodehasa
roughestimateof themaximumsizeof thesystem.

The rationale for exponentially increasingring radii
stemsfrom the needfor a nodeto have a representative
setof pointersto the restof the network, andthe higher
marginalutility nearbypeersoffer overfarawayones.The
ringstructurefavorsnearbyneighbors,enablingeachnode
to retaina relatively largenumberof pointersto nodesin
their immediatevicinity. This allows a nodeto author-
itatively answergeographicqueriesfor its region of the
network. At thesametime, thering structureensuresthat
eachnoderetainsasuf�cient numberof pointersto remote
regions,andcanthereforedispatchqueriestowardsnodes

Figure 1: EachMeridian nodekeepstrack of a �x ed number
of othernodesandorganizesthesenodesinto concentric,non-
overlappingrings of exponentially increasingradii. Within a
givenring,asetof nodesthatspanalargeamountof space(dark)
aremoredesirablethana morelimited subset(light).

thatspecializein thoseregions.An exponentiallyincreas-
ing radiusalsomakesthe total numberof rings per node
manageablysmalland 
#" clampsit at aconstant.

Ring Membership Management. Thenumberof nodes
perring, 7 , representsan inherenttradeoff betweenaccu-
racy and overhead. A large 7 increasesa node's infor-
mation about its peersand helpsit make betterchoices
whenrouting queries.On the otherhand,a large 7 also
entailsmorestate,morememoryandmorebandwidthat
eachnode.

Within a given ring, nodechoicehasa signi�cant ef-
fect on the performanceof the system. For instance,if
thenodeswithin a givenring areclusteredtogether, their
marginalutility is verysmall,despitetheiradditionalcost.
A key principle then,asshown in Figure1, is to promote
geographicdiversitywithin eachring.

Meridianachievesgeographicdiversityby periodically
reassessingring membershipdecisionsandreplacingring
memberswith alternativesthat provide greaterdiversity.
Within eachring, aMeridiannodenotonly keepstrackof
the 7 primaryring members,but alsoa constantnumber?

of secondaryring members,which serve asa FIFO pool
of candidatesfor primaryring membership.

We quantify geographicdiversity through the hyper-
volumeof the 7 -polytopeformedby the selectednodes.
To computethe hypervolume,eachnodede�nes a local,
non-exportedcoordinatespace.A node
 will periodically
measureits distance�

�

.

to anothernode0 in its ring, for all
�@4A


(

0@4B7DCE? . Thecoordinatesof node
 consistof the
tuple 1

�

�

�

(

�

�F3(HG<GIGI(

�

� JLK�M

� , where�

�

�

�B� . Thisembedding
is trivial to constructand doesnot requirea potentially
error-introducingmappingfrom high-dimensionaldatato
a lowernumberof dimensions.

Having computedthecoordinatesfor all of its members
in a ring, a Meridian nodecanthendeterminethesubset
of 7 nodesthatprovide thepolytopewith the largesthy-
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pervolume. For small 7 , it is possibleto determinethe
maximal hypervolume polytopeby consideringall pos-
sible polytopesfrom the set of 7NC9? nodes. For large

7�CO? , evaluatingall subsetsis infeasible. Instead,we
takeasimple,greedyapproach:A nodestartsoutwith the

7PCQ? polytope,anditeratively dropsthevertex (andcorre-
spondingdimension)whoseabsenceleadsto thesmallest
reductionin hypervolumeuntil 7 verticesremain.There-
mainingverticesaredesignatedthenew primarymembers
for that ring, while the remaining? nodesbecomesecon-
daries.This computationcanbeperformedin linear time
usingstandardcomputationalgeometrytools[7]. Thering
membershipmanagementoccursin the backgroundand
its latency is notcritical to thecorrectoperationof Merid-
ian. Notethat thecoordinatescomputedfor ring member
selectionareusedonly to selectadiversesetof ring mem-
bers- they arenot exportedby Meridian nodesandplay
no role in queryrouting.

Churn in the systemcanbe handledgracefullyby the
ring membershipmanagementsystemdue to the loose
structureof the Meridian overlay. If a node is discov-
eredto beunreachableduringthereplacementprocess,it
is droppedfrom thering andremovedasasecondarycan-
didate.If apeernodeis discoveredto beunreachabledur-
ing gossipor theactualqueryrouting,it is removedfrom
thering, andreplacedwith a randomsecondarycandidate
node. The quality of the ring setmaysuffer temporarily,
but will be correctedby the next ring replacement.Dis-
covering a peernodefailure during a routing query can
reducequeryperformance;7 canbeincreasedto compen-
satefor this expectedrateof failure.

GossipBasedNodeDiscovery. Theuseof agossipproto-
col to performnodediscoveryallowstheMeridianoverlay
to be looselyconnected,highly robustandinexpensively
keptup-to-dateof membershipchanges.Our gossippro-
tocol is basedon an anti-entropy pushprotocol [14] that
implementsa membershipservice. The centralgoal of
our gossipprotocolis not for eachnodeto discoverevery
nodein thesystem,but simply for eachnodeto discovera
suf�ciently diversesetof othernodes.

Ourgossipprotocolworksasfollows:

1. Eachnode R randomlypicksa node S from eachof
its ringsandsendsa gossippacket to S containinga
randomlychosennodefrom eachof its rings.

2. On receiving thepacket,node S determinesthrough
directprobesits latency to R andto eachof thenodes
containedin thegossippacket from R .

3. After sendinga gossippacket to anodein eachof its
rings, node R waits until the startof its next gossip
periodandthenbeginsagainfrom step1.

In step2, node S sendsprobesto R andto the nodes
in thegossippacket from R regardlessof whetherS has

Figure 2: A client sendsa “closestnodediscovery to target T ”
requestto a Meridian node U , which determinesits latency V

to T andprobesits ring membersbetween W X and YZW X to deter-
mine their distancesto the target. The requestis forwardedto
theclosestnodethusdiscovered,andtheprocesscontinuesuntil
no closernodeis detected.

alreadydiscoveredthesenodes. This re-pingingensures
that stalelatency informationcanbe replacedaslatency
betweennodeson the Internetchangesdynamically. The
newly discoverednodesareplacedon S 's rings assec-
ondarymembers,subjectto FIFOreplacement.

For a nodeto initially join thesystem,it needsto know
theIP addressof oneof thenodesin theMeridianoverlay.
The newly joining nodecontactsthe Meridian nodeand
acquiresits entirelist of ring members.It thenmeasures
its latency to thesenodesandplacesthemonits own rings;
thesenodeswill likely bebinnedinto differentringsonthe
newly joining node.Fromthere,thenew nodeparticipates
in thegossipprotocolasusual.

The period betweengossipcycles is initially set to a
small valuein order for new nodesto quickly propagate
their arrival to the existing nodes. The new nodesgrad-
ually increasetheir gossipperiod to the samelength as
theexistingnodes.Thechoiceof agossipperioddepends
on theexpectedrateof latency changebetweennodesand
expectedchurnin thesystem.

3 APPLICATIONS
The following threesectionsdescribehow Meridian can
beusedto solvesomecommonnetwork positioningprob-
lems.

Closest Node Discovery. Meridian locatesthe closest
nodeby performinga multi-hop searchwhereeachhop
exponentiallyreducesthe distanceto the target. This is
similar to searchingin structuredpeer-to-peernetworks
suchasChord[50], Pastry[45] andTapestry[54], where
eachhopbringsthequeryexponentiallycloserto thedes-
tination, thoughin Meridian therouting is performedus-
ing physicallatenciesinsteadof numericaldistancesin a
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Figure 3: Centralleaderelectionselectsthenodewith themin-
imum averagedistanceto thenodesin thenodegroup. For this
example,nodeU is thebestleaderout of nodesU to [ .

virtual identi�er space.Anotherimportantdistinctionthat
Meridianholdsover thestructuredpeer-to-peernetworks
is the targetnodesneednot bepartof theMeridianover-
lay. The only requirementis that the latency betweena
nodeon the overlay anda target nodecanbe measured.
This enablesapplicationssuchas�nding theclosestnode
to a public web server, wherethe web server is not di-
rectly controlledby the distributedapplicationand only
respondsto HTTP queries.

Whena Meridiannodereceivesa client requestto �nd
the closestnodeto a target, it determinesthe latency �

betweenitself andthe target. Oncethe latency is deter-
mined,it locatesits correspondingring 0 andsimultane-
ouslyqueriesall nodesin thatring, aswell asall nodesin
theadjacentrings 0]\_^ and0`Ca^ whosedistancesto theori-
gin arewithin b

F to cdb

F . Thesenodesmeasuretheirdistance
to thetargetandreporttheresultbackto thesource.Nodes
that take morethan e)� to provide an answerareignored,
asthey cannotbecloserto thetargetthanthesource.

Meridianusesanacceptancethresholdf , which serves
a purposesimilar to the routing basein structuredpeer-
to-peersystems;namely, it determinesthe reductionin
distanceat eachhop. The routeacceptancethresholdis
met if oneor moreof the queriedpeersis closerthan f

times the distanceto the target, and the client requestis
forwardedto theclosestnode.If nopeersmeettheaccep-
tancethreshold,then routing stopsand the closestnode
currently known is chosen. Figure2 illustratesthe pro-
cess.

Meridianis agnosticto thechoiceof arouteacceptance
thresholdf , where�g4hf

1
^ . A smallerf valuereduces

thetotalnumberof hops,asfewerpeerscansatisfythere-
quirement,but introducesadditionalerrorastheroutemay
be prematurelystoppedbeforeconverging to the closest
node. A larger f may reduceerror at the expenseof in-
creasedhopcount.

Figure4: A multi-constraintqueryconsistingof targetsU ikj_i$l

with respective latency constraintsof mon/ikm�p+iqmsr . The shaded
arearepresentsthesolutionspace,andcontainstwo nodes.

Central Leader Election. Another frequentlyencoun-
teredproblemin distributedsystemsis to locatea node
that is “centrally situated”with respectto a setof other
nodesas illustratedin Figure3. Typically, sucha node
playsa specializedrole in the network that requiresfre-
quentcommunicationwith theothermembersof theset;
selectinga centrallylocatednodeminimizesbothlatency
andnetwork load. An exampleapplicationis leaderelec-
tion, whichitself is abuilding blockfor higherlevel appli-
cationssuchasclusteringandlow latency multicasttrees.

The central leaderelectionapplicationcan be imple-
mentedby extendingtheclosestnodediscoveryprotocol.
We replace � in the single target closestnodeselection
protocolwith �utLv+w in the multi-target protocol. Whena
Meridian nodereceivesa client requestto �nd the clos-
est node to the target set x , it determinesthe latency
set yz�

�

(HG<GIGI(

�|{ }~{<• betweenitself and the targets through
direct measurements,and computesthe averagelatency

�€tLv+w��•�ƒ‚

{ }~{

�<„��

�
�

�#…]† xg† . Similarly, whena ring member
is requestedto determineits latency to thetargets,it com-
putestheaveragelatency andreturnsthatto therequesting
node.Theremainingpartof thecentralleaderelectionap-
plication follows exactly from theclosestnodediscovery
protocol.

Multi-Constraint System.Anotherfrequentoperationin
distributedsystemsis to �nd asetof nodessatisfyingcon-
straintson the network geography. For instance,an ISP
or a web hostingserviceis typically boundby a service
level agreement(SLA) to satisfylatency requirementsto
well-known peeringlocationswhen hostingservicesfor
clients.An geographicallydistributedISPmayhavethou-
sandsof nodesat its disposal,and �nding the right set
of nodesthatsatisfythegivenconstraintsis necessaryfor
satisfyingtheSLA. Latency constraintsarealsoimportant
for grid baseddistributedcomputationapplications,where
thelatency betweennodesworking togetheronaproblem
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is often the main ef�ciency bottleneck.A customermay
want to specifythat ‡�ˆ

(�‰-Š-‹ where ‹ is thesetof grid
nodes,?�Œ€•kŽz•s•L‘���ˆ

(�‰

� 1

� for somedesiredlatency � .
Findinganodethatsatis�esmultipleconstraintscanbe

viewedasanodeselectionproblem,wheretheconstraints
de�ne the boundariesof a region in space(the solution
space),asillustratedin Figure4. A constraintis speci�ed
asa targetanda latency boundaroundthat target. When
a Meridiannodereceivesa multi-constraintquerywith ’

constraintsspeci�ed as 1 •kŒ€�z“uŽH• �

(

�
Œ€•o“`Ž � � , for all � 1


�4”’ , it measuresits latency � � to the target nodesand
calculatesits distanceto thesolutionspaceas

�

�

•

–

�<„~�˜—

Œ€™~���

(

�€��\ range
�

�

F

(1)

If � is 0, then the currentnode satis�es all the con-
straints,andit returnsitself as the solutionto the client.
Otherwise,it iteratesthroughall its peers,andsimultane-
ouslyqueriesall peers0 thatarewithin

—

Œ€™����

(

b+š

� range
š

F

�

to c�›•œIb+š

K

range
šŸž

F from itself, for all �
1


 4A’ . Thesenodes
includeall the peersthat lie within the rangeof at least
oneof theconstraints,andpossiblyotherpeersthatdonot
satisfyany of theconstraints,but areneverthelesscloseto
the solutionspace.Thesepeernodesmeasuretheir dis-
tanceto the ’ targetsand report the resultsback to the
source.Nodesthat take longerthan e�¡@¢3£

�
���

�
C range

�

�

for �
1


¤4h’ to provideananswerareignored.
Thedistance�

. of eachnode0 to thesolutionspaceis
calculatedusing(1). If �

. is 0, thennode0 satis�esall the
constraintsandis returnedasasolutionto theclient. If no
zerovalued �

. is returned,theclient determineswhether
thereis an �

.
1

f5¥

� , where f is the route acceptance
threshold. If the route acceptancethresholdis met, the
client requestis forwardedto thepeerclosestto thesolu-
tion space.A larger f mayincreasethesuccessrate,at the
expenseof increasedhopcount.

4 Analysisof scalability
In this sectionwe argueanalyticallythatMeridianscales
well with the size of the system. Our contributionsare
three-fold.First,we put forwarda rigorousde�nition that
capturesthe quality of the ring sets,and prove that un-
der certain reasonableassumptionssmall ring cardinal-
ities suf�ce to ensuregood quality. Second,we show
that with thesegood-qualityrings, the nearest-neighbor
querieswork well, i.e. returnexact or near-exact neigh-
bors in logarithmic numberof steps. Finally, we argue
that if the ring setsof differentnodesare stochastically
independentthen the systemis load-balanced,that is if
many randomqueriesareinsertedinto thesystemthenthe
load is spreadapproximatelyevenly amongtheMeridian
nodes.

We modelthe matrix of Internetlatenciesasa metric.

We shouldnot hopeto achieve theoreticalguaranteesfor
arbitrary metrics;we needsomereasonableassumptions
to capturethe propertiesof real-life latencies.We avoid
assumptionson the geometryof the metric (e.g. we do
not assumeit is Euclidean)for two reasons.Firstly, re-
centexperimentalresultssuggestthat approximatingIn-
ternet latenciesby Euclideanmetrics, although a use-
ful heuristicin somecases,incurssigni�cant relative er-
rors[40,12,36,52,48,41,9,39,35]. Secondly, andperhaps
moreimportantly, evenif weassumethatthemetricis Eu-
clideanouralgorithmis notallowedto usethecoordinates
– sinceoneof thegoalsof this work is preciselyto avoid
heavy-weightembedding-basedapproaches.

Wewill considertwo familiesof metricsthathavebeen
popular in the recentsystemsand theoreticalliterature
asnon-geometricnotionsof low-dimensionality:growth-
constrained metricsanddoublingmetrics. In particular,
growth-constrainedmetricshave beenusedas a reason-
ableabstractionof Internetlatenciesin theanalysisof the
object-locationalgorithmof Plaxtonet al. [42]. Using a
more generalfamily of doubling metrics leadsto good
guaranteeseven for metricsthatcombinevery denseand
verysparseregions.

Wefocusonthecasewhentherateof churnand�uctua-
tionsin Internetlatenciesis suf�ciently low sothatMerid-
ian hasampletime to adjust. So for thepurposesof this
analysiswe assumethat thenodesetandthe latency ma-
trix arenot changingwith time.

Full proofsof thefollowing theoremsarequitedetailed;
they aredeferredto AppendixA.

Preliminaries. NodesrunningMeridianarecalledMerid-
ian nodes. Whensuchnodereceivesa queryto �nd the
nearestneighborof somenode ˆ , this ˆ is calledthe tar-
get. Let ¦ bethesetof all possibletargets.Let §~¨ª©�¦

bethesetof Meridiannodes,of size � . Let � bethedis-
tancefunctionon ¦ : denotethe ’|« -distanceby �

•

v . Let
S

•

�Ÿ�3� denotethe closedball in §
¨ of radius � around

node’ , i.e. thesetof all Meridiannodeswithin distance�

from ’ ; let S

•

�¤�!S

•

�ƒe

�

� . For simplicity let thesmallest
distancebe1; denotethemaximaldistanceby ¬ .

For some�x ed 7 , everynode’ maintains:<;/=|�ƒ¬g� rings
§

•

�
©”S

•

� of exactly 7 nodeseach;the elementsof the
rings arecalledneighbors. We treateachring at a given
timeasarandomvariable;in particular, wecantalk about
a distribution of a givenring, andaboutringsbeingprob-
abilistically independent.

Quality of the rings. Intuitively, wewanteachring §

•

� to
cover thecorrespondingball S

•

� reasonablywell, e.g.we
mightwanteachnodein S

•

� to bewithin asmalldistance
from somenodein §

•

� . Moreover, for load-balancingit
is bad if many different queriespassthroughthe same
node,so, intuitively, it is desirablethat the rings of dif-
ferentnodesareprobabilisticallyindependentfrom each

6



other.
Saya pair ’|« of Meridiannodes­ -nice if node ’ hasa

neighbor® within distance­|�

•

v from « , and,moreover,
®

Š

§

•

� where e

�����

1 �

•

v �$^ C¯­L�°4±e

� ; saytheringsare
­ -niceif all pairsof Meridiannodesare ­ -nice.

In Thm. 4.3 andThm. 4.4ait suf�ces for the rings to
be �

F -nice;for betterprecisionin a morerelaxedmodelof
Internetlatencies(seeThm. 4.1) we might needsmaller
valuesof ­ .

Wewill show thatevenwith smallring cardinalitiesit is
possibleto maketherings ­ -nice;thisis latercon�rmedby
theempiricalevidencein Section5 (seeFig. 12). We give
aconstructiveargumentwhereweshow thattheringswith
small cardinalitiesare ­ -nice provided that the ring sets
(seenasstochasticdistributions)have certainreasonable
properties.

4.1 Growth-constrainedmetrics
De�ne the Karger-Ruhl dimension(KR-dimension) � as
the :<;/= of the smallest� suchthat the cardinalityof any
ball S

•

�Ÿ�3� is at most � timessmallerthatof S

•

�ƒe
�3� . Say
themetricis growth-constrained[26] if � is constant.

Since for a 7 -dimensionalgrid the KR-dimensionis
���²7]� , growth-constrainedmetricscanbeseenasgeneral-
izedgrids;they havebeenusedasareasonableabstraction
of Internetlatenciesin pastwork (seetheintroof [22] for a
shortsurvey). Growth-constrainedmetricshavealsobeen
consideredin thecontext of dimensionalityin graphs[32]
andspatialgossip[27].

We startwith a modelwherethemetric on theMerid-
ian nodesis growth-constrained,but we makenosuchas-
sumptionaboutthenon-Meridiannodes.Thisis important
becauseeven in an unfriendly metric we might be able
to choosea relatively well-behaved subsetof (Meridian)
nodes.

Our �rst resultis thatevenwith smallring cardinalities
it is possibleto make the rings ­ -nice. We say at some
pointof timethering §

•

� is well-formedif it is distributed
asa random7 -nodesubsetof S

•

� . Intuitively, this is de-
sirablesincein a growth-constrainedmetricthedensityis
morelessuniform.

Theorem4.1 Assumethe rings are well-formed; let the
metric on Meridian nodeshave KR-dimension� . Fix

³

1
^ and ­´4µ^ ; set 7¯�¶���

� ·

�#¸P:I;)=o���´…

³

� . Thenwith
probabilityat least ^¹\

³

theringsare ­ -nice.

Recall that our nearest-neighborsearchalgorithmfor-
ward the queryto the node ®

Š

§ that is closestto the
target • subjectto the constraintthat �

•zº

…3�/»

º

4¼f
� ; if

such® doesnotexist, thealgorithmstops.Here f
�

�½^ is
a parameter;we denotethis algorithmby ¾8�Ÿf

�
� .

Considera node ˆ and let ’ be its nearestneighbor.
Say node « is a ¿ -approximatenearestneighborof ˆ if

�/vÁÀz…
�

•

Àa4�¿ . Say ¾ is ¿ -approximateif for any queryit
�nds a ¿ -approximatenearestneighbor, anddoessoin at
most e�:I;)=Â�ƒ¬�� steps.

Theorem4.2 If therings are ­ -nice, ­ 4½^
…
Ã then
(a) ¾´�ƒe)� is 3-approximate,
(b) ¾´��f]�
� is �k^>CE­L� -approximate, fÂ�Ä�Å^>C5����­

F

� .2

(c) if we usea larger thresholdf|�Æ�Ç^ CA¿ , ¿

Š

�²­

(

�

F

�

then ¾´�ŸfÂ�z� is �$^>C¯­�CEe
¿�� -approximate.

Note the tradeoff betweenthe thresholdfo� andaccu-
racy of thequeries,which matchesour simulationin Sec-
tion 6 (seeFigure8).

In Thm. 4.1 the value of 7 dependson ­ . We can
avoid this (and �nd exact nearest-neighbors)by restrict-
ing themodel. Speci�cally, we'll assumethat themetric
on § ¨ÉÈ yzˆ€• is growth-constrained,for any target ˆ in
someset ÊO©h¦ . However, wedonotneedto assumethat
themetriconall of Ê is growth-constrained;in particular,
verydenseclustersof targetsareallowed.

We'll needto modify ¾´��f
�

� slightly: if ® is theneigh-
bor of the currentnode ’ that is closestto the target • ,
and �

•zº

…
�
»

º

Š

�k^

(

fÂ�z� theninsteadof stoppingat ’ the
algorithmstopsat ® . Denotethis modi�ed algorithmby

¾DËZ�Ÿf]�Ì� ; sayit is Ê -exactif it �nds anexactnearestneigh-
bor for all queriesto targetsin theset Ê , anddoessoin at
most :<;/=|�ƒ¬�� steps.

Theorem4.3 Fix someset Ê¶©Í¦ such that for any ˆ

Š

Ê themetricon §
¨ÎÈ

yzˆ€• hasKR-dimension� . Fix
³

�

� , let 7Ï�Ðe3Ñ

œ

¸

ž

:I;)=o���E† Ê´† …

³

� , andassumethe rings are
well-formed.Thenwithprobabilityat least ^€\

³

algorithm
¾DËZ�²e)� is Ê -exact.

Ideally, the algorithm for nearestneighborselection
would balancethe load amongparticipatingnodes. In-
tuitively, if � qy ��¾a� is themaximalnumberof packetsex-
changedby a given algorithm ¾ on a singlequery, then
for

—

randomquerieswedonotwantany nodeto sendor
receivemuchmorethan Ò ÓP� qy ��¾Ô� packets.

Wemakeit preciseasfollows. Fix someset ÊO©h¦ and
supposeeachMeridiannode’ receivesa queryfor a ran-
domtarget •

•

Š

Ê . Sayalgorithm ¾ is �Õ¿

(

ÊD� -balancedif
in thisscenariounderthisalgorithmany givennodesends
andreceivesat most ¿�� qy ��¾Ô� packets.

We'll needa somewhatmorerestrictive model. In par-
ticular, we'll assumethatthemetriconall of Ê is growth-
constrained,andthattheringsarestochasticallyindepen-
dent from eachother. The latter propertymatcheswell
with oursimulationresults(seeFigure11).

Theorem4.4 Fix someset ÊÖ©±¦ such thatthemetricon
Ê hasKR-dimension� . Suppose§˜¨ is a random� -node
subsetof Ê . Let 7@�Be)Ñ

œ

¸

ž

:I;)=|�#† Ê´† …

³

�`:I;)=Â�²�	�`:I;)=o�²¬�� .

2Here ×ÙØ<Ú3ÛÁÜ mightneedto look at Ý°Ø<Þ•ßLà á

â

Ü ringsat every node.
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(a) If the rings are well-formedthenwith probability at
least ^¹\

³

algorithm ¾DËZ�ƒe)� is Ê -exact.
(b) If moreover the rings are stochastically independent

thenwith probabilityat least ^�\

³

algorithm ¾aË²�ƒe)� is
�Ÿ¿

(

ÊD� -balanced,¿N��e Ñ

œ

¸

ž

:I;)=Â�²�	¬@…

³

� .

Notethatin Thm.4.4 it doesnot suf�ce to assumethat
§s¨ is an arbitrarysubsetof Ê , sincein generala subset
of a growth-constrainedmetriccanhave a very high KR-
dimension.

4.2 Extensions
Our resultsallow severalextensions.Theproofsareomit-
tedfrom this versionof thepaper.

(1) Our resultsholdundera lessrestrictivede�nition of
KR-dimensionthat only appliesto balls of cardinalityat
least ™	�Í:<;/=¤• ; moreover, we cantake ™	�Í:<;/=Â��• † Ê´† � in
Thm.4.3,and ™2�A:I;)=ã† Ê´† in Thm.4.4.

(2) We show that if a metric is comparatively 'well-
behaved' in thevicinity of a givennode,thensomeof its
ringscanbemadesmaller. We'd like thesizeof §

•

� to de-
pendonly onwhathappensin thecorrespondingball S

•

� .
Speci�cally, for �_��­|e

�Ÿ�

c welet ä

•

� betheratioof † S

•

�+†

to thesmallest† S
v

���3��† suchthat �

•

v
4Åe

�

\¯� ; notethat
S

v
���3�Ù©±S

•

� for any such« . Thenin Thm.4.1 it suf�ces
to assumethat thecardinalityof eachring §

•

� is at least
e

G

eåä

•

�
:<æ˜��•

F

…

³

� .
(3) Our guaranteesare worst-case;on average it suf-

�ces to queryonly a fractionof neighborsof a givenring.
Recallthaton everystepin algorithm ¾´��f|�Ì� we look at a
subset§ of neighborsandforward thequeryto thenode

®

Š

§ that is closestto the target • subjectto the con-
straintthattheprogressof ® , de�nedastheratio �

•zº

…3�
»

º ,
is at leastf

� . For f
�

4±e , supposeinsteadweforwardthe
queryto anarbitraryprogress-2nodein § if suchnodeex-
ists. It is easyto checkthatall our resultsfor ¾´��f

�
� carry

over to this modi�ed algorithm. Moreover, in Thm. 4.2a
(usedin conjunctionwith Thm. 4.1 for ­a�É^Ì…3Ã ) instead
of askingall neighborsof a given ring at once,we can
askthemin randombatchesof size 7/���ç���$^z�#¸ ; thenin
expectationonesuchbatchwill suf�ce. Thereforeon av-
erageon every step(exceptmaybethelastone)we'll use
only 7)� randomlyselectedneighborsfrom a given ring.
Similarly, we cantake 7)�D�9���

� ·

�#¸ for Thm.4.2bc(used
in conjunctionwith Thm.4.1), 7/�Ä�½����ä

•

�
� for Extension

(2) above, and 7)�´�Î���k^z�#¸ for Thm. 4.3 andThm. 4.4a.
We obtainsimilar improvementsfor Thm. 4.2 usedwith
Thm.4.5for doublingmetrics.

(4) Thm. 4.4b holds undera strongerde�nition of a
�Ÿf

(

ÊD� -balancedalgorithmwhichallowsmoregeneralini-
tial conditions. Speci�cally, �x some ¿”è6� and

—

è

•�¥/¡@¢3£��Ÿ¿

(

^z� , andchoosea randompartition of
—

into
• summands�

• , ’

Š

§˜¨ , suchthat ¿Ö4

�

•

4¶f

—

…Ì•

for each ’ . Supposeeach Meridian node ’ receives

queriesfor �

• randomtargetsin Ê . Sayalgorithm ¾ is
�Ÿf

(

¿

(

—

(

ÊD� -balancedif underthis algorithmin this sce-
narioany givennodesendsandreceivesatmost f~� qy ��¾Ô�

packets.Notethatanalgorithmis �Ÿf

(

ÊD� -balancedif and
only if it is �Ÿf

(

^

(

•

(

ÊD� -balanced.

4.3 Doubling metrics
De�ne thedoublingdimensionDIM asthe :I;)= of thesmall-
est � suchthateveryball S

•

�Ÿ�3� canbecoveredby � balls
of radius �)…3e . Metrics of low doubling dimensionis a
strictly moregeneralfamily thangrowth-constrainedmet-
rics sinceit is easyto see[18] that DIM is at most four
timestheKR-dimension,but theconverseis not true,e.g.
for a subsetyÌe

� é

�	49
Ä49•�• of the real line DIM �¶^ ,
but KR-dimensionis e

Ó

. Intuitively, doubling metrics
aremorepowerful becausethey cancombinevery sparse
andvery denseregions. Moreover, doublingmetricscan
beseenasa generalizationof low-dimensionalEuclidean
metrics;it is known [18] that for any �nite point setin a

7 -dimensionalEuclideanmetricDIM �½���²7ê� .
Doublingdimensionhasbeenintroducedin themathe-

maticalliterature(see[20]) andhasrecentlybecomeahot
topic in the theoreticalCS community[18,30,33,51,28,
49]; in particularit wasusedto modelInternetlatenciesin
the context of distributedalgorithmsfor embeddingand
distanceestimation[28,49].

For metricsof low doubling dimension,well-formed
rings areno longeradequatesincewe needto boostthe
probability of selectinga nodefrom a sparserregion. In
fact, this is precisely the goal of our ring-membership
managementin Section2. Mathematicalliteraturepro-
videsa naturalway to makethis intuition precise.

Saya measureis � -doubling[20] if for any ball S

•

���
�

its measureis at most � timeslargerthanthatof S

•

���)…3e)� .
It is known [20] that for any metric thereexists a e

DIM -
doubling measureë . Intuitively, a doubling measureis
an assignmentof weights to nodesthat makes a met-
ric look growth-constrained;in particular, for exponential
line ë¤�ƒe

�

� �Be

�Ÿ�

Ó

. Saythatat somepointof time thering
§

•

� is ë -well-formedif it is distributed as a random 7 -
nodesubsetof S

•

� , wherenodesaredrawn with probabil-
ity ë¤�k¥•�#…
ë¤��S

•

�ƒ� . Usingthesenotions,onecanobtainthe
guaranteein Thm.4.1whereinsteadof theKR-dimension
we plug in a potentiallymuchsmallerDIM of §

¨ .

Theorem4.5 Supposethemetricon §~¨ hasdoublingdi-
mensionDIM, and let ë be a e

DIM -doublingmeasure on
§s¨ . Fix

³

1
^ and ­´4Ç^ ; set 7¯�¶���

� ·

�

DIM
:I;)=|���´…

³

� .
If the rings are ë -well-formed,then Meridian rings are

­ -nice, soThm.4.2applies.

8



5 EVALUATION
We evaluatedMeridianthroughbotha largescalesimula-
tion parameterizedwith real Internetlatencies,aswell as
a physicaldeploymentonPlanetLab.

Simulation. A large scalemeasurementstudy of 2500
DNS servers was usedto parameterizesimulationsfor
evaluatingMeridian. For the study, we collectedpair-
wiseroundtrip timemeasurementsbetween2500servers,
spanningapproximately6.25 million node pairs. The
studywas replicated9 times from 9 differentPlanetLab
nodesacrossNorth America, with the medianvalue of
the 10 runstaken for the round-trip time of eachpair of
nodes.We veri�ed thateachserver hasan uniqueIP ad-
dressto reducethe likelihoodthat more thanoneof the
chosenserversarehostedon thesamemachine.The ex-
perimenttook approximately8 daysto complete,as the
query interarrival times were dilated, and queriesthem-
selves randomized,to avoid queuingdelaysat the DNS
servers. Theexperimentswereperformedfrom May 5 to
May 13,2004.

We obtainedthe latency measurementbetweenDNS
servers on the Internetvia the King measurementtech-
nique[17]. King worksasfollows: assumingthata node

§ wantsto determinethe latency betweenDNS server R

and S , it �rst sendsanamelookuprequestto R andmea-
suredistanceRã§ . Next, arecursivenamerequestis sentto

R for a domainwhere S is theauthoritativenameserver,
which will causeR to contact S on the measuringma-
chine's behalf. This requestwill yield the roundtriptime
from the measuringnodeto S via R , that is RÄ§-C�R S .
By takingthedifferencebetweenthetwo measuredtimes,

§ candeterminean approximateroundtriptime between
R and S .

In the following experiments,eachof the testsconsist
of 4 runswith 2000Meridiannodes,500targetnodes,7@�

^Hì nodesperring, 9 ringspernode,sizeof the innermost
ring �

�¶e , probepacket sizeof 50 bytes, f½�í�

G•î , and
�

�µ^ ms,for 25000queriesin eachrun. Theresultsare
presentedeitherasthemeanresultof the ^H�/�)�)�/�8�Îï2ð

e

î

�)�/� queries,or asthemeanof themedianvalueof the4
runs.All referencesto latency in this sectionarein terms
of roundtrip time. Eachsimulationrunbeginsfrom acold
start, whereeachjoining nodeknows only one existing
nodein the systemandmustdiscover othernodesin the
systemthroughthegossipprotocol.

We�rst evaluatehow accurateMeridianis in �nding the
closestnodeto a giventargetcomparedto theembedding
basedapproaches.We computedthe coordinatesfor our
2500nodedatasetusingGNP, Vivaldi andVivaldi with
height. GNP representsan absolutecoordinatescheme
basedon staticlandmarks.We con�gured it for 15 land-
marksand8 dimensionsassuggestedby theGNPauthors,
andusedthe � -clustered-mediansprotocolfor landmark
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Figure 5: Light barsshow themedianerror for discovering the
closestnode. Darker barsshow the inherentembeddingerror
with coordinatesystems.Meridian's medianclosestnodedis-
covery erroris anorderof magnitudelower thanschemesbased
on embeddings.
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Figure6: Meridian's relativeerrorCDFfor closestnodediscov-
ery is signi�cantly betterthanperformingperfectqueryrouting
with anembeddingscheme.

selection.Vivaldi is anotherabsolutecoordinatescheme
basedon springsimulationsandwascon�gured to use6
dimensionswith 32 neighbors. Vivaldi with height is a
recentschemethat performsa non-Euclidianembedding
whichassignsa2 dimensionallocationplusaheightvalue
to eachnode. We randomlyselect500 targetsfrom our
datasetof 2500nodes.

We �rst examinetheinherentembeddingerrorin abso-
lute coordinatesystemsanddeterminethe error involved
in selectingtheclosestnodes.Thedarkerbarsin Figure5
show themedianembeddingerror of eachof thecoordi-
nateschemes,wherethe embeddingerror is theabsolute
valueof thedifferencebetweenthemeasureddistanceand
predicteddistanceoverall nodepairs.However, evenwith
a large embeddingerror, it is possiblefor the coordinate
systemsto pick thecorrectclosestnode.To evaluatethis,
we assumedthe presenceof a perfectgeographicquery
routinglayer, suchasanactualCAN deploymentwith per-
fect informationat eachnode.This assumptionbiasesthe
experimenttowardsvirtual coordinatesystemsand iso-
latestheerror inherentin network embeddings.Theme-
dianclosestnodediscovery error for all threeembedding
schemes,asshown by the lighter barsin Figure5, arean
orderof magnitudehigherthanMeridian. Figure6 com-
parestherelativeerrorCDFsof differentclosestnodedis-
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Figure 8: An increasein ñ signi�cantly improvesaccuracy for
ñAòÍó)ô õ . The averagequery latency increaseswith increasing
ñ , asabigger ñ increasestheaveragenumberof hopstakenin a
query.

covery schemes.Meridianhasa lower relative error than
theembeddingschemesby a largemargin over theentire
distribution.

Theaccuracy of ourclosestnodediscoveryprotocolde-
pendson several parametersof our system,suchas the
numberof nodesper ring 7 , acceptanceinterval f , the
constant� , andthegossiprate. Themostcritical param-
eteris thenumberof nodesperring 7 , asthis determines
the granularityof the searchwherea higher numberof
nodesper ring will comb throughthe searchspaceat a
�ner grain.Figure7 showsthemedianerrordropssharply
as 7 increases.This is signi�cant asa nodeonly needs
to keeptrackof a smallnumberof othernodesto achieve
high accuracy. The resultsindicatethat as few as eight
nodesperring canreturnveryaccurateresultswith a sys-
temsizeof 2000nodes.As eachnodeonly hasninetotal
rings,a nodemustonly be awareof at mostseventy-two
othernodesin thesystem.

High accuracy mustalsobecoupledwith low queryla-
tency for interactiveapplicationsthathaveashortlifetime
perqueryandcannottoleratealonginitial setuptime. The
closestnodediscovery latency is dominatedby the sum
of themaximumlatency probeat eachhopplus thenode
to nodeforwarding latency; we ignore processingover-
headsbecausethey arenegligible in comparison.Merid-
ian boundsthemaximumlatency probeby two timesthe
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Figure 9: Error andquerylatency asa functionof systemsize,
for öÏ÷ÎøúùHû�ü . Both medianerror andaveragequery latency
remainconstantasthenetwork grows, aspredictedby theana-
lytical results.
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Figure15: An increasein thenumberof nodesperring ö signif-
icantly reducesthefailurepercentageof multi-constraintqueries
for öÔò�� .
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Figure16: Increasingñ decreasesthefailurepercentageandin-
creasestheaveragelatency of a multi-constraintquery. Overall,
the effect of ñ on applicationperformanceis small for multi-
constraintnodeselection.
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Figure 17: Thepercentageof multi-constraintqueriesthatcan-
not beresolved with Meridianandaveragequerylatency. Both
areindependentof systemsize.
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Figure 18: Theaverageload of a multi-constraintquerygrows
sub-linearlywith thesystemsize.

latency from the currentintermediatenodeto the desti-
nation, as any probethat requiresmore time cannotbe
a closer node and its result is discarded. The average
querylatency curve in Figure7 shows thatqueriesarere-
solved quickly regardlessof 7 . Averagequerylatency is
determinedby the slowestnodein eachring (subjectto
the maximumlatency bound)andthe hopcount,both of
which increasesonly marginally as 7 increasesfrom four
to sixteen.

The f parametercapturesthe tradeoff betweenquery
latency and accuracy as shown in Figure 8. Increasing

f increasesthe querylatency, asit reducesthe improve-
mentsnecessarybefore taking a hop, and thereforein-
creasesthe numberhopstaken in a query. However, in-
creasingf alsoprovidesasigni�cant increasein accuracy
for f54A�

G î ; this matchesour analysis(seeThm.4.2,and
alsoThm. 4.3 andThm. 4.4a). Accuracy is not sensitive
to f for f-�h�

G•î .
We examinethescalabilityof theclosestnodediscov-

eryapplicationby evaluatingtheerror, latency andaggre-
gateloadat differentsystemsizes.Figure9 plotstheme-
dian error andaveragequerylatency for 7��Ð:<;/= � . As
predictedby thetheoreticalanalysisin Section4, theme-
dianerrorremainsconstantasthenetwork grows,varying
only within the error margin. The error improvesfor re-
ally smallnetworkswhereit is feasibleto testall possible
nodesfor proximity. Similarly, thequerylatency remains
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constantfor all testedsystemsizes.
Scalabilityalsodependson theaggregateloadthesys-

templaceson thenetwork, asthiscanlimit thenumberof
concurrentclosestnodediscoveriesthatcanbeperformed
at a particularsystemsize.Figure10 plotsthetotal band-
width requiredthroughoutthe entire network to resolve
a query, and shows that it grows sub-linearlywith sys-
temsize,with 2000nodesrequiringa total of 2.6KB per
query.

A desirablepropertyfor load-balancing,andoneof the
assumptionsin our theoreticalanalysis(seeThm. 4.4b
on load-balancing)is stochasticindependenceof the ring
sets.We verify this propertyindirectly by measuringthe
in-degreeratio of thenodesin thesystem.The in-degree
ratio is de�ned asthenumberof incominglinks to a node

R over the averagenumberof incoming links to nodes
within a ball of radius � aroundR . If thering setsarein-
dependentthen the in-degreeratio shouldbe closeto 1;
in otherwords,it would indicatethatthenodeswithin the
radius � aroundR areselectedevenly asneighbors.Fig-
ure11 shows thatMeridianis very evenly load-balanced,
asmorethan90%of theballshaveanin-degreeratio less
thantwo for ballsof radius20msand50ms.

A desirableproperty, andoneof theassumptionsin our
theoreticalanalysis(seeThm. 4.2) is that our ring mem-
bersarewell distributeddueto our multi-resolutionring
structureandour hypervolumering membershipreplace-
mentscheme.To determinetheir actualeffectiveness,we
evaluatethe latencyratio of thenodes.The latency ratio
for a node R and a target node S is de�ned as the la-
tency of node � to S over the latency of R to S , where

� is the neighborof R that is closestto S . The CDF
in Figure12 indicatesthat for fÍ�¶�

G î , further progress
canbe madevia anextra hop to a closernodemorethan
80%of thetime. For f5�Ö�

G � , anextra hopcanbetaken
over 97% of the time. This givesa goodindicationthat
multi-resolutionringsandhypervolumering membership
replacementprotocol are doing a good job in distribut-
ing thering nodesin thelatency space.Thehypervolume
ringmembershipprotocolalsoprovidessigni�cantly more
consistentresultsthana randomreplacementprotocol,as
thestandarddeviation of relative error is 38msusinghy-
pervolumereplacement,but is 151mswhenusingrandom
replacement.

We evaluatehow Meridian performsin central leader
electionby measuringits relative error as a function of
groupsize.Figure13showsthat,asgroupsizegetslarger,
therelativeerrorof thecentralleaderelectionapplication
drops. Intuitively, this is becausethe larger groupsizes
increasethe numberof nodeseligible to serve asa well-
situatedleader, andsimplify Meridian'staskof routingthe
queryto a suitablenode.

We evaluateour multi-constraintprotocol by the per-
centageof queriesthat it can satisfy, parameterizedby

the dif�culty of the set of constraints. For eachmulti-
constraintquerywe selectfour randomtargetnodes,and
theconstraintto eachtargetnodeis drawn from auniform
distribution between40 and80 ms. Thedif�culty of a set
of constraintsis determinedby thenumberof nodesin the
systemthat can satisfy them. The fewer the nodesthat
cansatisfythesetof constraints,themoredif�cult is the
query.

Figure 14 shows a histogramof the successrate bro-
ken down by the percentageof nodesin the systemthat
cansatisfythesetof constraints.For queriesthat canbe
satis�ed by 0.5%of thenodesin thesystemor more,the
successrateis over90%.

As in closestnodediscovery, thenumberof nodesper
ring 7 hasthelargestin�uence on theperformanceof the
multi-constraintprotocol.Figure15showsthefailurerate
decreasesasthenumberof nodesperring increases.Sur-
prisingly, it alsoshowsadecreasein averagequerylatency
asthenumberof nodesper ring increases.This is dueto
thereductionin thenumberof hopsneededbeforea con-
straintsatisfyingnodeis found,asa searchcanendearly
by �nding asatisfactorynode.Figure16showsthatvary-
ing f in themulti-constraintprotocolhassimilar but less
pronouncedeffectsasin theclosestnodediscoveryproto-
col. An increasein f decreasesthefailurepercentageand
increasestheaveragelatency of amulti-constraintquery.

Thescalabilitypropertiesof themulti-constraintsystem
arevery similar to thescalabilityof closestnodediscov-
ery. Figure 17 shows that the failure rate and the aver-
agequery latency are independentof systemsize, even
whenthenumberof nodesper ring 7��Ö:I;)= � (notethat
setting 7 to a constantwould favor the runs with small

� ). Figure 18 shows that the averageload per multi-
constraintquerygrows sub-linearly. The non-increasing
failure rate and the sub-lineargrowth of the query load
make themulti-constraintprotocolhighly scalable.

Physical Deployment. We have implementedand de-
ployedtheMeridianframework andtheclosestnodedis-
covery protocol on PlanetLab. The implementationis
small,compactandstraightforward;it consistsof approx-
imately2500linesof C++ code. Most of thecomplexity
stemsfrom supportfor �re walledhosts.

Hostsbehind�re walls andNATs arevery commonon
theInternet,anda systemmustsupportthemif it expects
large-scaledeploymentover uncontrolled,heterogeneous
hosts.Meridiansupportssuchhostsby pairingeach�re-
walled hostwith a fully accessiblepeer, andconnecting
thepairvia apersistentTCPconnection.Messagesbound
for the�re walledhostareroutedthroughits fully accessi-
blepeer- aping,whichwouldordinarilybesentasadirect
UDPpacketor aTCPconnectrequest,is sentto theproxy
nodeinstead,which forwardsit to thedestination,which
thenperformstheping to theoriginatingnodeandreports
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comparedit againsta similarly con�gured simulationto ensure
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theresult.A nodewhoseproxy fails is consideredto have
failed,andmustjoin thenetwork from scratchto acquire
anew proxy. Sincea �re walledhostcannotdirectlyor in-
directly ping another�re walledhost,�re walledhostsare
excludedfrom ring membershiponother�re walledhosts,
but includedon fully-accessiblenodes.

We deployed the Meridian implementationover 166
PlanetLabnodes. We benchmarkthe systemwith 1600
target web serversdrawn randomlyfrom the Yahooweb
directory, andexaminethe latency to the target from the
node selectedby Meridian versusthe optimal obtained
by queryingevery node. Meridian was con�gured with

7��çÃ , �

�Ðe ms, f±�”�

G•î , and �

�µ^ . Overall, median
error in Meridian is 1.844ms,andthe relative error CDF
in Figure19 shows thatit performsbetterthansimulation
resultsfrom asimilarly con�guredsystem.

6 RELATED WORK
Meridian is a generalnodeproximity framework thatwe
haveappliedto theserverselection.Weseparatetheserver
selectiontechniquesinto thosethat requirenetwork em-
beddingandthosethatdonot,andsurvey bothin turn.

Network Embedding: Recentwork on network coordi-
natescanbecategorizedroughlyinto landmarkbasedsys-
tems,andthe simulationbasedsystems.Both typescan
embednodesinto a Euclideancoordinatespace.Suchan
embeddingallows thedistancebetweenany two nodesto
bedeterminedwithout directmeasurement.

GNP[40] is thepioneerin networkembeddingsystems.
It usesa�x edsetof landmarksthatdeterminesthecoordi-
natesof a nodeby its distanceto thelandmarks.ICS [36]
andVirtual Landmarks[52] bothaim to reducethecom-
putationalcostof GNP by replacingthe embeddingwith
onesthatarecomputationallycheaper, at thecostof losing
accuracy. Meridianusesthesamelow-costembeddingas
Virtual Landmarks,but employs theresultingcoordinates
only for selectingdiversering members,not for resolving
queries.To addresstheissueof singlepoint of failuredue

to �x ed landmarks,Lighthouse[41] usesmultiple local
coordinatesystemthatarejoinedtogetherthrougha tran-
sition matrix to form a globalcoordinatesystem.PIC [9]
andPCoord[35] only require�x ed landmarksfor boot-
strappingandcalculatetheir coordinatesbasedon theco-
ordinatesof peers.This canleadto compoundingof em-
beddingerrorsovertimein asystemwith churn.NPS[39]
is similar to PIC andPCoordbut further imposesa hier-
archyof serversto ensureconsistency of thecoordinates
acrossall thenodes.Vivaldi [12] is basedona simulation
of springs,wherethepositionof thenodesthatminimizes
thepotentialenergy of thespringalsominimizestheem-
beddingerror. BBS [48] performsa similar simulationto
calculatecoordinates,simulatinganexplosionof particles
undera force�eld.

IDMaps [16], like network embeddingsystems,can
computethe approximatedistancebetweentwo IP ad-
dresseswithoutdirectmeasurementbasedonstrategically
placedtracernodes.IDMapsincursinherenterrorsbased
on theclient's distanceto its closesttracerserver andre-
quiresdeploying systemwide infrastructure.Otherwork
[15] hasalso examinedhow to delegateprobing to spe-
cializednodesin thenetwork.

Therehasalso beentheoreticalwork [28, 49] on ex-
plainingtheempiricalsuccessof networkembeddingsand
IDMaps-styleapproaches.

Server Selection: Our closestnodediscovery protocol
draws its inspirationfrom DHTs suchasChord[50], Pas-
try [45] andTapestry[54], but theseDHTs solve a differ-
entproblem,namelyrouting. Proximity basedneighbor
selection[6, 5] performsa similar searchusingthe node
entriesin theroutetableof a structuredP2Psystem.This
techniquereliesontheroutingtablelevelsto looselychar-
acterizepeernodesby latency, but doesnotdirectly orga-
nizenodesbasedon their latency andincurstheoverhead
associatedwith structuredP2P systems. The time and
spacecomplexity of two similar techniquesarediscussed
in [24] and [26], but thesetechniquesdo not provide a
generalframework,andinsteadfocusexclusively on �nd-
ing the nearestneighbor. Moreover, their resultsappear
to apply only to Internet latenciesmodeledby growth-
constrainedmetrics, whereasour framework extendsto
a moregeneralmodel(seeSection4). Also, without an
evaluationon a largescaledatasetcollectedfrom live In-
ternetnodes,their practicalitycannotbecon�rmed.

A closest node discovery technique described as
�

ŽÌŒ€•	�Ì•�
ƒ•o“ is introducedin [29], where 7 landmarksare
placed,eachkeepingtrack of its latency to the nodesin
thesystem.A node�nds theclosestnodeby queryingall

7 landmarksfor nodesthatarethesamedistance


³

away
from the landmarks,andchoosingthe closestnodefrom
that set. The accuracy of the systemdependsheavily on
the assumptionthat triangle inequalityholdson the ma-
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jority of routes,andthechoiceof anappropriate
³

is not
obviouswithoutprior knowledgeof thenodedistribution.

Anotherlandmarkbasedtechniquefor closestnodedis-
covery is describedin [44], whereeachnodedetermines
its bin numbervia measurementsto well known land-
marks.A nodewishingto �nd its closestnodedetermines
its own bin number, queriesa modi�ed DNS server for
othernodesin thesamebin, or thenearestbin if no other
nodesbelongin thesamebin, andchoosesarandomnode
from theretrievedsetof servers.

Severaldifferentproactivetechniquesto locatetheclos-
estreplicato theclient areevaluatedin [19]. Thesetech-
niquesoffer differentmethodsto constructa connectivity
graphby meansof polling theroutingtableof connecting
hops,explicitly sendingroutingprobes,or limited probing
with triangulation.Thestudyassumesthenetwork condi-
tions andtopologyremainrelatively static,anddoesnot
directlyaddressscalability.

Dynamicserver selectionwasfound in [3] to be more
effective than static server selectiondue to the variabil-
ity of route latency over time and the large divergence
betweenhop countandlatency. Simulations[4] usinga
simpledynamicserver selectionpolicy, whereall replica
serversareprobedandtheserver with the lowestaverage
latency is selected,show thepositive systemwide effects
of latency-basedserver selection. Our closestnodedis-
coveryapplicationcanbeusedto performsuchaselection
in large-scalenetworks.

7 CONCLUSIONS
Network positioning basednode selectionis a critical
building block for many large scaledistributed applica-
tions. Network coordinatesystems,coupledwith a scal-
able nodeselectionsubstrate,may provide one possible
approachto solvingsuchproblems.However, thegener-
ality of absolutecoordinatesystemscomesat theexpense
of accuracy andcomplexity.

In this paper, we outlined a lightweight, accurate
andscalableframework for solvingpositioningproblems
without theuseof explicit network coordinates.Our ap-
proachis basedon a looselystructuredoverlay network
and usesdirect measurementsinsteadof virtual coordi-
natesto performlocation-awarequeryroutingwithout in-
curring either the complexity, overheador inaccuracy of
an embeddinginto an absolutecoordinatesystemor the
complexity of a geographicpeer-to-peerroutingsubstrate
suchasCAN [43] andP-Trees[10].

We havearguedanalyticallythatMeridianprovidesro-
bust performance,delivershigh scalability, andbalances
load evenly acrossnodes. We have evaluatedour sys-
temthrougha PlanetLabdeploymentaswell asextensive
simulations,parameterizedby datafrom measurementsof
2500nodesand ì

G

e

î million nodepairs. The evaluation
indicatesthatMeridianis effective;it incurslesserrorthan

systemsbasedonanabsoluteembedding,is decentralized,
requiresrelatively modeststateand processing,and lo-
catesnodesquickly. We have shown how the framework
canbe usedto solve threenetwork positioningproblems
frequently-encounteredin distributedsystems;it remains
to beseenwhetherthelightweightapproachadvocatedin
this papercanbeappliedto othersigni�cant problems.
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A Proofs
Herewe provide proofsfor the resultsin Section4. First
weaddressthequalityof therings,thenapproximatenear-
estneighbors,thenexactnearestneighbors,andconclude
with load-balancing;theproofonload-balancingis signif-
icantly morecomplicatedthantheotherproofs. To make
this write-up self-contained,we includea subsectionon
Chernoff Boundsthatareusedthroughouttheproofs.

For simplicity we rede�ne the KR-dimensionas the
smallest� suchthat for any fB�Î^ thecardinalityof any
ball S

•

�Ÿ�3� is at most f�¸ timeslargerthatof S

•

�Ÿ�)…
f~� . It
is easyto checkthatthis de�nition coincideswith theold
one for any fí� e

� , 
Qè ^ . We rede�ne the doubling
dimensionsimilarly.

If ® is a neighborof the currentnode ’ , and ˆ is the
target,thencall ® aprogress-f neighborif �
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Àz…
� » À è5f .

A.1 Quality of the rings
We startwith two proofswhichshow thatevenwith small

7 it is possibleto make therings ­ -nice.
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Proof of Thm. 4.5: Fix two Meridiannodes’Â« andlet
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v . Pick the smallest
 suchthat �

•

vDC��A4Çe

� .
Then �B��e

�

¿ , where ¿Å� eê�k^�C

�
·

� . So applying the
de�nition of a doublingmeasure:<;/=å¿ timeswe seethat

ë¤% S

•

�

,

…
ë¤% S
v

�Ÿ�3�

,

4Ae)Ñ

œ

¸�� �����

ž

�A¿�Ñ

œ

¸

ž

.
The ring §

•

� is distributed as in the following pro-
cess:pick nodesfrom S

•

� independentlywith probabil-
ity ë¤�k¥•�#…Ìë¤�²S

•

�Z� , until wegather7 distinctnodes.At each
draw the probability of choosinga nodefrom S

v
�Ÿ�3� is

at least ¿

�

Ñ

œ

¸

ž

. The claim follows from the Chernoff
Bounds(LemmaA.9), exactlyasin Claim A.10. 


A.2 Approximatenearestneighbor
In this subsectionweproveThm.4.2.

The searchalgorithm usedby Meridian (denotedby
¾´��f~� in Section4) looks only at threerings at a given
node. For Thm. 4.2 we'll needa generalization¾´�Ÿf

(

?²� ,
whichlooksat ?�è�� rings.Speci�cally, if node’ receives
a query for target ˆ , it chooses
Æ� eaC��Ÿ:<;/= �

•

À�� , and
�nds a neighbor® in the ? rings §

•

. , 
˜\�?�4�0
1


 thatis
closestto ˆ . If ® is a progress-f neighborthenthequery
is forwardedto ® ; elsethesearchstops.

The following claim essentiallyshows that if we look
at thering of radiusthatis toosmallthenwecannotmake
muchprogresstowardsthetargetnode.

Claim A.1 For anynodes��’

(

®

(

ˆ3� , suppose�

•

» 4he

�Ÿ� . ,

����Õ:I;)=¤�

•

À �
. Then �

•

Àz…
� » À 1 ^>C5e

F

� . .
Proof: Let ¿ç� e

�L� . . Then �

•

»64¼¿ãe

�����

1 ¿Ä�

•

À ,
so �/» À èÐ�

•

À \A�

•

»Î�É�k^_\5¿��$�

•

À , andit follows that
�

•

À …3�/» À

1 ^Ì…ê�k^P\	¿s�°4Í^>CEe
¿ . 


By ClaimA.1 in agivenstepwemightnotneedto look
at all ? rings: we look at therings §

•

. in theorderof de-
creasing0 , andwithout lossof generalitywe considerthe
ring §

•

. , 0@4h
|\	ï only if in thelargerringstherewasno
node « suchthat �

•

À …
� vÁÀ èO^ÙCAe

. �o�

K��

. In particular, if
for some? algorithm ¾´�Ÿf

(

?²� �nds a progress-2nodethen
sodoes¾´�Ÿf

(

�/� .
Thefollowingclaimshowshow ouralgorithm ¾ zooms

in on thetargetnode.We'll usethefunction

�

�Ÿf~�¤�Bf �$^>C¯­L�#…ê�k^¹\ f˜­L�

G

Notethatfor f

Š

�k^

(

�

·

� thefunction
�

��f~� is continuously
increasingto in�nity . De�ne ?#�Ÿf~�¤��� if f è±e and?#�Ÿf~�¤�

� C��Ÿ:<;/=Ù^Ì…ê�²eÄ\Ïf��
�

otherwise.

Claim A.2 Assumetherings are ­ -nice. Let ˆ bethetar-
get node, let «

Š

§s¨ be its nearestneighbor. Let ’ be
any Meridian node, suppose�

•

Àz…
�€vÁÀÏ�

�

��f~� for some
f

Š

�$^

(

� ·

� , and�x ?åèB?$��f~� . Thenat ’ algorithm ¾8�Ÿf

(

?²�

�nds a progress-f neighborof ’ .
Proof: First we claim thatsuchneighborexists. Indeed,
pick thesmallest
 suchthat �

•

v
�$^ÙC±­+�a4çe

� . Sincethe
rings are ­ -nice, node ’ hasa neighbor ®

Š

§

•

� within
distance­+�

•

v from node« . Then,letting �g�B�
vÁÀ ,

�
»

À 4 �ãCE�/v
»

4h�ãC¯­+�

•

va4A�ÄC¯­Ì�²�ãCE�

•

À��

� ­+�

•

À¤C��k^°CE­L�k�

•

Àz…

�

��f~�¤�±�

•

ÀH…Ìf

(

claim proved. It remainsto show that ® lies in one of
the rings consideredby the algorithm ¾´�²?²� , i.e. that if

�

•

À±4 e

.

1
e)�

•

À then 0N\�?�4•
 4É0ÆCç^ . Indeed,

 4-0ÄCB^ followssince

�

•

v
4 �

•

À
C¯�´4h�

•

À
�k^PC

�

��f~�

�s�

�

4 �

•

À
�$^>C

�

�$^z�

�s�

�°4±e3�

•

À
…u�$^>C¯­L�

(

e

�

1
e)�

•

v
�k^>CE­L�°45ï€�

•

À
4Ae

.

K

F

(

and 0_\�?�4E
 followsby Claim A.1. 


Thenext claim allowsusto useClaim A.2 for small f ;
theproof is straightforward.

Claim A.3 For any ¿

Š

�²�

(

^z� wehave

�

�k^>C-¿s�#…u�$^>C�¿s�°4

�

�$^>C�¿˜…3e/�

G

Moreover,
�

�$^>C¯­

F

…3e/�>4½^>C��)­ .
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Now we arereadyto proveThm.4.2.

Proof of Thm. 4.2: Let ˆ be the target of the nearest-
neighborquery, and let � be the distancefrom ˆ to its
closestMeridianneighbor.

(a) We needto prove thatalgorithm ¾´�²e

(

�€� �nds a 3-
approximateneighborof ˆ . By ClaimA.2 while thequery
visitsnodes’ suchthat �

•

Àz…
�@è

�

�²e/� , thealgorithm�nds
a progress-2neighborof ’ andforwardsthe queryto it.
The distanceto ˆ goesdown by a factorof at least2 at
eachstep,soafterat most :I;)=Â�ƒ¬�� stepsthequeryshould
arrive at somenode « suchthat � vÁÀ …
� 1

�

�²e/�ã4 � . This
provespart(a).

(b) We'll show that ¾8�Ÿf

(

?²� �nds a �k^/C!�)­L� -approximate
neighborof ˆ , where ?¹�"�_C#�Õ:I;)=°e/…
­

F

�
. By Claim A.2

while the queryvisits nodes’ suchthat �

•

ÀH…3�Aè

�

�²e/� ,
the distanceto ˆ goesdown by a factor of at least2 at
eachstep.Soafterat most :<;/=Â�²¬�� stepsthequeryshould
arrive at somenode « suchthat �`vÁÀz…
�

1

�

�²e/� . Thenby
ClaimsA.2 andA.3, using inductionon 
 we show that
after 


1
? morestepsthequerywill arriveatnode® such

that �
»

À�…
�
1

�

�k^>Che

�o�

� . In particular, by Claim A.3 we
aredonewhen 
å�A:I;)=Â�²­

F

…3e/� . This provespart(b).
(c) Note that if any neighborof the current node ’

achieves progressless than ^DC9¿ , ¿

Š

�²�

(

�

F

� then by
ClaimA.2 wehave �

•

À
…3�@4

�

�$^åCÏ¿s�°4�^¤C$�/­˜C-eÌ¿ . 


A.3 Exact nearestneighbor
Herewe prove Thms.4.3 and4.4aon �nding exactnear-
estneighbors.In boththeoremstheprogressis at least2 at
everystepexceptmaybethelastone;we have to becare-
ful aboutthis laststep,sincein generalthetarget is not a
Meridiannodeandthereforenota memberof any ring.

Proof of Thm. 4.3: Let 7Q�Îe

G

eD¥€^z�€¸°:Iæ~�²�E† Ê8† …

³

� . Let
ˆ

Š

Ê be the target,andlet «

Š

§˜¨ be its exactnearest
neighbor. Fix someMeridian node ’ , let ���•�

•

À and
choose
 suchthat e3�´4he

�

1
ï/� .

Weclaimthateither «

Š

§

•

� , or with failureprobability
at most

³

…L�5† Ê´†k:<;/=Â�ƒ¬g� the ring §

•

� containssome ®

Š

S
v

�²�`…)e)� . Indeed,S

•

�å©AS
À

�

î

�`� , so

† S

•

�+†
1

† S
À

�

î

�`��†`4Í^H�

¸

† S
À

���u…3e)�H†

(

so if † S

•

�
†˜èÅ7 thentheclaim follows from Claim A.10;

theconstante

G

e in front of 7 worksnumericallyaslongas
e.g. • † Ê´†Â�

î)î

F

and
³

1
Ž

�

F

, which is quitereasonable.
Finally, if † S

•

�+†`4A7 theneverynodein S

•

� is in ring §

•

� ,
including « , claimproved.

Sotheprogressis at least e at everystepexceptmaybe
thelastone,with failureprobabilityat most

³

…Á�E† Ê8† . The
Union Bound over all �E† ¦8† possible’|ˆ pairs gives the
total failureprobability

³

. 


Thm. 4.4a is proved using the sameidea, except we
needto addressthe fact that Meridian nodesthemselves

are chosenat randomfrom Ê . Let Ê

•

�Ÿ�3� denotethe
closedball in Ê of radius � aroundnode ’ , i.e. the set
of all nodesin Ê within distance� from ’ .

Proof of Thm. 4.4a: DenoteÊ

•

� �9Ê

•

�²e

�

� andlet 72�

ÃD¥`^H�€¸°:<æ˜�ƒe3�E† Ê´† …

³

� . Let ˆ bethetargetandlet «

Š

§˜¨

beits exactnearestneighbor. Fix someMeridiannode ’ ,
let �h���

•

À and S ��S�À
���u…3e/� , andchoose
 suchthat
e3�@4±e

�

1 ï/� .
Notethatwecanview theprocessof selecting§ ¨ from

Ê asfollows: choosethe cardinality ‘ for S

•

� from the
appropriatedistribution, thenchoose,independentlyand
uniformly at random,‘ nodesfrom Ê

•

� , and •Æ\�‘ nodes
from Ê&%PÊ

•

� .
We claim that with failure probability at most

³

ËQ�

³

…L�E† Ê´† either «

Š

§

•

� , or the ring §

•

� containssome
®

Š

S . Indeed,if thecardinalityof S

•

� is atmost 7 , then
all of S

•

� lies in the ring §

•

� , including « . Now assume
thecardinalityof S

•

� is some�x ednumber™	�B7 . Since
Ê

•

�
©hÊDÀ)�

î

�€� , it follows that

™

'

�d† S2† �

�

† Ê

•

�+†

† Ê

•

���u…3e)�H†

4

† Ê

•

�

î

�€�H†

† Ê

•

���u…3e/��†

4Í^H�

¸

(

so by Claim A.11a with failure probability at most
³

Ë'…)e

thecardinalityof S is at leasthalf theexpectation,sothat
by Claim A.10 with failureprobabilityat most

³

ËÕ…3e some
nodein ring §

•

� landsin S . Claimproved.
Thereforetheprogressis at least e at everystepexcept

maybethelastone,with failureprobabilityatmost
³

Ë . The
Union Bound over all �E† ¦Æ† possible’oˆ pairs gives the
total failureprobability

³

. 


A.4 Load-balancing: Thm. 4.4b
In this subsectionwe'll prove Thm. 4.4b,which is about
load-balancing.A largepartof theproof is thesetup:it is
non-trivial to restatethealgorithmandde�ne therandom
variablessothattheforth-comingChernoff Bounds-based
argumentworksthrough.For convenience,for any ™	�±�

denote% ™

,

�9yz�

(

^

G�GHG)(

™�*)• .
For technical reasonwe'll need a slightly modi�ed

searchalgorithm. On every stepin algorithms ¾´�$¥ � and
¾DËZ�k¥•� we look at a subset§ of neighbors,andeither the
searchstops,or the queryis forwardedthe node ®

Š

§

that is closestto thetarget. Hereis themodi�cation: if ®

is a progress-2node,theninsteadof forwardingto ® the
algorithmcanforwardthequeryto anarbitraryprogress-2
nodein § . It is easyto checkthatall our resultsfor ¾´�$¥ �

and ¾ÔËZ�k¥•� carryover to this modi�cation. For Thm. 4.4b
we'll needa speci�c versionof ¾ÔËZ�ƒe)� which canbeseen
asa rule to selectbetweendifferentprogress-2nodes.

As comparedto (theproof of) part (a), we increasethe
ring cardinalitiesby a factorof ���Ÿ:I;)=>�Ï�Á�Ÿ:I;)=P¬�� . This is
essentiallybecausewe needmorerandomness,so that in
theproofwe coulduseChernoff Boundsmoreef�ciently .
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While it might be possibleto prove the theoremwithout
this blow-up, it seemsto leadto mathematicaldif�culties
thatareway beyondthescopeof this paper.

Recallthat the §

•

� is well-formedif it is distributedas
arandom7 -nodesubsetof S

•

� . Herefor technicalconve-
niencewe'll usea slightly differentde�nition: say §

•

� is
well-formedif it is distributedasa setof 7 nodesdrawn
independentlyuniformly at randomfrom S

•

� . Thediffer-
enceis thatthenew de�nition allowsrepetitions;notethat
all previousresultswork undereitherde�nition.

Let's de�ne our versionof ¾ÔËZ�²e/� , which we denote¾ .
Say eachring §

•

� consistsof 7 slots +

•

� �<0`� which can
be seenasindependentrandomvariablesdistributeduni-
formly at randomin S

•

� . Sincetheringsareindependent,

y,+

•

�d�<0`�

é

’

Š

§ ¨

(




Š

% :<;/=>¬

,ƒ(

0

Š

% 7

,

•

is a family of independentrandomvariables.
Let -¶�6ìå:Iæ˜�²�!:<;/=Â�²¬��d…

³

� . For every pair ’|
 , parti-
tion the slots +

•

�
�k¥•� into -@:I;)=Â�ƒ¬�� equal-sizecollections

.

•

�
�I0

(

?²� , where 0

Š

% :I;)=P¬

, and ?

Š

% -

, ; formally, each
suchcollectionis a setof indices0uË into +

•

�
�<0€Ë'� . Let

§

•

�
�<0

(

?ƒ� �Íy/+

•

�
�I0

Ë

�

é

0

Ë

Š

.

•

�
�I0

(

?²�L•D©5S

•

�

be the setof valuesof slots in
.

•

�d�<0

(

?ƒ� . Obviously, the
unionof all sets§

•

�#�$¥

(

¥ � is §

•

� .
Saya 0 -stepqueryisaqueryonthe 0 -thstepof thealgo-

rithm. Whennode ’ receivesa 0 -stepqueryto target ˆ , it
chooses?

Š

% -

, in a round-robinfashion(theround-robin
is separatefor each’`0 pair) andletsalgorithm ¾´�$^z� han-
dlethisqueryusingonly theneighborsin §

•

�
�<0

(

?ƒ� , for the
corresponding
 . Speci�cally, ¾´�k^Ì� sets
å�!^êC��Õ:I;)= �

•

À
�
,

asksevery nodein §

•

�
�I0

(

?²� to measurethedistanceto ˆ ,
andforwardsthequeryto theclosestone.

We make eachcollection
.

•

�d�<0

(

?²� have size 7êË_��Ã8¥

^H�€¸°:<æ~�²e10N…

³

� , where 0 �6�E† Ê8† -@:I;)=Â�²¬�� . Thenusing
the argumentfrom part (a) we can show that for given

�Ÿ’

(

ˆ

(

0

(

?²� either the corresponding§

•

�d�<0

(

?ƒ� containsa
progress-2nodeor it containsanearestneighborof ˆ , with
failure probability at most

³

…/0 . The Union Boundover
all 0 possible �Ÿ’

(

ˆ

(

0

(

?²� tuplesshows thatour algorithm
is Ê -exactwith failureprobability

³

.
Notethatalgorithm¾ canbeseenas¾aËƒ��?ƒ� with aruleto

selectbetweendifferentprogress-2nodes:namely, choose
aprogress-2nodefrom thecorresponding§

•

�
�<0

(

?²� if such
nodeexists,elseproceedwith ¾aËƒ��?²� . Obviously, in under
assumptionsof Thm. 4.4awith failure probability

³

this
schemewill behaveexactlyas ¾ .

We considera scenariowheremany independentran-
domchoicesaremade.Speci�cally we choose

2

� -nodesubset§
¨ of Ê ,

2 subsets§

•

�#�I0

(

?²�°©AS

•

� for eachtuple �Ÿ’

(




(

0

(

?ƒ� ,
2 target •

• for eachnode’ .
For a collectionof independentrandomchoices,with-

out lossof generalitywe canassumethat a given choice

happensany timebeforeits resultis actuallyused.In par-
ticular, we will assumethatat �rst, §~¨ and •

• 's arecho-
sen.Thenthetime proceedsin :I;)=|�²¬�� epochs;in a given
epoch0 , all subsets§

•

�d�<0

(

¥•� arechosen,thenall queries
areadvancedfor onestep.

Let's analyzethe choiceof § ¨ and the queries. Let
x be the set of all � queries. For ˆ

Š

x , let •Á��ˆ3� be
the correspondingtarget. Let xsv`�Ÿ�3� be thesetof queries

ˆ

Š

x suchthat •Á�²ˆ3� is within distance� from « . Let
•Á�²§¤� be the setof all targetsin the set § of queries.Let

¿N�±�´…ê† Ê´† . By ClaimA.11 † S

•

���
�H† and † x

•

���3��† areclose
to its expectation:

Claim A.4 With failureprobabilityat most
³

, for any ’

Š

§ ¨ÖÈ •Á�Ÿxã� andradius � thefollowing holds:

(*) if 3N�Ö¿¤† Ê

•

�Ÿ�3��†�èÖ7)� then † S

•

�Ÿ�3��† and † x

•

�Ÿ�3�H† are
within a factorof 2 from 3 , elsethey areat moste/7/� ,
where 7

�
������:<;/=|��•~…

³

�$� .

This completesthe setup;now, �nally , we can argue
aboutload-balancing.We needsomemorepreliminaries.
Recall that all queriesare handledseparately, even if a
given nodesimultaneouslyreceivesmultiple queriesfor
thesametarget. Whennode ’ handlesa 0 -stepqueryand
in theprocessmeasuresdistanceto its neighbor« , we say
that « receivesa 0 -steprequestfrom ’ . Let'sde�ne several
familiesof randomvariables:

254

•

v
�I0

(

?²� is thenumberof 0 -stepqueriesforwarded
from ’ to « , andhandledat ’ usingaset §

•

�#�I0

(

?²� , for
some
 .

254

.

• is thenumberof all 0 -stepqueriesforwardedto
node’ ; set 4

�

•

�Å^ . Then 4

•

v
�I0

(

?²�°4

4

.

•

…1- .
2�6

•

v
�I0

(

?²� is thenumberof 0 -steprequestsreceivedby
« from ’ , andhandledat ’ usinga set §

•

�d�<0

(

?ƒ� , for
some
 .

2�6

.

• is the numberof all 0 -steprequestsreceived by
node’ . Clearly, 6

•

v
�<0

(

?ƒ�°4

4

.
�s�

•

…1- .

For every 0 -step query received, a given node sends
some constantnumber • of packets to each of the 7]Ë

neighborsin the correspondingset §

•

�#�I0

(

?²� . Therefore
a given node ’ sends•�7êË

‚

.

4

.

• packets total, and re-
ceives •˜‚

.

6

.

• packets total. Sincea single query in-
volvesexchangingat most •�7]ËÁ:I;)=|�²¬�� packets,algorithm

¾ is ��f

(

ÊÔ� -balancedif andonly if ‚

.

�ƒ7uË

4

.

•

C

6

.

•

�Æ4

e
f~7uË�:<;/=Â�ƒ¬g� for everynode’ .
Sayproperty‹

�I0`� holdsif for eachnode« it is thecase
that 4

.

v

4±f and 6

.

v

…37uË~4±f . We needto prove thatwith
high probability ‹

�I0€� holdsfor all 0 . It suf�ces to prove
thefollowing claim:

Claim A.5 If ‹

�I0>\�^z� then ‹

�<0`� , with failureprobability
at most

³

…�:I;)=|�²¬�� .
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Thenwecantake theUnionBoundoverall :I;)=>¬ steps
to achievethedesiredfailureprobability

³

.
Let's prove Claim A.5. Supposeall querieshave com-

pleted0�\�^ stepsandareassignedto the respective sets
§

•

�d�<0

(

?ƒ� . Now theonly remainingsourceof randomness
beforethe 0 -th stepis thechoiceof thesesets. In partic-
ular, eachrandomvariable4

•

v �<0

(

?ƒ� dependsonly onone
set §

•

� �<0

(

?ƒ� , andso does 6

•

vu�<0

(

?ƒ� . Sincethesesetsare
chosenindependently, for any �x ed « variables

y

4

•

v �<0

(

?ƒ�

é

’

Š

§ ¨

(

?

Š

% -

,

•

areindependent,andsoare

y

6

•

v€�I0

(

?²�

é

’

Š

§s¨

(

?

Š

% -

,

•

G

Firstwe claim that ‹

�I0€� holdsin expectation:

Claim A.6 For every Meridian node « and every step 0

(a)
'

�

4

.

v

�P45f�…3e and(b)
'

�

6

.

v

…)7uË'�°45f�…)e .

Supposeproperty‹

�I0ã\-^z� holds.Let'sboundtheload
onsome�x ednode« . Notethat

4

.

v

�

–

all pairs
œ

•87

M

ž

4

•

v`�I0D\h^

(

?²�

is a sumof independentrandomvariables,eachin % �

(

‘

,

for ‘-�íf�…1- . Applying Claim A.9b with ë½�íf�…3e , we
seethat

9;:

%

4

.

v

�Ef

,

4½�²Ž3…Ìï€�=<�>

F

4

³

…)e3�Í:<;/=Â�ƒ¬g�

G

Similarly, 6

.

v

�O‚

œ

•)7

M

ž

6

•

vu�<0

(

?ƒ� is a sumof independent
randomvariables,eachin % �

(

‘

, , soby ClaimA.9b we can
upper-bound

9?:

%

6

.

v

…37uË��½f

, . By theUnion Boundprop-
erty ‹

�<0`� holdswith the total failure probability at most
³

. Thiscompletestheproofof Claim A.5.
It remainsto prove Claim A.6. Let §

� be the set of
queries ˆ

Š

x suchthat « is a nearestneighborof the
target •Á�²ˆ3� .
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Claim follows if we takesmallenough@2�Í^ . 


Let �
� bethesmallest� suchthat S

v
�Ÿ�3� hascardinality

at leasttwice the 7
� from Claim A.4. Let �ã���±x

v
�Ÿ�

�
e

�

� .
Let §5©Ex bethesetof queriesthatgetforwardedto « on
step0 ; recallthat 4

.

v

�O† § † .
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Š
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Š
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which is at most ï>e/¸]…ê† Sãv€�²�€�H† , asrequired. 
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This completes the proof of Claim A.6a. For
Claim A.6b, let § bethesetof queriesthatcausea 0 -step
requestto « . Supposea 0 -stepquery ˆ is at node ’ ; let

•_�Ð•Á��ˆ3� and � �Ð�

•Hº . Node « receivesa 0 -steprequest
dueto • only if �

•

v 4”e3� , so let's assumeit is the case.
Then �€v
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4A�ãCE�
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S
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as long as † S

•

�²�/v

º

�H† is at least twice as large as the 7/�

from Claim A.4. The restof the proof of Claim A.6b is
similar to thatof Claim A.6a.Thiscompletestheproofof
Claim A.6 andThm.4.4b.

A.5 Chernoff Bounds
Essentially, Chernoff Boundssaythatwith high probabil-
ity the sumof many boundedindependentrandomvari-
ablesis closeto its expectation.Herefor thesakeof com-
pletenesswe write out thestandardChernoff Boundsand
someeasyapplicationsthereofthat we usein the above
proofs.

Lemma A.9 (Chernoff Bounds[38]) Let 4 be the sum
of independentrandomvariables 4
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Š
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, , for some
‘8�A� . Let ­
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Claim A.10 Supposering §

•

� is well-formed and has
cardinality 7 . Fix a subset § © S
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� and let ë �
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�#† . Then with failure probability at most
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Proof: Denotethe desiredevent by R . The distribution
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•

� is that of the following process‹ : pick nodes
from S

•

� independentlyand uniformly at random,until
we gather 7

•

� distinct nodes. For simplicity considera
slightly modi�ed process‹

Ë : pick 7

•

� nodesfrom S

•

� in-
dependentlyanduniformly at random,possiblywith rep-
etitions. Obviously, ‹

Ë is doing exactly the sameas ‹ ,
except ‹ might stoplaterand,accordingly, choosesome
morenodes.Therefore
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Let's analyzeprocess‹

Ë . Let 4

. be a 0-1 random
variablethat is equalto 1 if andonly if the 0 -th chosen
nodelandsin Sãvu�Ÿ�3� . Then
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.z� . The claim follows from LemmaA.9a
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Claim A.11 Considertwo sets §¤ËÆ© § and suppose•

nodesare chosenindependentlyand uniformly at ran-
dom from § ; say 4 of these • nodesland in §

Ë . Let
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Proof: Let 4

. be a 0-1 randomvariablethat is equalto
1 if andonly if the 0 -th chosennodelandsin § Ë . Then
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For part(a),useLemmaA.9awith ‘@�Ö^ and ­¹�O^Ì…3e .

Parts(bc) follow from LemmaA.9b with ‘2�ç^ and f¯�

e ; let ë��½7]…)e in part(b), andlet ëQ�

S

in part(c). 
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