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Abstract

Tiling is one of the moreimportanttransformationgor en-
hancinglocality of referencan programs.Intuitively, tiling
asetof loopsachievesthe effect of interleaving iterationsof
thesdoops.Tiling of perfectly-nestetbop nests(which are
loop nestsin which all assignmenstatementarecontained
in theinnermostoop) is well understoodIn practice,mary
loop nestsareimperfectly-nestedso existing compilersuse
heuristicsto try to find a sequencef transformationghat
convert suchloop nestsinto perfectly-nestednes but these
heuristicddo notalwayssucceedln this papeywe proposea
novel approacho tiling imperfectly-nestedbop nests.The
key ideais to embedheiterationspaceof every statemenin
the imperfectly-nestedbop nestinto a specialspacecalled
the productspacewhich is tiled to producethe final code.
We evaluatethe effectivenesf this approacHor densenu-
mericallinearalgebrabenchmarkgselaxationcodesandthe
tomcatvcodefrom the SPECbenchmarksNo othersingle
approachn the literaturecantile all thesecodesautomati-
cally.

1 Background and Previous Work

The memorysystemsf computersare organizedasa hier-
archyin whichthelateny of memoryaccessescreasedy
roughly an order of magnitudefrom one level of the hier-
archyto the next. Therefore,a programrunswell only if
it exhibits enoughlocality of referencefor mostof its data
accesseto be satisfiedby the fasterlevels of the memory
hierarchy Unfortunately programsproducedby straight-
forward codingof mostalgorithmsdo not exhibit suficient
locality of reference. The numericallinear algebracom-
munity hasaddressedhis problemby writing libraries of
carefully hand-craftedprogramssuch as the Basic Linear
AlgebraSubroutinegBLAS) [22] and LAPACK [3] for al-
gorithmsof interestto their community However, theseli-
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brariesareusefulonly whenlinearsystemsolversor eigen-
solversare neededthey arenot usefulwhenexplicit meth-
odsare usedto solve partial differentialequationgpdes),
for example.

The restructuringcompiler community has explored a
more geneal-purposeapproachin which programlocality
is enhancedby aprogramrestructuringcompilerwhichdoes
nothave ary specificknowledgeof thealgorithmsbeingim-
plementedy theseprograms.In principle, this technology
canbe broughtto bearon ary programwithout restriction
to problemdomain. In practice,mostof the work in this
areahasfocusedon perfectly-nestetbop neststhat manip-
ulatearrays. Highlights of the restructuringechnologyfor
perfectly-nestetbop nestsarethefollowing. A loop is said
to carry algorithmic reuseif the samememorylocationis
accessedy two or more iterationsof that loop for fixed
outerloop iterations. Permutinga reuse-carryindgoop into
the innermostpositionin the loop nestallows usto exploit
thereuse. In mary programsthereare a numberof loops
thatcarryalgorithmicreuse- this canbeexploited by tiling,
which interleaves iterationsof the tiled loops, therebyen-
ablingexploitation of algorithmicreusen all thetiled loops
ratherthanin just the innermostone [28]. Sophisticated
heuristicshave beenproposedor choosingtile sizes|[5, 7,
8,15,21].

Tiling changesheorderin which loopiterationsareper
formed,soit is notalwayslegalto tile aloop nest.If tiling is
notlegal,it maybe possibleto performlinear loop transfor
mationssuchas skaving andreversalto enabletiling [2, 4,
16,23,26]. Thistechnologyhasbeenincorporatednto pro-
ductioncompilerssuchasthe SGI MIPSProcompilet en-
abling thesecompilersto producegood codefor perfectly-
nestedoops.

In real programs though, mary loop nests are
imperfectly-nestedthat is, one or more assignmenstate-
mentsare containedn somebut not all of the loopsof the
loop nest). Figure2 shavs a loop nestfor solvingtriangu-
lar systemswith multiple right-handsides;note that state-

1A perfectly-nestedoop nestis a setof loopsin which all assignment
statementarecontainedn theinnermostoop.



ment S2 is not containedwithin the k loop, so the loop
nestis imperfectly-nestedCholesly, LU andQR factoriza-
tions[11] alsocontainimperfectly-nestetbop nests.

A numberof approacheshave been proposedfor en-
hancing locality of referencein imperfectly-nestedoop
nests. The simplestapproachis to transformeachmaxi-
mal perfectly-nestedoop nestseparately In the triangular
solve codein Figure2, thec andr loopstogetherandthek
loop by itself form two maximalperfectly-nestetbop nests.
The perfectly-nestetbop nestformedby thec andr loops
can be tiled by the techniquesdescribedabore, but it can
be shavn thatthe resultingcodeperformspoorly compared
to thecodein the BLAS library which interleasesiterations
from all threeloops[22].

A more aggressie approachtakenin someproduction
compilerssuchasthe SGI MIPSProcompileris to (i) con-
vert animperfectly-nestedbop nestinto a perfectly-nested
loop nestif possibleby applyingtransformationdike code
sinking loop fusionandloop fission[29], andthen (ii) use
locality enhancemertechniquedor the resultingmaximal
perfectly-nestedoops. In general thereare mary waysto
do this conversion,andwhetherthe resultingcodecould be
tiled depend®n how this corversionis done[13]. Sophis-
ticatedheuristicgo guidethis procesavereimplementedy
Wolf et al [27] in the SGI MIPSProcompiler but our ex-
perimentsshav that the performanceof the resultingcode
doesnotapproacthatof hand-writtercodein the LAPACK
library [14].

Thesedifficulties led Kodukulaet al [13] to proposea
techniquecalleddata-shag&ling. Insteadof tiling loop nests,
the compiler blocks data arrays and choosesan order in
whichtheseblocksarebroughtinto thecacherodeis sched-
uled so thatall statementshattoucha given block of data
are executedwhenthat block is broughtinto the cache,if
thatis legal. However, it is not clear how data-shackling
canbe usedfor relaxationcodedike Jacobior Gauss-Seidel
thatmakemultiple traversalsover dataarrays.A relatedap-
proachcallediteration spaceslicing wasdevelopedby Pugh
andRossel[20], but it doesnot addresdiling.

Special-purpostiling algorithmsfocusedon particular
kindsof imperfectly-nestetbopshave beenproposedn the
literature. For example, Carr et al have shawn that factor
ization codescanbe tiled after a specificsequenc®f loop
transformationsave beenperformedonthem[6]. Recently
SongandLi [24] have proposedatechniqueor tiling relax-
ation codedlike Jacobi,specificto programswith a particu-
lar structureconsistingof an outermosttime-steploop that
containsa sequencef perfectly-nestetbop nests.Their al-
gorithmidentifiesoneloop from eachloop nest,fusesthese
togetherandskewns themwith respecto thetime-steploop.
However, this transformationstrat@y is not applicableto
codessuchasmatrix factorizations.

In our previouswork [1], we developedageneraframe-
work to enhancdocality in imperfectly-nestedoops. Our
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Figurel: Tiling Imperfectly-nestetloop Nests

stratgy is shawvn in Figure 1. EachstatementSi in an
imperfectly-nestedoop nestis first assigneda uniqueiter-
ation spaces; calledthe statementteration space These
statemeniterationspacegreembeddedhto alargeiteration
spacecalledthe productspacewhichis simply the Cartesian
productof the individual statemeniteration spaces. Em-
beddingsgeneralizetransformationdike code-sinkingand
loop fusion that convert imperfectly-nestedoop nestsinto
perfectly-nestednes,andarespecifiedby embeddindgunc-
tions F; asshawvn in Figurel.

In this paper we shav how this framevork canbe used
to tile imperfectly-nestetbops. In Section3, we shov how
embeddindunctionsthatenabléiling canbedeterminedIn
Section3.3, we describeanalgorithmthatfinds nesteday-
ersof tilable dimensionof the product-space Section3.4
describedhow to determinetile sizesfor thesedimensions.
We are currently implementingour approachandin Sec-
tion 4, we discussexperimentalresultsobtainedby using
our approachto tile commonbenchmarkgor the two-level
cachehierarchyof anSGl octane.Finally, we discusongo-
ing work in Section5.

The adwvantagesf our approacharethe following. By
embeddingstatementdn the product space,we abstract
away the syntacticstructureof the code. Thereforewe do
notrequiretheto codeconformto aparticularstructure Sec-
ondly, by directly determiningembeddingghat allow usto
performtiling, we avoid the problemof searchingor a se-
guenceof transformationshatenablesiling. Weknow of no
othersingletechniquehatis capableof tiling all theclasses
of programgliscussedn the paper

2 Product Spaces and Embeddings

Thekernelin Figure2 will be our runningexample. Trian-
gularsystemof equationsf theform Lx = b wherel is
alower triangularmatrix, b is a known vectorandx is the
vectorof unknovnsarisefrequentlyin applications.Some-
times, it is necessaryo solve multiple triangular systems
thathave the sameco-eficient matrix L. Suchmultiple sys-
temscanobviously be viewed ascomputinga matrix X that
satisfiesthe equationLX = B whereB is a matrix whose
columnsare constitutedrom theright-handsidesof all the



for c =1, M
for r = 1,N
for k = 1,r-1
S1: B(r,c) = B(r,c) - L(r,k)*B(k,c)
S2: B(r,c) = B(r,c)/L(r,r)

Figure?2: TriangularSolve with Multiple Right-handSides

triangularsystems.The codein Figure2 solvessuchmulti-
ple triangularsystemspverwriting B with the solution.

2.1 Statement lteration Spaces

We associate distinctiterationspacewith eachstatement
in theloop nest,asdescribedn Definition 1.

Definition 1 Ead statementin a loop nesthasa statement
iteration spacewhosedimensionis equalto the numberof
loopsthat surroundthat statement.

Wewill useS1, S2, ..., Sn to namethestatements the
loop nestin syntacticorder The correspondingtatement
iterationspacesill benamedsS;, S,, ..., S,. In Figure2,
theiterationspaceS; of statemen§l is athree-dimensional
spacer; x r1 X k1, while theiterationspacesS, of S2 is a
two-dimensionaspaces; x rs.

The boundson statemeniteration spacescan be speci-
fied by integerlinearinequalities.For our runningexample,
theseboundsarethefollowing:

Sl M Z (&) Z 1 Sz M Z Cy Z 1
N Z ™ Z 1 N Z 79 Z 1
T — 1 Z k’l Z 1

An instanceof a statements a point within that state-
mentsiterationspace.

2.2 Dependences

We shawv how the existenceof a dependenceanbe formu-
latedasa setof linearinequalities.

A dependencexistsfrom instance; of statemengs to
instancei, of statementd if the following conditionsare
satisfied.

1. Loop bounds Both sourceand destinationstatement
instancedie within the correspondingteration space
bounds. Sincethe iteration spaceboundsare affine
expression®f index variableswe canrepresenthese
constraintas B * i; + b > 0andBg # iq + bg > 0
for suitablematricesB, , B; andvectorsh,, b,.

2. Samearray location: Both statemeninstancegefer
encethe samearraylocationandat leastone of them
writes to that location. Sincethe arrayreferencesare
assumedo be affine expression®f the loop variables,
thesereferencesan be written as A, * i, + a, and

Agq * ig + a4. Hencethe existenceof a dependence
requireghat A; x i; + a; = Ag * ig + aq.

3. Precedenceorder. Instance:, of statementSs oc-
curs before instancei, of statementSd in program
executionorder If common,, is a function that re-
turns the loop index variablesof the loops common
to both 7, and i4, this condition can be written as
commonsq(iq) = commonsq(is) if Sd follows Ss
syntacticallyor common;q(iq) > commonsq(iq) if it
doesnot, where > is the lexicographicorderingrela-
tion.

This condition can be translatednto a disjunctionof
matrixinequalitief theform X xi; — Xg*ig+2 > 0.

If we expressthedependenceonstraint@sadisjunction
of conjunctions.eachtermin the resultingdisjunctioncan
berepresentedsa matrix inequalityof thefollowing form.

B 0 by
. 0 By . by
D[Z.s]+d: A, —Ag [?S]Jr ay—ag | >0
b —As Ad td aQq — Ag
Xs —Xd xr

Eachsuchmatrixinequalitywill becalledadependence
class andwill be denotedby D with an appropriatesub-
script. For our runningexamplein Figure?2, it is easyto
shaow thattherearetwo dependencelasse& The first de-
pendenceslassD; arisesbecausetatementl writesto a
locationB( r, c) which is thenreadby statement2; sim-
ilarly, the seconddependencelassD, arisesbecausetate-
mentS2 writesto locationB( r, ¢) whichis thenreadby
referenceB( k, c) in statemeng1. For simplicity, they are
presenteds setsof inequalitiesratherthanin matrix nota-
tion.

Dli M Z C1 Z 1 M Z Co Z 1
N Z 1 Z 1 N Z 79 Z 1
7“1—1 Z k’l Z 1
r1 = T
C1 = €3
DQI M Z C1 Z 1 M Z (2] Z 1
N Z 1 Z 1 N Z 79 Z 1
7“1—1 Z k’l Z 1
k1 = T
€1 = (2

2.3 Product Spaces and Embedding Functions

The productspacefor a loop nestis the Cartesiarproduct
of theindividual statementiterationspace®f thestatements
within that loop nest. The orderin which this productis
formedis the syntacticorderin which the statementappear
in theloop nest.

2Thereareotherdependencesut theyareredundant.



The relationshipbetweenstatementterationspacesand
the productspaceds specifiedby projectionandembedding
functions. Suppose® = §; x Ss... x S,,. Projectionfunc-
tionsm; : P — §; extract the individual statemenitera-
tion spacecomponent®f a pointin the productspaceand
are ohbviously linear functions. For our running example,
m = [ Isx3 O ] and7r2: [ 0 Isxs ]

An embeddingfunction F; on the other hand mapsa
pointin statementterationspaces; to a pointin the prod-
uctspaceUnlike projectionfunctions,embeddindunctions
canbechoserin mary ways.In our framework, we consider
only thoseembeddindunctionsF; : S; — P thatsatisfythe
following conditions.

Definition 2 LetSi be a statementvhosestatementtera-
tion spaceis S;, andlet P bethe productspace An embed-
dingfunction F; : S; — P mustsatisfythe following condi-
tions.

1. F; mustbeaffine
2. m(Fi(q)) = qforall ¢ € S;.

Thefirst conditionis requiredby our useof integerlinear
programmingechniquesWe will allow symbolicconstants
in the affine part of the embeddingunctions. The second
condition statesthatif point¢ € S; is mappedto a point
p € P, thenthe componenin p correspondindo S; is g
itself. EachF; is thereforeone-to-oneput pointsfrom two
differentstatemeniterationspacesnaybe mappedo a sin-
gle pointin the productspace.Affine embeddingunctions
canbe decomposedhto their linear andoffset partsasfol-
lows: Fj(ij) = Gjij —+ 9;5-

2.3.1 Examples of Embeddings

Embeddingscan be viewed as a generalizationof tech-
nigueslike code-sinking,loop fission and fusion that are
usedin current compilers such as the SGI MIPSPro to
convert imperfectly-nestedoop nestsinto perfectly-nested
ones. Figure 3 illustratesthis for loop fission. After loop
fission,all instance®f statemens1 in Figure3(a)areexe-
cutedbeforeall instance®f statemen§2. It is easyto verify
thatthis effectis achiezed by the transformeccodeof Fig-
ure 3(b). Intuitively, theloop nestin this codecorresponds
to the productspace;the embeddingunctionsfor different
statementgsanbe readoff from the guardsin this loop nest
andareshawnin Figure3(c).
Codesinkingis similar andis shovn in Figure4.

2.3.2 Dimension of Product Space

Thenumberof dimensionsn the productspacecanbequite
large,andonemightwonderif it is possibleto embedstate-
mentiterationspacesnto asmallerspacewithoutrestricting
progranmtransformationsi-or example,in Figure4(b), state-
mentsin thebody of thetransformedatodeareexecutedonly

(a) Original code

1, N
for k2 1, N
if ((i2==1)&&(k2==1))
S1: C(il,j1) =0
if ((i1==N) &&(j 1==N))
S2: B(i2,k2) =0

(b) Transformecdtode
i1 N
i |y _ | gt ig |y _ | N
Fl([jl ])_ 1 Fz([kz])_ is
1 ko
(c) Embeddings

Figure3: Embeddinggor Loop Fission

wheni 2 = i1, soit is possibleto eliminatethei 2 loop

entirely, replacingall occurrencesfi 2 in thebodybyi 1.

Therefore,dimensioni, of the productspaceis redundant,
asis dimensionj,. More generallywe canstatethefollow-

ing result.

Theorem1 Let P’ beanyspaceandlet {Fy, Fs,..., F,}
bea setof affineembeddindunctionsF; : §; — P’ satisfy-
ing the conditionsin Definition2. Let F; (i;) = G;i; + g;.
The numberof independentimensionof the spaceP’ is
equalto therankof thematrixG = [G1G5 ... G,].

In Figure4, therank of this matrix

1 01 00
01 010
G=]1 0100
01 010
0 0 0 01

is 3, whichis alsothe numberof independendimensionsn
the productspace.The remaining2 dimensionsareredun-
dant.

Corollary 1 LetP betheproductspace

1. AnyspaceP’ biggerthan? hasredundantdimensions
underany setof affineembeddindunctions.



for k =1, N
S2: C(i,j) += A(i,k)*B(k,j)

(a) Original Code

TERTI

for il
for j1 =
for i2
for j2
for k2 = 1,
if ((i2==i1)&&(j2=5j1)&&(k2==1))
S1: C(il,j1) =0
if ((i1==i2)&&(j1==j2))
S2: C(i2,j2) += A(i 2,k2)*B(k2,j2)

N
N

e
ZZ 2

(b) Transformecdtode
1 19
i J iy J2
Fl([ i ]) =|a | (| |)=]|12
jl kZ j2
1 ko
(c) Embeddings

Figure4: Embeddingg$or CodeSinking

2. Thee exist  affine  embedding functions
{F1, Fy,...,F,} for which no dimensionof P is
redundant.

Intuitively, Corollary 1 statesthat the productspaceis
“big enoughto modelary affine transformatiorof the orig-
inal code.Furthermorethereareaffine transformationshat
utilize all dimensionsof the productspace. For example,
thereare no redundandimensionsn the productspaceof
completelyfissionedcode,asFigure3 illustrates.

In general,therefore,it is the embeddingghat deter
minewhetherthereareredundantdimensionsn the product
space.Sincewe computeembeddingandtransformations
simultaneouslywe usethe full productspaceto avoid re-
strictingtransformationsinnecessarilyAt theend,our code
generatioralgorithm suppressesedundandimensionsau-
tomatically sothereis no performanceenaltyin thegener
atedcodefrom theseextra dimensions.

2.4 Transformed Product Spaces and Valid Em-
beddings

If p isthedimensiorof theproductspacelet 77 *P beauni-
modularmatrix. Any suchmatrix definesanorderin which
thepointsof theproductspacearevisited. We will saya set

of embeddingss valid for a given orderof traversalof the
productspacsif this traversalrespectsll dependencesee
Figurel). Moreformally, we have thefollowing definitions.

Definition 3 The spacethat results from transforminga
product space® by a unimodularmatrix 7" is called the
transformegroductspaceundertransformatior".

For a setof embeddindunctions{ F, F», ... F,} anda
transformatiormatrix 7', we modelexecutionof the trans-
formedcodeby walkingthetransformedroductspacdexi-
cographicallyandexecutingall statemeninstancesnapped
to each point as we visit it. We say that the pair
({F1, Fa, ... Fy}, T) definesanexecutionorder for thepro-
gram. For an executionorderto be legal, a lexicographic
orderof traversalof thetransformecroductspacanustsat-
isfy all dependenciesio formulatethis condition,it is con-
venientto definethefollowing concept.

Definition 4 Let {Fy, F», ... F,} be a set of embedding
functionsfor a program,andlet 77*? bea unimodularma-
trix. Let

D:D[Z.s]+d>0
14 -

bea dependencelassfor this program. Thedifferencevec-
tor for a pair (i,,14) € D isthevector

Vi (i5,ia) = T [Fa(ia) — Fs(35)] -

The set of differencevectorsfor all pointsin a depen-
denceclass? will be called the differencevectorsfor D;
abusingnotation,wewill referto thissetas Vp.

The set of all difference vectorsfor all dependence
classesof a program will be called the differencevectors
of thatprogram wewill referto thissetasV'.

With thesedefinitions,it is easyto expressthe condition
underwhich a lexicographicorderof traversalof the trans-
formedproductspaceespectall programdependences.

Definition 5 Let 77> be a unimodularmatrix. A set of
embeddindunctions{ F;, Fs, . .., F,, } is saidto bevalid for
Tifv>0forallveV.

3 Tiling

We now shov how this framewvork can be usedto tile
imperfectly-nestetbop nests.Theintuitiveideais to embed
all statementterationspacesn the productspaceandthen
tile the productspaceaftertransformingt if necessarpy a
unimodulattransformationTiling is legal if thetransformed
productspaces fully permutable—thatis, if its dimensions
canbe permutedarbitrarily without violating dependences.
This approachis a generalizatiorof the approachusedto
tile perfectly-nestedbop nestq17,26]; the embeddingstep
is not requiredfor perfectly-nestedoop nestsbecauseall
statementbave the sameiterationspaceo begin with.



3.1 Determining Constraints on Embeddings and
Transformations

Theconditionfor full permutabilityof thetransformegrod-
uct spaceis thefollowing.

Lemmal Let {Fy, Fs, ..., F,} be a setof embeddings,
andlet 7" be a unimodularmatrix. Thetransformedorod-
uctspaces fully permutablef v > 0 forall v € V.

The proof of this resultis trivial: if every entryin ev-
ery differencevectoris non-ngatie, the spaces fully per
mutable,soit canbetiled. Thusour goalis to find embed-
dings F; anda productspacetransformatioril” that satisfy
theconditionof Lemmal.

LetD: D ZS ] + d > 0 beary dependencelass.For
d

affine embeddindunctions theconditionv > 0 in Lemmal
canbewritten asfollows:

T[ -G, Gd][§;]+T[gd—gs]go.

The affine form of Farkas’ Lemmalets us expressthe
unknowvn matrices?’,G ,g5,G ¢ andg, in termsof D [9].

Lemma 2 (Farkas)Any affine function f(z) which is non-
negyative everywhee over a polyhedon definedby the in-
equalitiesAz + b > 0 canberepresentedsfollows:

f(x) =Xo + AT Az 4+ AT
Ao >0,A>0

whee A is a vectorof lengthequalto the numberof rowsof
A. )y andA are calledthe Farkasmultipliers.

Applying Farkas’ Lemmato our dependencequations
we obtain

T[gd _gs]

T[ -G, Gd][Z] +
- y—|—YTD[:.S]—|—YTd
d

y>0,Y >0,

wherethevectory andthematrix Y arethe Farkasmultipli-
ers.
Equatingcoeficientsof i, i; on bothsideswe get

T[] -G, Gq¢] = Y'D
Tlga—g:] = y+Y'd 1)
y>0,Y>0.

The Farkasmultipliersin System(1) canbe eliminated
throughFourierMotzkin projectionto give a systemof in-
equalitiesconstraininghe unknavn embedding-oeficients

andtransformatiomrmatrix. Sincewe requirethatall differ-
encevectorelementdenon-ngative,we canapplythispro-
cedureto eachdimensionof the productspaceseparately

Applying the above procedurdo all dependencelasses
resultsin a systemof inequalitiesconstrainingthe embed-
dingfunctionsandtransformationA fully permutablerod-
uctspacas possibldaf andonly if thatsystemhasasolution.
The subsebf dimensiondor which theequationglo have a
solutionwill constitutea fully permutablesub-spacef the
productspace.

3.2 Solving for Embeddings and Transformations

In System(1), 7" is unknovn while each(; is partially spec-
ified®. To solve suchsystemswe will heuristicallyrestrict
T andsolwve the resultinglinear systemfor appropriateem-
beddingsf they exist.

3.2.1 Example

Before describingthe algorithm, we illustrate this for the
runningexample.Theembeddindunctionsfor thisprogram
canbewritten asfollows:

C1 2

T1

€1 1 co 2

k

Fl( 1 ): ]i‘l Fg(li - :|): 21
c

kl 12 (2]
72

1 72

where f? etc. areunknavn affine functionsthat mustbe
determined Assumethat 7" is theidentity matrix. We apply
our proceduralimensiorby dimensiorto the productspace.
Considethefirst dimension We have to ensurgwo con-
ditions:
1. f5' (ea2,r2) — e1 > 0 for all pointsin D4, and
2. ¢1 — f3*(ca,r2) > 0 for all pointsin Ds.
Considerthe first condition. Let f5* (ca,72) = ge,c2 +
groT2 + g M + g N + g1. Applying Farkas’Lemma,we
getf:fl (62,7’2) —Cc1 = AO + Al(M — Cl) + )\2(61 — 1) +
.- ~—|—)\13(Cl —Cg) —|—)\14(Cg —Cl) Wherer, ..., A14 @arenon-
negative®. Projectingthe \’s out, we find out thatthe coefi-
cientsof f5* (e2, r2) mustsatisfythefollowing inequalities:

Im

N

Jeo + 9M

Jro + 9N

Geo + 297, + 9m + 298 + 91

VIV IV IV IV
_ o = o o

3Theembeddindunctionsarepartially fixed becaus®f condition(2) in
Definition 2.

4Therearel4inequalitieshatdefineD; in Section2.2, sothereare14
Farkagmultipliers Ay ... A14.



Similarly, for thesecondcondition,this proceduredeter
minesthefollowing constraints:

gy <0

gvn <0

Jeo +9gm <1

Gro +9gnv <0

Jex + gry +om +298n +91 < 1

The conjunctionof theseinequalitiesgivesthe solution
J5t(c2,72) = ca.

Applying the sameprocedureo the otherdimensionf
the productspace we obtainthe following setof legal em-
beddings:

2 (ca,ma) = e

3 (ca,r2) € {ra,ra+1}

gl(cz,rz) € {ro,ra—1}
f1c2(6177°1,k1) = O
fi2(c1,r, k1) € {r,ri—1,k1, k1 + 1}

In this casewe getmorethanonesolution,andary one
of them canbe usedto obtaina fully permutableproduct
space.

3.2.2 Reversal and Skewing

In general,it may not be possibleto find embeddingghat
makethe productspacdully permutabldthatis, with 7" re-
strictedto the identity matrix). For suchprogramstrans-
forming the productspaceby a non-trivial transformatiori”
mayresultin afully permutablespacdhatcanbetiled. This
is thecasefor therelaxationcodediscussedh Sectiord. If
our algorithmfails to find embeddingsith T' restrictedto
theidentity matrix, it triesto find combinationf loop per
mutation, reversaland skewving for which it canfind valid
embeddings.The framevork presentedn Section3.1 can
beusedto find thesetransformations.

Loopreversalfor a givendimensiorof the productspace
is handledby requiringthe entryin that dimensionof each
differencevectorto be non-positve. For a dependencelass
D, the conditionthat the j** entry of all of its difference
vectorsVp arenon-positve canbewritten asfollows:

[ -6 %][Z]+%—ﬂ§0
whichis equivalentto
(i~ )| [ +ai-aizo

Loop skawing is handledasfollows. We replacethenon-
negativity constraint®nthe ;¢ entriesof all differencevec-

torsin V' by linear constraintghat guaranteehattheseen-
triesareboundedelon by a ngyative constantasfollows:

e %][Z]+ﬁ—ﬂ+a2&a20 (2)

where« is an additionalvariableintroducedinto the sys-
tem. Thesmallestvalueof « thatsatisfieghis systemcanbe
found by projectingout the othervariablesand picking the
lower boundof «. If the systemhasa solution,the negative

entriesin the j** entryof all differencevectorsarebounded
by thevalueof «. If every differencevectorthathasa ney-

ative valuein dimensionj, hasa strictly positive entryin a

dimensionprecedingj, loop skaving canbe usedto make
all entriesin dimension;j positive.

3.3 Algorithm

Our algorithmis shavn in Figure5. Thedeterminationof
theembeddindunctionsandof thetransformatiorare inter-
leaved,andthey are computedncrementallyonedimension
at atime Eachiterationof the outer; loop determineone
dimensionof the transformedproductspaceby determin-
ing theembeddindunctionsfor dimensiory of the product
spaceandpermutingthatdimensioninto the j** positionof
thetransformedroductspacereversingthatdimensiorand
skawing thatdimensionby outerdimensionsf necessary

The algorithmas showvn in Figure5 doesnot stop after
identifyingthe outersetof permutablalimensionsSuppose
we aretrying to determinethe 5" dimensionof the trans-
formedproductspace.If noneof theremainingdimensions
of the productspacecanbe madepermutablevith the outer
j — 1 dimensiongeven allowing reversalandskaving), the
algorithmcontinuesanddetermines subsebf thesedimen-
sionsthatcanbe madepermutablevith respecto eachother
(but not with the outerdimensions).By applyingthis suc-
cessiely, thealgorithmcreatesa transformedgroductspace
thatconsistof nestedayersof permutabledimensions.

An importantnotionin this algorithmis that of a satis-
fied dependencelasswhich is similar to this notionin the
context of perfectly-nestedbop nestg28]. At the j** itera-
tion of the outerloop, we saythata dependencelassD is
satisfiedif all (partially determined)differencevectorsVp
are lexicographicallypositive. Intuitively, a lexicographic
traversalof thefirst j dimensionf the transformedprod-
uct spaceis guaranteedo respectll the differencevectors
of this dependencelass,regardlessof how the remaining
dimensionof the transformedproductspacearetraversed.
In checkingwhethera particulardimensionq of the prod-
uct spacecan be madepermutablewith the outer dimen-
sions,thelinearsystemwe constructspecifieghatall unsat-
isfied dependencelassesDU musthave non-ngative en-
tries along this dimensiof? while the satisfieddependence

Snon-positvefor thereversalcase
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Q = Set of dinensions of product space
J = Current layer (initialized to 1)
DU := Set of unsatisfied dependence cl asses
(initialized to all dependence classes of progran
DS := Set of satisfied dependence cl asses
for the current layer (initialized to enpty set)
T := Transformation natrix (initialized to Identity)

for dinension j = 1,p of the transformed product space

process_di nension :
for each g in Q

Construct system S constraining the gth di nension
of every enbedding function as follows:
for each unsatisfied dependence class u € DU
Add constraints so that each entry
in dinension ¢ of all difference vectors
of w is non-negative;
for each satisfied dependence class s € DS
Add constraints so that each entry
in dinension ¢ of all difference vectors
of s 4 positive a is non-negative;
if system has solutions
Pick a solution corresponding to snallest «o;
Update DS and DU;
Delete ¢ from @ and make ¢ the jth di nension
of the transformed product space;
Update row j of T;
Continue j | oop;
endi f

/1 if the previous system does not have a solution
/1 check whether reversing the dinmension
/1 permits solutions
Construct system S constraining the gth di nension
of every enbedding function as follows:
for each unsatisfied dependence class u € DU
Add constraints so that each entry
in dinension ¢ of all difference vectors
of w is non-positive;
for each satisfied dependence class s € DS
Add constraints so that each entry
in dinension ¢ of all difference vectors
of s — positive o is non-positive;
if system has solutions
Pick a solution corresponding to snallest «o;
Update DS and DU;
Delete ¢ from @ and make ¢ the jth di nension
of the transformed product space;
Update row j of T;
Continue j | oop;
endi f
endf or

/1 Reach here if no further dinension of Q
/1 can be added to the current |ayer

J :=J+ 1]/] Start a new |ayer

DS = enpty set

got o process_di mensi on

endf or

Figure5: DeterminingembeddinggandTransformation

classesDS are allowedto have entriesgreaterthan some
constaninegative® o to allow skewing by an outerdimen-
sion. This ensureghata solutionwith skewing is accepted
only if it is legal. By choosinga solutionthat corresponds
to minimuma, we chooseembeddindgunctionsthatrequire
theleastamountof skawving for successfuliling. If themin-

Spositive « in thereversalcase

imumvalueof « is 0, thenno skewing is required.

Whendeterminingthe j¢* dimensionof thetransformed
spacewe mayfail to find a dimensionof the productspace
to addto our currentsetof permutabledimensions.If so,
we startanew layerof permutableimensionsiestedvithin
the outerlayers. To do this, we simply needto drop from
consideratiorthe satisfieddependencelasseg D S).

The correctnessf the algorithmfollows from this theo-
rem.

Theorem 2 ThealgorithmDet er mi neEnbeddi ngs has
thefollowing properties:

1. It alwaysproducesembeddingg 7y, Fs, ..., F,} and
transformatiormatrix 7' defininga legal executionor-
der

2. T orders the dimensionsof the transformedproduct
spaceP into layers.J. Thedimensionsvithin a layer
are fully permutable

Notethatalthoughin the worstcasethe algorithmcould
requireO(p?) executionsof the ¢ loop in Figure5, in prac-
tice the numberof executionsof the ¢ loop is closerto
O(p). Eachiterationof the¢ loop needdo performFourier
Motzkin eliminationwhich could potentiallybeexponential,
this canbe engineeredio work well in practice[19].

Oncethe transformedproductspaceis determinedwe
have in effect found a perfectly-nestedoop nestwith a le-
gal executionorder Theloopsaregroupedinto layersand
loopswithin eachlayerarefully permutablevithin thelayer
andcanbetiled. Dependencenformationfor this loop nest
canbesummarizedisingdirectionsanddistancesandstan-
dardtechniquedor locality enhancemeriike heightreduc-
tion [16] canbe applied. After this, redundandimensions
areeliminated fully-permutabldoopsaretiled, andcodeis
generatedisingwell-understoodechnique$2, 12].

3.3.1 Picking good embedding functions

As far astiling is concernedary solutionto the systemS
createdby the algorithmin the ¢ loop would allow that di-
mensionof the transformedproductspaceto be fully per
mutablewith the otherdimensiondn the currentlayer. If
our only concernis to producetiled code,thenary of the
solutionswill do. But notall solutionsareequallyeffective.
For example,considerthe codefragmentin Figure6 which
will benefitfrom tiling sincethe accesse® arraysA andB
in statemen$1 cannotbemadeunit-strideatthesametime.

Two valid embeddingdor T' = I thatallow this codeto
betiled arethefollowing:

21 N

i j i N

L Fl([ji]): i F2<[j§])= iy
1 J2



for il =1, N
for j1 =1, N
S1: A(il,jl1) =B(j1,i1)
for i2 =1, N
for j2 =1, N
S2: A(i2,j2) = A(i2,j2) + B(i2,j2)

Figure6: To FuseOr Not To Fuse?

This embeddingcorrespondgo the original program
executionorder Tiling theresultingtransformecprod-
uct spacewould in effect tile the two loop nestssepa-
rately
il 1
21 J1 22
& Fl([h])_ i F2([j2])_ ?
J1 J2
Thisembeddingorrespondto fusingi 1 andi 2 loops
andthej 1 andj 2 loops. Theresultingfusedi andj
loopscannow betiled.

.o, .
(SR SV )

By fusing the two loops, the secondsolutionis ableto
reducethe distancebetweenthe write to array A in state-
ment S1 and the subsequentead in statementS2. In
fact, in this solution, both the sourceand destinationof
this datareuseare mappedto the samepoint in the prod-
uct space. The distancebetweenthe sourceand the des-
tination statemeninstancexan be representedby the dif-
ferencevectorfor this dependencelass. For thefirst solu-
tion, thedifferencevectorcorrespondingo this dependence
is [N — i1, N — ji,is — 1,55 — 1]* while it is [0,0,0, 0]
for the secondsolution. For this codefragment,we prefer
thesecondsolutionbecausdt exploits thereuse.

If {Fy,Fs,...F,} arethe setof embeddingfunctions
for a program,andD : D :
denceclassfor this program,thenthe differencevectorfor
apair (is,74) € D is [F4(iq) — Fs(is)]. Clearly we can
reducethe distancebetweerthe dependeniterationsby re-
ducingeachdimensionof the differencevector The reuse
is fully exploitedif the differencevectoris 0. The embed-
ding functionsthatareableto achieve this satisfythe plane
[Fa(iq) — F,(i,)] = 0 for all pairs(i, iq) € D. If theinter-
sectionof this planewith the systemof legal solutions(S)
is non-empty thena solutionbelongingto the intersection
will exploit the reuse. We pick a solution that exploits as
mary reusesaspossible asdiscussedn detailin acompan-
ion paper1]. Forthe codefragmentshavn in Figure®, this
heuristicwill pick the secondsolution.

For our runningexample our algorithmpicksthefollow-
ing embeddings-

+d > 0 is adepen-

C C

r c r

Fl( r ): k Fz(l:r]): r
k c c

T T

3.4 Determining Tile Sizes

We determindile sizesby estimatinghedatafoot-print(the
amountof datatouchedby a tile), andrequiringthatit fit
into the cachein consideration.We tile the productspace
separatelyfor eachlevel of the memoryhierarchy(we do
nottile for a particularlevel only if the datatouchedby the
tile will notfit into thecorrespondingacheevel).

Our procedurdor determiningtile sizeshasthe follow-
ing steps.

1. For eachpoint in the product-spacefind the dataac-
cessedy eachstatemeninstancemappedo it. Since
the mappingfrom a statementinstanceto the product-
spacds one-to-onendaffine, theinversemappingcan
easilybe determined.Sincedatareferenceareaffine,
this enablesus to calculatethe dataaccessedby each
pointin the productspace.

In our runningexample,a point (z1, z3, 3, 4, z5) Of
our transformedproduct spacehasthe statementn-
stancesS; (z1, z2, z3) (Wheneer z; = 24,22 = 25)
andSQ(l‘l,iﬂz) (When@er T1 = T4,y = T3 = 1‘5)
mappedto it. Hencethe dataaccessedy this point
is B(x1,x2), L(za, z3), B(xs, z1) from statementS;
andB(z1, z2), L(x2, z2) from statemenss.

2. Groupall the dataaccessedy a productspacepoint
into equivalenceclassessfollows.

(a) Referenceso differentarraysbelongin different
equialenceclasses.

(b) Referenceso the samearray are groupedin the
sameequivalenceclassf they canaccesshesame
dataelementgthatis, if thelinearpartsof thetwo
referencegrethesame).

For our example, we have four equivalenceclasses
{Sl : B(;L‘l,.l‘z),Sz . B(Il,IQ)}, {Sl : L(.l‘z,l‘g)},
{Sl : B(.l‘3, ll)} and{51 : L(l‘z, IQ)}

3. From eachreferenceclass pick a randomreference
whichwill sene asourrepresentativeefeence

In our example, our representate referencesare
B(l‘l, CEQ), L(IQ, Ig),B(l‘g, 1‘1) andL(ng, 1‘2).

4. Determinethe datatouchedby eachrepresentati ref-
erencdn asingletile of thetransformedroductspace
parameterizedby the tile size. We limit oursehesto
choosingthe sametile size B for all dimensionf the



productspace. Determiningthe numberof elements
touchedby a singlereferencas straightforward.

In our example,thefirst threereferencesccessB? el-

ementsin onetile of the transformedproductspace,
while thelastreferenceaccesse® elementsThetotal

datafoot-print of all thereferencess thus3 x B? + B

elements.This mustbe multiplied by the sizein bytes
of eachelemento give theactualmemorytouched.

5. The datafoot-print of all the referencesnustbe less
thanthe cachesizeto avoid capacitymissesThisgives
usanupperboundon thetile sizefor eachcachedevel.
In orderto generateodewith fewer M NsandMAX's,
we ensurghatthetile sizeat eachlevel is amultiple of
thetile sizeatthepreviouslevel.

The abore formulation makesthe following simplifica-
tions—

1. All tilesof thetransformegroductspaceéhavethesame
datafoot-print. Thisis aconserative assumptionsince
it resultsin addingthefootprintsof all referencegrom
all statementgo obtain the dataaccessedt a single
productspacepoint.

2. Boundaryeffects are ignored, which is justifiable for
large arraysandloop bounds.

3. Conflict missesare ignored. Varioustechniqueshave
beendevelopedto find tile sizesthatavoid someforms
of conflict misseg7, 10,15], but we do not usethemin
our currentimplementation.

4 Experimental Results

In this section,we presentesultsfrom our implementation
for four importantcodes. All experimentswere run on an

SGI Octaneworkstationbasedon a R12000chip runningat

300MHz with 32 KB first-level datacacheandan unified

second-leel cacheof size2 MB (both cachesaretwo-way
setassociatie). Wherever possible we presenthreesetsof

performancawumberdor a code.

1. Performanceof code producedby the SGI MIPSPro
compiler(Version7.2.1)with the“-O3” flagturnedon.
At thislevel of optimization,the SGI compilerapplies
the following set of transformationgo the code[27]
— it corverts imperfectly-nestedoop neststo singly
nestedoops(SNLs)by meanof fissionandfusionand
then applies transformationdike permutation,tiling
andsoftwarepipelininginnerloops.

2. Performancef codeproducedy animplementatiorof
the techniquesdescribedn this paper andthencom-
piled by the SGI MIPSProcompilerwith the flags “-
0O3-LNO:blocking=of" to disableall locality enhance-
mentby the SGI compilet
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Figure7: Performancef TriangularSolve

3. Performanceof hand-coded_ APACK library routine
runningontop of hand-tunedLAS.

Performanceis reportedin MFLOPS, counting each
multiply-addas 1 Flop. For someof the codeslike tom-
caty we did not have hand-codedersionsasa comparison;
in thesecaseswe reportrunningtime.

4.1 Triangular Solve

For the running example of triangularsolve with multiple
right-handsides, our algorithm determineshat the prod-
uct spacecanbe madefully permutablewithout reversalor
skawing. It chooseshefollowing embeddings:

c

)= k R 1 )=

r

QO =N 30

r

The fourth andfifth dimensionf the productspaceare
redundantso they are eliminatedand the remainingthree
dimensionsaretiled. Our algorithmpicks a tile size of 36
for theL1 cacheand288 for theL2 cache.

Figure 7(a) shavs performanceresultsfor a constant
numberof right-handsides(Min FigureZ2 is 100). The per
formanceof codegeneratedby our techniquess uptoafac-

<3



tor of 10 betterthan the code producedby the SGI com-
piler, but it is still 20% slower than the hand-tunedcode
in the BLAS library. The high-level structureof the code
we generatds similar to that of the codein the BLAS li-

brary;furtherimprovementsn thecompilergenerated¢ode
mustcomefrom fine tuningof registertiling andinstruction
scheduling.

Figure7(b) compareghe performancef our code,tiled
for two levels of the memoryhierarchy with codetiled for
a singlelevel with tile sizesrangingfrom 10 to 250 for an
arraysizeof 2000 x 2000 and M = 100. As canbe seen,
ourtwo level schemagivesthe bestperformance.

4.2 Cholesky Factorization

Cholesly factorizationis usedto solve symmetricpositive-
definite linear systems. Figure 8(a) shavs one version of
Cholesly factorizationcalledthe jki-Cholesky; thereare
at leastfive otherversionsof Cholesly factorizationcorre-
spondingto the permutation®f the threeouterloops. Our
algorithmcorrectlydetermineshat the codecanbetiled in
all thesix casesaandproduceghe appropriateembeddings.

For the jki versionshavn here,the algorithmdeduces
thatall 6 dimension®f the productspacecanbe madefully
permutablevithout reversalor skaving. It picksthefollow-
ing embedding$or thethreestatements:

J J
j k J
Al kD= R(ih=|"
i J J
J J
j
i1
. J
_] . 1
FS([Z’])_ j
J
7

For theseembeddingsthe last threedimensionsare re-
dundantandareignored. The remainingthreedimensions
aretiled. Ourtile sizeselectioralgorithmchooses6 for the
L1 cacheand288 for the L2 cache.Figure 8(b) shavs the
resultof tiling thethreeloopsfor varyingmatrix sizes.The
codeproducedby our approachis mary timesfasterthan
thecodeproducedy the SGl compilet andit is within 10%
of the hand-writtenLAPACK library codefor large matri-
ces. Thevariationof performancewith varioustile sizesis
shawn in Figure8(c) for anarraysizeof 2000 x 2000.

4.3 Jacobi

The Jacobikernelis typical of coderequiredto solve pdés
using explicit methods. Theseare called relaxationcodes

for j =1, n
for k =1, j-1
for i = j+1, n
S1: A(iL,)) = A(i,]) + A(i, k) * A(j, k)
S2: A(j,j) = sart(A(j,]))
for i = j+1, n
S3: A(iLj) = A(iL]) 1 OAGL)

(a) Original Code
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Figure8: Cholesly Factorizationandits Performance

in the compilerliterature. They containan outerloop that
countstime-stepsjn eachtime-stepa smoothingoperation
(stencilcomputation)s performedon arraysthat represent
approximationgo the solutionto the pde Most of these
codeshave imperfectly-nestedoop nests. We shav there-
sultsof applyingourtechniqudo theJacobkernelshavnin
Figure 9(a) which usesrelaxationto solve Laplaces equa-
tion. It requiresa non-trivial linear transformationof the
productspace.

Our algorithm picks an embeddingwhich corresponds
intuitively to shifting the iterationsof the two statements
with respectto eachother andthenfusing the resultingi
andj loops. This not only permitstiling the loopsbut also
exploits reusebetweerthetwo arraysin thetwo statements.



S L(i,j) = (A(i,j+1) + A(i,j-1)
+ A +1,j) + A(i-1,j)) / 4

for j = 2,N1
for i =2,N1
S2: A(i,j) = L(i,j)

(a) Original Code
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Thelastthreedimension®f theproductspaceareredun-
dant. The resultingproductspacecannotbe tiled directly,
so our implementatiorchoosego skewv the secondandthe
third dimensiondy 2*t . Our algorithmchoosestile size
of 20 for theL1 cacheand160 for theL2 cache.

Figure9(b) shaws the executiontimesfor the codepro-
ducedby our techniqueandby the SGI compilerfor afixed
numberof time-stepg100). Tiling the codeimprovesper
formancesignificantly Comparisorwith tiling with other

tile sizesis shavnin Figure9(c).

4.4 Tomcatv

As afinal exampleto demonstratéhat our approachworks
on large codes,we considerthe kernel from the tomcatv
SPECfpbenchmarksuite! The code,which is too big to
be shavn here, consistsof an outertime loop | TER con-
tainingasequencef doubly-andsingly-nestedoopswhich
walk over both two-dimensionaland one-dimensionahr
rays. Treatingevery basicblock asa single statementpur
algorithmproducesan embeddingvhich correspondso in-
terchangingthe | andJ loops, andthen fusing all the |
loops. The productspaceis transformedsothatthe | loop
is skaved by 2* | TER, andthe |l TER andskeved | loops
aretiled. It is not possibleto tile theJ loopsin this codebe-
causeoneof theloopswalksbackwardshroughsomeof the
arrays. Our algorithmchoosedo tile only for theL2 cache
with a tiles-izeof 48. Theresultsof applyingthe transfor
mationareshaown in Figure10(a)for afixed arraysize(253
from areferencenput), andavaryingnumberof time-steps.
The line marked“Our Method” shavs a performancem-
provementof aroundl8%over theoriginal code.Additional
improvement(line marked'Our Method(plusdatatransfor
mation)”) canbe obtainedby doing a datatransformation
thattransposeall thearraysassuggestedh [24]. Compari-
sonwith othertile sizesis shavn in Figure10(b).

4.5 Discussion

Our experimentsshow thattiling is importantfor the codes
consideredhere.Althoughthe SGI compileris unableto tile
thesecodessatisfactorily our approachs ableto produce
codewhoseperformancapproachethatof hand-writterli-
braries.

5 Conclusions

We have presentedan approachto tiling imperfectly-
nestedloop nests,and demonstratedts utility on codes
that arisefrequentlyin computationakcienceapplications.
Our approachgeneralizegechniqueausedcurrently to tile
perfectly-nestedoop nests,and subsumesechniquesised
in currentcompilergo corvertimperfectly-nestetbop nests
into perfectly-nestednesfor tiling. Further it allows usto
pick good solutionsby reducingthe distancebetweende-
pendentstatemeninstances. It also doesnot requirethat
programsonformto a specificstructure.

Other kinds of embeddingshave beenusedin the lit-
erature. For example, Feautrier[9] has solved schedul-

“Tomcatvis not directly amenableo our techniquebecausét contains
an exit testat the end of eachtime-step,so we considerthe kernelwith-
out the exit condition. The resultingkernelcanbe tiled speculatrely as
demonstratedh [25].
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ing problemsby embeddingstatemeninstancesnto a one-
dimensionalspacethroughpiecevise affine functions,and
searchingthe spaceof legal embeddingdor one with the

shortestlength. Kelly and Pugh[12] performlocality op-

timization by searchinga spaceof pseudo-dfne mappings
for programs,using a cost modelto choosethe bestone.
The rangeof thesemappingsis left undefinedo makethe

frameawvork expressve, but this generalitymakesit difficult

to use. In their framework, they representiling by pseudo-
affine mappingqusingnod anddi v) but do not shov how

to obtainthem.Lim andLam[18] have usedaffine partitions
to maximizeparallelism. They derive constraintssimilar to

our tiling constraintgo parallelizeprogramswith optimal

synchronization.Unlike the previous two approachespur

approactprescribes specialspacdarge enoughto include
all affine transformationgndusesit to pick goodsolutions
for tiling.

Finally, tiling somecodeslike QR factorizationrequires
exploiting domain-specificinformation such as the asso-
ciativity of matrix multiplication. Incorporatingthis kind
of knowledgeinto a restructuringcompiler is critical for
achieving the next level of performancefrom automatic
tiling.
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