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Abstract

Tiling is oneof themoreimportanttransformationsfor en-
hancinglocality of referencein programs.Intuitively, tiling
a setof loopsachievestheeffectof interleaving iterationsof
theseloops.Tiling of perfectly-nestedloopnests(whichare
loop nestsin which all assignmentstatementsarecontained
in theinnermostloop) is well understood.In practice,many
loop nestsareimperfectly-nested,soexisting compilersuse
heuristicsto try to find a sequenceof transformationsthat
convert suchloopnestsinto perfectly-nestedones,but these
heuristicsdonotalwayssucceed.In thispaper, weproposea
novel approachto tiling imperfectly-nestedloop nests.The
key ideais to embedtheiterationspaceof everystatementin
the imperfectly-nestedloop nestinto a specialspacecalled
the productspacewhich is tiled to producethe final code.
We evaluatetheeffectivenessof this approachfor densenu-
mericallinearalgebrabenchmarks,relaxationcodes,andthe
tomcatvcodefrom theSPECbenchmarks.No othersingle
approachin the literaturecantile all thesecodesautomati-
cally.

1 Background and Previous Work

Thememorysystemsof computersareorganizedasa hier-
archyin which thelatency of memoryaccessesincreasesby
roughly an orderof magnitudefrom one level of the hier-
archy to the next. Therefore,a programrunswell only if
it exhibits enoughlocality of referencefor mostof its data
accessesto be satisfiedby the fasterlevels of the memory
hierarchy. Unfortunately, programsproducedby straight-
forwardcodingof mostalgorithmsdo not exhibit sufficient
locality of reference. The numericallinear algebracom-
munity hasaddressedthis problemby writing libraries of
carefully hand-craftedprogramssuchas the Basic Linear
AlgebraSubroutines(BLAS) [22] andLAPACK [3] for al-
gorithmsof interestto their community. However, theseli-
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brariesareusefulonly whenlinearsystemssolversor eigen-
solversareneeded;they arenot usefulwhenexplicit meth-
odsareusedto solve partial differentialequations(pde’s),
for example.

The restructuringcompiler communityhas explored a
moregeneral-purposeapproachin which programlocality
is enhancedby aprogramrestructuringcompilerwhichdoes
nothaveany specificknowledgeof thealgorithmsbeingim-
plementedby theseprograms.In principle, this technology
canbe broughtto bearon any programwithout restriction
to problemdomain. In practice,mostof the work in this
areahasfocusedon perfectly-nestedloop neststhatmanip-
ulatearrays1. Highlightsof therestructuringtechnologyfor
perfectly-nestedloop nestsarethefollowing. A loop is said
to carry algorithmic reuseif the samememorylocation is
accessedby two or more iterationsof that loop for fixed
outer loop iterations. Permutinga reuse-carryingloop into
the innermostpositionin the loop nestallows us to exploit
the reuse. In many programs,therearea numberof loops
thatcarryalgorithmicreuse– thiscanbeexploitedby tiling ,
which interleaves iterationsof the tiled loops, therebyen-
ablingexploitationof algorithmicreusein all thetiled loops
rather than in just the innermostone [28]. Sophisticated
heuristicshave beenproposedfor choosingtile sizes[5,7,
8,15,21].

Tiling changestheorderin which loopiterationsareper-
formed,soit is notalwayslegal to tile a loopnest.If tiling is
not legal, it maybepossibleto performlinear looptransfor-
mationssuchasskewing andreversalto enabletiling [2,4,
16,23,26]. This technologyhasbeenincorporatedinto pro-
ductioncompilerssuchasthe SGI MIPSProcompiler, en-
abling thesecompilersto producegoodcodefor perfectly-
nestedloops.

In real programs though, many loop nests are
imperfectly-nested(that is, one or more assignmentstate-
mentsarecontainedin somebut not all of the loopsof the
loop nest). Figure2 shows a loop nestfor solving triangu-
lar systemswith multiple right-handsides;note that state-

1A perfectly-nestedloop nestis a setof loopsin which all assignment
statementsarecontainedin theinnermostloop.



ment S2 is not containedwithin the k loop, so the loop
nestis imperfectly-nested.Cholesky, LU andQR factoriza-
tions[11] alsocontainimperfectly-nestedloopnests.

A numberof approacheshave beenproposedfor en-
hancing locality of referencein imperfectly-nestedloop
nests. The simplestapproachis to transformeachmaxi-
mal perfectly-nestedloop nestseparately. In the triangular
solvecodein Figure2, thec andr loopstogether, andthek
loopby itself form two maximalperfectly-nestedloopnests.
Theperfectly-nestedloop nestformedby thec andr loops
can be tiled by the techniquesdescribedabove, but it can
beshown that theresultingcodeperformspoorly compared
to thecodein theBLAS library which interleavesiterations
from all threeloops[22].

A more aggressive approachtakenin someproduction
compilerssuchasthe SGI MIPSProcompileris to (i) con-
vert an imperfectly-nestedloop nestinto a perfectly-nested
loop nestif possibleby applyingtransformationslike code
sinking, loop fusionand loop fission[29], andthen(ii) use
locality enhancementtechniquesfor the resultingmaximal
perfectly-nestedloops. In general,therearemany waysto
do this conversion,andwhethertheresultingcodecouldbe
tiled dependson how this conversionis done[13]. Sophis-
ticatedheuristicsto guidethisprocesswereimplementedby
Wolf et al [27] in the SGI MIPSProcompiler, but our ex-
perimentsshow that the performanceof the resultingcode
doesnotapproachthatof hand-writtencodein theLAPACK
library [14].

Thesedifficulties led Kodukulaet al [13] to proposea
techniquecalleddata-shackling. Insteadof tiling loopnests,
the compiler blocks data arraysand choosesan order in
whichtheseblocksarebroughtinto thecache;codeis sched-
uled so that all statementsthat toucha givenblock of data
areexecutedwhen that block is broughtinto the cache,if
that is legal. However, it is not clear how data-shackling
canbeusedfor relaxationcodeslike Jacobior Gauss-Seidel
thatmakemultiple traversalsover dataarrays.A relatedap-
proachcallediterationspaceslicingwasdevelopedby Pugh
andRosser[20], but it doesnot addresstiling.

Special-purposetiling algorithmsfocusedon particular
kindsof imperfectly-nestedloopshave beenproposedin the
literature. For example,Carr et al have shown that factor-
ization codescanbe tiled after a specificsequenceof loop
transformationshavebeenperformedonthem[6]. Recently,
SongandLi [24] have proposeda techniquefor tiling relax-
ationcodeslike Jacobi,specificto programswith a particu-
lar structureconsistingof an outermosttime-steploop that
containsasequenceof perfectly-nestedloopnests.Their al-
gorithmidentifiesoneloop from eachloop nest,fusesthese
togetherandskews themwith respectto thetime-steploop.
However, this transformationstrategy is not applicableto
codessuchasmatrix factorizations.

In ourpreviouswork [1], wedevelopedageneralframe-
work to enhancelocality in imperfectly-nestedloops. Our
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Figure1: Tiling Imperfectly-nestedLoopNests

strategy is shown in Figure 1. Each statementSi in an
imperfectly-nestedloop nestis first assigneda uniqueiter-
ation space

���
calledthe statementiteration space. These

statementiterationspacesareembeddedinto alargeiteration
spacecalledtheproductspacewhichis simply theCartesian
productof the individual statementiterationspaces. Em-
beddingsgeneralizetransformationslike code-sinkingand
loop fusion that convert imperfectly-nestedloop nestsinto
perfectly-nestedones,andarespecifiedby embeddingfunc-
tions � � asshown in Figure1.

In this paper, we show how this framework canbeused
to tile imperfectly-nestedloops.In Section3, weshow how
embeddingfunctionsthatenabletiling canbedetermined.In
Section3.3,we describeanalgorithmthatfindsnestedlay-
ersof tilable dimensionsof the product-space.Section3.4
describeshow to determinetile sizesfor thesedimensions.
We arecurrently implementingour approach,and in Sec-
tion 4, we discussexperimentalresultsobtainedby using
our approachto tile commonbenchmarksfor the two-level
cachehierarchyof anSGIoctane.Finally, wediscussongo-
ing work in Section5.

The advantagesof our approacharethe following. By
embeddingstatementsin the product space,we abstract
away the syntacticstructureof the code. Thereforewe do
notrequirethetocodeconformtoaparticularstructure.Sec-
ondly, by directly determiningembeddingsthatallow us to
performtiling, we avoid the problemof searchingfor a se-
quenceof transformationsthatenablestiling. Weknow of no
othersingletechniquethatis capableof tiling all theclasses
of programsdiscussedin thepaper.

2 Product Spaces and Embeddings

Thekernelin Figure2 will beour runningexample.Trian-
gularsystemsof equationsof the form Lx = b whereL is
a lower triangularmatrix,b is a known vectorandx is the
vectorof unknownsarisefrequentlyin applications.Some-
times, it is necessaryto solve multiple triangularsystems
thathave thesameco-efficient matrixL. Suchmultiplesys-
temscanobviouslybeviewedascomputinga matrixX that
satisfiesthe equationLX = B whereB is a matrix whose
columnsareconstitutedfrom theright-handsidesof all the



for c = 1,M
for r = 1,N

for k = 1,r-1
S1: B(r,c) = B(r,c) - L(r,k)*B(k,c)
S2: B(r,c) = B(r,c)/L(r,r)

Figure2: TriangularSolvewith Multiple Right-handSides

triangularsystems.Thecodein Figure2 solvessuchmulti-
ple triangularsystems,overwritingB with thesolution.

2.1 Statement Iteration Spaces

We associatea distinct iterationspacewith eachstatement
in theloopnest,asdescribedin Definition1.

Definition 1 Each statementin a loop nesthasa statement
iterationspacewhosedimensionis equalto the numberof
loopsthatsurroundthatstatement.

Wewill useS1,S2, . . . , Sn to namethestatementsin the
loop nestin syntacticorder. The correspondingstatement
iterationspaceswill benamed

���
,
���

, . . . ,
���

. In Figure2,
theiterationspace

���
of statementS1 is a three-dimensional

space	 ��

����

��� , while the iterationspace
� �

of S2 is a
two-dimensionalspace	 ��
���� .

The boundson statementiterationspacescanbe speci-
fied by integerlinearinequalities.For our runningexample,
theseboundsarethefollowing:������� � 	 ��� � ��������� 	 ��� �� � � ��� � � � � � � �� ��!"��� � �#� �

An instanceof a statementis a point within that state-
ment’s iterationspace.

2.2 Dependences

We show how theexistenceof a dependencecanbeformu-
latedasa setof linearinequalities.

A dependenceexists from instance$&% of statementSs to
instance$(' of statementSd if the following conditionsare
satisfied.

1. Loop bounds: Both sourceand destinationstatement
instanceslie within the correspondingiterationspace
bounds. Since the iteration spaceboundsare affine
expressionsof index variables,we canrepresentthese
constraintsas ) %+* $ %-,/.0% �21 and )�' * $&' ,/. ' �21
for suitablematrices) %43 )�' andvectors.5%�36. ' .

2. Samearray location: Both statementinstancesrefer-
encethe samearraylocationandat leastoneof them
writes to that location. Sincethe arrayreferencesare
assumedto beaffine expressionsof the loop variables,
thesereferencescan be written as 7 %�* $ %�,98:% and

7 ' * $ ' ,;8 ' . Hencethe existenceof a dependence
requiresthat 7 %<* $ %�,/8�%-= 7�' * $&' ,>8 ' .

3. Precedenceorder: Instance $ % of statementSs oc-
curs before instance $&' of statementSd in program
executionorder. If 	5?�@A@B?�C % ' is a function that re-
turns the loop index variablesof the loops common
to both $ % and $(' , this condition can be written as	5?�@A@B?�C % '�D($&'�E>FG	5?�@B@A?�C % '�D&$ % E if Sd follows Ss
syntacticallyor 	0?�@B@B?�C % '�D($&'�EIHJ	5?�@A@B?�C % '�D($&'KE if it
doesnot, where H is the lexicographicorderingrela-
tion.
This conditioncan be translatedinto a disjunctionof
matrixinequalitiesof theform LM% * $&% ! L ' * $ ' ,ON �"1 .

If weexpressthedependenceconstraintsasadisjunction
of conjunctions,eachterm in the resultingdisjunctioncan
berepresentedasa matrix inequalityof thefollowing form.

P2Q $ %$ 'AR ,�ST=
UVVVVW ) % 11 )�'7 % ! 7�'! 7�% 7 'LM% ! L '

XZYYYY[ Q $ %$ 'AR ,
UVVVVW .0%. '8�% ! 8 '8 ' ! 8 %N

XZYYYY[ �\1
Eachsuchmatrix inequalitywill becalleda dependence

class, andwill be denotedby ] with an appropriatesub-
script. For our runningexample in Figure2, it is easyto
show that therearetwo dependenceclasses2. The first de-
pendenceclass] � arisesbecausestatementS1 writes to a
locationB(r,c) which is thenreadby statementS2; sim-
ilarly, theseconddependenceclass] � arisesbecausestate-
mentS2 writes to locationB(r,c) which is thenreadby
referenceB(k,c) in statementS1. For simplicity, they are
presentedassetsof inequalitiesratherthanin matrix nota-
tion.] ��� � � 	 ��� � �^� 	 �_� �� � � �`� � � � � ��� �� �<!\��� � �G� ��a� = ���	 � = 	 �] � � � � 	 � � � �^� 	 � � �� � � �`� � � � � ��� �� �<!\��� � �G� �� � = � �	 � = 	 �
2.3 Product Spaces and Embedding Functions

The productspacefor a loop nestis the Cartesianproduct
of theindividualstatementiterationspacesof thestatements
within that loop nest. The order in which this product is
formedis thesyntacticorderin which thestatementsappear
in theloopnest.

2Thereareotherdependences,but theyareredundant.



Therelationshipbetweenstatementiterationspacesand
theproductb spaceis specifiedby projectionandembedding
functions.Supposec = � ��
 � �edfdgd�
 � � . Projectionfunc-
tions h � � cGi � � extract the individual statementitera-
tion spacecomponentsof a point in theproductspace,and
are obviously linear functions. For our running example,h � =kj�l6m4nom 1qp and h � =kj 1 l � n � p .

An embeddingfunction � � on the other handmapsa
point in statementiterationspace

� �
to a point in the prod-

uctspace.Unlike projectionfunctions,embeddingfunctions
canbechosenin many ways.In our framework,weconsider
only thoseembeddingfunctions� � ��� � irc thatsatisfythe
following conditions.

Definition 2 Let Si bea statementwhosestatementitera-
tion spaceis

���
, andlet c betheproductspace. An embed-

ding function � �s����� itc mustsatisfythefollowingcondi-
tions.

1. � � mustbeaffine.
2. h � D(� � D&u�EvE = u for all u�w � � .

Thefirst conditionis requiredby ouruseof integerlinear
programmingtechniques.Wewill allow symbolicconstants
in the affine part of the embeddingfunctions. The second
conditionstatesthat if point uxw ��� is mappedto a pointy wzc , thenthe componentin y correspondingto

���
is u

itself. Each � � is thereforeone-to-one,but pointsfrom two
differentstatementiterationspacesmaybemappedto a sin-
gle point in theproductspace.Affine embeddingfunctions
canbedecomposedinto their linear andoffset partsasfol-
lows: �|{�D($}{4E =z~ {�$}{ ,�� { .
2.3.1 Examples of Embeddings

Embeddingscan be viewed as a generalizationof tech-
niqueslike code-sinking,loop fission and fusion that are
used in current compilers such as the SGI MIPSPro to
convert imperfectly-nestedloop nestsinto perfectly-nested
ones. Figure3 illustratesthis for loop fission. After loop
fission,all instancesof statementS1 in Figure3(a)areexe-
cutedbeforeall instancesof statementS2. It is easyto verify
that this effect is achieved by the transformedcodeof Fig-
ure3(b). Intuitively, the loop nestin this codecorresponds
to the productspace;theembeddingfunctionsfor different
statementscanbereadoff from theguardsin this loop nest
andareshown in Figure3(c).

Codesinkingis similarandis shown in Figure4.

2.3.2 Dimension of Product Space

Thenumberof dimensionsin theproductspacecanbequite
large,andonemightwonderif it is possibleto embedstate-
mentiterationspacesinto asmallerspacewithoutrestricting
programtransformations.For example,in Figure4(b),state-
mentsin thebodyof thetransformedcodeareexecutedonly

for i = 1, N
for j = 1, N

S1: C(i,j) = 0
for k = 1, N

S2: B(i,k) = 0

(a) Original code

for i1 = 1, N
for j1 = 1, N

for i2 = 1, N
for k2 = 1, N

if ((i2==1)&&(k2==1))
S1: C(i1,j1) = 0

if ((i1==N)&&(j1==N))
S2: B(i2,k2) = 0

(b) Transformedcode

� � D Q $ �� � R E = UVVW $ �� ���
XZYY[ � � D Q $ ���� R E = UVVW��� $ ����

XZYY[
(c) Embeddings

Figure3: Embeddingsfor LoopFission

wheni2 = i1, so it is possibleto eliminatethei2 loop
entirely, replacingall occurrencesof i2 in thebodyby i1.
Therefore,dimension$ � of the productspaceis redundant,
asis dimension

� �
. Moregenerally, wecanstatethefollow-

ing result.

Theorem 1 Let c�� be any spaceand let ��� � 3 � � 3 d�dKd 3 � ���
bea setof affineembeddingfunctions�|{ ��� {�itc�� satisfy-
ing the conditionsin Definition2. Let �|{�D($}{�E =�~ {�$}{ ,�� { .
Thenumberof independentdimensionsof the spacec�� is
equalto therankof thematrix ~z=2��~ � ~ ��dKd�d ~ �e� .

In Figure4, therankof thismatrix

~z= UVVVWA�������`����#�_����������`����#�_����`��� ���
XZYYY[

is 3, which is alsothenumberof independentdimensionsin
the productspace.The remaining2 dimensionsareredun-
dant.

Corollary 1 Let c betheproductspace.

1. Anyspacec�� biggerthan c hasredundantdimensions
underanysetof affineembeddingfunctions.



for i = 1, N
for j = 1, N

S1: C(i,j) = 0
for k = 1, N

S2: C(i,j) += A(i,k)*B(k,j)

(a)OriginalCode

for i1 = 1, N
for j1 = 1, N

for i2 = 1, N
for j2 = 1, N
for k2 = 1, N

if ((i2==i1)&&(j2==j1)&&(k2==1))
S1: C(i1,j1) = 0

if ((i1==i2)&&(j1==j2))
S2: C(i2,j2) += A(i2,k2)*B(k2,j2)

(b) Transformedcode

� � D Q $ �� � R E =
UVVVVW $ �� �$ �� ��
XZYYYY[ � � D U

W $ �� ���� X[ E =
UVVVVW $ �� �$ �� ����
XZYYYY[

(c) Embeddings

Figure4: Embeddingsfor CodeSinking

2. There exist affine embedding functions��� � 3 � � 3 d�d�d 3 � �|� for which no dimensionof c is
redundant.

Intuitively, Corollary 1 statesthat the productspaceis
“big enough”to modelany affinetransformationof theorig-
inal code.Furthermore,thereareaffine transformationsthat
utilize all dimensionsof the productspace. For example,
thereareno redundantdimensionsin the productspaceof
completelyfissionedcode,asFigure3 illustrates.

In general,therefore,it is the embeddingsthat deter-
minewhetherthereareredundantdimensionsin theproduct
space.Sincewe computeembeddingsandtransformations
simultaneously, we usethe full productspaceto avoid re-
strictingtransformationsunnecessarily. At theend,ourcode
generationalgorithmsuppressesredundantdimensionsau-
tomatically, sothereis noperformancepenaltyin thegener-
atedcodefrom theseextra dimensions.

2.4 Transformed Product Spaces and Valid Em-
beddings

If y is thedimensionof theproductspace,let �s� n � beauni-
modularmatrix. Any suchmatrixdefinesanorderin which
thepointsof theproductspacearevisited.Wewill saya set

of embeddingsis valid for a givenorderof traversalof the
productspaceif this traversalrespectsall dependences(see
Figure1). Moreformally, wehavethefollowingdefinitions.

Definition 3 The spacethat results from transforminga
product space c by a unimodularmatrix � is called the
transformedproductspaceundertransformation� .

For a setof embeddingfunctions ��� � 3 � � 3 d�dKd � � � anda
transformationmatrix � , we modelexecutionof the trans-
formedcodeby walkingthetransformedproductspacelexi-
cographicallyandexecutingall statementinstancesmapped
to each point as we visit it. We say that the pairD���� � 3 � � 3 d�dKd � �|� 3 ��E definesanexecutionorder for thepro-
gram. For an executionorder to be legal, a lexicographic
orderof traversalof thetransformedproductspacemustsat-
isfy all dependencies.To formulatethis condition,it is con-
venientto definethefollowingconcept.

Definition 4 Let ��� � 3 � � 3 dKd�d � ��� be a set of embedding
functionsfor a program,andlet �s� n � bea unimodularma-
trix. Let ] � P�Q $ %$('�R ,xS �"1
bea dependenceclassfor this program.Thedifferencevec-
tor for a pair D&$ %a3 $&'KE�wB] is thevector��� D($&% 3 $ ' Es�"� � � ' D($ ' E ! ��%KD&$(%0E ��d

The set of differencevectorsfor all points in a depen-
denceclass ] will be called the differencevectorsfor ] ;
abusingnotation,wewill refer to thissetas

� �
.

The set of all difference vectors for all dependence
classesof a program will be called the differencevectors
of thatprogram; wewill referto thissetas

�
.

With thesedefinitions,it is easyto expressthecondition
underwhich a lexicographicorderof traversalof the trans-
formedproductspacerespectsall programdependences.

Definition 5 Let �s� n � be a unimodularmatrix. A set of
embeddingfunctions��� � 3 � � 3 d�d�d 3 � �|� is saidto bevalid for� if �TF 1 for all �Tw � .

3 Tiling

We now show how this framework can be used to tile
imperfectly-nestedloopnests.Theintuitiveideais to embed
all statementiterationspacesin theproductspace,andthen
tile theproductspaceafter transformingit if necessaryby a
unimodulartransformation.Tiling is legal if thetransformed
productspaceis fully permutable—thatis, if its dimensions
canbepermutedarbitrarily without violating dependences.
This approachis a generalizationof the approachusedto
tile perfectly-nestedloopnests[17,26]; theembeddingstep
is not requiredfor perfectly-nestedloop nestsbecauseall
statementshave thesameiterationspaceto begin with.



3.1 Determining Constraints on Embeddings and
Transformations

Theconditionfor full permutabilityof thetransformedprod-
uctspaceis thefollowing.

Lemma 1 Let ��� � 3 � � 3 d�dKd 3 � ��� be a set of embeddings,
and let � be a unimodularmatrix. Thetransformedprod-
uctspaceis fully permutableif � �"1 for all � w � .

The proof of this result is trivial: if every entry in ev-
ery differencevectoris non-negative, thespaceis fully per-
mutable,so it canbetiled. Thusour goal is to find embed-
dings � � anda productspacetransformation� that satisfy
theconditionof Lemma1.

Let ] � P Q $ %$&'AR ,>S �\1 beany dependenceclass.For

affineembeddingfunctions,thecondition� �>1 in Lemma1
canbewrittenasfollows:�"j ! ~ % ~ ' p Q $ %$&' R , � � � ' ! � % � �"1 d

The affine form of Farkas’ Lemmalets us expressthe
unknown matrices� , ~ % ,� % , ~ ' and � ' in termsof

P
[9].

Lemma 2 (Farkas)Any affinefunction ¡¢D N E which is non-
negative everywhere over a polyhedron definedby the in-
equalities7 N�,>. �"1 canberepresentedasfollows:¡¢D N E =z£|¤s,¦¥<§ 7 N�,x¥s§s.£ ¤ �/1 3¨¥ �\1
where ¥ is a vectorof lengthequalto thenumberof rowsof
A. £|¤ and ¥ are calledtheFarkasmultipliers.

Applying Farkas’ Lemmato our dependenceequations
weobtain� j ! ~�%#~ ' p Q $ %$ '©R , � � � ' ! �:% �= ª�,�«�§ P Q $ %$(' R ,x«�§¬Sª �"1 3¨« �"1 3
wherethevector ª andthematrix « aretheFarkasmultipli-
ers.

Equatingcoefficientsof $&% , $ ' onbothsides,weget� j ! ~�%#~ ' p = «�§ P� � � ' ! �:% � = ª�,x«�§¬S (1)ª �"1 3¨« �/1 d
The Farkasmultipliers in System(1) canbe eliminated

throughFourier-Motzkin projectionto give a systemof in-
equalitiesconstrainingtheunknown embeddingcoefficients

andtransformationmatrix. Sincewe requirethatall differ-
encevectorelementsbenon-negative,wecanapplythispro-
cedureto eachdimensionof theproductspaceseparately.

Applying theabove procedureto all dependenceclasses
resultsin a systemof inequalitiesconstrainingthe embed-
dingfunctionsandtransformation.A fully permutableprod-
uctspaceis possibleif andonly if thatsystemhasasolution.
Thesubsetof dimensionsfor which theequationsdohave a
solutionwill constitutea fully permutablesub-spaceof the
productspace.

3.2 Solving for Embeddings and Transformations

In System(1), � is unknownwhile each~ � is partiallyspec-
ified3. To solve suchsystems,we will heuristicallyrestrict� andsolve theresultinglinearsystemfor appropriateem-
beddingsif they exist.

3.2.1 Example

Before describingthe algorithm, we illustrate this for the
runningexample.Theembeddingfunctionsfor thisprogram
canbewrittenasfollows:

� � D UW 	 ������� X[ E =
UVVVVW 	 ��a����¡�­v®�¡�¯ ®�
X YYYY[ � � D Q 	 ��K� R E =

UVVVVW ¡ ­6°�¡ ¯ °�¡�±�°�	 ����
X YYYY[

where ¡�­v®� etc. areunknown affine functionsthat mustbe
determined.Assumethat � is theidentitymatrix. We apply
ourproceduredimensionby dimensionto theproductspace.

Considerthefirst dimension.Wehaveto ensuretwo con-
ditions:

1. ¡�­ °� D&	 � 3 � � E ! 	 ���\1 for all pointsin ] � , and
2. 	 �<! ¡ ­6°� D&	 � 3 � � E �\1 for all pointsin ] � .

Considerthe first condition. Let ¡�­ °� D(	 � 3 � � E =;� ­v® 	 � ,� ¯ ® � � ,��4²
³´,��4µ � ,�� � . Applying Farkas’Lemma,we
get ¡�­ °� D(	 � 3 � � E ! 	 � =¶£|¤�,"£ � D ³ ! 	 � E ,�£ � D(	 ��!�� E ,·�·K· ,A£ � m4D&	 ��! 	 � E ,A£ ��¸ D(	 �|! 	 � E where£|¤ , . . . , £ ��¸ arenon-
negative4. Projectingthe £ ’sout,wefind out thatthecoeffi-
cientsof ¡�­6°� D(	 � 3 �K� E mustsatisfythefollowing inequalities:� ² � 1� µ � 1� ­v® ,q�4² � �� ¯ ® ,�� µ � 1� ­v® ,x¹�� ¯ ® ,��4²º,>¹��4µ»,�� �G� �

3Theembeddingfunctionsarepartiallyfixedbecauseof condition(2) in
Definition2.

4Thereare14 inequalitiesthatdefine ¼-½ in Section2.2,sothereare14
Farkasmultipliers ¾�½�¿v¿¨¿(¾�½ÁÀ .



Similarly, for thesecondcondition,this proceduredeter-
minesÂ thefollowing constraints: � ² Ã 1� µ Ã 1� ­v® ,��4² Ã �� ¯ ® ,q� µ Ã 1� ­v® ,�� ¯ ® ,q�4²9,»¹��4µ>,q� � Ã �

The conjunctionof theseinequalitiesgivesthe solution¡�­6°� D(	 � 3 �K� E = 	 � .
Applying thesameprocedureto theotherdimensionsof

the productspace,we obtainthe following setof legal em-
beddings: ¡ ­6°� D(	 � 3 � � E = 	 �¡ ¯ °� D(	 � 3 ��� E�w � �K� 3 ��� , � �¡ ± °� D(	 � 3 ��� E�w � �K� 3 ��� !/� �¡ ­ ®� D&	 � 3 �a� 3 ��� E = 	 �¡�¯ ®� D&	 � 3 �a� 3 ��� E�w � ��� 3 �a� !/� 3 ��� 3 ��� , � ��d

In this case,wegetmorethanonesolution,andany one
of them can be usedto obtaina fully permutableproduct
space.

3.2.2 Reversal and Skewing

In general,it may not be possibleto find embeddingsthat
maketheproductspacefully permutable(thatis, with � re-
strictedto the identity matrix). For suchprograms,trans-
forming theproductspaceby a non-trivial transformation�
mayresultin a fully permutablespacethatcanbetiled. This
is thecasefor therelaxationcodesdiscussedin Section4. If
our algorithmfails to find embeddingswith � restrictedto
theidentity matrix, it triesto find combinationsof loopper-
mutation,reversalandskewing for which it canfind valid
embeddings.The framework presentedin Section3.1 can
beusedto find thesetransformations.

Loopreversalfor a givendimensionof theproductspace
is handledby requiringtheentry in thatdimensionof each
differencevectorto benon-positive.For a dependenceclass] , the condition that the

��Ä(Å
entry of all of its difference

vectors
�:�

arenon-positivecanbewrittenasfollows:j ! ~ { % ~ { ' p Q $(%$ 'AR ,q� { ' ! � { % Ã 1
which is equivalenttoj ~ { % ! ~ { ' p Q $&%$ '�R ,�� { % ! � { ' �/1 d

Loopskewing is handledasfollows.Wereplacethenon-
negativity constraintsonthe

� Ä&Å
entriesof all differencevec-

tors in
�

by linearconstraintsthatguaranteethat theseen-
triesareboundedbelow by a negativeconstant,asfollows:j ! ~ { % ~ { ' p Q $ %$&' R ,q� { ' ! � { % ,>Æ �"1 3©Æ �"1 (2)

where Æ is an additionalvariableintroducedinto the sys-
tem.Thesmallestvalueof Æ thatsatisfiesthissystemcanbe
foundby projectingout theothervariablesandpicking the
lower boundof Æ . If thesystemhasa solution,thenegative
entriesin the

� Ä(Å
entryof all differencevectorsarebounded

by thevalueof Æ . If every differencevectorthathasa neg-
ative valuein dimension

�
, hasa strictly positive entry in a

dimensionpreceding
�
, loop skewing canbe usedto make

all entriesin dimension
�

positive.

3.3 Algorithm

Our algorithmis shown in Figure5. Thedeterminationof
theembeddingfunctionsandof thetransformationare inter-
leaved,andthey are computedincrementallyonedimension
at a time. Eachiterationof theouter

�
loop determinesone

dimensionof the transformedproductspaceby determin-
ing theembeddingfunctionsfor dimensionu of theproduct
space,andpermutingthatdimensioninto the

� Ä(Å
positionof

thetransformedproductspace,reversingthatdimensionand
skewing thatdimensionby outerdimensionsif necessary.

The algorithmasshown in Figure5 doesnot stopafter
identifyingtheoutersetof permutabledimensions.Suppose
we aretrying to determinethe

��Ä(Å
dimensionof the trans-

formedproductspace.If noneof theremainingdimensions
of theproductspacecanbemadepermutablewith theouter� !\�

dimensions(evenallowing reversalandskewing), the
algorithmcontinuesanddeterminesasubsetof thesedimen-
sionsthatcanbemadepermutablewith respectto eachother
(but not with the outerdimensions).By applyingthis suc-
cessively, thealgorithmcreatesa transformedproductspace
thatconsistsof nestedlayersof permutabledimensions.

An importantnotion in this algorithmis that of a satis-
fied dependenceclasswhich is similar to this notion in the
context of perfectly-nestedloop nests[28]. At the

� Ä(Å
itera-

tion of the outerloop, we saythata dependenceclass] is
satisfiedif all (partially determined)differencevectors

���
are lexicographicallypositive. Intuitively, a lexicographic
traversalof the first

�
dimensionsof the transformedprod-

uct spaceis guaranteedto respectall thedifferencevectors
of this dependenceclass,regardlessof how the remaining
dimensionsof the transformedproductspacearetraversed.
In checkingwhethera particulardimensionu of the prod-
uct spacecan be madepermutablewith the outer dimen-
sions,thelinearsystemweconstructspecifiesthatall unsat-
isfied dependenceclasses

PAÇ
musthave non-negative en-

tries along this dimension5 while the satisfieddependence

5non-positivefor thereversalcase



ALGORITHM DetermineEmbeddingsÈ
:= Set of dimensions of product spaceÉ
:= Current layer (initialized to 1)ÊÌË
:= Set of unsatisfied dependence classes

(initialized to all dependence classes of program)ÊÌÍ
:= Set of satisfied dependence classes

for the current layer (initialized to empty set)§ := Transformation matrix (initialized to Identity)

for dimension { = 1,� of the transformed product space

process_dimension :
for each Î in È
Construct system

Í
constraining the Î Ä(Å dimension

of every embedding function as follows:
for each unsatisfied dependence class ÏÑÐ ÊÌË

Add constraints so that each entry
in dimension Î of all difference vectors
of Ï is non-negative;

for each satisfied dependence class % Ð Ê-Í
Add constraints so that each entry
in dimension Î of all difference vectors
of %¦Ò positive Ó is non-negative;

if system has solutions
Pick a solution corresponding to smallest Ó ;
Update

ÊÌÍ
and
ÊÌË

;
Delete Î from È and make Î the { Ä(Å dimension
of the transformed product space;

Update row { of § ;
Continue { loop;

endif

// if the previous system does not have a solution
// check whether reversing the dimension
// permits solutions
Construct system

Í
constraining the Î Ä(Å dimension

of every embedding function as follows:
for each unsatisfied dependence class ÏÑÐ ÊÌË

Add constraints so that each entry
in dimension Î of all difference vectors
of Ï is non-positive;

for each satisfied dependence class % Ð Ê-Í
Add constraints so that each entry
in dimension Î of all difference vectors
of %\Ô positive Ó is non-positive;

if system has solutions
Pick a solution corresponding to smallest Ó ;
Update

ÊÌÍ
and
ÊÌË

;
Delete Î from È and make Î the { Ä(Å dimension
of the transformed product space;
Update row { of § ;
Continue { loop;

endif
endfor

// Reach here if no further dimension of
È

// can be added to the current layerÉ
:=
É

+ 1 // Start a new layerÊ-Í
:= empty set

goto process_dimension

endfor

Figure5: DeterminingEmbeddingsandTransformation

classes
PMÕ

are allowed to have entriesgreaterthan some
constantnegative6 Æ to allow skewing by an outerdimen-
sion. This ensuresthata solutionwith skewing is accepted
only if it is legal. By choosinga solutionthat corresponds
to minimum Æ , wechooseembeddingfunctionsthatrequire
theleastamountof skewing for successfultiling. If themin-

6positive Ö in thereversalcase

imumvalueof Æ is
1
, thennoskewing is required.

Whendeterminingthe
� Ä(Å

dimensionof thetransformed
space,we mayfail to find a dimensionof theproductspace
to addto our currentsetof permutabledimensions.If so,
westartanew layerof permutabledimensionsnestedwithin
the outer layers. To do this, we simply needto drop from
considerationthesatisfieddependenceclasses(

PMÕ
).

Thecorrectnessof thealgorithmfollowsfrom this theo-
rem.

Theorem 2 ThealgorithmDetermineEmbeddings has
thefollowingproperties:

1. It alwaysproducesembeddings��� � 3 � � 3 dKd�d 3 � � � and
transformationmatrix � defininga legal executionor-
der.

2. � orders the dimensionsof the transformedproduct
spacec into layers × . Thedimensionswithin a layer
are fully permutable.

Notethatalthoughin theworstcasethealgorithmcould
require ØMD y � E executionsof the u loop in Figure5, in prac-
tice the numberof executionsof the u loop is closer toØMD y E . Eachiterationof the u loopneedsto performFourier-
Motzkineliminationwhichcouldpotentiallybeexponential;
thiscanbeengineeredto work well in practice[19].

Oncethe transformedproductspaceis determined,we
have in effect founda perfectly-nestedloop nestwith a le-
gal executionorder. The loopsaregroupedinto layersand
loopswithin eachlayerarefully permutablewithin thelayer
andcanbetiled. Dependenceinformationfor this loop nest
canbesummarizedusingdirectionsanddistances,andstan-
dardtechniquesfor locality enhancementlike heightreduc-
tion [16] canbe applied. After this, redundantdimensions
areeliminated,fully-permutableloopsaretiled, andcodeis
generatedusingwell-understoodtechniques[2,12].

3.3.1 Picking good embedding functions

As far astiling is concerned,any solutionto the system
Õ

createdby the algorithmin the u loop would allow thatdi-
mensionof the transformedproductspaceto be fully per-
mutablewith the otherdimensionsin the currentlayer. If
our only concernis to producetiled code,thenany of the
solutionswill do. But not all solutionsareequallyeffective.
For example,considerthecodefragmentin Figure6 which
will benefitfrom tiling sincetheaccessesto arraysA andB
in statementS1 cannotbemadeunit-strideat thesametime.

Two valid embeddingsfor � =;l thatallow this codeto
betiled arethefollowing:

1. � � D Q $ �� � R E = UVVW $ �� ���
XZYY[ � � D Q $ �� � R E = UVVW �� $ �� �

XZYY[



for i1 = 1, N
for j1 = 1, N

S1: A(i1,j1) = B(j1,i1)

for i2 = 1, N
for j2 = 1, N

S2: A(i2,j2) = A(i2,j2) + B(i2,j2)

Figure6: To FuseOr Not To Fuse?

This embeddingcorrespondsto the original program
executionorder. Tiling theresultingtransformedprod-
uct spacewould in effect tile the two loop nestssepa-
rately.

2. � � D Q $ �� � R E = UVVW $ �� �$ �� �
XZYY[ � � D Q $ �� � R E = UVVW $ �$ �$ �� �

XZYY[
Thisembeddingcorrespondsto fusingi1 andi2 loops
andthej1 andj2 loops. Theresultingfusedi andj
loopscannow betiled.

By fusing the two loops, the secondsolutionis able to
reducethe distancebetweenthe write to arrayA in state-
ment S1 and the subsequentread in statementS2. In
fact, in this solution, both the sourceand destinationof
this datareuseare mappedto the samepoint in the prod-
uct space. The distancebetweenthe sourceand the des-
tination statementinstancescan be representedby the dif-
ferencevectorfor this dependenceclass.For thefirst solu-
tion, thedifferencevectorcorrespondingto thisdependence
is � � ! $ � 3 � ! � � 3 $ �<!"� 3 � �<!\� � § while it is � 1 3 1 3 1 3 1 � §
for the secondsolution. For this codefragment,we prefer
thesecondsolutionbecauseit exploits thereuse.

If ��� � 3 � � 3 dKd�d � ��� are the set of embeddingfunctions

for a program,and ] � PÙQ $ %$ 'AR ,2S ��1 is a depen-

denceclassfor this program,thenthe differencevectorfor
a pair D($ %�3 $&'�E
w9] is � �Ú'eD($&'�E ! � % D($ % E � . Clearly, we can
reducethedistancebetweenthedependentiterationsby re-
ducingeachdimensionof the differencevector. The reuse
is fully exploited if the differencevectoris Û1 . The embed-
ding functionsthatareableto achieve this satisfytheplane� � ' D($ ' E ! ��%�D&$(%5E � = Û1 for all pairs D&$(% 3 $ ' E-wA] . If theinter-
sectionof this planewith the systemof legal solutions(

Õ
)

is non-empty, thena solutionbelongingto the intersection
will exploit the reuse. We pick a solution that exploits as
many reusesaspossible,asdiscussedin detailin a compan-
ion paper[1]. For thecodefragmentshown in Figure6, this
heuristicwill pick thesecondsolution.

For our runningexample,ouralgorithmpicksthefollow-
ing embeddings:-

� � D UW 	�� X[ E =
UVVVVW 	��	�
X YYYY[ � � D Q 	� R E =

UVVVVW 	��	�
X YYYY[

3.4 Determining Tile Sizes

Wedeterminetile sizesby estimatingthedatafoot-print(the
amountof datatouchedby a tile), and requiring that it fit
into the cachein consideration.We tile the productspace
separatelyfor eachlevel of the memoryhierarchy(we do
not tile for a particularlevel only if thedatatouchedby the
tile will not fit into thecorrespondingcachelevel).

Our procedurefor determiningtile sizeshasthe follow-
ing steps.

1. For eachpoint in the product-space,find the dataac-
cessedby eachstatementinstancemappedto it. Since
themappingfrom a statementinstanceto theproduct-
spaceis one-to-oneandaffine,theinversemappingcan
easilybedetermined.Sincedatareferencesareaffine,
this enablesus to calculatethe dataaccessedby each
point in theproductspace.

In our runningexample,a point D N � 36N � 36N�m43ÜN ¸ 3ÜN|Ý E of
our transformedproduct spacehas the statementin-
stances

Õ � D N � 3ÜN � 36N�m E (whenever N � =ÙN ¸ 36N � =ÙN|Ý )
and
Õ � D N � 36N � E (whenever N � =ÞN ¸ 36N � =ÞN m =�N Ý )

mappedto it. Hencethe dataaccessedby this point
is )MD N � 3ÜN � E 36ß D N � 36N mKE 3 )MD N m 36N � E from statement

Õ �
and )MD N � 36N � E 3Üß D N � 36N � E from statement

Õ �
.

2. Groupall the dataaccessedby a productspacepoint
into equivalenceclassesasfollows.

(a) Referencesto differentarraysbelongin different
equivalenceclasses.

(b) Referencesto the samearrayaregroupedin the
sameequivalenceclassif they canaccessthesame
dataelements(thatis, if thelinearpartsof thetwo
referencesarethesame).

For our example, we have four equivalenceclasses� Õ � � )MD N � 3ÜN � E 3 Õ � � )MD N � 36N � E � , � Õ � � ß D N � 36N�m E � ,� Õ � � )MD N�m�36N � E � and � Õ � � ß D N � 3ÜN � E � .
3. From each referenceclass pick a randomreference

whichwill serve asour representativereference.

In our example, our representative referencesare)MD N � 36N � E , ß D N � 36N m5E ,) D N m 3ÜN � E and ß D N � 36N � E .
4. Determinethedatatouchedby eachrepresentative ref-

erencein a singletile of thetransformedproductspace
parameterizedby the tile size. We limit ourselves to
choosingthesametile size ) for all dimensionsof the



productspace. Determiningthe numberof elements
touchedby a singlereferenceis straightforward.

In our example,thefirst threereferencesaccess) � el-
ementsin one tile of the transformedproductspace,
while thelastreferenceaccesses) elements.Thetotal
datafoot-printof all thereferencesis thus à * ) � , )
elements.This mustbemultiplied by thesizein bytes
of eachelementto give theactualmemorytouched.

5. The datafoot-print of all the referencesmustbe less
thanthecachesizeto avoid capacitymisses.Thisgives
usanupperboundon thetile sizefor eachcachelevel.
In orderto generatecodewith fewerMIN’sandMAX’s,
weensurethatthetile sizeat eachlevel is amultipleof
thetile sizeat thepreviouslevel.

The above formulationmakesthe following simplifica-
tions–

1. All tilesof thetransformedproductspacehavethesame
datafoot-print.This is aconservativeassumption,since
it resultsin addingthefootprintsof all referencesfrom
all statementsto obtain the dataaccessedat a single
productspacepoint.

2. Boundaryeffects are ignored,which is justifiable for
largearraysandloopbounds.

3. Conflict missesare ignored. Varioustechniqueshave
beendevelopedto find tile sizesthatavoid someforms
of conflictmisses[7,10,15], but wedonot usethemin
ourcurrentimplementation.

4 Experimental Results

In this section,we presentresultsfrom our implementation
for four importantcodes. All experimentswere run on an
SGI Octaneworkstationbasedon a R12000chip runningat
300MHz with 32 KB first-level datacacheandan unified
second-level cacheof size2 MB (both cachesaretwo-way
setassociative). Wherever possible,we presentthreesetsof
performancenumbersfor a code.

1. Performanceof codeproducedby the SGI MIPSPro
compiler(Version7.2.1)with the“-O3” flagturnedon.
At this level of optimization,theSGI compilerapplies
the following set of transformationsto the code[27]
– it converts imperfectly-nestedloop neststo singly
nestedloops(SNLs)by meansof fissionandfusionand
then applies transformationslike permutation,tiling
andsoftwarepipelininginnerloops.

2. Performanceof codeproducedby animplementationof
the techniquesdescribedin this paper, andthencom-
piled by the SGI MIPSProcompilerwith the flags“-
O3-LNO:blocking=off ” todisableall localityenhance-
mentby theSGIcompiler.
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Figure7: Performanceof TriangularSolve

3. Performanceof hand-codedLAPACK library routine
runningontop of hand-tunedBLAS.

Performanceis reported in MFLOPS, counting each
multiply-add as 1 Flop. For someof the codeslike tom-
catv, wedid not have hand-codedversionsasa comparison;
in thesecases,we reportrunningtime.

4.1 Triangular Solve

For the running exampleof triangularsolve with multiple
right-handsides,our algorithm determinesthat the prod-
uct spacecanbemadefully permutablewithout reversalor
skewing. It choosesthefollowing embeddings:

� � D UW 	�� X[ E =
UVVVVW 	��	�
XZYYYY[ � � D Q 	� R E =

UVVVVW 	��	�
XZYYYY[

Thefourth andfifth dimensionsof theproductspaceare
redundant,so they areeliminatedand the remainingthree
dimensionsaretiled. Our algorithmpicks a tile sizeof à4á
for theL1 cacheand ¹4âeâ for theL2 cache.

Figure 7(a) shows performanceresults for a constant
numberof right-handsides(M in Figure2 is 100). Theper-
formanceof codegeneratedby our techniquesis uptoa fac-



tor of 10 better than the codeproducedby the SGI com-
pilerã , but it is still 20% slower than the hand-tunedcode
in the BLAS library. The high-level structureof the code
we generateis similar to that of the codein the BLAS li-
brary;furtherimprovementsin thecompiler-generatedcode
mustcomefrom fine tuningof registertiling andinstruction
scheduling.

Figure7(b) comparestheperformanceof ourcode,tiled
for two levelsof the memoryhierarchy, with codetiled for
a singlelevel with tile sizesrangingfrom

��1
to ¹4ä 1 for an

arraysizeof ¹ 1e141 
 ¹ 141e1 and ³^= �K1e1 . As canbeseen,
our two level schemegivesthebestperformance.

4.2 Cholesky Factorization

Cholesky factorizationis usedto solve symmetricpositive-
definite linear systems. Figure 8(a) shows one versionof
Cholesky factorizationcalled the

� � $ - å�æ�?�ç&èKé � ª ; thereare
at leastfive otherversionsof Cholesky factorizationcorre-
spondingto the permutationsof the threeouter loops. Our
algorithmcorrectlydeterminesthat thecodecanbe tiled in
all thesix casesandproducestheappropriateembeddings.

For the
� � $ versionshown here,the algorithmdeduces

thatall 6 dimensionsof theproductspacecanbemadefully
permutablewithout reversalor skewing. It picksthefollow-
ing embeddingsfor thethreestatements:

� � D UW � �$ X[ E =
UVVVVVVW � �$�� $
XZYYYYYY[ � � DKj � p E =

UVVVVVVW ������
XZYYYYYY[

� m D Q � $ R E =
UVVVVVVW �� $�� $
XZYYYYYY[

For theseembeddings,the last threedimensionsarere-
dundantandare ignored. The remainingthreedimensions
aretiled. Ourtile sizeselectionalgorithmchoosesàeá for the
L1 cacheand ¹4â4â for the L2 cache.Figure8(b) shows the
resultof tiling thethreeloopsfor varyingmatrix sizes.The
codeproducedby our approachis many times fasterthan
thecodeproducedby theSGIcompiler, andit is within 10%
of the hand-writtenLAPACK library codefor large matri-
ces. Thevariationof performancewith varioustile sizesis
shown in Figure8(c) for anarraysizeof ¹ 141e1 
 ¹ 14141 .
4.3 Jacobi

TheJacobikernelis typical of coderequiredto solve pde’s
using explicit methods. Theseare calledrelaxationcodes

for j = 1, n
for k = 1, j-1

for i = j+1, n
S1: A(i,j) = A(i,j) + A(i,k) * A(j,k)
S2: A(j,j) = sqrt(A(j,j))

for i = j+1, n
S3: A(i,j) = A(i,j) / A(j,j)

(a)OriginalCode
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Figure8: Cholesky Factorizationandits Performance

in the compiler literature. They containan outer loop that
countstime-steps;in eachtime-step,a smoothingoperation
(stencilcomputation)is performedon arraysthat represent
approximationsto the solution to the pde. Most of these
codeshave imperfectly-nestedloop nests.We show there-
sultsof applyingour techniqueto theJacobikernelshown in
Figure9(a) which usesrelaxationto solve Laplace’s equa-
tion. It requiresa non-trivial linear transformationof the
productspace.

Our algorithm picks an embeddingwhich corresponds
intuitively to shifting the iterationsof the two statements
with respectto eachother, andthenfusing the resultingi
andj loops. This not only permitstiling the loopsbut also
exploits reusebetweenthetwo arraysin thetwo statements.



for t = 1,T
for j = 2,N-1

for i = 2,N-1
S1: L(i,j) = (A(i,j+1) + A(i,j-1)

+ A(i+1,j) + A(i-1,j)) / 4
for j = 2,N-1

for i = 2,N-1
S2: A(i,j) = L(i,j)

(a)OriginalCode
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Figure9: Jacobiandits Performance

� � D UWBê� $ X[ E =
UVVVVVVW
ê� $ê� !>�$ !"�
XZYYYYYY[ � � D

UWMê� $ X[ E =
UVVVVVVW
ê� , �$ , �ê� $
XZYYYYYY[

Thelastthreedimensionsof theproductspaceareredun-
dant. The resultingproductspacecannotbe tiled directly,
so our implementationchoosesto skew the secondandthe
third dimensionsby 2*t. Our algorithmchoosesa tile size
of ¹ 1 for theL1 cacheand

� á 1 for theL2 cache.
Figure9(b) shows theexecutiontimesfor thecodepro-

ducedby our techniqueandby theSGI compilerfor a fixed
numberof time-steps(

�K1e1
). Tiling the codeimprovesper-

formancesignificantly. Comparisonwith tiling with other

tile sizesis shown in Figure9(c).

4.4 Tomcatv

As a final exampleto demonstratethatour approachworks
on large codes,we considerthe kernel from the tomcatv
SPECfpbenchmarksuite.7 The code,which is too big to
be shown here,consistsof an outer time loop ITER con-
tainingasequenceof doubly-andsingly-nestedloopswhich
walk over both two-dimensionaland one-dimensionalar-
rays. Treatingevery basicblock asa singlestatement,our
algorithmproducesanembeddingwhich correspondsto in-
terchangingthe I andJ loops, and then fusing all the I
loops. Theproductspaceis transformedso that theI loop
is skewed by 2*ITER, andtheITER andskewedI loops
aretiled. It is notpossibleto tile theJ loopsin thiscodebe-
causeoneof theloopswalksbackwardsthroughsomeof the
arrays.Our algorithmchoosesto tile only for theL2 cache
with a tiles-izeof ë â . Theresultsof applyingthe transfor-
mationareshown in Figure10(a)for a fixedarraysize(253
from areferenceinput),andavaryingnumberof time-steps.
The line marked“Our Method” shows a performanceim-
provementof around18%over theoriginalcode.Additional
improvement(line marked“Our Method(plusdatatransfor-
mation)” ) canbe obtainedby doing a datatransformation
thattransposesall thearraysassuggestedin [24]. Compari-
sonwith othertile sizesis shown in Figure10(b).

4.5 Discussion

Our experimentsshow that tiling is importantfor thecodes
consideredhere.AlthoughtheSGIcompileris unableto tile
thesecodessatisfactorily, our approachis able to produce
codewhoseperformanceapproachesthatof hand-writtenli-
braries.

5 Conclusions

We have presentedan approach to tiling imperfectly-
nestedloop nests,and demonstratedits utility on codes
that arisefrequentlyin computationalscienceapplications.
Our approachgeneralizestechniquesusedcurrently to tile
perfectly-nestedloop nests,andsubsumestechniquesused
in currentcompilersto convert imperfectly-nestedloopnests
into perfectly-nestedonesfor tiling. Further, it allows usto
pick good solutionsby reducingthe distancebetweende-
pendentstatementinstances. It also doesnot requirethat
programsconformto a specificstructure.

Other kinds of embeddingshave beenusedin the lit-
erature. For example, Feautrier[9] has solved schedul-

7Tomcatvis not directly amenableto our techniquebecauseit contains
an exit testat the endof eachtime-step,so we considerthe kernelwith-
out the exit condition. The resultingkernelcanbe tiled speculatively as
demonstratedin [25].
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ing problemsby embeddingstatementinstancesinto a one-
dimensionalspacethroughpiecewise affine functions,and
searchingthe spaceof legal embeddingsfor one with the
shortestlength. Kelly and Pugh[12] perform locality op-
timization by searchinga spaceof pseudo-affine mappings
for programs,using a cost model to choosethe bestone.
The rangeof thesemappingsis left undefinedto makethe
framework expressive, but this generalitymakesit difficult
to use.In their framework, they representtiling by pseudo-
affine mappings(usingmod anddiv) but donot show how
to obtainthem.Lim andLam[18] haveusedaffinepartitions
to maximizeparallelism.They derive constraintssimilar to
our tiling constraintsto parallelizeprogramswith optimal
synchronization.Unlike the previous two approaches,our
approachprescribesa specialspacelargeenoughto include
all affine transformationsandusesit to pick goodsolutions
for tiling.

Finally, tiling somecodeslike QR factorizationrequires
exploiting domain-specificinformation such as the asso-
ciativity of matrix multiplication. Incorporatingthis kind
of knowledge into a restructuringcompiler is critical for
achieving the next level of performancefrom automatic
tiling.

Acknowledgements

Wewould like to thanktheSC2000refereesandtheTechni-
calPapersCommitteememberGuangGaofor theirvaluable
feedbackwhichhelpedin improving thepaper.

References

[1] N. Ahmed, N. Mateev, and K. Pingali. Synthe-
sizing transformationsfor locality enhancementof
imperfectly-nestedloop nests. In Proc. International
Conferenceon Supercomputing, SantaFe, New Mex-
ico, May 2000.

[2] C. AncourtandF. Irigoin. Scanningpolyhedrawith do
loops. In Principle andPracticeof Parallel Program-
ming, pages39–50,Apr. 1991.

[3] E. Anderson,Z. Bai, C. Bischof, J. Demmel,J. Don-
garra, J. Du Croz, A. Greenbaum,S. Hammarling,
A. McKenney, S. Ostrouchov, and D. Sorensen,edi-
tors. LAPACK Users’Guide. SecondEdition. SIAM,
Philadelphia,1995.

[4] U. Banerjee. Unimodulartransformationsof double
loops. In Proceedingsof the Workshopon Advances
in Languagesand Compilersfor Parallel Processing,
pages192–219,Aug. 1990.

[5] P. Boulet, A. Darte,T. Risset,andY. Robert. (Pen)-
ultimatetiling? In INTEGRATION, theVLSIJournal,
volume17,pages33–51.1994.

[6] S.CarrandK. Kennedy. Compilerblockability of nu-
mericalalgorithms.In Supercomputing, 1992.

[7] S. ColemanandK. S. McKinley. Tile size selection
using cacheorganizationand data layout. In ACM
SIGPLAN’95 Conferenceon ProgrammingLanguage
DesignandImplementation(PLDI). ACM Press,June
1995.

[8] J. Dongarraand R. Schreiber. Automatic blocking
of nestedloops. Technical Report UT-CS-90-108,
Departmentof ComputerScience,University of Ten-
nessee,May 1990.

[9] P. Feautrier. Someefficient solutionsto the affine
schedulingproblem- part 1: one dimensionaltime.
International Journal of Parallel Programming, Oct.
1992.

[10] S. Ghosh, M. Martonosi, and S. Malik. Cache
missequations:An analyticalrepresentationof cache
misses.In Proceedingsof the11thInternationalCon-
ferenceon Supercomputing(ICS-97), pages317–324,
New York, July 1997.ACM Press.



[11] G. GolubandC. V. Loan. Matrix Computations. The
JohnsHopkinsUniversityPress,1996.

[12] W. Kelly, W. Pugh,andE. Rosser. Codegeneration
for multiplemappings.In 5th Symposiumon theFron-
tiers of MassivelyParallel Computation, pages332–
341,Feb. 1995.

[13] I. Kodukula,N. Ahmed,andK. Pingali. Data-centric
multi-levelblocking. In ProgrammingLanguages,De-
signandImplementation.ACM SIGPLAN,June1997.

[14] I. KodukulaandK. Pingali. Imperfectlynestedloop
transformationsfor memoryhierarchymanagement.In
InternationalConferenceonSupercomputing, Rhodes,
Greece,June1999.

[15] M. S.Lam,E.E. Rothberg,andM. E.Wolf. Thecache
performanceandoptimizationsof blockedalgorithms.
In Fourth International Conferenceon Architectural
Supportfor ProgrammingLanguagesand Operating
Systems, pages63–74,Apr. 8–11,1991.

[16] W. Li and K. Pingali. AccessNormalization: Loop
restructuringfor NUMA compilers.ACM Transactions
onComputerSystems, 1993.

[17] W. Li andK. Pingali. A singularloop transformation
basedonnon-singularmatrices.InternationalJournal
of Parallel Programming, 22(2),Apr. 1994.

[18] A. Lim andM. Lam. Maximizingparallelismandmin-
imizing synchronizationwith affinepartitions.Parallel
Computing, 24:445–475,1998.

[19] W. Pugh. The Omega test: A fast andpracticalinte-
ger programmingalgorithmfor dependenceanalysis.
In Communicationsof theACM, pages102–114,Aug.
1992.

[20] W. Pughand E. Rosser. Iteration spaceslicing for
locality. In Proc. of 12th International Workshop
on LanguagesandCompilersfor Parallel Computing,
(LCPC99), Aug. 1999.

[21] J.RamanujamandP. Sadayappan.Tiling multidimen-
sionaliterationspacesfor multicomputers.Journal of
Parallel and Distributed Computing, 16(2):108–120,
Oct.1992.

[22] J. M. RameshC. Agarwal, Fred G. Gustavson and
S.Schmidt.EngineeringandScientificSubroutineLi-
braryRelease3 for IBM ES/3090VectorMultiproces-
sors.IBM SystemsJournal, 28(2):345–350,1989.

[23] V. Sarkar. Automaticselectionof high ordertransfor-
mationsin theIBM ASTI optimizer. TechnicalReport
ADTI-96-004, Application DevelopmentTechnology
Institute,IBM SoftwareSolutionsDivision,July1996.

[24] Y. SongandZ. Li. A compiler framework for tiling
imperfectly-nestedloops. In Proc. of 12th Interna-
tional WorkshoponLanguagesandCompilersfor Par-
allel Computing,(LCPC99), Aug. 1999.

[25] Y. SongandZ. Li. New tiling techniquesto improve
cachetemporallocality. In SIGPLAN99conferenceon
ProgrammingLanguages,DesignandImplementation,
June1999.

[26] M. Wolf andM. Lam. A datalocality optimizingalgo-
rithm. In SIGPLAN1991conferenceonProgramming
LanguagesDesignandImplementation, June1991.

[27] M. E. Wolf, D. E. Maydan,and D.-K. Chen. Com-
bining loop transformationsconsideringcachesand
scheduling. In MICRO 29, pages274–286,Silicon
Graphics,MountainView, CA, 1996.

[28] M. Wolfe. Iteration spacetiling for memoryhierar-
chies. In Third SIAMConferenceon Parallel Process-
ing for ScientificComputing, Dec.1987.

[29] M. Wolfe. High PerformanceCompilersfor Paral-
lel Computing. Addison-Wesley PublishingCompany,
1995.


