CS 671 Automated Reasoning

Quotient Types and Inductive Types




QUOTIENT TYPES: USER-DEFINED EQUALITY I

e Representation of equivalence classes
— Members of z,y : T//E are elements of T (but z,y : T//E & T)
— Equality s=t redefined as E|s,t/x,y]
— E must be type of an equivalence relation

Syntax:
Canonical: z,y:T/E
Noncanonical: —

Semantics:
x,y,: TYE, = 2y,y,: Ty/E, it T,=T, and there are terms p,p,r,

s,t and variables z, y, z, which occur neither in &/ nor in E,, such that
pyin Vo : T\ .Vy:T\. Erlz,y/x1,y1] = Ealx,y/x2, Yo,
pyin Va: T \.Vy:T,. Eslr,y/xa,yo] = Er[z,y/T1, 1],
rinVe:T,. Bz, x/x1, 4],
sinVa:T\.Vy:T,. Erlz,y/x1, 1] = Erly, /21, 51,

and tinVo:T Vy:T,.Vz:T,. Eilv,y/x1, )= Eily, z2/z1, y1) = Bz, 2/21, y1]

cs=tinz,y:T//E it z,y:T//E type, sinT, tinT,
and there is some term p in Els,t/x, |
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QUOTIENT TYPES: PROOF THEORY I

Proof rules must manage implicit information
— We “know” E|s,t/x,y| if s=tinz,y:T//E
— Proof term for Fls,t/x,y| can only be used non-computationally
— Hidden assumptions generated by decomposing equalities in hypotheses
vs=teax,y: T/[E,AFC extuy
by quotient equalityElimination i j

Mvis=tea,y:T/E, [V Es t/r.y, AFC extuy
lvs=tex,y:T//E,AF E[s,t/x,y] € U

User-predicates may require type-squashing
— |P = {x:Top | P}: reduce P to it’s truth content

— Necessary if there is too much structure on x,y : T//E

See Appendix A.3.14 for further details
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INDUCTIVE TYPES: RECURSIVE DEFINITION I

e Representation of recursively defined datatypes
— Recursive type definition through the equation X = T'| X]
— Canonical elements are determined by unrolling T'[X]

— Noncanonical form allows inductive evaluation of elements

® Recursive definition must be well-founded
— Least fixed point semantics
— T'|.X| must contain a “base” case

— X must only occur positively in T'| X]

e Eixtensions possible
— Parameterizatized, simultaneous recursion
rectype X;(z1) = T[Xq] and ... X, (x,) = T|X,] select X;(a;)
— Co-inductive type inftype X =Tx: greatest fixed point semantics

— Partial recursive functions S-4T": unrestricted recursive induction
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INDUCTIVE TYPES, FORMALLY I

Syntax:
Canonical: rectype X =T

Noncanonical: let* f(x) =t in f(e)
Evaluation:
e | canonical ti\ylet* f(x) =t in f(y),e/ f, x| | val

let* f(x) =t in f(e) | val
Termination of let* f(x) =t in f(e) requires e in rectype X =T|X]

Semantics:
- rectype X =1x1 = rectype X ,=Txo
if Tx1|X/X1] = Txo|X/ X, for all types X
- s =1 1in rectype X =Ty it rectype X =Tx type and
s =t in T'x|rectype X =Tx/X]

See Appendix A.3.11 for further details
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SUMMARY: STANDARD NUPRL TYPES I

Function Space S—T, x:5=T Av.t, ft

Product Space SXT, x:5xT (s,t), let x,yy=ein u

Disjoint Union S+T inl(s), inr(t), case e of inl(x)—wu | inr(y) —ov
Universes Uj — types of level j —

Equality s=teT Ax

Empty Type Void any(x), — no members —

Atoms Atom “token”, if a=b then s else ¢

Numbers 7, 0,1,-1,2,-2,... s+t, s-t, sxt, s+t, sremt,

if a=b then s else t, if <5 then s else ¢
ind(u; , f,.s; base; y,f,.1)

1< Ax
Lists Slist [1, t::lest, listind(L; base; x,l, f;.1)
Inductive Types rectype X =T[X]| let* f(x) =t in f(e), — members defined by T[X] —
Subset {x:S|Plz|}, — some members of S —
Intersection Nz:S.T|x], — members that occur in all T[x] —

x:SNT |z — members x that occur S and Tx] —
Union Uzx:S.T[z] — members that occur in some T[x], tricky equality—
Quotient T,y : S//E[% y} — members of S, new equality —
Very Dep. Functions {f | x:S—=T|[f, x|}
Squiggle Equality st — a “simpler” equality
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IMPORTANT DEFINED TYPES I

e [nteger ranges: N = {i:Z|0<i}, {j...} = {i:Z1j<i},
N* = {i:Zl0o<i}, {...j} = {i:Z]i<j}

e Logic:V 4 A v = — True False (Cwrry-Howard isomorphism)
e Singleton type: Unit = 0¢€Z

e Boolean: B = Unit + Unit, [b = if b then True else False
e Top type: Top = Nx:Void.Void

e Subtyping: St = Vx:S5. xeT

e Type Squashing: | P = {True| P}

e Recursive functions: Y = M. (Ox.f (x x)) (x.f (x x))

See the standard theories of NUPRL 5 for further details
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