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1. INTRODUCTION

Formalmethodsfor programverification,optimization,andsynthesisrely oncomplex
mathematicalproofs,which often involve reasoningaboutcomputations.Becauseof
that thereis no singleautomatedproof procedurethat canhandleall the reasoning
problemsoccurringduringa programderivationor verification. Instead,oneusually
reliesonproofassistantslikeNuPRL(Constableetal.,1986),Coq(Dowekandet. al,
1991),Alf (Altenkirch et al., 1994)etc.,which arebasedon very expressive logical
calculi andsupportinteractive andtacticcontrolledproof andprogramdevelopment.
Proofassistants,however, suffer from avery low degreeof automation,sinceall their
inferencesmusteventuallybebasedonsequentor naturaldeductionrules.Evenproof
partsthat rely entirely on predicatelogic can seldomlybe found automatically, as
thereare no completeproof searchproceduresembeddedinto thesesystems. It is
thereforedesirableto extendthe reasoningpower of proof assistantsby integrating
well-understoodtechniquesfrom automatedtheoremproving.

Matrix-basedproofsearchprocedures(Bibel,1981;Bibel,1987)canbeunderstood
as compactrepresentationsof tableauxor sequentproof techniques. They avoid
the usualredundanciescontainedin thesecalculi andaredriven by complementary
connections, i.e. pairsof atomicformulaethatmaybecomeleavesin asequentproof,
insteadof the logical connectivesof a proof goal. Although originally developed
for classicallogic, theconnectionmethodhasrecentlybeenextendedto a varietyof
non-classicallogicssuchasintuitionistic logic (OttenandKreitz, 1995),modallogics
(Kreitz andOtten,1999),andfragmentsof linear logic (Kreitz et al., 1997;Mantel
andKreitz, 1998).Furthermore,algorithmsfor convertingmatrix proofsinto sequent
proofshave beendeveloped(Schmitt andKreitz, 1995;Schmitt andKreitz, 1996),
which makesit possibleto view matrix proofsasplansfor predicatelogic proofsthat
canbeexecutedwithin a proof assistant(Bibel et al., 1996;Kreitz et al., 1996).

Viewing matrix proofsasproof plansalsosuggeststhe integrationof additional
proofplanningtechniquesinto theconnectionmethod.Rewrite techniquessuchasrip-
pling (Bundyetal.,1993),for instance,havesuccessfullybeenusedasproofplanners
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for inductive theoremproving but arerelatively weakasfaraspredicatelogic reason-
ing is concerned.A recentextension(PientkaandKreitz, 1998)hasdemonstratedthat
rippling techniquesandlogical proof searchcanbe combinedandusedsuccessfully
for constructivetheoremproving andthesynthesisof inductiveprograms.

In thispaperwewill presentacoherentaccountof matrixmethodsfor constructive
theoremproving andshow how to extendthemby integratingrippling techniquesinto
theunificationprocess.Wewill firstpresentanon-clausalextensionof Bibel’soriginal
connectionmethodin Section2.andadaptit toconstructivelogic in Section3.. Section
4. describesthe conversionof matrix proofs into sequentproofs. In Section5. we
discusstheintegrationof rippling techniquesinto matrix methods.We concludewith
adiscussionof possibleapplicationsof ourwork toprogramsynthesisandverification.

2. THE CONNECTIONMETHOD FORNON-CLAUSAL FORM

The connectionmethod(Bibel, 1981;Bibel, 1987)wasoriginally designedasproof
searchmethodfor formulasin clausenormalform. Butasnormalizationof formulasis
oftencostlyandasmany non-classicallogicsdonothavenormalforms,it is necessary
to developconnectionmethodsfor formulasin non-clausalform. Bibel (Bibel, 1987)
alreadydescribesanon-clausalversionof hisconnectionmethod.Theversionthatwe
will presenthereis moregeneral.It is basedon Wallen’s matrix characterizationsof
logical validity (Wallen,1990)andcaneasilybeadaptedto a varietyof logics.

Sincematrixproofscanbeviewedascompactrepresentationsof analytictableaux,
many notionsfrom tableauxcalculi carry over to matrix methods.The main differ-
enceis that tableauxproofsarebasedon rules that decomposea formula, generate
subformulae,andeventuallycloseoff proof branches,while matrix methodsoperate
directly on the formula treeandsearchfor connections,i.e. pairsof identicalliterals
with differentpolaritiesthatcouldclosea branchin a tableauxproof. In this section
wewill first introducethebasicconceptsusedin matrixmethods,characterizelogical
validity in termsof theseconcepts,andthendeveloptheproof procedureon thebasis
of thematrix characterization.

A formula tree is the representationof a formula � asa syntaxtree. Eachnode
correspondsto exactly onesubformula��� of � and is marked with a uniquename�����	��
���
�
�
 , its position. The label of a position � denotesthemajorconnective of ���
or theformula ��� , if it is atomic. In thelattercase,� is calledanatomicposition(or
atom) andcanalsobe identifiedby its label. The treeordering � of � is thepartial
orderingon the positionsin the formula treewherethe root is the smallestposition
with respectto this treeordering.

Eachpositionin a formula treeis associatedwith a polarity anda principal type.
Thepolarity (0 or 1) of apositionis determinedby thelabelandpolarityof its parent.
Theroot positionhaspolarity 0. Theprincipal typeof a positionis determinedby its
polarity andits label. Atomic positionshave no principal type. Polaritiesandtypes
of positionsaredefinedin thetablebelow. For example,a positionlabelledwith �
andpolarity 1 hasprincipal type � andits successorpositionshave polarity 0 and1,
respectively. For agivenformulawedenotethesetsof � - and � -positionsby � and � .
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principal type � ������� �"! ���$#%�&�(' �)�+*,�&�(' �)-.�/�"! �0-1�/�2'
successorpolarity �3! , �4! �5' , �6' �3! , �6' �5' �3!
principal type 7 ������� �2' ���$#%�&�8! �)�+*,�&�8!
successorpolarity �5' , �&' �3! , �9! �5' , �9!
principal type : �<;>=��/�8! �)?@=��/�2' principal type A �<;B=B�/�(' �0?C=��/�"!
successorpolarity � ! � ' successorpolarity � ' � !

A quantifier multiplicity D%E : ��F IN (briefly D ) encodesthe numberof distinct
instancesof � -subformulasthatneedto beconsideredduringtheproofsearch.By �9G
wedenoteanindexedformula, i.e.aformulaandits multiplicity. Weconsidermultiple
instancesof subformulasaccordingto the multiplicity of its correspondingposition
in the formula treeandextendthe treeorderingaccordingly. For technicalreasons
we substitutevariablesin atomicformulasby thecorrespondingquantifierpositions,
i.e. � - and � -positions. Figure 1.1 shows the formula tree,marked with polarities,
principaltypes,anda multiplicity, for theformula � 
5H
;>=JIK=$�3;MLJ�)-N�POQLN*SR5L���*UT/L��9* -%?WV��X��TYV%*SZ3V@���[�PO/V%*SR\V@�(� * -�-1T/][��IK]Q��IK^ ,
wherethemultiplicity of thesubformula_a`cb�` is 2.
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Figure1.1 Formulatreefor � G
 with DQ� �M�k�	���
The matrix(-representation)of a formula � is a two-dimensionalrepresentation

of its atomicformulaswithout connectivesandquantifiers,which is bettersuitedfor
illustration purposes.In a matrix representation� -relatedpositionsappearside by
sideand � -relatedpositionsappearon top of eachother, wheretwo positions� and �
are � -related(or � -related), denoted�.� g � ( �%� v � ), if f ���� � andthegreatestcommon
ancestorof � and � w.r.t. the tree ordering � is of principal type � (or � ). � is
� -related( � -related) to aset b of positionsif �%� g � ( �.� v � ) for all �6��b . Thematrix
representationof � G
 is givenin Figure1.2.

191



I�!�]�� I�!�]M�0�
O/'�]��
R&! ]��
T ! ]��

T ! ] !)�
O ! ] !)�

Z3'�] !)�
R ' ] !0�

I1'�^
I1'�]
TY'�]

Figure1.2 Matrix of theformula � 


Thematrixcharacterizationsof logicalvalidity (Bibel, 1981;Bibel, 1987;Wallen,
1990;Kreitz et al., 1997)dependon the conceptsof paths,connections,andcom-
plementarity. A path througha formula � is a maximal set of mutually � -related
atomicpositionsof its formulatree. It canbevisualizedasa maximalhorizontalline
throughthe matrix representationof � . A connectionis a pair of atomicpositions
labelledwith thesamepredicatesymbolbut with differentpolarities.A connectionis
complementaryif its atomicformulasareunifiableby anadmissiblesubstitution.

Theprecisedefinitionof complementaritydependson the logic underconsidera-
tion. For classicallogic, we only needto considerquantifier- or first-ordersubstitu-
tions. A (first-order) substitution� E (briefly � ) is a mappingfrom positionsof type
� to termsover ���[� . It inducesa relation � E�� ����� in the following way: if
� E �{� ����� , then �c� E � for all �6��� occurringin � . The relation � E expressesthe
eigenvariableconditionof thesequentcalculus,whereeigenvariables�6�N� haveto be
introducedbeforethey areassignedto variables� � � . Togetherwith thetreeordering
� therelation �YE determinesa reductionordering   .

Definition 1.1(Complementarity in ClassicalLogic)

A first-odersubstitution � E is admissiblewith respectto � G if f the induced
reductionordering   ¡ � �X�¢�\� E �¤£ is irreflexive.

A connection¥k� � �a¦ is �aE -complementaryif f �JE6� label�{� �"�8� �aE6� label��� �"� .
As pathsthroughmatricescorrespondto branchesof tableauxproofsandcomple-

mentaryconnectionsto closingbranches,a formula � is valid if every paththrough
some� G containsacomplementaryconnection.

Theorem1.2(Matrix Characterization for ClassicalLogic (Bibel, 1987))
A formula � is (classically)valid iff thereisa multiplicity D , anadmissiblesubstitution
� anda setof � -complementaryconnectionssuch thateverypaththrough � G contains
a connectionfromthis set.

Example1.3 Thematrixfor � G
 in Figure1.2has18paths,eachcontainingoneof the
connections¥@b 
 � � � b �{§ ¦ � ¥@b 
 � � h � b � � ¦ � ¥k¨ � ��©�� ¨ 
 � 
"ª ¦ � ¥�« 
 ��©�� « � � 
¤ª ¦ , ¥�¬ 
 ��©�� ¬ � � ¦ ,
and ¥�¬ 
 �"
¤ª�� ¬ � � ¦ . Thesixconnectionsarecomplementaryunderthefirst-ordersubsti-
tution � E � ¥ �M�k­ § �c�>� h ­C�®�K� © ­C�®�®��
"ª¯­C� ¦ . Asno � -positionsoccurin � E , theinduced
reductionordering   is thetreeordering � andirreflexive. Thus�JE is admissibleand
� 
 is valid.
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Accordingto theabovecharacterizationthevalidity of a formula � canbeproven
by showing that all pathsthroughthe matrix representationof � G containa com-
plementaryconnection.Obviously it is not very efficient to checkall possiblepaths
for complementaryconnections.Instead,a pathcheckingalgorithmshouldbedriven
by the connections:oncea complementaryconnectionhasbeenidentifiedall paths
containingthis connectioncanbe eliminatedfrom further consideration.This tech-
niqueis similar to Bibel’sconnectionmethodfor classicallogic (Bibel, 1987),but our
algorithmis moregeneralandusefulfor proof searchin variousnon-classicallogics.

Thekey notionsof our pathcheckingalgorithmareactive paths,active subgoals,
andopengoals.Theactivepath ° specifiesthosepathsthatarecurrentlyinvestigated
for complementarity. All pathsthatcontain° andanelement� of theactivesubgoal±

have alreadybeenproven to containa complementaryconnection.All pathsthat
contain° andanelement� of theopengoal ² muststill betestedfor complementarity.
If thelattercanbeprovencomplementaryaswell thenall pathscontainingtheactive
path are complementary. The algorithm will recursively check whetherall paths
containingtheemptyactivepatharecomplementary.

Let ³ denotethesetof all atomicpositionsin the formula � . A subpath° � ³
is a (not necessarilymaximal)setof mutually � -relatedatomicpositions.A subpath
° � ³ is apathif f thereis no �f��³ with �.� g ° . A subgoal

± � ³ is asetof mutually
� -relatedatomicpositions. During proof searchcertaintuples �o° � ± � consistingof
a non-complementarysubpath° anda subgoal

±
with �.� g ° for all � � ± will be

calledactivegoals. ° will be the activepath and
±

the activesubgoal. The open
goal ² � ³ with respectto anactive goal �o° � ± � is thesetof atomicpositions� with
�J� g ° and ��� v ± .

Example1.4 In Figure 1.2 the sets ° 
�� ¥@b 
 �>�C� b 
 �>� h � ¨ 
 �"
¤ªC� ¬ � � ¦ � ° �¯� ¥@b 
 �M���
b 
 � � h � « 
 ��©�� b � § ¦ , and ° ª � ¥k¨ � ��©�� ¨ 
 � 
"ª � « � � 
¤ª ¦ are subpathsfor the formula � 
 .± 
 � ¥k¨ � ��© ¦ � ± � � ¥@´ � � 
¤ª � ¨ 
 � 
¤ª ¦ , and

± ª � ¥@b 
 � � ¦ are subgoals. �o° 
 � ± 
 � , �o° � � ± � � ,
and �o° ª � ± ª � are activegoals. Theset ¥�« 
 ��©�� ¬ 
 ��© ¦ is theopengoal w.r.t. theactive
goal �o° 
C� ± 
µ� ; theemptyset ¶ is theopengoal w.r.t. �o° �C� ± �k� or �o° ªC� ± ªk� .

We call anactivegoal �{° � ± � provablewith respectto a formula � if f for theopen
goal ² w.r.t. �o° � ± � andfor all �3��² all paths°¸· through � with ¬¹��¥k�a¦ � °º· are
complementary. Thisdefinitionleadstoamorealgorithmiccharacterizationof validity.

Theorem1.5 A formula � is valid iff there is a multiplicity D and an admissible
substitution� such that theactivegoal �q¶ � ¶ � w.r.t. �4G is provable.

The above characterizationholdsuniformly for a variety of logics and leadsto
a generalpath-checkingalgorithm that, coupledwith an appropriatedefinition of
complementarity, can be usedas proof searchprocedurefor all theselogics. The
pathcheckingalgorithmis implicitly describedby thefollowing theorem,whichgives
sufficientandnecessaryconditionsfor provability.
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letrec prove( » , ¼ ) =
let ½ , ¾ = initialize ( » , ¼ ) in

let ¿®À�Á = connections ( »\Â ) in
letrec provable �{Ã9Ä)¿1Ä(½c� =

letrec check-connections �oÅ4Äq�3Ä(½c� =
let Æ�ÈÇ®Å in (* may fail *)

( let ½ ! = unify-check ���3Ä Æ�YÄ"» Â Ä2½c� in
let ½�� = provable �{Ã9Ä)¿®É%Ê��\Ë�Ä¤½ ! � in

if Æ�ÈÇ®Ã then ½J� else provable �{Ã6É1Êµ�YË�Ä	Ê Æ�\Ë�Ä(½J�Ì�
) ? check-connections �oÅ4ÍÎÊ Æ�\Ë@Ä¤�3Ä(½K� (* next Æ� *)

in
letrec check-extension �)Ï.Ä{½c� =

let �ÈÇcÏ in (* may fail *)
( let Å = Ê Æ�ÈÇ®ÐÒÑXÊ��3Ä Æ�\Ë�Ça¿®À�Á��[� Æ�ÓÇKÃÈ# Æ�/Ô5ÕK�{Ã&É.Êµ�\Ëk�(�XË in

check-connections �{Å4Ä2�3Ä2½K�
) ? check-extension �qÊÌÖ\ÇcÏ�Ñ ÖJÔ�ÕB�\Ë�Ä(½c� (* next � *)

in
let Ï = Ê��ÈÇ®ÐÒÑ2�/Ô�Õ>Ã×���/Ô5Ø�¿KË in

if Ï = Ù then ½ else check-extension ��Ï.Ä)½c�
in

provable �)ÙCÄXÙCÄ(½c� ? prove( » , ¼ +1)
in

prove( » ,1)

Figure1.3 Uniform pathcheckingalgorithm

Theorem1.6
Let �o° � ± � bean activegoal and ²Ú¡ � ¥k� � ³$Û ��� g °ÝÜ���� v ± ¦ theopensubgoalw.r.t.
�o° � ± � . Theactivegoal �{° � ± � is provableiff

1. theopengoal ² is empty, or

2. thereis a complementaryconnection¥¯Þ �5ßÞ4¦ with Þ � ² , such that theactivegoal
�o° � ± �à¥�Þ9¦ � is provableand (1) ßÞ � ° or (2) ßÞ � g �o°á�à¥�Þ9¦ � andtheactive
goal �o°¹�â¥�Þ4¦ � ¥ ßÞ�¦ � is provable.

Figure1.3describesasimpleuniformpath-checkingalgorithmbasedontheabove
theorems.The function provable checksthe provability of an active goal �o° � ± �
underanalreadycomputedsubstitution� . It returnsanew substitution,if it succeeds,
andfailsotherwise(? denotesfailurecatching).Thevariable² describesthepositions
Þ which may be usedto extend the active path. If ² is empty, then provable
succeedsbecauseof Theorem1.6.1. Otherwiseprovable recursively checksall
possiblevaluesfor Þ (in ² ) and ßÞ (in ã ) accordingto Theorem1.6.2. Thefunction
prove iteratesthemultiplicity D , computesall possibleconnectionsin �4G andchecks
provability accordingto Theorem1.5. It is initializedwith multiplicity 1.

Thepath-checkingalgorithmis parameterizedwith two functions,which express
thespecificpropertiesof the logic underconsideration.Thefunction initialize
determinesthe initial value for the substitution � and the multiplicity D while
unify-check �)Þ �QßÞ � �4G � � � tries computea substitutionthatunifies Þ and ßÞ , ex-
tends� , andleadsto anacyclic reductionorderingin �4G .
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For classicallogic initialize ( � ,ä ) computesa pair �0� � D � with � � ¶ and
DQ�{� �8� ä for all � � � . unify-check ( �)Þ �QßÞ � � G � � � computesamostgeneral(term)
unifier � E of �[� label�)Þ �"� and �[� label� ßÞ �8� , aswell astheinducedreductionordering
 å¡ � �X���\� E � £ . It returns � E if   is irreflexive andfails otherwiseor if the two
atomscannotbeunified.

Becauseof thestepwiseincreaseof themultiplicity thepathcheckingmechanism
describedin Figure1.3is obviouslynotveryefficientandalsonotableto decidethata
givenfirst-orderformulais invalid. In anefficient implementationthemultiplicity for
eachsuitableposition is determineddynamicallyduring the path-checkingprocess.
Other techniquesthat wereusedin theoremproversbasedon the usualconnection
methodcanbeappliedaswell.

3. PROVING THEOREMSIN CONSTRUCTIVE LOGIC

As programsynthesisandverificationoftenreliesonconstructivearguments,systems
for automatedprogramdevelopmentmustbe supportedby proof searchprocedures
for intuitionistic logic. Independentlyfrom the philosophicaldifferencesbetween
classicaland intuitionistic logic the main distinction betweenthesetwo logics can
be expressedby a different treatmentof _ , � , and æ . Whereasin the classical
sequentcalculusonly thequantifierrulesaffectedby theeigenvariableconditionare
notpermutable,in theintuitionisticsequentcalculusin additiontherulesdealingwith
_ , � , and æ in thesuccedentarenot permutable.

A matrix methodfor intuitionistic logic must thereforenot only check if two
connectedatomic formulaecan be unified but also if they can both be reachedby
applyingthesamesequenceof sequentrules. Only thenthey form a leaf in a sequent
proof. In the matrix characterizationthis is reflectedby an additional intuitionistic
substitution�®ç , which hasto make the prefixesof the connectedpositionsidentical,
wherea prefix of a position � is a stringconsistingof variablesandconstantswhich
essentiallydescribesthelocationof � in theformulatree.

For thispurposethepositionslabelledwith atoms,_ , � , or æ receiveanadditional
intuitionistic typeaccordingto thefollowing table.

intuitionistic type è �0-1�/�"! �)�+*,�&�8! �P;M=��/�"! T&! ( é atomic)

successorpolarity �5' �/' , �4! �3! —

intuitionistic type ê �0-1�/�2' �)�+*,�&�(' �P;M=��/�2' T\' ( é atomic)

successorpolarity �3! �6! , �&' �5' —

Positionsof type ë correspondto theapplicationof non-permutablesequentrules
andareconstantsin a prefix stringwhereasì -positionsarevariables.This makesit
possibleto useunificationto determinethe ë -positionsthatmustbereducedbeforea
ì positionin avalid sequentproof



andto developa matrix-characterizationfor intu-

itionistic validity whoseformulationis almostidenticalto theonefor classicallogic.
The prefix pre�{� � of an atomic position � is a string � 
 � � 
�
�
 �cí where

� 
 �\� � � 
�
�
 �Y�cí � � are the elementsof îï�¢ð (the setsof ë - and ì -positions)
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that dominate� in the formula tree. An intuitionistic substitution� ç is a mapping
from positionsof type ì to (possiblyempty)stringsover îñ�×ð . It inducesa relation
�3ç � îò��ð in the following way: if �aç%��� �8�Îó , then �c�3ç>� for all characters�3�[î
occurringin ó .

Definition 1.7(Complementarity in Intuitionistic Logic)
Let �Ý¡ � �)� E � �®ç � bea combinedsubstitutionconsistingof a first-ordersubstitution
� E andanintuitionistic substitution�®ç .

1. � is J-admissibleif f the inducedreductionordering   ¡ � �X�&�\�\E��Y� ç �¤£ is ir-
reflexiveand Û�� ç � pre�{� �"� Û�ôºÛ�� ç � pre��� �"� Û holdsfor all � � � andall � � � occuring
in � E �{� � .

2. A connection ¥k� � �®¦ is � -complementaryif f �aE&� label�{� �"�8� �JE&� label�{� �"� and
� ç � pre��� �"�8� � ç � pre�{� �8� .

In theintuitionisticsequentcalculusformulasof type ì canbecopied.An intuition-
istic multiplicity D�ç : ð\F IN encodesthenumberof distinctinstancesof ì -subformulas
thatneedtobeconsideredduringtheproofsearch.It canbecombinedwith aquantifier
multiplicity D%E andleadsto anindexedformula � G .
Theorem1.8(Matrix Characterization for Intuitionistic Logic (Wallen, 1990))
A formula � is intuitionistically valid iff there is a multiplicity Då¡ � �{D%E � D ç � , a
J-admissiblecombinedsubstitution � � �)�aE � � ç � , and a set of � -complementary
connectionssuch thateverypaththrough �4G containsa connectionfromthis set.

Example1.9 Consider the formula � G
 from Figure 1.1 with D[¡ � �{D%E � D ç � where
D%E3� � � �$�õ� , D%E&�{� ���÷ö otherwiseand D ç HÒö . The set of ë -positionsin � G
 is
¥ �����	�>øC�	�>ùC�	�B
	
��	��
¤úC�	��
"ûC�	��
¤ùC�	�>�¤���}�M�	�C�	�>� © �	�M�	øC�	�>�8û ¦ , and the set of ì -positions is
¥ �>�C�	�>� h �	�>ªC�	�>ª h �	� © �	�MúC�}�MûC�	�>üC�	��
(���	�B
"�C�	��
¤øC�	��
"üC�	�M�	ª ¦ . In the following, ì -positions
will beindicatedbycapital letters. ý denotestheemptystring.

For thesix connectionswhich are usedto showtheclassicalvalidity of � 
 in Ex-
ample1.3 we havepre�0Þ ª �8� � � Þ � Þ ª , pre� � �	û �8��� � � 
8
 � �8û , pre�)Þ ª h �8��� � Þ � h Þ ª h ,
pre� �>�	øk�8�����¯��
	
r�M�	ø , pre� �Mùk�	� ��� Þ © Þ ú��Mø Þ û¯�Mù , pre�0Þ 
"ü¯�8�����¯�B
	
 Þ 
¤�¯�B
"ù Þ 
¤ü ,
pre�)Þ ük�8����� Þ © Þ ú��>ø Þ û Þ ü , pre� �>�¤�C�8�����¯��
	
 Þ 
"�k��
"ù��M�"� , pre�)Þ 
(�C�8����� Þ © Þ ú Þ 
(� ,
pre� �>� © �8�����¯��
	
r�M�	� Þ �8ªk�M� © , andpre�)Þ 
¤ø��8� ���¯��
	
 Þ 
"���B
"ú Þ 
"ø .

The prefixesof the six connectionscan be unified by �®ç � ¥�Þ ��­ ý � Þ � h ­ ý �
Þ ª�­C��
8
Ì�>�8ûC� Þ ª h ­C��
8
Ì�>�8øC� Þ © ­ ý � Þ ú@­@��
	
r�>�8�C� Þ û@­C�B
"ù��>�¤��� Þ ü@­ ý � Þ 
(�)­C�>øµ�B
"ú��>� © �
Þ 
¤� ­C� �	� � ø � Þ 
"ø ­C� � ©�� Þ 
¤ü ­C� �"� � ù � Þ �8ª ­C� ø � 
¤ú ¦ , while the terms can be unified by
�aE � ¥ � � ­ § �J� � h ­C�®�J��©C­C�®�J� 
¤ª ­C� ¦ asbefore.

Thecombinedsubstitution� � �)�aE � � ç � is þ -admissible, becausethe inducedre-
ductionordering  �¡ � �X�&�/� E �\�3ç � £ is irreflexive. Thus� 
 is intuitionisticallyvalid.

Theorems1.5 and1.6 hold accordinglywith the intuitionistic definitionsof com-
plementarityand multiplicity. Thereforeour path checkingalgorithm presentedin
Figure1.3 canbe usedfor intuitionistic logic aswell. We only have to provide the
logic-specificfunctionsinitialize andunify-check .
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For intuitionistic logic the functioninitialize ( � ,ä ) computesa pair �)� � D �
where� � �0¶ � ¶ � is acombinedsubstitutionand DQ�{� �8� ä for all � � ���Îð . Thefunction
unify-check ( �)Þ �ÎßÞ � � G � � � with � � �)� E � �®ç � computesa most generalterm
unifier � E 
 of � E � label�)Þ �"� and � E � label� ßÞ �8� aswell asamostgeneralprefix-unifier
�®ç 
 of �®ç%� pre�)Þ �"� and �®ç%� pre� ßÞ �"� . It returns� 
 ¡ � �)� E 
 � �®ç 
 � if � 
 is J-admissible
andfailsotherwiseor if eitherof thetwo unificationsfails.

To computetheintuitionistic substitutionweapplyaspecializedstringunification
algorithm(OttenandKreitz, 1996).Stringunificationin generalis quitecomplicated
butprefixesareaveryrestrictedclassof strings.Prefixesarestringswithoutduplicates.
In twoprefixesó andÿ , correspondingtoatomsof thesameformula,equalsymbolscan
only occurwithin a commonsubstringat thebeginningof ó and ÿ . Theserestrictions
enableusto useamuchmoreefficientalgorithmfor computingaminimalsetof most
generalunifiers.

The unification algorithm is basedon a seriesof transformationrules that are
repeatedlyappliedto a singletonsetof prefix equations²�� � ¥ ó1� ÿ�¦ andanempty
substitution�®ç � ¶ . The procedurestopsif ²�� is emptyandreturnsthe resulting
substitution�®ç asmostgeneralunifier. As the transformationrulescanbe applied
nondeterministically, the set of most generalunifiers consistsof the resultsof all
successfullyfinishedtransformations.

Our unification algorithm is parameterizedby a set of transformationrules in
order to be adaptableto a variety of logics. For intuitionistic prefix unification the
peculiaritiesof thelogic areexpressedby a setof 10 transformationrules(see(Otten
andKreitz, 1996)). Theserulesenableusto computea singlemostgeneralunifier in
lineartime. Furthermore,aparallelapplicationof therulesto asetof prefixequations
allowsusto decidein quadratictime if thereis nogeneralunifier.

4. RECONSTRUCTING SEQUENT PROOFSFROM MATRIX PROOFS

While matrix methodsarevery efficient for proving the validity of a given formula
they cannotdirectlybeusedwithin sequentornatural-deductionbasedproofassistants.
Althoughin principleit wouldbepossibleto embedtheconnectionmethodastrusted
externalrefiner, a techniquesupportedby theupcomingrelease5 of theNuPRLproof
developmentsystem(Constableet al., 1986), a matrix proof can only be usedto
establishthe truth of a givenformula. If, however, theformulais a partof a program
derivation,onemustbeableto extractapieceof codefrom theproof,whichaccording
to the proofs-as-program paradigm (Batesand Constable,1985), is essentiallythe
sameasproviding a constructive sequentproof. In orderto integratematrix methods
into proof assistantsit is thereforenecessaryto reconstructa sequentproof from a
givenmatrixproof.

As matrix-proofsarecompactrepresentationsof sequentproofs,convertingmatrix
methodsinto sequentproofs meansre-introducingthe redundanciesthat had been
avoidedduringproof search.Obviously, theconversionshouldbeperformedwithout
additionalsearchsinceotherwisereconstructingthesequentproofwouldbeasdifficult
asfinding theproof in thefirst place.
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The conversionalgorithmthat we will describein this sectioncomplementsthe
matrix-basedproof procedurespresentedabove. It is equallyuniform in its design
andconsultstableswhosedatarepresentthepeculiaritiesof variousclassicalandnon-
classicallogicswith respectto matrix andsequentcalculi. Basically, it traversesthe
formulatreeof theformula � G in anorderthatrespectstheinducedreductionordering
  � �X�&�\� E �Y�3ç � £ generatedduringproof search.It selectstheappropriatesequent
rule for eachvisitednodeandinstantiatesquantifiersaccordingto thesubstitution� E .

As   doesnot completelyencodeall the non-permutabilitiesof sequentrules,
we have to addwait-labelsdynamicallyduring theconversionprocess.Theselabels
preventnon-invertiblesequentrulesfrom beingappliedtooearly, whichmeansthatno
proof relevant formulaearedeletedprematurely. At � -nodes,which causea sequent
proof to branch,the reductionorderinghasto be divided appropriatelyandcertain
redundancies(e.g.wait-labels)needto beeliminatedin orderto ensurecompleteness.
We explainour methodby a smallexample.

 
d e g h e

� j v h j

x j g hÌn
A e h s

x j g h}t
B e hÌw

� e g hry
x e g hµz
B j hr|

x e g hr~
A j h j e

  

d e g h e

� j v h j

x j g hÌn
A e h s

� e g hÌy
x e g hr~
A j h j e

  �
d e g h e

� j v h j

x j g h}t
B e hrw

� e g hry
x e g hrz
B j hÌ|

Considertheformula � � H æNÞ��Îæ�� � æ����ÎæNÞ andits matrixproofrepresented
by thereductionordering  , whichconsistsof theformulatreeof � � (straightarrows),
theinducedrelation �3ç (curvedarrows),andtheconnectionsbetweenatoms(curved
lines). After reducingthe � -position ��
 thereductionorderingis split into two subor-
derings   
 ,   � andtheconversioncontinuesseparatelyon eachof thesuborderings.
To guaranteecompleteness,theoperationsplit not only splits the reductionordering
  but also removespositionsandarrows from each  
	 (i.e. ¥ � û �	� ù ¦ from   
 and
¥ �>üC
��B
X� ¦ from   � ) which areno longerrelevant for thecorrespondingbranchof the
sequentproof. The resultof the splitting processis shown on the right handof the
abovediagram.

Theproof reconstructionprocesstraversestheformulatreeof � asfollows
1. Selecta position � from the set ¬�� of openpositionsthat is not “blocked” by

somearrow in   .
2. Selecta sequentrule accordingto the polarity andthe label of � . If necessary,

instantiatea variableaccordingto �aE .
3. Mark � asvisited, remove it from ¬ � andaddinsteadits immediatesuccessor

position(s)to ¬�� .
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Figure1.4 Sequentproof for � � andcorrespondingtraversalstepsof  

The traversalprocessandthe resultingsequentproof for � � aredepictedin Fig-
ure 1.4. Note that startingthe traversalwith �����	�MøC�	�>û insteadof ���M�	�MøW�	�B
 is not
preventedby “blocking” arrows in   . This choice,however, would leadto a partial
sequentproofthatcannotbecompleted.Reducing� û , i.e.applying æ r on æ�� � , deletes
therelevantformula æNÞ � (position �>ü ). For thisreason,ourconversionalgorithmadds
two wait-labelsdynamicallyto �>ü and �Mû andavoidsadeadlockduringtraversal.

Thetechnicaldetailsof our conversionprocedureandtheefficient eliminationof
redundanciesafter � -splitsarequitesubtle.An extensive discussionandalgorithmic
descriptioncanbefoundin (SchmittandKreitz, 1996;SchmittandKreitz, 1998).

5. INTEGRATING INDUCTION TECHNIQUES

Theprocedurefor convertingmatrix proofsinto sequentproofssuggestsviewing the
connectionmethodasa proof plannerfor first-orderlogic thatcanbeusedto extend
the reasoningcapabilitiesof proof assistantsby fully automatedproof procedures.
As formal reasoningaboutprogramsoften requiresinductive argumentsthe same
methodologyshouldbeappliedto integratetechniquesfrominductivetheoremproving
aswell. Here,anannotatedrewrite technique,calledrippling (Bundyetal.,1993),has
beenusedsuccessfullyto plan the reasoningstepsfrom the inductionhypothesisto
the inductionconclusion.This technique,however, shows certainweaknesseswhen
dealingwith programsynthesisthroughinductiveproofs,sincein thiscaseexistentially
quantifiedvariablesneedto beinstantiated.In fact,many programderivationsrequire
bothfirst-orderandinductiveproof methodsto beappliedsimultaneously, sinceboth
techniquesarenot strongenoughto solve theproblemindependently.

Example1.10 Theformula � ª H _a`('*)+) � ôY` Ü¸`��º�,).- ö�� � specifiesanalgorithm
for computingthe integer square root of a natural number̀ . A (top-down)proof of
this formulawill proceedby inductionandleadto thefollowing two subgoals

(1) /0'�)1) � ô32áÜ42��4�5)�- ö�� � , and

(2) '�)+) � ôY` Ü `��º�,)�- ö�� � /6'�)1) � ô/`"- ö Ü `"- ö �f�,).- ö�� �
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While the basecaseof the induction (1) can be solvedby standard arithmetical
reasoningaboutzero,nosinglerippling sequencewill beableto rewrite theconclusion
of thestepcase(2) into theinductionhypothesis,asthechoiceof ) in theconclusion
( )�7 ) stronglydependsonthepropertiesof the ) in thehypothesis( )&8 ). If �,)�8�- ö�� � ô/`"- ö
then)&7 mustbe )&8&- ö in ordertomakethefirstconjunctvalid. Otherwise)�7 mustbe )�8
in ordertosatisfythesecondconjunct.Ripplingwouldbeabletorewritetheconclusion
into thehypothesisin eachof thesetwocasesbut it requireslogical inferencestocreate
thecaseanalysisandto instantiatetheexistentiallyquantifiedvariable.

On the other hand, logical proof methodsalone would not be able to detect
the casedistinction either, as they would have to prove the non-trivial lemmata
`��º�,).- ö�� � � `"- ö �4�,)&8&- ö - ö�� � for the first caseand ) �8 ôY`��9) �8 ô/`"- ö for the
second.Of course, it is easyto provethestepcaseof theinduction,if onealreadypro-
videsthecrucial lemmata_;:�_ � :aô � � :aô � - ö and _=<c_?>@<���> � � <A- ö �f�,>B- ö�� � as
well asthecaseanalysis _a�3_J�f��ôY�C� �®�Y� (using � ô § asabbreviationfor æY� § � �B� ),
asthefollowingmatrix proof with multiplicity 2 for theconclusionshows.

D nEAF jHG
I F eKJ
I F j J £ 
 L nM j F e G £ 


G £ 
ON e � L M j £ 
 !
n

P F j�Q
Q N j P

L nM n F e G £ 

G £ 
�N e � L M n £ 
 ! n R £ 
�N j �TS £ 
 ! n

R N e S n G N j � D E £ 
 ! n

UWVYX � I;Z D nE $ J Z G $ L M j Z D E $ Q Z G £ 
 $ P"Z � D E £ 
 !
n
$ L M n Z D E £ 
 $ R Z G $ S Z D E �

But without the guidanceof techniquesthat try to rewrite subformulaein the
conclusioninto the correspondingsubformulaeof the hypothesisonewould haveto
searchthousandsof lemmataaboutarithmeticstofindtheonesthatcompletetheproof,
which wouldmake theproof procedure far frombeingefficient.

It is thereforenecessaryto combinelogicalproofsearchtechniqueswith controlled
rewrite techniquessuchasrippling in orderto improvethedegreeof automationwhen
reasoninginductively aboutprogramspecifications.

A firststepin thisdirection(PientkaandKreitz,1998)hasshownthatacombination
of rippling, reverserippling, andsimplefirst-ordertechniquescanbeusedto generate
the caseanalysisandto solve synthesisproblemslike the above automatically. The
approachfirst decomposesthe inductionhypothesisby logical rules;usessinksand
wave-fronts to identify the correspondingsubformulaein the conclusion; applies
(forward) rippling rules to rewrite the componentsof the hypothesis;usesreverse
rippling andmatchingto find a substitutionanda rippling sequencethatconnectsthe
conclusionwith the result of rippling; andfinally performsa consistency checkto
mergetheindividualsubstitutionsinto aconditionalsubstitutionfor theconclusionas
awhole. Thesearchfor a rippling sequenceis basedon therippling-distancestrategy
introducedin (Kurucz,1997;Bibel etal.,1998).Theresultingrippling proof together
with thecaseanalysisis translatedbackinto a sequentproof thatcanbeexecutedby
theNuPRLproofdevelopmentsystem(Constableet al., 1986).
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Sincethe only weaknessof the above approachlies in the sequent-basedlogical
proof search,it suggestsan integrationof the above techniquesinto a matrix based
theoremprover. Essentiallythis will lead to an even morecompactmatrix charac-
terizationof validity and thusto further reductionsof the searchspacein inductive
theoremproving. In the following we will outline the fundamentalstepstowardsa
combinationof rippling andmatrix-basedtheoremproving.

The techniquesdescribedin (Pientkaand Kreitz, 1998) enableus to generate
conditionalsubstitutionsasa solutionfor a givensynthesisproblem. Theconditions
generatedin the processwill lead to a caseanalysisin the first stepof a top-down
sequentproof while eachof the resultingsubgoalscanbe provenby “conventional”
proof techniques.A justificationof this approachcomesfrom theobservationthata
formula � is valid if andonly if thereis a set ¥ c 
 ,..,cía¦ of logical constraintssuch
that [ = c
 � .. � cí andeachof the formulae �%	 = c	�� � arelogically valid. This
observation,whichcanbeprovenby thecutrule,is thebasisof thefollowingmodified
characterizationtheorem.

Theorem1.11 A formula � is (intuitionistically) valid iff there is a set ¥ c
 ,..,cí ¦ of
constraintssuch that [ = c
 � .. � cí is valid andfor all \ there is

a multiplicity D]	[¡ � �{D%E_^ � D ç ^ � ,
an admissiblecombinedsubstitution� 	 ¡ � �0� E_^ � �®ç ^ � , and

a set
± 	 of � 	 -complementaryconnections

such thateverypaththrough � G	 = c	 �å� G ^ containsa connectionfrom
± 	 .

Anothercompactificationcomesfrom theobservationthatapair ¥�Þ 
 ��ßÞ � ¦ of con-
nectedatomicformulaedoesnotnecessarilyhavetobeequalunderagivensubstitution
� . As complementaryconnectionscorrespondto leavesin a sequentproof we only
have to requirethat the negative atom Þ , which would occuron the left sideof the
sequent,implies ßÞ under � . Theimplication,however, is not a generallogical impli-
cation,but onethatcanbeprovenby standarddecisionproceduresor by rewriting ßÞ
into Þ . Thusa reasonableextensionof thenotionof complementarityis to consider
directedconnections�)Þ 
 ��ßÞ � � andto require Þ to imply ßÞ with respectto a given
theory

�a`
, denotedby Þï�cb ßÞ .

Definition 1.12
A directedconnection�{� 
 � � � � is complementarywith respectto a theory

`
undera

givencombinedsubstitution��¡ � �)� E � �®ç � if andonly if �®ç%� pre�{� �"�8� �®ç.� pre�{� �"� and
either � E � label�{� �"��� � E � label��� �"� or � E � label�{� �"� �cb+� E � label�{� �"� .

Basinga proof procedureon the above definition andthe characterizationgiven
in Theorem1.11enablesusto prove inductivespecificationtheoremswith existential
quantifierswithout having to provide domain lemmataand case-splitsbeforehand.
Insteadwe extend the usualterm-unificationprocessby rippling and other theory-
basedreasoningtechniques,whichguaranteethatthecomplementarityconditionsare
satisfiedwhenever theextendedunificationsucceeds.
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Anotherefficiency improvementduringproof searchcomesfrom theobservation
thatsinksandwave-frontsestablisha strongrelationbetweenindividual subformulae
of theinductionhypothesisandtheconclusion.They helpto identify connectionsthat
will be relevant for the proof andshouldbe investigatedfirst by the path-checking
algorithm.By thiswecanreducethesearchspace,which is particularlyhelpfulwhen
searchingfor connectionsinvolving rippling. We concludethis sectionwith a small
examplethatshows theadvantagesof theextensionsdiscussedabove.

Example1.13 Consider� ª fromexample1.10,which – afterunfoldingtheabbrevia-
tionfor ô –readsas '�)�æ\�{`��3) � � Ü `��º�,)�- ö�� � /d'&)àæY�{`"- ö ��) � � Ü `"- ö �f�,).- ö�� � ,
andits matrixbelow, wherevariablesof � -quantifiersaredenotedbycapital letters.

=;e ! �oLgfAhjiµ� � =;e ' L �f =�hkile !nm �o
=phkiWe ' � m o hkir� �

1

2

Asconnectionsshouldonly run betweenatomsof theinductionhypothesisandthe
correspondingaxiomsof theconclusion,thematrix containsonly two usefulconnec-
tions �{`�� 
 �,) 8 - ö�� � � `=- ö � � �rq 7 - ö¯� � � and �rq �7 � 
 `"- ö�� ) �8 � � ` � . Sincè and ) 8 are
constantsneitherof thetwoconnectionscanbeunifiedandwehaveto usetherippling
techniquesdescribedin (Pientkaand Kreitz, 1998) to showtheir complementarity.
In thefirst case1 this eventuallyleadsto thesubstitution� E 
 � ¥sq;7 ­ )&8�- ö ¦ . As the
instantiatedsecondconnectiondoesnot describean arithmeticallyvalid implication,
which can easilybe checked by arithmeticaldecisionprocedures,we add the open
goal `"- ö �4�,) 8 - ö�� � asprerequisitet 
 (i.e. with oppositepolarity 0) to thematrixand
havethusestablishedthevalidity of thesequentunderthis condition.

To completethe proof we now try to establishthe validity of the sequentun-
der the negatedcondition t � � `"- ö � 
 �,)&8&- ö�� � . By connectingthis condition to

`"- ö � � �,) 7 - ö�� � weget �aE � � ¥sq 7 ­ ) 8 ¦ which alsomakestheconnection2 an arith-
metically valid implication. According to theorem 1.11 we have thus shownthe
intuitionistic validity of thegivensequent.

Froma technicalpointof view, theaboveproofhassynthesizeda casedistinction,
which is addedto thematrix,andhasincreasedthemultiplicity of thetheconclusion
to 2, asillustratedin theindexedmatrixbelow.

=?e ! �{L f hkir� � =;e ' L �f =�hjiWe !um �o
=�hjiWe�'¯� m o hkiµ� �

=�h
ile ' �{L f h
ir� �

=�h
ileY!r�{L f h
ir� �

1

1

2

2

Underthesubstitution� E � ¥sq;7 
�­ )�8�- öC� q;7 �¯­ )&8B¦ theindicatedfour connections
are complementaryw.r.t the theoryof arithmeticand spanthe indexedmatrix in the
conventionalway.
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6. CONCLUSION

We have presenteda coherentaccountof matrix-basedconstructive theoremproving
thatcombinesproofsearchproceduresfor first-orderintuitionisticlogicwith induction
techniques.Besidesprovingthevalidity of agivenformulaeourcombinedmethodcan
alsoguidethe developmentof proofsandprogramsin interactively controlledproof
assistants.It enablesusto greatlyincreasethedegreeof automationin thesesystems
withouthaving tosacrificetheirelegance,theexpressivenessof theirunderlyinglogics,
or their interactive capabilities. Matrix methodscan thus be usedas the central
inferenceengineduringtheverification,synthesis,or optimizationof programs.

Our key conceptis to view matrix-basedproof methodsas proof plannersthat
do not underliethe typical limitations of sequentor naturaldeductioncalculi when
searchingfor a solutionto a given problem. During a derivation they canbe called
eitherastrustedrefineror asmechanismwhich generatesa proof plan thatwill later
beexecutedby theproof assistant.

Obviously, thisconceptis notrestrictedto first-orderor inductivetheoremproving.
In a similar way we canalso integrateproof proceduresfor other importantlogics,
suchasmodallogics(Kreitz andOtten,1999)or linear logic (Kreitz et al., 1997),or
higher-level strategiesfor programsynthesis(Kreitz, 1996;Kreitz, 1998). In many of
thesecaseswe canrely on alreadyknown successfultechniquesthatwereoriginally
implementedindependentlyandview theirresultsasplansfor theactualderivation.By
executingthisplanwithin aproofassistantlikeNuPRL,Coq,or Alf wewill eventually
gaintheamountof trustthatis neededfor thedevelopmentof reliableapplications.

In the futurewe will strengthenthe integrationof proof planningtechniquesinto
matrix-basedtheoremproving and investigateto what extent generalplanningand
searchtechniquescanbe usedto generateproof plansexplicitly. We alsointendto
embedknownsynthesis,verification,andoptimizationtechniquesinto proofassistants
by usingthesamemethodology. Our ultimategoalis to combineourexperiencewith
reasoningaboutgroup communicationsystems(Kreitz et al., 1998) and the above
techniquesinto a highly automatedproof environmentfor thedevelopmentof safety-
critical systems.
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NOTES

1. Thismethodologyis inspiredby theadmissibilityconditionfor first-ordersubstitutionsin Definition
1.1,where v_w determineswhich x -positionsmustbereducedbeforecertainy -positionsin orderto satisfy
theeigenvariable-condition.

2. This concept,which resemblesthe theoryconnectionsdiscussedin (Bibel, 1992),could alsobe
extendedto unaryor n-aryconnectionsw.r.t sometheory z .
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