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MATRIX-BASED
CONSTRJUCTIVE THEOREMPROVING

1. INTRODUCTION

Formalmethoddor programverification,optimization,andsynthesisely oncomplex
mathematicaproofs,which ofteninvolve reasoningaboutcomputations Becauseof
that thereis no single automatedproof procedurethat can handleall the reasoning
problemsoccurringduring a programderivation or verification. Instead,oneusually
relieson proof assistantike NuUPRL (Constableetal., 1986),Coq(Dowek andet. al,
1991),Alf (Altenkirch etal., 1994)etc.,which arebasedon very expressve logical
calculi andsupportinteractve andtactic controlledproof and programdevelopment.
Proofassistantshowever, suffer from avery low degreeof automationsinceall their
inferencesnusteventuallybebasedn sequenbr naturaldeductiorrules. Evenproof
partsthat rely entirely on predicatelogic can seldomly be found automatically as
thereare no completeproof searchprocedureembeddednto thesesystems. It is
thereforedesirableto extendthe reasoningpower of proof assistantdy integrating
well-understoodechniquegrom automatedheoremproving.
Matrix-basegroofsearctprocedure¢Bibel, 1981;Bibel, 1987)canbeunderstood
as compactrepresentationsf tableauxor sequentproof techniques. They avoid
the usualredundanciegontainedin thesecalculi and are driven by complementary
connectionsi.e. pairsof atomicformulaethatmaybecomdeavesin asequenproof,
insteadof the logical connectves of a proof goal. Although originally developed
for classicallogic, the connectiormethodhasrecentlybeenextendedto a variety of
non-classicalogicssuchasintuitionistic logic (OttenandKreitz, 1995),modallogics
(Kreitz and Otten, 1999), and fragmentsof linear logic (Kreitz et al., 1997; Mantel
andKreitz, 1998). Furthermorealgorithmsfor convertingmatrix proofsinto sequent
proofs have beendeveloped(Schmittand Kreitz, 1995; Schmittand Kreitz, 1996),
which makesit possibleto view matrix proofsasplansfor predicatdogic proofsthat
canbeexecutedwithin a proof assistan{Bibel etal., 1996;Kreitz etal., 1996).
Viewing matrix proofs as proof plansalso suggestghe integration of additional
proofplanningtechniquesnto theconnectiormethod.Rewrite techniquesuchasrip-
pling (Bundyetal., 1993),for instance have successfulljpeenusedasproof planners
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for inductive theoremproving but arerelatvely weakasfar aspredicatdogic reason-
ing is concernedA recentextension(PientkaandKreitz, 1998)hasdemonstratethat

rippling techniquesandlogical proof searchcanbe combinedandusedsuccessfully
for constructve theoremproving andthe synthesif inductive programs.

In this papemwe will presenacoherenticcounof matrixmethoddor constructve
theoremproving andshov how to extendthemby integratingrippling techniquesnto
theunificationprocess We will first presentinon-clausaéxtensionof Bibel’'soriginal
connectiormethodn Sectiorn2. andadapit to constructvelogicin Section3.. Section
4. describeghe conversionof matrix proofsinto sequenfproofs. In Section5. we
discusgheintegrationof rippling techniquesnto matrix methods.We concludewith
adiscussiorof possibleapplicationf ourwork to programsynthesisandverification.

2. THE CONNECTIONMETHOD FORNON-CLAUSAL FORM

The connectiormethod(Bibel, 1981;Bibel, 1987)wasoriginally designedas proof
searchmethodfor formulasin clausenormalform. Butasnormalizatiorof formulasis
oftencostlyandasmary non-classicalogicsdo nothave normalforms, it is necessary
to developconnectiormethodgor formulasin non-clausaform. Bibel (Bibel, 1987)
alreadydescribes non-clausalersionof his connectiormethod.Theversionthatwe
will presenthereis moregeneral.lt is basedon Wallen’s matrix characterizationsf
logical validity (Wallen,1990)andcaneasilybe adaptedo a varietyof logics.

Sincematrix proofscanbeviewedascompactepresentationsf analytictableaux,
mary notionsfrom tableauxcalculi carry over to matrix methods. The main differ-
enceis that tableauxproofs are basedon rulesthat decompose formula, generate
subformulaeandeventuallycloseoff proof branchesyhile matrix methodsoperate
directly on the formulatreeandsearchfor connectionsi.e. pairsof identicalliterals
with differentpolaritiesthat could closea branchin a tableauxproof. In this section
we will firstintroducethebasicconceptaisedin matrix methodscharacterizéogical
validity in termsof theseconceptsandthendevelopthe proof procedureon the basis
of the matrix characterization.

A formulatreeis the representationf a formula F' asa syntaxtree. Eachnode
correspondso exactly one subformulaF; of F' andis marked with a uniqguename
ag, a1, ..., its position Thelabel of a positionu denotegshe majorconnectve of F
or theformula Fy, if it is atomic. In thelatter caseu is calledanatomicposition(or
atom) andcanalsobe identifiedby its label. Thetreeordering < of F is the partial
orderingon the positionsin the formula treewherethe root is the smallestposition
with respecto thistreeordering.

Eachpositionin a formulatreeis associatedavith a polarity anda principal type.
Thepolarity (0 or 1) of apositionis determinedy thelabelandpolarity of its parent.
Theroot positionhaspolarity 0. The principal typeof a positionis determinedy its
polarity andits label. Atomic positionshave no principaltype. Polaritiesandtypes
of positionsaredefinedin thetablebelon. For example,a positionlabelledwith =
andpolarity 1 hasprincipaltype g andits successopositionshave polarity 0 and1,
respectiely. For agivenformulawe denotethe setsof - andd-positionsby I and A.
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principal type (ArB)' | (AvB)° (A= B)° (A | (mA)°
successopolarity || A', B A°, B° A', B° A° Al
principal type (ArB)° | (AvB)! (A= B)!

successopolarity || A4° B° | A' B! A° B?

principal type (VzA)' | (3zA)° || principal type (VzA)° | (3zA)*
successopolarity Al A° successopolarity A Al

A quantifier multiplicity po:I'=IN (briefly ;) encodesthe numberof distinct
instance®f y-subformulaghatneedto beconsiderediuringthe proofsearch By F'*
wedenoteanindexedformula, i.e.aformulaandits multiplicity. We considemultiple
instancesf subformulasaccordingto the multiplicity of its correspondingposition
in the formula tree and extendthe tree orderingaccordingly For technicalreasons
we substitutevariablesin atomicformulasby the correspondingjuantifierpositions,
i.e. v- and d-positions. Figure 1.1 shaws the formula tree, marked with polarities,
principaltypes,anda multiplicity, for theformula F; =

VzSz A Vy(=(Ty= Ry)= Py) = —32((P2= Q2)Ar(Tz2= Rz)) = ——PanSanSb,
wherethe multiplicity of thesubformulavz Sz is 2.
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Figure 1.1 Formulatreefor Flu with p(ag)=2

The matrix(-representation)f a formula F' is a two-dimensionafrepresentation
of its atomicformulaswithout connectvesandquantifierswhich is bettersuitedfor
illustration purposes.In a matrix representatiom-relatedpositionsappearside by
sideandg-relatedpositionsappeaion top of eachother wheretwo positionsu andv
area-related(or s-related, denotedi~,v (u~gv), iff u7v andthegreatestcommon
ancestorof v andv w.r.t. the tree ordering < is of principal type « (or ). w is
a-related(s-related to asetS of positionsif u~,v (u~gv) for all v € S. Thematrix
representatioof F!" is givenin Figurel.2.
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Figure 1.2 Matrix of theformula F}

Thematrix characterizationsf logical validity (Bibel, 1981;Bibel, 1987;Wallen,
1990; Kreitz et al., 1997) dependon the conceptsof paths,connectionsand com-
plementarity A path througha formula F' is a maximal set of mutually a-related
atomicpositionsof its formulatree. It canbevisualizedasa maximalhorizontalline
throughthe matrix representatiof £'. A connectionis a pair of atomic positions
labelledwith the samepredicatesymbolbut with differentpolarities. A connections
complementaryf its atomicformulasareunifiableby anadmissiblesubstitution.

The precisedefinition of complementaritydependson the logic underconsidera-
tion. For classicallogic, we only needto considerquantifier or first-ordersubstitu-
tions. A (first-order) substitutionog (briefly o) is a mappingfrom positionsof type
v to termsover AUL. It inducesa relationCg C A x I'in the following way: if
og(u) = t, thenvCgu for all v e A occurringin t. TherelationC expresseshe
eigernvariableconditionof thesequentalculuswhereeigervariable € A haveto be
introducedbeforethey areassignedo variablesu € I'. Togethewith thetreeordering
< therelationC¢ determinesreductionordering<.

Definition 1.1 (Complementarity in ClassicalLogic)

m A first-odersubstitutionog is admissiblewith respectto F* iff the induced
reductionordering <1 := (< UC )™ isirreflexive.

m A connectior{u, v} is og-complementariff og (label(u))=o¢ (label(v)).

As pathsthroughmatricescorrespondo branche®f tableauxproofsandcomple-
mentaryconnectiongo closingbranchesa formula F' is valid if every paththrough
someF* containsacomplementargonnection.

Theorem 1.2 (Matrix Characterization for ClassicalLogic (Bibel, 1987))
AformulaF is (classically)validiff thereis a multiplicity x4, anadmissiblesubstitution
o anda setof o-complementargonnectionsud thateverypaththroughF* contains
a connectiorfromthis set.

Example 1.3 Thematrixfor F}* in Figure 1.2has18 paths,ead containingoneof the
connectiong S'az, S%}, {S'az., 8%}, {T%4, T a3}, {R'as, Rou3}, {Plas, P},
and{Pla 3, P%}. Thesixconnectiongrecomplementarynderthefirst-odersubsti-
tutionog = {a2\b, az.\a, as\a, a13\a}. Asnod-positionsoccurin g, theinduced
reductionordering < is thetreeordering < andirr eflive Thusog isadmissibleand
F; isvalid.
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Accordingto theabove characterizatiohe validity of aformula F' canbeproven
by shaving that all pathsthroughthe matrix representatiorof F'# containa com-
plementaryconnection.Obviously it is not very efficient to checkall possiblepaths
for complementargonnectionsinstead a pathcheckingalgorithmshouldbe driven
by the connections:oncea complementaryconnectionhasbeenidentified all paths
containingthis connectioncanbe eliminatedfrom further consideration.This tech-
niqueis similarto Bibel's connectiormethodfor classicalogic (Bibel, 1987),but our
algorithmis moregeneralandusefulfor proof searchn variousnon-classicalogics.

The key notionsof our pathcheckingalgorithmareactive paths,active subgoals,
andopengoals. Theactivepath? specifiedshosepathsthatarecurrentlyinvestigated
for complementarityAll pathsthatcontain? andanelementu of theactivesubgoal
C have alreadybeenprovento containa complementaryconnection. All pathsthat
containP? andanelement of theopengoal £ muststill betestedor complementarity
If thelattercanbe provencomplementaryaswell thenall pathscontainingthe active
path are complementary The algorithm will recursvely checkwhetherall paths
containingthe emptyactive patharecomplementary

Let A denotethe setof all atomicpositionsin the formula F. A subpathP C A4
is a (not necessarilynaximal)setof mutually a-relatedatomicpositions. A subpath
P C Aisapathiff thereisnou € A with u~,P. A subgoalC C A4 is asetof mutually
B-relatedatomic positions. During proof searchcertaintuples (P, C) consistingof
a non-complementargubpath? anda subgoalC with u~,P for all uweC will be
calledactivegoals P will bethe active pathand( the active subgoal The open
goal £ C A with respecto anactive goal (P, C) is the setof atomicpositionsv with
v~oP andv~zC.

Example 1.4 In Figure 1.2 the sets P;={S%as, Slas,, T'a3, Pa}, Py={Sas,
Slase, Rlay, S%}, and P3={T%y4, T a3, R% 3} are subpathsfor the formula F;.
C1={T%y4},Co={Q%3, T w3}, andC3={S'ay} are subgoals. (P1,C1), (P2,Cs),
and (P3,C3) are activegoals. Theset{ R'ay, Pla,} is the opengoal w.r.t. the active
goal (P1,C;); theemptysetf is theopengoal w.r.t. (P, Cs) or (Ps,C3).

We call anactive goal (P, C) provablewith respecto aformula F iff for theopen
goal& w.r.t. (P,C) andfor all v & all pathsP’ throughF with P U {v} C P’ are
complementaryThisdefinitionleadso amorealgorithmicchaacterzationof validity.

Theorem 1.5 A formula F' is valid iff there is a multiplicity x and an admissible
substitutions sud thattheactivegoal (@, #) w.r.t. F* is provable

The above characterizatiorholds uniformly for a variety of logics and leadsto
a generalpath-checkingalgorithm that, coupledwith an appropriatedefinition of
complementaritycan be usedas proof searchprocedurefor all theselogics. The
pathcheckingalgorithmis implicitly describedy thefollowing theoremwhich gives
sufficientandnecessargonditionsfor provability.
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letrec prove( F,n) =
let o, p = Iinitialize (F,n) in
let CON = connections (F*) in
letrec provable (P,C,o) =
letrec check-connections (D,A,0) =
let AecD in ~ (* may fail ¥
(let o1 = unify-check (A, A, F* o) in
let oo = provable (P,CU{A},01) in
if AeP then o2 else provable (PU{A},{A4},02)

) ? check-connections (D—{A}, A, o) * next A ¥
in
letrec check-extension  (£,0) =
let Ae£ in B B B (* may fail *)
(let D = {AcA|{A,A}eCON A(AePvA~,(PU{A}))} in
check-connections (D,A,0)
) ? check-extension {uellu~a A}, 0) * next A %)
in

let £ = {Ac A|A~PAA~pC}E in
if £ =0 then o else check-extension  (£,0)
_ provable (0,0,0) ? prove( F, n+1)
in
prove( F,1)

Figure 1.3 Uniform pathcheckingalgorithm

Theorem 1.6
Let (P,C) beanactivegoal and& := {v € Alv~,P rv~C} theopensubgoalw.r.t.
(P,C). Theactivegoal (P, () is provableiff

1. theopengoal £ is emptyor

2. thereis acomplementargonnection{ 4, A} with A € £, suc thattheactivegoal
(P,CU{A})isprovableand (1) AcP or (2) A~,(PU{A})andtheactive
goal (P U {A},{A}) is provable

Figurel.3describes simpleuniform path-checkinglgorithmbasedntheabove
theorems.The function provable  checksthe provability of an active goal (P, C)
underanalreadycomputedsubstitutiors. It returnsanew substitution|jf it succeeds,
andfailsotherwisg? denotegailurecatching).Thevariable€ describeshepositions
A which may be usedto extend the active path. If £ is empty then provable
succeeddecauseof Theoreml1.6.1. Otherwiseprovable recursvely checksall
possiblevaluesfor A (in £) and A (in D) accordingto Theorem1.6.2. The function
prove iterateghemultiplicity u, computesll possibleconnectionsn F* andchecks
provability accordingto Theoreml.5. It is initialized with multiplicity 1.

The path-checkinglgorithmis parameterizeavith two functions,which express
the specificpropertiesof the logic underconsideration.The functioninitialize
determinesthe initial value for the substitutionos and the multiplicity p while
unify-check (4, A, F#, o) tries computea substitutionthat unifies A and A4, ex-
tendso, andleadsto anagyclic reductionorderingin F'».
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For classicallogic initialize (F',n) computesa pair (o, 1) with o = @ and
p(u)=nforallueT. unify-check  ((4, 4, F*, o) computesa mostgeneralterm)
unifierog of o(label(A)) ande (label( A)), aswell astheinducedreductionordering
< := (< UCg)™. It returnsog if < is irreflexive andfails otherwiseor if the two
atomscannotbe unified.

Becausef the stepwisdancreaseof themultiplicity the pathcheckingmechanism
describedn Figurel.3is obviously notvery efficientandalsonotableto decidethata
givenfirst-orderformulais invalid. In anefficientimplementatiorthe multiplicity for
eachsuitablepositionis determineddynamicallyduring the path-checkingorocess.
Othertechniqueghat were usedin theoremprovers basedon the usualconnection
methodcanbe appliedaswell.

3. PROVING THEOREMSIN CONSTRJCTIVE LOGIC

As programsynthesisandverificationoftenrelieson constructve agumentssystems
for automatedorogramdevelopmentmustbe supportedby proof searchprocedures
for intuitionistic logic. Independentlyfrom the philosophicaldifferencesbetween
classicaland intuitionistic logic the main distinction betweenthesetwo logics can
be expressedby a differenttreatmentof V, =, and —-. Whereasin the classical
sequentalculusonly the quantifierrulesaffectedby the eigervariableconditionare
not permutablein theintuitionistic sequentalculusin additiontherulesdealingwith
VY, =, and- in thesuccedenarenot permutable.

A matrix methodfor intuitionistic logic must thereforenot only checkif two
connectedatomic formulae can be unified but alsoif they canboth be reachedby
applyingthe samesequencef sequentules. Only thenthey form aleafin asequent
proof. In the matrix characterizatiorhis is reflectedby an additionalintuitionistic
substitutions ;, which hasto make the prefixesof the connectegositionsidentical,
wherea prefix of a positionu is a string consistingof variablesand constantsvhich
essentiallydescribeghelocationof  in theformulatree.

Forthispurposehepositiondabelledwith atomsy, =, or - receveanadditional
intuitionistic typeaccordingo thefollowing table.

intuitionistic type (~A) | (A= B)' | (VzA)' | P! (P atomic)
successopolarity A° A° B! Al —
intuitionistic type (~A)°? | (A=B)° | (VzA)° | P° (P atomic)
successopolarity Al Al B A° —

Positionsof typet) correspondo the applicationof non-permutablesequentules
andareconstantsn a prefix string whereasp-positionsarevariables. This makesit
possibleto useunificationto determinghe)-positionsthatmustbereducedoeforea
¢ positionin avalid sequenproof' andto developa matrix-characterizatiofor intu-
itionistic validity whoseformulationis almostidenticalto the onefor classicalogic.

The prefix pre(u) of an atomic position u is a string wjus...u, where
u<us< ...<up=u arethe elementsof ¥ U ® (the setsof - and ¢-positions)
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thatdominateu in the formulatree. An intuitionistic substitutiono ; is a mapping
from positionsof type ¢ to (possiblyempty)stringsover ¥ U . It inducesarelation
Cy C ¥ x @ in thefollowing way: if o;(u)=p, thenvC ;u for all characterg € ¥
occurringin p.

Definition 1.7 (Complementarity in Intuitionistic Logic)
Leto := (0g,0,) beacombinedsubstitutionconsistingof a first-ordersubstitution
oo andanintuitionistic substitutiono ;.
1. ¢ is J-admissibleiff the inducedreductionordering <i:=(<UCqULC )" is ir-
reflexiveand|o s (pre(v))|<|os(pre(u))| holdsfor all w € ' andall v € A occuring

inog(u).
2. A connection{u,v} is o-complementaniff g (labelu))=o¢(label(v)) and

5 (pre(u))=0.; (pre(v)).

In theintuitionisticsequentalculusormulasof type¢ canbecopied.An intuition-
istic multiplicity pu7:@—IN encodeshenumberof distinctinstance®f ¢-subformulas
thatneedo beconsiderediuringtheproofsearch It canbecombinedwith aquantifier
multiplicity pg andleadsto anindexedformula F*.

Theorem 1.8 (Matrix Characterization for Intuitionistic Logic (Wallen, 1990))

A formula F' is intuitionistically valid iff there is a multiplicity p := (ug, 1), a
J-admissiblecombinedsubstitutione = (og,0s), and a setof o-complementary
connectionsud that every paththrough F'# containsa connectiorfromthis set.

Example 1.9 Considerthe formula F}* from Figure 1.1 with p:=(ug, ;) whee
polaz) = 2, ug(u) = 1 otherwiseand py =1. The setof ¢-positionsin F}' is
{ao,a6,as,a11,a15,a17,a1s, a2, a2z, a24, a6, a27 }, and the set of ¢-positionsis
{a27 A2q;03,0A3q, A4, 05,0a7,0A9,A10,A12,A16, @19, 023}- In thefO”OWing1 ¢_p08iti0ns
will beindicatedby capital letters. ¢ denoteghe emptystring.

For the six connectionsvhich are usedto showthe classicalvalidity of F; in Ex-
amplel.3we havepre(As)=agAs A3, pre(azr)=apaiiazr, Pre(As.)=aoA2,A434,
pre(asze)=aoa11az26, pre(ag)=apAsAsag Arag,  pre(Aig)=apaii Aiza13Aiy,
pre(Ag)=aoAsAsagA7rAg,  pre(as)=aoai1 Ai2a13a20, Pre(Aig)=apdsAsAo,
pre(azs)=aoa11a22 Azzazy, andpre(Ag)=aga1 Ar2a15Ase.

The prefixesof the six connectionscan be unifiedby o; = {As\e, A2, \e,
A3\011027, A3a\a11a267 A4\8, A5\011022, A7\018020, A9\€, A10\06015024,
Aqo\agaag, A1g\az4, A19\a20as, Aa3\agais}, while the terms can be unified by
og = {a2\b, az,\a, as\a, a13\a} asbefore.

Thecombinedsubstitutiono=(og, o) is J-admissible becausehe inducedre-
ductionordering<:=(<UC UL ;) isirreflexive. ThusF; isintuitionistically valid.

Theoremsl.5and 1.6 hold accordinglywith the intuitionistic definitionsof com-
plementarityand multiplicity. Thereforeour path checkingalgorithm presentedn
Figure 1.3 canbe usedfor intuitionistic logic aswell. We only have to provide the
logic-specificfunctionsinitialize andunify-check
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For intuitionistic logic the functioninitialize (F',n) computesa pair (o, i)
whereo=(, ) is acombinedsubstitutiorandu(u)=n for all w e TU®. Thefunction
unify-check  ((4, 4, F#,0) with 0 = (0g,0;) computesa most generalterm
unifierog, of og(label(4)) andog (label(A)) aswell asamostgenerabrefix-unifier
o1 0f o5 (pre(A)) ando s (pre(A)). It returnsoy := (0g,,0,) if o1 is J-admissible
andfails otherwiseor if eitherof thetwo unificationsfails.

To computetheintuitionistic substitutionwe apply a specializedstring unification
algorithm(OttenandKreitz, 1996). String unificationin generals quite complicated
but prefixesareaveryrestrictedclassof strings. Prefixesarestringswithoutduplicates.
In two prefixesp andqg, correspondingo atomsof thesamdormula,equalsymbolscan
only occurwithin acommonsubstringat the beginningof p andq. Theserestrictions
enableusto useamuchmoreefficientalgorithmfor computinga minimal setof most
generalunifiers.

The unification algorithm is basedon a seriesof transformationrules that are
repeatedlyappliedto a singletonsetof prefix equation£ @ = {p=¢} andanempty
substitutions; = (). The procedurestopsif £Q is empty andreturnsthe resulting
substitutiono; asmostgeneralunifier. As the transformatiorrules canbe applied
nondeterministicallythe set of most generalunifiers consistsof the resultsof all
successfullyfiinishedtransformations.

Our unification algorithm is parameterizedy a set of transformationrulesin
orderto be adaptableo a variety of logics. For intuitionistic prefix unificationthe
peculiaritiesof the logic areexpressedy a setof 10 transformatiorrules(see(Otten
andKreitz, 1996)). Theserulesenableusto computea singlemostgeneralunifierin
lineartime. Furthermorea parallelapplicationof therulesto a setof prefixequations
allows usto decidein quadratidime if thereis no generalunifier.

4. RECONSTRICTING SEQUENT PROOFSFROM MATRIX PROOFS

While matrix methodsare very efficient for proving the validity of a given formula
they cannodirectlybeusedwithin sequenbr natural-deductiobasegroofassistants.
Althoughin principleit would be possibleto embedhe connectiormethodastrusted
externalrefiner, atechniquesupportedy theupcomingreleases of the NuPRL proof
developmentsystem(Constableet al., 1986), a matrix proof can only be usedto
establishthetruth of agivenformula. If, however, theformulais a partof aprogram
derivation,onemustbeableto extracta pieceof codefrom the proof, whichaccording
to the proofs-as-pogram paradigm (Batesand Constable, 1985), is essentiallythe
sameasproviding a constructve sequenproof. In orderto integratematrix methods
into proof assistantst is thereforenecessaryo reconstructa sequentproof from a
givenmatrix proof.

As matrix-proofsarecompactepresentationsf sequenproofs,corvertingmatrix
methodsinto sequentproofs meansre-introducingthe redundancieshat had been
avoidedduring proof search.Obviously, the cornversionshouldbe performedwithout
additionalsearclsinceotherwisaeconstructinghesequenproofwouldbeasdifficult
asfinding theproofin thefirst place.
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The corversionalgorithmthat we will describein this sectioncomplementshe
matrix-basedproof proceduregpresentedabove. It is equally uniform in its design
andconsultgableswhosedatarepresenthe peculiaritiesof variousclassicabndnon-
classicallogics with respecto matrix andsequentalculi. Basically it traverseghe
formulatreeof theformulaF'* in anorderthatrespectsheinducedreductionordering
<J=(<UCUL )" generatedluring proof search.It selectshe appropriatesequent
rule for eachvisitednodeandinstantiategjuantifiersaccordingo thesubstitutioro,.

As < doesnot completelyencodeall the non-permutabilitieof sequentrules,
we have to addwait-labelsdynamicallyduring the corversionprocess.Theselabels
preventnon-invertiblesequentulesfrom beingappliedtoo early, whichmeanghatno
proof relevantformulaearedeletedprematurely At -nodeswhich causea sequent
proof to branch,the reductionorderinghasto be divided appropriatelyand certain
redundanciee.g.wait-labels)needto be eliminatedin orderto ensurecompleteness.
We explain our methodby a smallexample.

3 a5 8 10 3 10 5 8
V2N
a2 a4 ar

ag

ConsidetheformulaF; = —-A v —-B = —B v —A andits matrix proofrepresented
by thereductionordering<i, which consistf theformulatreeof F (straightarrows),
theinducedrelationC ; (curvedarrows), andthe connectiondbetweeratoms(curved
lines). After reducingthe g-positiona; thereductionorderingis splitinto two subor
derings<;, <l» andthe corversioncontinuesseparatelyn eachof the suborderings.
To guaranteeompletenesghe operationsplit not only splits the reductionordering
< but alsoremovespositionsand arrovs from each<; (i.e. {ar, ag} from <; and
{ag.a10} from <12) which areno longerrelevantfor the correspondindpranchof the
sequeniproof. Theresultof the splitting processs shovn on the right handof the
above diagram.

Theproofreconstructiorprocesdraversegheformulatreeof F' asfollows
1. Selecta positionu from the set P, of openpositionsthatis not “blocked” by
somearron in <.
2. Selecta sequentule accordingto the polarity andthe label of u. If necessary
instantiatea variableaccordingto 0.
3. Mark u asvisited, remove it from P, andaddinsteadits immediatesuccessor
position(s)o P,.
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| P, | w |rule] appliedto |

- - {(Lo} ao (—|AV—|B$—|BV—|A)O
AFA BFB | {ai,a6} |as (=Bv -A)°
—A Ak -B,B {a1,a7,a9}| a1 (—Av-B)!
-A+ —|B, -A -B ﬂB, -A {{(1,2,0,9}} ag —2410
< az,a1o aio| —
ﬂAVﬁB l_ ﬁB,ﬁA ' {(12} as ﬂAl
-Av-BF-Bv-A {as} as A07A1
F-Av-B=-Bv-A {as,ar} |ar _RO
<2| {as,as} |as|— B!
{a4} a4 -B!
{as} as B°, B!

Figure 1.4 Sequenprooffor F5 andcorrespondingraversalstepsof <l

The traversalprocessandthe resultingsequenproof for F, aredepictedin Fig-
ure 1.4. Note that startingthe traversalwith ag, ag, a7 insteadof ag, ag, a; is not
preventedby “blocking” arrowsin <. This choice,however, would leadto a partial
sequenproofthatcannotbbecompleted Reducingxr, i.e.applying—r on—B°, deletes
therelevantformula—A° (positionay). For thisreasonpurcorversionalgorithmadds
two wait-labelsdynamicallyto ag anda; andavoidsadeadlockduringtraversal.

Thetechnicaldetailsof our cornversionprocedureandthe efficient elimination of
redundancieafter 3-splits arequite subtle. An extensve discussiorandalgorithmic
descriptioncanbefoundin (SchmittandKreitz, 1996;SchmittandKreitz, 1998).

5. INTEGRATING INDUCTION TECHNIQUES

The procedurdor convertingmatrix proofsinto sequenproofssuggestviewing the
connectionrmethodasa proof plannerfor first-orderlogic thatcanbe usedto extend
the reasoningcapabilitiesof proof assistantdy fully automatedoroof procedures.
As formal reasoningabout programsoften requiresinductive argumentsthe same
methodologyshouldbeappliedto integratetechnique$rom inductvetheorenproving
aswell. Here,anannotatedewrite techniquegalledrippling (Bundyetal.,1993),has
beenusedsuccessfullyto plan the reasoningstepsfrom the induction hypothesigo
the inductionconclusion. This technique however, showns certainweaknesseshen
dealingwith programsynthesishroughinductive proofs,sincein thiscaseexistentially
guantifiedvariablesneedto beinstantiatedIn fact,mary programderivationsrequire
bothfirst-orderandinductive proof methodgo be appliedsimultaneouslysinceboth
techniquesrenot strongenoughto solve the problemindependently

Example 1.10 Theformula F3 = Vz 3y y?<z A xz<(y+1)? specifiemanalgorithm
for computingthe integer squae root of a natural numberz. A (top-down)proof of
this formulawill proceedby inductionandleadto thefollowing two subgoals

(1) F 3y y2<0 A 0<(y+1)2, and
(2) Fy y?<z A 2<(y+1)? F Ty y?<z+1 A 2+1<(y+1)?
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While the base caseof the induction (1) can be solvedby standad arithmetical
reasoningaboutzen, nosinglerippling sequencwiill beableto rewrite theconclusion
of the stepcase(2) into the inductionhypothesisasthe choiceof y in the conclusion
(y.) stronglydepend®nthepropertiesoftheyin thehypothesigyy). If (y,+1)2<z+1
theny. mustbeyy+1 in orderto malkethefirstconjunctvalid. Otherwisey. mustbeyy,
in orderto satisfytheseconatonjunct.Ripplingwouldbeableto rewrite theconclusion
into thehypothesisn eat of thesewo casegut it requireslogicalinferencedo create
the caseanalysisandto instantiatethe existentiallyquantifiedvariable

On the other hand, logical proof methodsalone would not be able to detect
the casedistinction either as they would have to prove the non-trivial lemmata
z<(y+1)? = z+1<(yp+1 + 1) for thefirst caseand y? <z = y? <z-+1 for the
second.Of course it is easyto provethestepcaseof theinduction,if onealreadypro-
videsthecrucial lemmatavz Vt z<t = z<t+1andVsVr s<r? = s+1<(r+1)2 as
well asthecaseanalysisVu Vv u<v v v<u (usinga<b asabbreviationfor —(b<a)),
asthefollowing matrix proof with multiplicity 2 for the conclusionshows.

— T~ . =
zZ<'T+1 Y2<%+1 iu<'vi Y3<%+1 S<°R?
vn<'z E E — a<'(yn+1)?
\ZSOT e+1<2(Yor+1)? (V<UL 241<%(Yea+1)? S+1<(R+1)?
\j-——‘ \—/
oQ = {Z\yiaT\zaycl\yha V\I+1, U\(yh+1)2aYc2\yh+1vs\xaR\yh}

But without the guidanceof techniquesthat try to rewrite subformulaein the
conclusioninto the correspondingsubformulaeof the hypothesione would haveto
seachthousandsflemmataaboutarithmeticso findtheoneshatcompleteheproof,
which would male the proof procedue far from beingefficient.

It isthereforenecessaryo combinelogical proofsearchiechniquesvith controlled
rewrite techniquesuchasrippling in orderto improve thedegreeof automatiorwhen
reasoningnductively aboutprogramspecifications.

A firststepin thisdirection(PientkaandKreitz, 1998)hasshavnthatacombination
of rippling, reverserippling, andsimplefirst-ordertechniquesanbeusedto generate
the caseanalysisandto solve synthesigproblemslik e the abose automatically The
approactfirst decomposethe induction hypothesisy logical rules; usessinksand
wave-fronts to identify the correspondingsubformulaein the conclusion; applies
(forward) rippling rulesto rewrite the componentof the hypothesis;usesreverse
rippling andmatchingto find a substitutionanda rippling sequencé¢hatconnectghe
conclusionwith the resultof rippling; andfinally performsa consisteng checkto
memetheindividual substitutionsnto a conditionalsubstitutiorfor the conclusionas
awhole. Thesearchfor arippling sequencés basedntherippling-distancestrategy
introducedn (Kurucz,1997;Bibel etal., 1998). Theresultingrippling prooftogether
with the caseanalysisis translatedackinto a sequenproof thatcanbe executedby
the NuPRL proof developmentsystem(Constablest al., 1986).
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Sincethe only weaknes®f the above approacHies in the sequent-baseldgical
proof search,t suggestsan integrationof the above techniquesnto a matrix based
theoremprover. Essentiallythis will leadto an even more compactmatrix charac-
terizationof validity andthusto further reductionsof the searchspacein inductive
theoremproving. In the following we will outline the fundamentaktepstowardsa
combinationof rippling andmatrix-basedheoremproving.

The techniquesdescribedin (Pientkaand Kreitz, 1998) enableus to generate
conditionalsubstitutionsasa solutionfor a givensynthesigproblem. The conditions
generatedn the processwill leadto a caseanalysisin the first stepof a top-down
sequenproof while eachof the resultingsubgoalscanbe proven by “conventional”
proof techniques.A justificationof this approaclcomesfrom the obsenrationthata
formula F' is valid if andonly if thereis a set{c,,..,G,} of logical constraintssuch
thatC = ¢; v..vc, andeachof the formulae F; = ¢c; = F arelogically valid. This
obsenation,whichcanbeprovenby thecutrule,is thebasisof thefollowing modified
characterizatiotheorem.

Theorem1.11 A formula F' is (intuitionistically) valid iff there is a set{c,..,c,} of
constaintssud thatC = ¢; v..vc, is valid andfor all 7 thereis

m amultiplicity u; := (pg;, ;).
m anadmissiblecombinedsubstitutions; := (0g,,0s;), and
m asetC; of o;-complementargonnections
such thateverypaththrough F/* = ¢; = F*i containsa connectiorfromc;.

Anothercompactificatiorcomesfrom the obsenationthata pair { A', A°} of con-
nectedatomicformulaedoesnotnecessarilyraveto beequalunderagivensubstitution
o. As complementargonnectiongorrespondo leavesin a sequenproof we only
have to requirethat the negative atom A, which would occuron the left side of the
sequentimplies A undero. Theimplication, however, is not a generalogical impli-
cation,but onethatcanbe provenby standardiecisionprocedure®r by rewriting A
into A. Thusareasonablextensionof the notion of complementaritys to consider
directedconnectiong A!, A%) andto require A to imply A with respectto a given
theory T, denotecby A = A.

Definition 1.12

A directedconnection(u!, v?) is complementarwith respecto atheory7 undera
givencombinedsubstitutiono:=(o¢, 0 s) if andonly if o ;(pre(u))=0;(prev)) and
eitherog(label(u)) = og(label(v)) or og(label(w)) =7 og(label(v)).

Basinga proof procedureon the above definition andthe characterizatiorgiven
in Theoreml.11lenablesisto prove inductive specificatiortheoremswith existential
guantifierswithout having to provide domainlemmataand case-splitsdbeforehand.
Insteadwe extend the usualterm-unificationprocessby rippling and other theory-
basedeasoningechniqueswhich guarante¢hatthe complementarityonditionsare
satisfiedwheneverthe extendedunificationsucceeds.
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Anotherefficiengy improvementduring proof searchcomesfrom the obsenation
thatsinksandwave-frontsestablisha strongrelationbetweerindividual subformulae
of theinductionhypothesisandtheconclusion.They helpto identify connectionghat
will be relevant for the proof and shouldbe investigatedirst by the path-checking
algorithm. By this we canreducethe searcrspacewhichis particularlyhelpful when
searchingor connectionsnvolving rippling. We concludethis sectionwith a small
examplethatshovs the advantage®f the extensiongdiscusse@bove.

Example 1.13 ConsiderF; fromexamplel.10,which — after unfoldingtheabbrevia-
tionfor <-readsas Iy —~(z<y?) r x<(y+1)? F Jy ~(z+1<y?®) A z+1<(y+1)?,
andits matrix below whee variablesof v-quantifiets are denotedoy capital letters.

x+1<1)/62

o< (yn+1)?  x<;

Asconnectionshouldonly run betweeratomsof theinductionhypothesisndthe
correspondingaxiomsof the conclusionthe matrix containsonly two usefulconnec-
tions(z<'(yp+1)%, z+1<°(Y.+1)?) and (Y2<'z+1, y;<z). Sincer andy,, are
constantseitherof thetwo connectionganbeunifiedandwehaveto usetherippling
tedhniquesdescribedin (Pientkaand Kreitz, 1998) to showtheir complementarity
In thefirst cas this eventuallyleadsto the substitutionog, ={Y.\yr+1}. Asthe
instantiatedsecondconnectiordoesnot describean arithmeticallyvalid implication,
which can easily be cheded by arithmetical decisionprocedues, we add the open
goalz+1<(yn+1)? asprerequisitec; (i.e. with oppositepolarity 0) to the matrixand
havethusestablishedhe validity of the sequentinderthis condition.

To completethe proof we now try to establishthe validity of the sequentun-
der the negatedconditioncs = z+1<!(y,+1)2. By connectingthis conditionto
z+1<%(y.+1)? weget oo, ={Y.\ys} which also malesthe connectior2| an arith-
metically valid implication. According to theoem 1.11 we have thus shownthe
intuitionistic validity of the givensequent.

Froma technical point of view, theabove proof hassynthesized casedistinction,
which is addedto the matrix, and hasincreasedhe multiplicity of thethe conclusion
to 2, asillustratedin theindexedmatrix below

r+1<Y?  2+1<0(y,+1)

z<'(yn+1)>  z<;

ac+1<°(Yc+1)2 L o+1< (yp+1)7

Underthesubstitutionog = {Yz1\yn+1, Y2 \yr} theindicatedfour connections
are complementaryv.r.t the theory of arithmeticand spanthe indexedmatrix in the
corventionalway.
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6. CONCLUSION

We have presented cohereniaccountof matrix-basedonstructve theoremproving

thatcombinegroofsearctproceduresor first-ordernntuitionisticlogic with induction

techniquesBesidegroving thevalidity of agivenformulaeourcombinednethodcan

alsoguidethe developmentof proofsandprogramsin interactvely controlledproof

assistantslt enableausto greatlyincreasehe degreeof automationn thesesystems
withouthaving to sacrificetheirelegancetheexpressvenes®f theirunderlyinglogics,

or their interactve capabilities. Matrix methodscan thus be usedas the central
inferenceengineduringtheverification,synthesispr optimizationof programs.

Our key conceptis to view matrix-basedoroof methodsas proof plannersthat
do not underliethe typical limitations of sequenbr naturaldeductioncalculi when
searchingor a solutionto a given problem. During a derivationthey canbe called
eitherastrustedrefineror asmechanisnwhich generates proof planthatwill later
be executedby the proof assistant.

Obviously, thisconcepis notrestrictedo first-orderor inductive theorenproving.
In a similar way we can also integrate proof proceduredor otherimportantlogics,
suchasmodallogics (Kreitz andOtten,1999)or linearlogic (Kreitz etal., 1997),or
higherlevel stratgyiesfor programsynthesigKreitz, 1996;Kreitz, 1998).In mary of
thesecaseswve canrely on alreadyknown successfutechniqueghat were originally
implementedndependentlyndview theirresultsasplansfor theactualderivation. By
executingthis planwithin aproofassistankk e NuPRL,Coq,or Alf wewill eventually
gaintheamountof trustthatis neededor the developmentf reliableapplications.

In the future we will strengthertheintegrationof proof planningtechniquesnto
matrix-basedheoremproving and investigateto what extent generalplanningand
searchtechniquescan be usedto generatgroof plansexplicitly. We alsointendto
embedknown synthesisyerification,andoptimizationtechniquesnto proofassistants
by usingthe samemethodology Our ultimategoalis to combineour experiencewith
reasoningaboutgroup communicationsystemg(Kreitz et al., 1998) and the above
techniquesnto a highly automategroof environmentfor the developmentof safety-
critical systems.
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NOTES

1. Thismethodologys inspiredby theadmissibilityconditionfor first-ordersubstitutionsn Definition
1.1,where[ ¢ determinesvhich d-positionsmustbereducedeforecertainy-positionsin orderto satisfy
theeigevariable-condion.

2. This concept,which resembleghe theory connectiongdiscussedn (Bibel, 1992), could alsobe
extendedo unaryor n-ary connectionsv.r.t sometheory 7.
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