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Abstract

We describe a formalization of the meta-mathematics of programming in a higher-order logical cal-
culus as a means to create verifiably correct implementations of program synthesis tools. Using
reflected notions of programming concepts we can specify the actions of synthesis methods within
the object language of the calculus and prove formal theorems about their behavior. The theorems
serve as derived inference rules implementing the kernel of these methods in a flexible, safe, efficient
and comprehensible way. We demonstrate the advantages of using formal mathematics in support
of program development systems through an example in which we formalize a strategy for deriving
global search algorithms from formal specifications.
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1 Introduction

For more than twenty years commercial software production has been in a state of
endemic crisis. The crisis is caused by the property which makes software attractive:
the complexity of behavior that can be produced. Its effects manifest themselves in
the cost of software over its life cycle, emphasized by the fall in hardware cost, and
the lack of confidence in software, which limits the extent to which digital control
is adopted in safety-critical areas. Since the emergence of the crisis attempts have
been undertaken to develop techniques for a production of reliable software. To a
large extent programming has been identified as a reasoning process on the basis of
knowledge of various kinds, an activity in which people tend to make a lot of mis-
takes. Therefore it is desirable to provide machine support for software development
and to develop tools for knowledge based software engineering . Besides obtaining an
accurate statement of the requirements this means synthesizing computer code from
formal specifications. Since computerized reasoning can handle only formal objects
this requires a formalization of all kinds of programming knowledge. Research in
the field of program synthesis is active in two areas: investigations into logical calculi
which support such a formalization of programming knowledge and synthesis strategies
which generate programs from specifications.

Many formal calculi are, at least in principle, powerful enough to express all of
mathematics and programming (see e.g. [16, 4, 7, 5, 24]). But there remains a problem
of expressiveness in practical applications. Inference steps in these logics operate on
a very low level and make program derivations long and difficult to comprehend. It is
almost impossible for a human programmer to guide formal derivations which cannot
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be found automatically. Therefore, less rigorous methods are used when developing
strategies. During the last decades many approaches (see e.g. [9, 17, 18, 2, 26]) have
been implemented and tested successfully for a number of examples. The KIDS system
[26, 29] is believed to be close to the point where it can be used to develop small routine
programs. But while the theoretical foundations of these strategies are thoroughly
investigated their implementations are created ‘ad hoc’ rather than systematically. It
is not clear how the systems reflect these foundations. Instead, program synthesizers
have the same problems as conventional software: only specialists are able to handle
them properly, unexpected errors occur, and after a while they become difficult to
maintain and modify (cf. experiences reported in [19]). Most researchers are aware
of these inadequacies but shy away from the amount of labour which is necessary to
overcome them.

So far the most fruitful approach to bridge the gap between formal deduction and
complex applications has been that of tactics, first introduced in Edinburgh LCF [8],
and since adopted in many other systems (see e.g. [20, 4, 21, 3, 11]). Here deduc-
tive methods are written as meta-programs guiding the application of inference rules.
Tactics are a means to combine the advantages of formality with those of high-level
methods. However, all programming knowledge (about the strategies they perform
and the kind of results they generate) is implicitly contained in the code which makes
maintenance and modifications of deductive systems still very complicated. Thus
the construction of flexible program synthesizers whose derivations are both correct
and comprehensible for programmers is still an unsolved problem in both artificial
intelligence and software engineering.

We believe that a solution to this problem should be approached by specifying the
actions of program derivation methods in a comprehensible but completely formal
logical language and proving formalized theorems about their behavior. This would
allow to combine the strengths of human programmers and computers – creativity
and intelligence on one side and a capability for complex formal reasoning without
errors on the other – for the development of flexible and reliable software. Since the
current level of abstraction in formal calculi is too low for this purpose one should first
raise this level to one that can be handled by human programmers and then specify
program-synthesizing strategies on that level.

These goals can be achieved by a rigorous formalization of all relevant programming
knowledge – about various domains of discourse as well as about program construction
methods – in terms of mathematical definitions and theorems which can be verified
with a computerized proof system. In other words, one should raise the level of
abstraction in formal reasoning by completely formalizing the object- and meta-theory
of programming within the object language of some logical calculus. Formal definitions
(i.e. mathematical abbreviations) should be used to represent concepts from various
domains of discourse as well as (reflected notions of) programming concepts. Formal
meta-theorems1 should be used to make explicit semantic knowledge about program
derivation methods, which currently is hidden within the implementation code of
synthesis strategies. This allows formal reasoning about the behavior of derivation
methods and provides a means for generating flexible, verifiably correct, and efficient
implementations.

1The notion ‘meta’ refers to the meta-level of programming – i.e. to meta-level concepts like specifications, pro-

grams, correctness, or program development methods – which is represented within the object language of the formal

calculus.
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Although such a rigorous approach can rely on several well-known theoretical in-
sights and techniques it requires a great amount of work before practical results will
show up. Nevertheless it seems to be the only way to overcome the current difficulties.
Making semantic knowledge about a deductive method explicit helps to separate it
from purely syntactical search techniques. Thus writing tactics can be reduced to
encoding methods to search for applicable theorems. Another advantage is that the
mathematical language makes it possible to integrate approaches to program synthesis
which currently appear to be incomparable. Furthermore, the gap between formal and
‘humanly comprehensible’ reasoning can be bridged by expressing formal theorems in
a programmer’s terminology.

In [14] we have begun the formalization of basic programming concepts and shown
how the synthesis paradigms of proofs-as-programs and synthesis by transformations
are reflected in such a framework. Since then we have refined our approach by elabo-
rating a formal meta-theory of programming and begun an implementation with the
NuPRL proof development system [4]. We have investigated translations between
synthesis paradigms and represented synthesis strategies of the systems LOPS [2] and
KIDS [27, 28, 29]. The results, which are presented in detail in the author’s techni-
cal report [15], show that a rigorous approach does in fact lead to safe and efficient
program synthesis systems.

In this presentation we want to demonstrate that it is possible to represent enough
reflected semantics in an already-existing system to make deductive methods more
rigorous in a practical setting and to show the advantages of using formal mathemat-
ics as a foundation for program synthesis. Section 2 summarizes the basic concepts
of the formal theory of programming. Section 3 describes how to represent deduc-
tive techniques by formal theorems. In section 4 we demonstrate the capabilities of
our approach by a concrete formalization of a strategy for designing global search
algorithms. We conclude with a few remarks on improvements achieved and future
prospects for using formal mathematics in automated software development.

2 Representing programming concepts by formal definitions

The formal theory of programming is structured like a typical mathematical text-
book: first basic concepts and notations are defined and then lemmata and theorems
are developed. The only difference is that all definitions are expressed as abbrevia-
tions for terms of some logical calculus and all theorems have to be proven in that
calculus. This allows one to ‘implement’ the theory presented on paper without any
modifications by using a proof system for the underlying calculus. As a basic cal-
culus we have selected the formulation of intuitionistic type theory [16] used by the
NuPRL proof development system [4]. Type theory already provides formalizations
of a constructive higher order logic and low level constructs such as integers, strings,
(recursive) function spaces, products, sums, lists, etc. as well as the corresponding
type constructors. Conservative extensions of the formal language can be introduced
by definitional equality (which roughly corresponds to a text macro):

textual representation of the new object ≡ formal representation in type theory

We use typewriter font to denote formal expressions (important keywords will be
written in sans serif) and math-font to highlight formal parameters in a definition.
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TYPES Class of first level data types
=
α
, 6=

α
Equality decision procedures for type α

let x=term in expr,

expr where x=term abstraction over a term
letrec f(x)=body (Recursive) function definition (predefined in [4, ch. 12])
dom(f)(x) x is in the domain of f (predefined in [4, ch. 12])
letrec f(x)=body in t abstraction over a recursive function

α×β, 〈〈a1,..,an〉〉, a.i Product type declaration, Tuple, i-th projection
let 〈〈a1,..,an〉〉 = p in expr Local assignment of projections to the ai

IB, true, false Data type of boolean expressions, explicit truth values
¬, ∧ , ∨ , ⇒ , ⇐ , ⇔ Boolean connectives
∀x∈S.p, ∃x∈S.p Limited boolean quantifiers (on finite sets and sequences)
if p then a else b Conditional

ZZ, IN, 0,1,-1,... Number types, explicit numbers
+, -, *, /, mod, max, min Arithmetic operations
=, 6= , ≤, <, ≥, > Arithmetic comparisons

Seq(α) Data type of finite sequences over members of α
null?, ∈

α, v
α Decision procedures: emptiness, membership, prefix

[], [a], [i..j], [a1...an] Empty and singleton sequence, integer subrange,
literal sequence former

a.L, L•a prepend a, append a to L

[f(x)|x∈ L∧p(x)], |L|, Li General sequence former, length of L, i-th element,
domain(L), range(L) The sets {1..|L|} and {Li|i∈ domain(L)}
nodupsα(L) Decision procedure: all the Li are distinct (no duplicates)

Set(α) Data type of finite sets over members of α
empty?, ∈

α, ⊆
α Decision procedures: emptiness, membership, subset

∅, {a}, {i..j}, {a1...an} Empty set, singleton set, integer subset, literal set former
S+a, S-αa element addition, element deletion
{f(x)|x∈ S∧p(x)}, |S|α General set former, cardinality
S∪T, S∩

α
T, S \

α
T Union, intersection, set difference⋃

FAMILY,
⋂
α
FAMILY Union, intersection of a family of sets

S=̂{x:α|P(x)} S has the same elements as the NuPRL set type {x:α|P(x)}

Fig. 1. Formalized Domain Vocabulary (Conservative Extensions of NuPRL)

To represent the objects of programming we had to extend the basic language by
a collection of definitions for data types in general as well as operations on boolean
expressions, natural numbers, finite sets, finite sequences, and finite maps. Some
of these operations like ∪ can be defined polymorphically while operations like ∈

α

depend strongly on an equality decision procedure =
α

on the underlying data type2

α. Formally, they have to receive α as parameter in an index if the theory shall be
handled by a computer system. When being displayed on a computer screen, however,
they should be suppressed because they make formal theorems somewhat difficult to
read. Since the NuPRL system (version 4) supports such a flexible display form we
shall omit the indices from now on. Figure 1 lists and explains the extensions used
in this paper. Further ones (about 120) as well as the formal definitions and a few
hundred lemmata stating their essential properties can be found in full detail in the
author’s technical report [15]. The resulting mathematical language serves both as
specification and programming language.

2Since in general equality decision procedures for members of type α cannot be derived from α we have introduced

a new class TYPES of first level data types. It denotes the collection of all tuples 〈〈α,=
α
〉〉 where α is a type of the

universe U1 and =
α

is an equality decision procedure for members of α. All application domains whose members are

finite objects (such as integers, finite sets, sequences, maps, graphs etc.) can be represented as elements of TYPES.
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To support reasoning about specifications, programs, correctness, and program
derivations we have formalized the corresponding classes in terms of appropriate higher
order data types called SPEC and PROGRAMS. A program specification provides a
declarative description of the problem. It consists of a domain type D, a range type R,
a predicate I restricting D to legal inputs, and a predicate O relating input and feasible
output. A program contains both a specification and a program body which opera-
tionally describes an algorithm. The latter is a partial function from the domain D to
the range R (denoted by D 6→R). A program p is correct if the declarative specification
and the operational program body describe the same behavior: for each given legal
input x the computation of body(x) terminates and yields a feasible output value z
satisfying the relation O(x,z). We also say that body computes the specification and
define a specification to be satisfiable if there is a program body which computes it.

Definition 2.1 (Programming Concepts)
SPEC ≡ D:TYPES × R:TYPES × D→IB × D×R→IB
D(spec) ≡ let 〈〈D, R, I, O〉〉 = spec in D
R(spec) ≡ let 〈〈D, R, I, O〉〉 = spec in R
PROGRAMS ≡ spec:SPEC × D(spec)6→R(spec)
p is correct ≡ let 〈〈〈〈D,R,I,O〉〉, body〉〉 = p

∀x:D. I(x) ⇒ body(x) halts ∧ O(x,body(x))
body computes spec ≡ 〈〈spec, body〉〉 is correct
spec is satisfiable ≡ ∃body:D(spec) 6→R(spec). body computes spec

For individual programs and specifications we provide a more convenient notation
separating the components by keywords. (In the following we only need the versions
concerning set-valued outputs.)

Definition 2.2 (Programming notation)
FUNCTION f(x:D):R WHERE Ix RETURNS z SUCH THAT Oxz

≡ 〈〈D, R, λx. Ix, λx,z. Oxz〉〉
FUNCTION f(x:D):Set(R) WHERE Ix RETURNS {z | Oxz}

≡ FUNCTION f(x:D):Set(R) WHERE Ix

RETURNS S SUCH THAT S=̂{z:R | Oxz}
FUNCTION f(x:D):Set(R) WHERE Ix RETURNS {z | Oxz} = bodyx

≡ 〈〈FUNCTION f(x:D):Set(R) WHERE Ix RETURNS {z | Oxz},
letrec f(x) = bodyx〉〉

Satisfiability of specifications is the key notion for program synthesis. Due to the
constructivity of the logic proving the existence of a program body computing a given
specification is the same as proving that such a body can be constructed . Therefore

Proving satisfiability of a given specification is the same as deriving a program for it.

3 Representing deductive techniques by formal metatheorems

Synthesizing a verifiably correct program requires the application of formal deductions.
While most deductive systems restrict themselves to ‘low-level steps’ like elementary
inference rules or lemmata about domain knowledge, systems aiming at real applica-
tions like program synthesis must be able to cooperate with a user. Thus there is a
need for inferences corresponding to programming concepts or synthesis methods as a
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whole. To ensure the correctness of such ‘high-level’ deductions we have to formalize
their essential parts as meta-theorems about a method. Formal meta-theorems there-
fore play a key role in the formulation of deductive systems which are safe, efficient
and comprehensible.

Except for the fact that its variables must be quantified and typed a formal meta-
theorem is almost identical to its informal counterpart. The following theorem, for
instance, deals with the well-known relation between program synthesis and proving
a ‘specification theorem’.

Theorem 3.1 (Proofs-as-Programs (cf. [14], Theorem 10))
∀spec = 〈〈D, R, I, O〉〉:SPEC. spec is satisfiable ⇔ ∀x:D. I(x) ⇒ ∃y:R.O(x,y)
This theorem is a variant of the Martin Löf’s constructive axiom of choice [16,

p. 50] and follows from the constructive nature of the underlying calculus. Within the
context of software development systems, however, it has several additional aspects
which are common to all formal meta-theorems representing deductive methods:
1. Its formulation gives a completely formal representation of a derivation method.

Informally theorem 3.1 reads ‘to prove the satisfiability of the specification spec
(i.e. to derive a program) it is sufficient to find a proof for the goal ∀x:D. I(x) ⇒
∃y:R.O(x,y) and vice versa’.

2. A justification of the derivation method is provided by the proof of a meta-theorem.
It shows that it is in fact sufficient to solve certain subgoals (i.e. to prove the
specification theorem) in order to find a solution for the initial goal (i.e. to derive
a program satisfying the specification). Thus proving theorem 3.1 yields a formal
justification of the (reflected) proofs-as-programs paradigm in program synthesis.

3. A formal proof of a theorem is much more than just a proof that a certain statement
is correct. Its realization with a computerized proof system like NuPRL also
provides the basis for a verified ‘implementation’ of a high-level inference rule
which corresponds to derivation method represented by a formal meta-theorem.
Theorem 3.1, for instance, can be viewed as top-down inference rule applicable to
goals of the form ‘derive a program satisfying a specification spec’. To execute
this rule one simply has to match the left hand side of the equivalence against the
actual goal, instantiate the variables accordingly and – applying modus ponens –
replace the goal by the instantiated right hand side (it is easy to write a tactic
which performs these steps). The result of applying theorem 3.1 would thus be a
specification theorem corresponding to the initial specification.
Using formal meta-theorems as derived inference rules leads to a significant effi-
ciency improvement of the reasoning process, particularly if the theorem describes
rather complex insights as in the case of theorem 4.12. Whereas a derivation with-
out the theorem would have to execute all the steps which were necessary to prove
the theorem beforehand, the same can be achieved nearly in constant time if the
theorem is used as an inference rule. Thus elaborating the computerized proof of
a meta-theorem beforehand – once and for all – takes most of the proof burden
out of the synthesis process to be performed at derivation time.

4. In many theorems the proof contains an additional computational meaning. Real-
izing theorem 3.1, for instance, does not only justify the correctness of the proofs-
as-programs principle but also describes how to transform a proof of a specifi-
cation theorem into a correct program solving the initial specification. Thus a
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formal meta-theorem also yields a verified algorithm construction method which
constructs an algorithmic solution for its ‘main goal’ from partial solutions for the
preconditions. This method, which corresponds to a validation of the top-down
inference rule described by the theorem, is represented by a program term which
can be extracted from the proof.
This means that using formal meta-theorems within a synthesis process can also
lead to a significant efficiency improvement of the generated code compared to al-
gorithms extracted from ‘pure’ synthesis proofs [25, 10, 23]. Theorems like theorem
4.12 contain complex algorithms which have been introduced and verified explicitly
in their formal proofs in order to support a synthesis of efficient programs without
having to execute long and complex derivations.

In principle, all these aspects are inherently contained in all constructive formal
theories. Meta-theorems do in fact ‘behave’ like primitive inference rules of NuPRL‘s
type theory [4]. The true advantage of formulating and proving meta-theorems is,
however, that one can turn an existing general inference system like NuPRL into a
high level reasoning system specialized in the area of program development.

Within such a specialized system both the synthesis process and the generated
programs will be much more efficient since a program derivation will proceed in high-
level steps which are related to a programmer’s way of reasoning. Thus it will be easier
for a human programmer who is not a logician as well to guide the synthesis process
in order to generate verifiably correct programs. Furthermore it will be possible to
provide automatic support for retrieving applicable theorems even if the system’s
knowledge base of meta-theorems is large since due to the type restrictions on the
parameters there will only be a small number of theorems which fit the syntactical
requirements of a particular situation.

In the rest of this paper we shall focus our attention on meta-theorems about
schematic solutions for a given problem. Using algorithm schemata for the develop-
ment of programs makes the derivation process very efficient and can result in efficient
and well-structured programs. On the other hand a schema may not be applicable at
all or lead to very poor solutions. Thus strategies based on algorithm schemata can be
an extremely powerful tool for program synthesis but they must be properly guided. It
is the user who has to select the scheme while the system has to check the prerequisites
that make it applicable and perform the elementary steps to instantiate it.

Our technique of representing deductive methods by formal meta-theorems can
particularly well be illustrated by this kind of strategies. Much knowledge is required
to justify the application of an efficient algorithm schema to a given problem and it is
nearly impossible to verify such an algorithm during the derivation process. However,
since correctness does not depend on the individual instantiation of the algorithm one
can prove a separate theorem about the prerequisites under which the schema can be
applied correctly. A design strategy can then be based on such a theorem.

The idea of developing synthesis strategies on the basis of parameterized theorems
about schematic solutions to a given synthesis problem is not entirely new. Many
algorithm design tactics successfully used in the KIDS system [27, 28, 26, 29, 30] rely
on theorems of that kind. However, the knowledge contained in these theorems had
to be incorporated by hand into the implemented design strategy and there is always
a chance for errors and omissions.
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Our approach has the advantage that the theorems are proven with the same com-
puterized inference system which is used for designing programs. Therefore they are
directly – i.e. without further encodings – applicable as key inference rule of a synthesis
strategy. This drastically reduces the need for hand-coded algorithm design tactics.
Furthermore the proof system makes sure that theorems will always be applied cor-
rectly or not at all. Thus we gain both efficiency and safety. We shall demonstrate this
advantage by an example formalization of a synthesis strategy for the development of
so-called global-search algorithms. This formalization is based on an algorithm design
tactic developed for the KIDS System and shows that by a rigorous mathematical for-
malization one can create efficient implementations of synthesis methods which guide
derivations within an interactive and tactics supported program development system.

4 Synthesis of global search algorithms

Solving a problem by enumerating candidate solutions is a well-known concept in com-
puter science. Global search is a method which generalizes binary search, backtracking,
branch-and-bound, and others. The basic idea is to manipulate sets of candidates.
Starting from an initial set containing all solutions a global search algorithm repeat-
edly extracts candidate solutions, splits sets into subsets, and eliminates sets via filters
until no sets remain to be split. Sets of candidates are represented by descriptors and
a satisfaction predicate determines when a candidate solution is in the set denoted by
a descriptor.

A careful analysis of the general structure of global search algorithms and the
conditions under which such algorithms meet their specifications (see [28]) has shown
that besides a specification spec = 〈〈D, R, I, O〉〉 the following components are essential:

1. A type S of all space descriptors for sets of candidate solutions,

2. a predicate J on D×S describing the meaningful (or legal) ones,

3. a function s0 :D6→S describing an initial set of candidate solutions for each input x,

4. a predicate sat on R×S where sat(z,s) means that z is in the set denoted by s,

5. a function split :D×S 6→Set(S) computing subspace descriptors of a given space
descriptor, and

6. a function ext :S→Set(R) extracting output values from a space descriptor.

The collection of these components is called a global search theory. In addition
necessary filters (predicates Φ on D×S) can improve the efficiency of global search
algorithms by eliminating space descriptors which do not contain feasible solutions.
Given these components one can describe the general structure of global search algo-
rithms by the following pair of programs.

FUNCTION F(x:D):Set(R) WHERE I(x) RETURNS { z | O(x,z)}
= if Φ(x,s0(x)) then Faux(x,s0(x)) else ∅
FUNCTION Faux(x,s:D×S):Set(R) WHERE I(x) ∧ J(x,s) ∧ Φ(x,s)

RETURNS {z | O(x,z) ∧sat(z,s)}
= { z | z ∈ext(s) ∧ O(x,z) } ∪ ⋃{ Faux(x,t) | t ∈split(x,s) ∧ Φ(x,t) }
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In other words, a global search program F calls on input x the auxiliary function
Faux with the initial space, if the filter holds. Faux unions the set of all feasible
solutions which can directly be extracted from a space s and the union of all solutions
recursively found in spaces t that are obtained by splitting s and applying the filter
Φ. Note that Φ is an input invariant of Faux . Four requirements must be satisfied in
order to guarantee the (partial) correctness of the above program.

1. For all legal inputs x ∈D satisfying I(x) the initial space descriptor s0(x) must be
meaningful,

2. splitting must map a meaningful space descriptor into a set of meaningful ones,
3. all feasible solutions must be contained in the initial space described by s0(x),
4. an output object z:R is in the set denoted by the descriptor s:S if and only if

z can be extracted after finitely many applications of split to s where a k-fold
iteration of split is defined by
split0(x,s) = {s} and splitk+1(x,s) =

⋃{splitk(x,t)|t ∈split(x,s)}
Termination is guaranteed if meaningful space descriptors can be split only finitely

many times. A global search theory is called well-founded if it has this property. In
[28] it has been shown that well-founded global search theories satisfying the four
axioms lead to provably correct global search algorithms of the above kind. This
theorem, together with a mechanism for refining a predefined global search theory
in order to make it applicable to a given specification, forms the basis of a powerful
strategy for designing global search algorithms. The strategy requires only very few
elementary global search theories to perform its task and is able to solve most of the
programming problems approached in the field of program synthesis so far. It has even
been demonstrated in [29] that the strategy is capable to solve a real programming
problem whose solution had not been found long before.

Because of a hand-written procedural encoding, however, the implemented strategy
does not check well-foundedness and derives global search algorithms even if the theo-
rems supporting it are not applicable anymore. A user unaware of this fact may create
nonterminating programs by selecting the wrong filters. Despite of its thorough the-
oretical foundation the implementation code of the strategy does not guarantee that
the generated algorithm is correct. Obviously such omissions can be resolved once
they have been discovered. But there remains a principal problem if synthesis strate-
gies are implemented by hand: even if the encoding is done with great care there will
always be a chance for errors in the implementation code of the system.

We have overcome this problem by a rigorous mathematical formalization of the
knowledge contained in the derivation strategy. This formalization showed, that a
few additions and refinements of the strategy described in [28] are necessary to make
meta-theorems directly applicable for designing verified global search algorithms. The
well-foundedness property, for instance, would put an extreme burden on the inference
mechanism if it had to be proven at derivation time. Since some of the most important
global search theories are not well-founded we added the concept of well-foundedness
filters, i.e. filters which are guaranteed to make a global search theory well-founded.
We have shown that well-foundedness filters can be refined together with a given
global search theory and thus provided the basis for an improved version of Smith’s
algorithm design strategy: the problems which have to be solved during a derivation
are simpler and the implementation is guaranteed to be correct. This shows that
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a faithful formalization of standard programming concepts and strategies within a
completely formal system is possible and that a major source for possible mistakes
when transforming theoretical insights into implemented code of strategies can be
eliminated through a rigorous use of formal mathematics. Formal proofs, because of
their length, will be omitted. A reader interested in details may consult [15].

4.1 GS-theories

In order to reason about global search algorithms we have represented the concept
of global search theories by a class GS of all objects G consisting of a specification
spec = 〈〈D,R,I,O〉〉 and the additional components S, J, s0, sat, split, ext. Such an
object is a GS-theory (i.e. a global search theory) if its components satisfy the four
axioms. It is well-founded if split can be iterated only finitely many times. The
iteration splitk of split is defined by formal induction.

Definition 4.1 (Global search theories)
GS ≡ (D:TYPES × R:TYPES × I:D→IB × O:D×R→IB)

× S:TYPES × D×S→IB × D 6→S × R×S 6→IB
× D×S 6→Set(S) ×S 6→Set(R)

DG ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in D

splitk ≡ natind(k; λx,s.{s};
n,sp.λx,s.

⋃{sp(x,t)|t ∈split(x,s)})
G is a GS-theory ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in

∀x:D. I(x)
⇒ s0(x) halts ∧ J(x,s0(x))

∧ ∀x:D.∀s:S. I(x) ∧ J(x,s)
⇒ ∀t ∈split(x,s).J(x,t)

∧ ∀x:D.∀z:R. I(x) ∧ O(x,z)
⇒ sat(z,s0(x))

∧ ∀x:D.∀s:S. I(x) ∧ J(x,s)
⇒ ∀z:R. O(x,z)

⇒ sat(z,s)
⇔ ∃k:IN.∃t ∈splitk(x,s). z ∈ext(t)

G is well-founded ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in
∀x:D.∀s:S. I(x) ∧ J(x,s)

⇒ ∃k:IN.empty?(splitk(x,s))

As an example which we shall later use in the derivation of the Costas arrays algo-
rithm in example 4.13 we introduce a global search theory called gs seq over set(α).
It enumerates all the sequences over a given finite set S of elements from the type α
by considering sets of sequences with a common prefix. These spaces are described
by their greatest common prefix V which makes it possible to represent splitting by
appending an element from S onto the end of a descriptor. Extracting sequences from
a space means selecting its descriptor V. We display the GS-theory by assigning values
to the individual components (instead of using a 10-tuple).
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Definition 4.2 (Example GS-theory)
gs seq over set(α) ≡ D 7→ Set(α)

R 7→ Seq(α)
I 7→ λS. true
O 7→ λS, L. range(L)⊆

α
S

S 7→ Seq(α)
J 7→ λS, V. range(V)⊆

α
S

s0 7→ λS. []
sat 7→ λL, V. Vv

α
L

split 7→ λS, V. {V•i|i ∈S}
ext 7→ λV. {V}

It is not very difficult to prove that gs seq over set(α) is in fact a GS theory. The
first three axioms are consequences of elementary laws about finite sets and sequences
(see [15, Appendices A.4/A.5]) and the fourth is shown by induction.

Lemma 4.3 (GS-theory for finite sequences)
∀α:TYPES. gs seq over set(α) is a GS theory

4.2 Filters

The theory gs seq over set(α) presented above is not well-founded since the split-
operation is not bounded. Therefore it cannot be used for algorithm construction
unless well-foundedness can be ensured by other means. An investigation of all exam-
ples where this theory has successfully been used showed that well-foundedness comes
in through the filter. Thus filters not only improve the efficiency of global-search
algorithms but can also turn non-terminating algorithms into terminating ones. To
make use of this insight when reasoning about global search algorithms we introduce
a new concept of well-foundedness filters (wf-filters) for a given global search theory
G = 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉.

We define Filters(G) to be the class of predicates on D×S. A filter Φ is necessary
for G if search spaces containing feasible solutions always survive filtering. Φ is a
well-foundedness filter for G if it can turn the split operation into a well-founded one.
The modified split operation will be denoted by splitΦ.

Definition 4.4 (Filters)
Filters(G) ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in

D×S→ IB

Φ necessary for G ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in
∀x:D.∀s:S. ∃z:R. sat(z,s) ∧O(x,z) ⇒ Φ(x,s)

splitΦ ≡ λx,s. { t | t ∈split(x,s) ∧ Φ(x,t) }
Φ wf-filter for G ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in

∀x:D.∀s:S. I(x) ∧ J(x,s)
⇒ ∃k:IN. empty?(splitΦ

k(x,s))

For the theory gs seq over set(α) there are three obvious possibilities to limit
splitting. One may put upper bounds to the length of the descriptor or eliminate
descriptors which contain duplicate elements.
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Lemma 4.5 (Well-foundedness Filters for gs seq over set)
1. ∀α:TYPES.∀k:IN. λS,V.|V|≤k wf-filter for gs seq over set(α)
2. ∀α:TYPES.∀k:IN. λS,V.|V|≤k*|S| wf-filter for gs seq over set(α)
3. ∀α:TYPES. λS,V.nodups(V) wf-filter for gs seq over set(α)

None of the three filters is necessary for gs seq over set(α). They must be chosen
depending on the problem to which gs seq over set(α) shall be applied and will turn
into necessary ones after specialization (see section 4.3).

Obviously any filter is a wf-filter for a GS-theory G if G is already well-founded.
Otherwise a necessary wf-filter Φ can turn G into a well-founded GS-theory through
exchanging split by splitΦ. Using this insight we can prove an improved and com-
pletely formal version of Smith’s main theorem [28, theorem 1]: GS-theories (which
may not be well-founded themselves) together with necessary well-foundedness filters
contain all the information required to construct provably correct algorithms.

Theorem 4.6 (Correct Global Search Programs)
1. ∀G=〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉:GS. ∀Φ:Filters(G).

∀Faux:D×S 6→Set(R).
G is a GS-theory ∧ Φ necessary for G ⇒

Faux computes FUNCTION Aux(x,s:D×S):Set(R)
WHERE I(x) ∧ J(x,s) ∧ Φ(x,s)

RETURNS { z | O(x,z) ∧ sat(z,s) }
⇒ FUNCTION F(x:D):Set(R) WHERE I(x) RETURNS { z | O(x,z)}

= if Φ(x,s0(x)) then Faux(x,s0(x)) else ∅
is correct

2. ∀G=〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉:GS. ∀Φ:Filters(G).
G is a GS-theory ∧ Φ wf-filter for G ∧ Φ necessary for G
⇒
FUNCTION Faux(x,s:D×S):Set(R) WHERE I(x) ∧ J(x,s) ∧ Φ(x,s)

RETURNS { z | O(x,z) ∧ sat(z,s) }
= { z | z ∈ext(s) ∧ O(x,z) } ∪ ⋃{ Faux(x,t) | t ∈split(x,s) ∧ Φ(x,t)}
is correct

The proof of part 1 of this theorem is a straightforward but lengthy exercise in
formal reasoning. Proving the second part is more difficult. The proof of [28, theorem
1] uses fixed point theory and cannot be formalized straightforwardly since there are
no inference rules about fixed points. We therefore had to introduce a lemma about
the result of a computation depending on the number i of split operations involved
until termination3 and to prove it formally by induction. Since it would take more
than 5 pages to present the formal proof we refer the reader interested in details to
[15, Appendix C.5].

4.3 Specializing a known global search theory

Theorem 4.6 can be used for synthesizing a given specification if we can provide an
appropriate GS-theory which extends it. In order to find such a GS-theory we need

3This result can be described as the collection of all the solutions directly extractable from descriptors belonging

to the sets splitΦ
j(x,s) where 0≤j<i, i.e. as

⋃
{ {z|z∈ ext(t) ∧ O(x,z)} | t∈

⋃
{splitΦj(x,r)|j∈ {0..i-1}} }.
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a method for constructing it from an already known GS-theory like gs seq set(α).
This can be done by reducing the specification to the specification part of the GS-
theory, deriving a substitution θ from this reduction, and specializing the GS-theory to
one extending the specification. To perform these steps we introduce a few definitions
which are straightforward formalizations of the corresponding concepts in [28].

Definition 4.7 (Specification Reduction)
spec reduces to spec′≡ let 〈〈D,R,I,O〉〉=spec and 〈〈D’,R’,I’,O’〉〉=spec′ in

R⊂R’ ∧ ∀x:D. I(x) ⇒
∃u:D’. I’(u) ∧ ∀z:R. O(x,z)⇒ O’(u,z)

spec reduces to spec′ with θ
≡ let 〈〈D,R,I,O〉〉=spec and 〈〈D’,R’,I’,O’〉〉=spec′ in

R⊂R’ ∧ ∀x:D. I(x) ⇒
I’(θ(x)) ∧ ∀z:R. O(x,z)⇒ O’(θ(x),z)

Thus a specification spec reduces to spec’ with θ if spec’ modified by θ is a
generalization of spec (i.e. both input and output conditions are weaker). To find
such a substitution relating a given pair of specifications we may either rely on user
interaction – where the user applies an ‘understanding’ of specification reductions and
considers correspondences between the two domains – or on a proof tactic which has
to show that spec reduces to spec’. According to the proofs-as-programs paradigm
(theorem 3.1) such a proof yields the desired substitution.

Lemma 4.8 (Specification Reduction)
∀spec=〈〈D,R,I,O〉〉:SPEC. ∀spec’=〈〈D’,R’,I’,O’〉〉:SPEC.

spec reduces to spec’ ⇒ ∃θ:D 6→D’. spec reduces to spec’ with θ

Using 6→an specialize a GS-theory G to a GS-theory Gθ(spec) which extends spec,
provided spec reduces to the specification part of G. In the same way, a filter Φ can
be specialized to a filter Φθ.

Definition 4.9 (Generalization and Specialization)
G generalizes spec with θ

≡ let 〈〈spec’, S, J, s0, sat, split, ext〉〉=G in
spec reduces to spec’ with θ

Gθ(spec) ≡ let 〈〈〈〈D,R,I,O〉〉, S, J, s0, sat, split, ext〉〉 =G in
〈〈spec, S, λx,s.J(θ(x),s), λx.s0(θ(x)), sat,

λx,s.split(θ(x),s), ext 〉〉
Φθ ≡ λx,s.Φ(θ(x),s)

By specializing a known global search theory G to the GS-theory Gθ(spec) we ob-
viously get an extension of the specification spec. To make sure that this extension
leads to verifiably correct global search algorithms we have to show that all the impor-
tant properties are preserved during specialization: specialization turns GS-theories
into GS-theories and preserves well-foundedness.

Theorem 4.10 (Specializing Global Search Theories and Wf-Filters)
∀spec:SPEC. ∀G:GS. ∀θ:D(spec)6→DG. ∀Φ:Filters(G).
G generalizes spec with θ ⇒
1. G is a GS-theory ⇒ Gθ(spec) is a GS-Theory
2. Φ wf-filter for G ⇒ Φθ wf-filter for Gθ(spec)
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4.4 A strategy for the design of global search algorithms

Together with a small library of standard GS-theories and wf-filters and a tactic for
proving specification reductions theorem 4.10 can be used to create a GS-theory Gθ

which extends a given specification and a wf-filter Φθ for it. After this step one only
has to check whether Φθ is also necessary for Gθ. If this is the case, theorem 4.6 can
be applied to generate a verifiably correct program. To improve the efficiency of the
resulting program one may refine Φθ by adding further conditions which follow from
the existence of a value z satisfying sat(z,s) ∧O(x,z). This step, which results in
an additional necessary filter Ψ for Gθ, does not affect well-foundedness and can be
performed heuristically. All these insights lead to a single theorem which can easily
be applied within a program derivation strategy. It improves the ones given in [28]
since its requirements for generating verified global search algorithms are weaker.

Theorem 4.11 (Bottom-Up Synthesis of Global Search Algorithms)
∀spec = 〈〈D, R, I, O〉〉:SPEC. ∀G=〈〈〈〈D’,R’,I’,O’〉〉, S, J, s0, sat, split, ext〉〉:GS.
∀θ:D 6→D’. ∀Φ:Filters(G). ∀Ψ:Filters(Gθ(spec)).

G is a GS-Theory ∧ G generalizes spec with θ ∧ Φ wf-filter for G
∧ Φθ necessary for Gθ(spec) ∧ Ψ necessary for Gθ(spec)
⇒
let Π = λx,s. Φ(θ(x),s) ∧Ψ(x,s) in
letrec faux(x,s) = { z | z ∈ext(s) ∧ O(x,z) }

∪ ⋃{ faux(x,t) | t ∈split(θ(x),s) ∧ Π(x,t) }
in

FUNCTION faux(x,s:D×S):Set(R) WHERE I(x) ∧ J(θ(x),s) ∧ Π(x,s)
RETURNS { z | O(x,z) ∧ sat(z,s)}

= faux(x,s)
is correct

∧ FUNCTION F(x:D):Set(R) WHERE I(x) RETURNS { z | O(x,z) }
= if Π(x,s0(θ(x))) then faux(x,s0(θ(x))) else ∅

is correct

The proof follows essentially from theorems 4.6 and 4.10.

Formalizing a theorem about program construction methods makes sense only if it
is to be used within a computerized proof system ensuring its correct application to a
given problem. A strategy suggested by the formulation of theorem 4.11 would lead to
forward reasoning within a program derivation process and would have to determine
values for all the parameters of theorem 4.11 to make it applicable. To support a
more goal-oriented reasoning style we convert the theorem into a version which can
directly be applied as a top down inference rule. This theorem states that for creating
a verifiably correct global search algorithm for a given specification spec one has to
determine the following parameters:

a GS-theory G, a substitution θ reducing specification spec to the specification
part of G, a wf-filter Φ for G which after being transformed with θ is neces-
sary for the transformed GS-theory, and an optional necessary filter Ψ for the
transformed GS-theory.
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Theorem 4.12 (Top-Down Synthesis of Global Search Algorithms)
∀spec = 〈〈D, R, I, O〉〉:SPEC.
FUNCTION F(x:D):Set(R) WHERE I(x) RETURNS {z | O(x,z)} is satisfiable

⇐ ∃G:GS. G is a GS-Theory
∧ ∃θ:D 6→DG. G generalizes spec with θ
∧ ∃Φ:Filters(G). Φ wf-filter for G ∧ Φθ necessary for Gθ(spec)
∧ ∃Ψ:Filters(Gθ(spec)). Ψ necessary for Gθ(spec)

This theorem can easily be proven by applying theorem 4.11 to construct the pro-
gram body once the parameters G,Φ,θ and Ψ have been determined. It represents
a high-level inference rule which can be used efficiently within a program synthesis
environment and implicitly contains a method for constructing a verifiably correct
global search program4 for a given specification. Applied to a synthesis problem it
yields a subgoal which clearly states what remains to be done. A user of the system
will thus be able to guide the synthesis process interactively if a solution cannot be
found automatically (or if design decisions shall be made). After the subgoal has been
proven the proof contains an instantiated version of the program scheme given by
theorem 4.11. This program can then be extracted by the system.

One should recall that the transition from the original synthesis problem to the
subgoal requiring G,Φ,θ and Ψ is by far the most difficult part of the synthesis process
since it contains the implicit creation and verification of an efficient global search
program. By proving theorem 4.12 within a logical calculus we have separated this
task from the derivations to be performed at runtime and solved it once and for all.
During a synthesis process the transition can be executed within a single step.

Thus the advantage of formalizing and verifying such a meta-theorem is that it leads
to formal program derivations which are verifiably correct, comprehensible for human
programmers, and very efficient and generate efficient programs. Furthermore it gives
rise to a verified implementation of a simple synthesis strategy designing a global
search algorithm for a given specification spec = 〈〈D, R, I, O〉〉. This strategy refines
and improves the one given in [28] since it uses theorem 4.12 as its key component.

1. State the synthesis goal as a theorem
` FUNCTION F(x:D):Set(R) WHERE I(x) RETURNS {z | O(x,z)} is satisfiable

2. Instantiate the parameters D, R, I, O and apply theorem 4.12 as a top-down in-
ference rule. This transforms the problem to proving the existence of appropriate
G,Φ,θ and Ψ.

3. Sequentially solve the four parts of the subgoal
(a) Select a GS-theory G = 〈〈〈〈D’, R’, I’, O’〉〉 , S,J,s0,sat,split,ext〉〉 from the li-

brary whose range type R’ is R or a supertype of it. If R’ contains type variables
instantiate them accordingly. Prove ‘G is a GS-Theory’ by instantiating the
corresponding library lemma.

(b) To determine θ, apply lemma 4.8 as top down inference rule. Prove that spec
reduces to the specification part of G, i.e. that ‘∀x:D. I(x) ⇒ ∃u:D’. I’(u)
∧ ∀z:R. O(x,z)⇒ O’(u,z)’ holds. After the proof has been constructed extract
the substitution θ according to lemma 4.8.

4Note that this algorithm computes all the solutions of a given specification 〈〈D,R,I,O〉〉 and thus satisfies the

corresponding set-valued version (see definition 2.2) of the specification.
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(c) Select a wf-filter Φ for G from the library (again use a lemma). If G is already well-
founded then a trivial filter may be chosen. Try to verify that Φθ is necessary
for Gθ(spec) and select another wf-filter if this cannot be done.

(d) To determine the additional filter Ψ select conjuncts which can easily be inferred
from sat(z,s) ∧O(x,z). This step must be controlled heuristically or by user
interaction.

4. Now all the subgoals are solved, all the parameters are determined and the syn-
thesis theorem is proven. The system will extract from the proof a program body
that computes the specification. The resulting program is exactly the one given
in theorem 4.11.

Automatic support could be provided for nearly all of these steps. This, however, is
not even necessary since – due to the high level of abstraction – a user will be able to
derive a correct global search algorithm with just a few interactive steps even without
such strategic support.

We shall illustrate this strategy by the same real programming problem which has
been used in [29] to demonstrate the capabilities of the KIDS system. The derivation
selects the non-well-founded GS-theory gs seq over set and can be justified only via
the newly introduced concept of wf-filters.

Example 4.13 (Synthesis of an Algorithm enumerating Costas Arrays)
In [6], Costas introduced a class of permutations that can be used to generate radar
and sonar signals with ideal ambiguity functions. Since then, many publications
have investigated combinatorial properties of these permutations, now known as
Costas arrays, but no general construction has been found. A Costas array is a
permutation of the set {1..n} such that there are no duplicate elements in any
row of its difference table which in its first row gives the difference of adjacent
elements of the permutation, in the second the difference of every other element,
and so on. To state the problem we have to introduce definitions for permutations
and rows in the difference table of a sequence p.

perm(L,S) ≡ nodups(L) ∧ range(L)=S
dtrow(p,j) ≡ [pi-pi+j|i ∈[1..|p|-j] ]

1. Given the above definitions a program constructing all the Costas arrays of order
n can be specified as follows.
` FUNCTION Costas(n:ZZ):Set( Seq(ZZ) ) WHERE n≥1

RETURNS {p | perm(p,{1..n}) ∧ ∀j ∈domain(p).nodups(dtrow(p,j))}
2. After applying theorem 4.12 the subgoal is to determine appropriate parameters

G,Φ,θ and Ψ, i.e. we have to prove the following goal.
` ∃G:GS. G is a GS-Theory
∧ ∃θ:ZZ6→DG. G generalizes spec with θ
∧ ∃Φ:Filters(G). Phi wf-filter for G ∧ Φθ necessary for Gθ(spec)
∧ ∃Ψ:Filters(Gθ(spec)). Ψ necessary for Gθ(spec)
where spec =

〈〈 ZZ, Seq(ZZ), λn.n≥1,
λn,p. perm(p,{1..n}) ∧ ∀j ∈domain(p).nodups(dtrow(p,j))

〉〉
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3. The four parameters can now be determined as follows
(a) The range type of gs seq over set(ZZ) (α has been instantiated with ZZ) fits

Seq(ZZ), the range type of our problem. Lemma 4.3 proves that we have
selected a GS theory.

(b) After applying lemma 4.8 we have to show
∀n:ZZ. n≥1 ⇒ ∃S:Set(ZZ).
∀p:Seq(ZZ). perm(p,{1..n}) ∧ ∀j ∈domain(p).nodups(dtrow(p,j))

⇒ range(p)⊆S

Instantiating the definition of perm(p,{1..n}) and applying a standard lemma
about set equality (S’=S ⇔ S’⊆S ∧ S⊆S’) leads to S={1..n} and the substi-
tution θ=λn.{1..n}.

(c) Using lemma 4.5(3) we select the wf-filter Φ=λS,V.nodups(V) and get after
specialization Φθ=λn,V.nodups(V). It is not very difficult to check the condi-
tion for Φθ being necessary:
∃p:Seq(ZZ). perm(p,{1..n}) ∧ ∀j ∈domain(p).nodups(dtrow(p,j)) ∧ Vvp
⇒ nodups(V)

(d) By the laws of nodups and dtrow we can infer with little effort
∃p:Seq(ZZ). perm(p,{1..n}) ∧ ∀j ∈domain(p).nodups(dtrow(p,j)) ∧ Vvp
⇒ ∀j ∈domain(p).nodups(dtrow(V,j))
Thus we can add as additional necessary Filter for the specialized GS-theory:
Ψ:=λn,V. ∀j ∈domain(W).nodups(dtrow(V,j))

4. Now the derivation is complete and the system will extract a correct global search
algorithm computing all Costas arrays of order n. The algorithm is presented
below (in mathematical notation).

letrec Costasaux(n,V) =
{ p | p ∈{V} ∧ perm(p,{1..n}) ∧ ∀j ∈domain(p).nodups(dtrow(p,j)) }

∪ ⋃ { Costasgs(n,W) | W ∈{V•i|i ∈{1..n}} ∧ nodups(W)
∧ ∀j ∈domain(W).nodups(dtrow(W,j)) }in

if nodups([]) ∧ ∀j ∈domain([]).nodups(dtrow([],j))
then Costasgs(n,[])
else ∅

This algorithm can obviously be optimized after it has been generated but we
shall not discuss this here.

Conclusion

We have presented a rigorous formalization of the meta-theory of programming within
the object language of constructive type theory using reflected notions of programming
concepts such as specifications, programs, and correctness. Our framework makes it
possible to specify program-synthesizing strategies in the object language and to prove
formal theorems about their behavior which can be used as derived inference rules for
the underlying calculus. Our framework provides a straightforward and efficient way
to create verifiably correct implementations of program synthesis strategies and to
turn an existing general inference system into a high level reasoning system special-
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ized in the area of program development. By a formalization of a strategy for deriving
global search algorithms we have demonstrated that it is possible to use rigorous math-
ematical formalizations in a practical setting. We have shown that it is even possible
to refine and improve existing program design tactics since the explicit formalization
of the knowledge contained in them leads to clearer insights about their behavior.

Our framework can not only be used for representing synthesis strategies based on
algorithm schemata (although it can most easily be explained by these) but is also ap-
plicable to strategies based on transformations (see our formalization of LOPS in [15])
or on extracting programs from constructive proofs. Because of the rigorous mathe-
matical approach our formal framework is more general than the existing approaches
to program synthesis since these depend on the peculiarities of the synthesis paradigm
(i.e. proofs-as-programs, transformations, or algorithm schemata) in which they are
formulated. Thus it makes it possible to integrate different approaches to program
synthesis in a uniform way. Furthermore it provides a means to combine the strengths
of formal logical calculi with those of ‘informally’ described derivation strategies by
raising the level of abstraction of the formal object language to one comprehensible
for programmers.

Compared to approaches based on logical calculi and extracting programs from
formal proofs we gain efficiency in two ways. Firstly, most of the reasoning to be
performed during program development is moved to the proofs of the formal meta-
theorems which are elaborated once and for all while developing the program synthesis
system itself. This leads to a significant efficiency improvement of the derivation
process to be performed. Secondly, the generated code does not depend on the quality
of a general mechanism for extracting programs from constructive proofs [25] but is
an instantiation of the program which has been explicitly provided and verified in
the proof of the theorem. Thus meta-theorems allow to control the structure of the
generated algorithms in a much more flexible way and to generate arbitrary recursive
and very efficient programs without running into undecidability problems.

Compared to less rigorous derivation strategies based on informal descriptions on
paper we gain reliability which cannot be guaranteed by the hand-coded implementa-
tions of these strategies. Because of the high level of abstraction in our formal object
language a formalization of an informally described concept can easily be recognized
as faithful. On the other hand it can directly be used as key component of an im-
plementation of the strategy within the underlying proof system which guarantees
the correctness of all the reasoning steps performed at derivation time. Altogether
the step from presenting strategy on paper to its verifiably correct realization on a
computer is very small.

To realize our approach we could rely on several well-known theoretical insights
and techniques. A comprehensible representation of formal theories is the main pur-
pose of the definition mechanism of the NuPRL proof development systems [4]. The
concept of tactics aims at specializing general inference systems towards a particular
application. Using meta-theorems and reflection as a general technique to control
the application of tactics has already been investigated in [12, 13, 1]. In Isabelle [22]
meta-theorems about reasoning within some object logic are used to generate derived
inference rules for this logic. These rather general techniques have been combined and
elaborated in a novel way to make meta-programming more rigorous in a practical
setting and to support a true cooperation between human programmers and formal
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program synthesis systems.
The approach presented here is not restricted to program derivation. In principle,

it also applies to algorithmic optimization, data type refinement, theorem proving
strategies, planning methods, and other techniques which can be understood as log-
ical deduction. Therefore we believe that a rigorous use of formal mathematics is
a promising approach towards implementing flexible, practically useful, trustworthy,
and efficient systems for knowledge based software engineering.
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