Plausibility Measures: A General Approach For Representing Uncertainty

Joseph Y. Halpern^∗ Cornell University Dept. of Computer Science Ithaca, NY 14853

        halpern@cs.cornell.edu
http://www.cs.cornell.edu/home/halpern

1 Introduction

The standard approach to modeling uncertainty is probability theory. In recent years, researchers, motivated by varying concerns including a dissatisfaction with some of the axioms of probability and a desire to represent information more qualitatively, have introduced a number of generalizations and alternatives to probability, including Dempster-Shafer belief functions [Shafer, 1976], possibility measures [Dubois and Prade, 1990], lexicographic probability [Blume et al., 1991], and many others. Rather than investigating each of these approaches piecemeal, I consider here an approach to representing uncertainty that generalizes them all, and lets us understand their commonalities and differences.

A plausibility measure [Friedman and Halpern, 1995] associates with a set a plausibility, which is just an element in a partially ordered space. The only real requirement is that if U is a subset of V , then the plausibility of U is less than equal to the plausibility of V . Probability measures are clearly plausibility measures; every other representation of uncertainty that I am aware of can also be viewed as a plausibility measure. Given how little structure plausibility measures have, it is perhaps not surprising that plausibility measures generalize so many other notions. This very lack of structure turns out to be a significant advantage. By adding structure on an “as needed” basis, it is possible to characterize what is required to ensure that a plausibility measure has certain properties of interest. This both gives insight into the essential features of the properties in question and makes it possible to prove general results that apply to many representations of uncertainty.

In this paper, I discuss three examples of this phenomenon.

• belief, belief revision, and default reasoning,

• expectation and decision making,

• compact representations of uncertainty (Bayesian networks).

Most of the discussion is based on earlier work (some of it joint with Nir Friedman). In the next two sections I define plausibility measures and conditional plausibility measures. The next three sections considers each of the topics above in more detail.

∗Supported in part by NSF under grants IRI-96-25901 and IIS- 0090145.

2 Plausibility Measures

A probability space is a tuple (W, F, μ), where W is a set of worlds, F is an algebra of measurable subsets of W (that is, a set of subsets closed under union and complementation to which we assign probability), and μ is a probability measure, that is, a function mapping each set in F to a number in [0, 1] satisfying the well-known Kolmogorov axioms (μ(∅) = 0, μ(W ) = 1, and μ(U ∪ V ) = μ(U) + μ(V ) if U and V are disjoint).^1

A plausibility space is a direct generalization of a probability space. Simply replace the probability measure μ by a plausibility measure Pl that, rather than mapping sets in F to numbers in [0, 1], maps them to elements in some arbitrary partially ordered set. Pl(U) is read “the plausibility of set U”. If Pl(U) ≤ Pl(V ), then V is at least as plausible as U. Formally, a plausibility space is a tuple S = (W, F, Pl), where W is a set of worlds, F is an algebra over W , and Pl maps sets in F to some set D of plausibility values partially ordered by a relation ≤_D (so that ≤_D is reflexive, transitive, and anti-symmetric). D is assumed to include two special elements, ⊤_D and ⊥_D, such that ⊥_D ≤_D d ≤_D ⊤_D for all d ∈ D. In the case of probability measures, D = [0, 1], and ⊤_D and ⊥_D are 1 and 0, respectively. As usual, the ordering <_D is defined by taking d_1 <_D d_2 if d_1 ≤_D d_2 and d_1 ≠ d_2. I omit the subscript D from ≤_D, <_D, ⊤_D, and ⊥_D whenever it is clear from context.

There are three requirements on plausibility measures. The first two are analogues of the conventions that hold for all representations of uncertainty: the whole space gets the maximum plausibility and the empty set gets the minimum plausibility. The third requirement says that a set must be at least as plausible as any of its subsets.

Pl1. Pl(W ) = ⊤.

Pl2. Pl(∅) = ⊥.

Pl3. If U ⊆ V , then Pl(U) ≤ Pl(V ).

Since ≤_D is a partial order, Pl3 says that, if U ⊆ V , then the plausibility of U is comparable to the plausibility of V and, moreover, Pl(U) ≤ Pl(V ).

1Frequently it is also assumed that μ is countably additive, i.e., if Ui, i > 0, are pairwise disjoint, then μ( ⋃ i Ui) = ∑ i μ(Ui). Since I focus on finite state spaces here, countable additivity does not play a significant role, so I do not assume it.

Clearly probability spaces are instances of plausibility spaces. Almost all other representations of uncertainty in the literature can also be viewed as instances of plausibility measures. Here are some examples:

• A belief function on W is a function Bel : 2^W → [0, 1] satisfying certain axioms [Shafer, 1976]. These axioms certainly imply property Pl3, so a belief function is a plausibility measure. There is a corresponding plausibility function Plaus defined as Plaus(U) = 1 − Bel(U).^2

• A possibility measure [Dubois and Prade, 1990] on W is a function Poss : 2^W → [0, 1] such that Poss(W ) = 1, Poss(∅) = 0, and Poss(U) = sup_{w∈U} (Poss({w}).

• An ordinal ranking (or κ-ranking) κ on W (as defined by [Goldszmidt and Pearl, 1992], based on ideas that go back to [Spohn, 1988]) is a function mapping subsets of W to IN^∗ = IN ∪ {∞} such that κ(W ) = 0, κ(∅) = ∞, and κ(U) = min_{w∈U} (κ({w})). Intuitively, an ordinal ranking assigns a degree of surprise to each subset of worlds in W , where 0 means unsurprising and higher numbers denote greater surprise. It is easy to see that a ranking κ is a plausibility measure with range IN, where x ≤_{IN} ∗ y if and only if y ≤ x under the usual ordering.

• A lexicographic probability system (LPS) [Blume et al., 1991] of length m is a sequence ⃗μ = (μ_0, . . . , μ_m) of probability measures. Intuitively, the first measure in the sequence, μ_0, is the most important one, followed by μ_1, μ_2, and so on. Very roughly speaking, the probability assigned to an event U by a sequence such as (μ_0, μ_1) can be taken to be μ_0(U) + ϵμ_1(U), where ϵ is an infinitesimal. Thus, even if the probability of U according to μ_0 is 0, U still has a positive (although infinitesimal) probability if μ_1(U) > 0.

In all these cases, the plausibility ordering is total. But there are also cases of interest where the plausibility ordering is not total. For example, suppose that P is a set of probability measures on W . Let P_∗ be the lower probability of P, so that P_∗(U) = inf{μ(U) : μ ∈ P}. Similarly, the upper probability P^∗ is defined as P^∗(U) = sup{μ(U) : μ ∈ P}.

Both P_∗ and P^∗ give a way of comparing the likelihood of two subsets U and V of W . These two ways are incomparable: it is easy to find a set P of probability measures on W and subsets U and V of W such that P_∗(U) < P_∗(V ) and P^∗(U) > P^∗(V ). Rather than choosing between P_∗ and P^∗, we can associate a different plausibility measure with P that captures both. Let D_{P∗,P} ∗ = {(a, b) : 0 ≤ a ≤ b ≤ 1} and define (a, b) ≤ (a^′, b^′) iff b ≤ a^′. This puts a partial order on D_{P∗,P} ∗ , with ⊥_{DP∗,P∗} = (0, 0) and ⊤_{DP∗,P∗} = (1, 1). Define Pl_{P∗,P} ∗ (U) = (P_∗(U), P^∗(U)). Thus, Pl_{P∗,P} ∗ associates with a set U two numbers that can be thought of as defining an interval in terms of the lower and upper probability of U. It is easy to check that Pl_{P∗,P} ∗ (U) ≤ Pl_{P∗,P} ∗ (V ) if the upper probability of U is less than or equal to the lower

2The word “plausibility” is slightly overloaded, appearing both in the context of “plausibility function” and “plausibility measure”. Plausibility functions will play only a minor role in this paper, so there should not be much risk of confusion.

probability of V . Clearly, Pl_{P∗,P} ∗ satisfies Pl1–3, so it is indeed a plausibility measure, but one that puts only a partial (pre)order on events. A similar plausibility measure can be associated with a belief/plausibility function.

The trouble with P_∗, P^∗, and even Pl_{P∗,P} ∗ is that they lose information. For example, it is not hard to find a set P of probability measures and subsets U, V of W such that μ(U) ≤ μ(V ) for all μ ∈ P and μ(U) < μ(V ) for some μ ∈ P, but P_∗(U) = P_∗(V ) and P^∗(U) = P^∗(V ). Indeed, there exists an infinite set P of probability measures such that μ(U) < μ(V ) for all μ ∈ P but P_∗(U) = P_∗(V ) and P^∗(U) = P^∗(V ). If all the probability measures in P agree that U is less likely than V , it seems reasonable to conclude that U is less likely than V . However, none of P_∗, P^∗, or Pl_{P∗,P} ∗ necessarily draw this conclusion.

It is not hard to associate yet another plausibility measure with P that does not lose this important information (and does indeed conclude that U is less likely than V ). Suppose, without loss of generality, that there is some index set I such that P = {μ_i : i ∈ I}. Thus, for example, if P = {μ_1, . . . , μ_n}, then I = {1, . . . , n}. (In general, I may be infinite.) Let D_I consist of all functions from I to [0, 1]. The standard pointwise ordering on functions—that is, f ≤ g if f(i) ≤ g(i) for all i ∈ I—gives a partial order on D_I . Note that ⊥_{DI} is the function f : I → [0, 1] such that f(i) = 0 for all i ∈ I and ⊤_{DI} is the function g such that g(i) = 1 for all i ∈ I. For U ⊆ W , let f_U be the function such that f_U (i) = μ_i(U) for all i ∈ I. Define the plausibility measure Pl_P by taking Pl_P (U) = f_U . Thus, Pl_P (U) ≤ Pl_P (V ) iff f_U (i) ≤ f_V (i) for all i ∈ I iff μ(U) ≤ μ(V ) for all μ ∈ P. It is easy to see that f_∅ = ⊥_{DI} and f_W = ⊤_{DI} . Clearly Pl_P satisfies Pl1–3. Pl1 and Pl2 follow since Pl_P (∅) = f_∅ = ⊥_{DI} and Pl_P (W ) = f_W = ⊤_{DI} , while Pl3 holds because if U ⊆ V , then μ(U) ≤ μ(V ) for all μ ∈ P.

To see how this representation works, consider a simple example where a coin which is known to be either fair or double-headed is tossed. The uncertainty can be represented by two probability measures on μ_1, which gives heads probability 1, and μ_2 which gives heads probability 1/2. Taking the index set to be {1, 2}, this gives us a plausibility measure Pl_P such that Pl_P (H) is a function f such that f(1) = 1 and f(2) = 1/2; similarly, Pl_P (T ) is a function f^′ such that f^′(1) = 0 and f^′(2) = 1/2.

3 Conditional Plausibility

Suppose an agent’s beliefs are represented by a plausibility measure Pl. How should these beliefs be updated in light of new information? The standard approach to updating in probability theory is by conditioning. Most other representations of uncertainty have an analogue to conditioning. Indeed, compelling arguments have been made in the context of probability to take conditional probability as a primitive notion, rather than unconditional probability. The idea is to start with a primitive notion Pr(·|·) satisfying some constraints (such as Pr(U ∪ U^′|V ) = Pr(U|V ) + Pr(U^′|V ) if U and U^′ are disjoint) rather than starting with an unconditional probability measure and defining conditioning in terms of it. The advantage of taking conditional probability as primitive is that it allows conditioning on events of unconditional probability 0. (If W is the whole space, the unconditional probability of V can be identified with Pr(V |W ); note that Pr(U|V ) may be well defined even if Pr(V |W ) = 0.) Although conditioning on events of measure 0 may seem to be of little practical interest, it turns out to play a critical role in game theory (see, for example, [Blume et al., 1991; Myerson, 1986]), the analysis of conditional statements (see [Adams, 1966; McGee, 1994]), and in dealing with nonmonotonicity (see, for example, [Lehmann and Magidor, 1992]).

Most other representations of uncertainty also have an associated notion of conditioning. I now discuss a notion of conditional plausibility that generalizes them all. A conditional plausibility measure (cpm) maps pairs of subsets of W to some partially ordered set D. I write Pl(U|V ) rather than Pl(U, V ), in keeping with standard notation. An important issue in defining conditional plausibility is to make precise what the allowable arguments to Pl are. I take the domain of a cpm to have the form F × F^′ where, roughly speaking, F^′ consists of those sets in F on which conditioning is allowed. For example, for a conditional probability measure defined in the usual way from an unconditional probability measure μ, F^′ consists of all sets V such that μ(V ) > 0. (Note that F^′ is not an algebra—it is not closed under complementation.) A Popper algebra over W is a set F × F^′ of subsets of W × W satisfying the following properties: Acc1. F is an algebra over W . Acc2. F^′ is a nonempty subset of F.

Acc3. F^′ is closed under supersets in F; that is, if V ∈ F^′, V ⊆ V^′, and V^′ ∈ F, then V^′ ∈ F^′.

(Popper algebras are named after Karl Popper, who was the first to consider formally conditional probability as the basic notion [Popper, 1968]. This definition of cpm is from [Halpern, 2000a] which in turn is based on the definition in [Friedman and Halpern, 1995].)

A conditional plausibility space (cps) is a tuple (W, F, F^′, Pl), where F × F^′ is a Popper algebra over W , Pl : F × F^′ → D, D is a partially ordered set of plausibility values, and Pl is a conditional plausibility measure (cpm) that satisfies the following conditions: CPl1. Pl(∅|V ) = ⊥. CPl2. Pl(W |V ) = ⊤.

CPl3. If U ⊆ U^′, then Pl(U|V ) ≤ Pl(U^′|V ). CPl4 Pl(U|V ) = Pl(U ∩ V |V ).

CPl1–3 are the obvious analogues to Pl1–3. CPl4 is a minimal property that guarantees that when conditioning on V , everything is relativized to V . It follows easily from CPl1–4 that Pl(·|V ) is a plausibility measure on V for each fixed V . A cps is acceptable if it satisfies Acc4. If V ∈ F^′, U ∈ F, and Pl(U|V ) ≠ ⊥, then U ∩ V ∈ F^′.

Acceptability is a generalization of the observation that if Pr(V ) ≠ 0, then conditioning on V should be defined. It says that if Pl(U|V ) ≠ ⊥_D, then conditioning on V ∩ U should be defined. A cps (W, F, F^′, Pl) is standard if F^′ = {U : Pl(U|W ) ≠ ⊥}.

CPl1–4 are rather minimal requirements. For example, they do not place any constraints on the relationship between Pl(U|V ) and Pl(U|V^′) if V ≠ V^′. One natural additional condition is the following.

CPl5. If V ∩ V^′ ∈ F^′ and U, U^′ ∈ F, then Pl(U|V ∩ V^′) ≤ Pl(U^′|V ∩ V^′) iff Pl(U ∩ V |V^′) ≤ Pl(U^′ ∩ V |V^′).

It is not hard to show that CPl5 implies CPl4. While it seems reasonable, note that CPl5 does not hold in some cases of interest. For example, there are two well-known ways of defining conditioning for belief functions (see [Halpern and Fagin, 1992]), one using Dempster’s rule of combination and the other treating belief functions as lower probabilities. They both satisfy CPl1–4, and neither satisfies CPl5.

Many plausibility spaces of interest have more structure. In particular, there are analogues to addition and multiplication. More precisely, there is a way of computing the plausibility of the union of two disjoint sets in terms of the plausibility of the individual sets and a way of computing Pl(U ∩ V |V^′) given Pl(U|V ∩ V^′) and Pl(V |V^′). A cps (W, F, F^′, Pl) where Pl has range D is algebraic if it is acceptable and there are functions ⊕ : D × D → D and ⊗ : D × D → D such that the following properties hold:

Alg1. If U, U^′ ∈ F are disjoint and V ∈ F^′ then Pl(U ∪ U^′|V ) = Pl(U|V ) ⊕ Pl(U^′|V ).

Alg2. If U ∈ F, V ∩ V^′ ∈ F^′, then Pl(U ∩ V |V^′) = Pl(U|V ∩ V^′) ⊗ Pl(V |V^′).

Alg3. ⊗ distributes over ⊕; more precisely, a ⊗ (b_1 ⊕ · · · ⊕ b_n) = (a ⊗ b_1) ⊕ · · · ⊕ (a ⊗ b_n) if (a, b_1), . . . , (a, b_n), (a, b_1 ⊕ · · · ⊕ b_n) ∈ Dom_{Pl}(⊗) and (b_1, . . . , b_n), (a ⊗ b_1, . . . , a ⊗ b_n) ∈ Dom_{Pl}(⊕), where Dom_{Pl}(⊕) = {(Pl(U_1|V ), . . . , Pl(U_n|V )) : U_1, . . . , U_n ∈ F are pairwise disjoint and V ∈ F^′} and Dom_{Pl}(⊗) = {(Pl(U|V ∩ V^′), Pl(V |V^′)) : U ∈ F, V ∩ V^′ ∈ F^′}.

Alg4. If (a, c), (b, c) ∈ Dom_{Pl}(⊗), a⊗c ≤ b⊗c, and c ≠ ⊥, then a ≤ b.

I sometimes refer to the cpm Pl as being algebraic as well.

There are well-known techniques for extending some standard unconditional representations of uncertainty to conditional representations. All satisfy CPl1-4, when viewed as plausibility measures. (Indeed, as shown in [Halpern, 2000a], there is a construction for converting an arbitrary unconditional plausibility space (W, F, Pl) to an acceptable standard cps.) In many cases, the resulting cps is algebraic. But one important case that is not algebraic is conditional belief functions (using either definition of conditioning).

To give one example of a construction that does lead to an algebraic cps, consider LPS’s. Blume, Brandenburger, and Dekel 1991 (BBD) define conditioning in LPS’s as follows. Given ⃗μ and U ∈ F such that μ_i(U) > 0 for some index i, let ⃗μ|V = (μ_{k0} (·|V ), . . . , μ_{km} (·|V )), where (k_0, . . . , k_m) is the subsequence of all indices for which the probability of U is positive. Thus, the length of the LPS ⃗μ|V depends on V . Let D^k consist of all sequences (a_0, . . . , a_k) /∈ {(0, . . . , 0), (1, . . . , 1)} such that a_i ∈ [0, 1] for i = 0, . . . , k, and let D = {0, 1} ∪ (∪^∞_{k=0}D_k). Roughly speaking, 0 is meant to represent all sequences of the form (0, . . . , 0), whatever their length; similarly, 1 represents all sequences of the form (1, . . . , 1). Define a partial order ≤_D on D so that d_1 ≤_D d_2 if d_1 = 0, d_2 = 1, or d_1 and d_2 are vectors of the same length and d_1 is lexicographically less than or equal to d_2. Note that vectors of different length are incomparable.

An unconditional LPS ⃗μ defined on an algebra F over W can then be extended to a standard cps (W, F, F^′, ⃗μ) using the definition of conditioning above. Note that although ⃗μ(U|V ) may be incomparable to ⃗μ(U^′|V^′) for V ≠ V^′, ⃗μ(U|V ) will definitely be comparable to ⃗μ(U^′|V ). Moreover, the definition of 0 and 1 guarantees that 0 = ⃗μ(∅|U^′) ≤_D ⃗μ(V |U) ≤_D ⃗μ(U^{′′}|U^{′′}) = 1 if U^′, U^{′′} ∈ F^′, as required by CPl1 and CPl2.

The cps (W, F, F^′, ⃗μ) is in fact algebraic; ⊕ and ⊗ are functions that satisfy the following constraints:

• if d_1 and d_2 are vectors of the same length, d_1 ⊕ d_2 = d_1 + d_2 (where + represents pointwise addition),

• d ⊕ 0 = 0 ⊕ d = d,

• d ⊗ 1 = 1 ⊗ d = d,

• 0 ⊗ d = d ⊗ 0 = 0,

• (a_1, . . . , a_m) ⊗ (⃗0, b_1,⃗0, . . . ,⃗0, b_m,⃗0) = (⃗0, a_1b_1,⃗0, . . . ,⃗0, a_mb_m,⃗0), where ⃗0 represents a possibly empty sequence of 0s, and b_1, . . . , b_m > 0.

I leave it to the reader to check that these definitions indeed make the cps algebraic.

A construction similar in spirit can be used to define a notion of conditioning appropriate for the representation Pl_P of a set P of plausibility measures; this also leads to an algebraic cps [Halpern, 2000a].

4 Belief Revision and Default Reasoning 4.1 Belief There have been many models used to capture belief. Perhaps the best known approach uses Kripke structures [Hintikka, 1962], where an agent believes φ if φ is true at all worlds the agent considers possible. In terms of events (sets of worlds), an agent believes U if U contains all the worlds that the agent considers possible. Another popular approach is to use probability: an agent believes U if the probability of U is at least 1 − ϵ for some appropriate ϵ ≥ 0.

One of the standard assumptions about belief is that it is closed under conjunction: if an agent believes U_1 and U_2, then the agent should also believe U_1 ∩ U_2. This holds for the definition in terms of Kripke structures. It holds for the probabilistic definition only if ϵ = 0. Indeed, identifying knowledge/belief with “holds with probability 1” is common, especially in the economics/game theory literature [Brandenburger and Dekel, 1987].

A number of other approaches to modeling belief have been proposed recently, in the game theory and philosophy literature. One, due to Brandenburger 1999, uses filters. Given a set W of possible worlds, a filter F is a nonempty set of subsets of W that (1) is closed under supersets (so that if U ∈ F and U ⊆ U^′, then U^′ ∈ F), (2) is closed under finite intersection (so that if U, U^′ ∈ F, then U ∩ U^′ ∈ F), and

(3) does not contain the empty set. Given a filter F, an agent is said to believe U iff U ∈ F. Note that the set of sets which are given probability 1 by a probability measure form a filter. Conversely, every filter F defines a finitely additive probability measure Pr: the sets in F get probability 1; all others get probability 0. We can also obtain a filter from the Kripke structure definition of knowledge. If the agent considers possible the set U ⊆ W , then let F consist of all superset of U. This is clearly a filter (consisting of precisely the events the agent believes). Conversely, in a finite space, a filter F determines a Kripke structure. The agent considers possible precisely the intersection of all the sets in F (which is easily seen to be nonempty). In an infinite space, a filter may not determine a Kripke structure precisely because the intersection of all sets in the filter may be empty. The events believed in a Kripke structure form a filter whose sets are closed under arbitrary intersection.

Another approach to modeling belief, due to Brandenburger and Keisler 2000, uses LPS’s. Say that an agent believes U in LPS ⃗μ if there is some j ≤ m such that μ_i(U) = 1 for all i ≤ j and μ_i(U) = 0 for i > j. It is easy to see that beliefs defined this way are closed under intersection. Brandenburger and Keisler give an elegant decision-theoretic justification for this notion of belief. Interestingly, van Fraassen 1995 defines a notion of belief using conditional probability spaces that can be shown to be closely related to the definition given by Brandenburger and Keisler.

Plausibility measures provide a framework for understanding what all these approaches have in common. Say that an agent believes U with respect to plausibility measure Pl if Pl(U) > Pl(U); that is, the agent believes U if U is more plausible than not. It is easy to see that, in general, this definition is not closed under conjunction. In the case of probability, for example, this definition just says that U is believed if the probability of U is greater than 1/2. What condition on a plausibility measure Pl is needed to guarantee that this definition of belief is closed under conjunction? Trivially, the following restriction does the trick:

Pl4^{′′}. If Pl(U_1) > Pl(U_1) and Pl(U_2) > Pl(U_2), then Pl(U_1 ∩ U_2) > Pl(U_1 ∩ U_2).

I actually want a stronger version of this property, to deal with conditional beliefs. An agent believes U conditional on V , if given V , U is more plausible than U, that is, if Pl(U|V ) > Pl(U|V ). In the presence of CPl5 (which I implicitly assume for this section), conditional beliefs are closed under conjunction if the following holds:

Pl4^′. If Pl(U_1 ∩V ) > Pl(U_1 ∩V ) and Pl(U_2 ∩V ) > Pl(U_2 ∩ V ), then Pl(U_1 ∩ U_2 ∩ V ) > Pl(U_1 ∩ U_2 ∩ V ).

A more elegant requirement is the following:

Pl4. If U_1, U_2, and U_3 are pairwise disjoint sets, Pl(U_1 ∪ U_2) > Pl(U_3), and Pl(U_1 ∪ U_3) > Pl(U_2), then Pl(U_1) > Pl(U_2 ∪ U_3).

In words, Pl4 says that if U_1 ∪ U_2 is more plausible than U_3 and if U_1 ∪ U_3 is more plausible than U_2, then U_1 by itself is already more plausible than U_2 ∪ U_3.

Remarkably, in the presence of Pl1–3, Pl4 and Pl4^′ are equivalent:

Proposition 4.1: ([Friedman and Halpern, 1996a]) Pl satisfies Pl1–4 iff Pl satisfies Pl1–3 and Pl4^′.

Thus, for plausibility measures, Pl4 is necessary and sufficient to guarantee that conditional beliefs are closed under conjunction. Proposition 4.1 helps explain why all the notions of belief discussed above are closed under conjunction. More precisely, for each notion of belief discussed earlier, it is trivial to construct a plausibility measure Pl satisfying Pl4 that captures it: Pl give plausibility 1 to the events that are believed and plausibility 0 to the rest.

Pl4 is required for beliefs to be closed under finite intersection (i.e., finite conjunction). It does not guarantee closure under infinite intersection. This is a feature: beliefs are not always closed under infinite intersection. The classic example is the lottery paradox [Kyburg, 1961]: Consider a situation with infinitely many individuals, each of whom holds a ticket to a lottery. It seems reasonable to believe that individual i will not win, for any i, yet that someone will win. If E_i is the event that individual i does not win, this amounts to believing E_1, E_2, E_3, . . . and also believing ∪_iE_i (and not believing ∩_iE_i). It is easy to capture this with a plausibility measure. Let W = {w_1, w_2, . . .}, where w_i is the world where individual i wins (so that E_i = W −{w_i}). Let Pl_{lot} be a plausibility measure that assigns plausibility 0 to the empty set, plausibility 1/2 to all finite sets, and plausibility 1 to all infinite sets. It is easy to see that Pl_{lot} ratifies Pl4. Nevertheless, each of E_1 is believed according to Pl_{lot}, as is ∪_iE_i.

As shown in [Friedman et al., 2000], the key property that guarantees that (conditional) beliefs are closed under infinite intersection is the following generalization of Pl4:

Pl4^∗. For any index set I such that 0 ∈ I, if {U_i : i ∈ I} are pairwise disjoint sets, U = ∪_{i∈I} U_i, and for all i ∈ I − {0}, Pl(U − U_i) > Pl(U_i), then Pl(U_0) > Pl(U − U_0).

Because Pl4^∗ does not hold for Pl_{lot}, it can be used to represent the lottery paradox. Because Pl4^∗ does hold for the plausibility measure corresponding to beliefs in Kripke structure, belief in Kripke structures is closed under infinite conjunction. A countable version of Pl4^∗ holds for σ-additive probability measures, which is why probability-1 beliefs are closed under countable conjunctions (but not necessarily under arbitrary infinite conjunctions).

4.2 Belief Revision

An agent’s beliefs change over time. Conditioning has been the standard approach to modeling this change in the context of probability. However, conditioning has been argued to be inapplicable when it comes to belief revision, because an agent may learn something inconsistent with her beliefs. This would amount to conditioning on a set of measure 0. As a consequence, finding appropriate models of belief change has been an active area in philosophy and in both artificial intelligence [Gärdenfors, 1988; Katsuno and Mendelzon, 1991]. In the literature, two models have been studied in detail: Belief revision [Alchourrón et al., 1985; Gärdenfors, 1988] attempts to describe how an agent should accommodate a new belief (possibly inconsistent with his other beliefs) about a static world. Belief update [Katsuno and Mendelzon, 1991], on the other hand, attempts to describe how an agent should change his beliefs as a result of learning about a change in the world.

Belief revision and belief update describe only two of the many ways in which beliefs can change. Using plausibility, it is possible to construct a general framework for reasoning about belief change (see [Friedman and Halpern, 1997]). The key point is that it is possible to describe belief changing using conditioning with plausibility, even though it cannot be done with probability. Starting with a conditional plausibility measure satisfying Pl4 (this is necessary for belief to have the right properties) and conditioning on new information gives us a general model of belief change. Belief revision and belief update can be captured by putting appropriate constraints on the initial plausibility [Friedman and Halpern, 1999]. The same framework can be used to capture other notions of belief change, such as a general Markovian models of belief change [Friedman and Halpern, 1996b] and belief change with unreliable observations [Boutilier et al., 1998]. The key point is that belief change simply becomes conditioning (and iterated belief change becomes iterated conditioning).

4.3 Default Reasoning It has been argued that default reasoning plays a major role in commonsense reasoning. Perhaps not surprisingly, there have been many approaches to default reasoning proposed in the literature (see [Gabbay et al., 1993; Ginsberg, 1987]). Many of the recent approaches to giving semantics to defaults can be viewed as considering structures of the form (W, X, π), where W is a set of possible worlds, π(w) is a truth assignment to primitive propositions for each world w ∈ W , and X can be viewed as a “measure” on W . Some examples of X include possibility measures [Dubois and Prade, 1991], κ-rankings [Goldszmidt and Pearl, 1996], parameterized probability distributions [Pearl, 1989] (these are sequences of probability distributions; the resulting approach is more commonly known as ϵ-semantics), and preference orders [Kraus et al., 1990; Lewis, 1973].

Somewhat surprisingly, all of these approaches are characterized by the six axioms and inference rules, which have been called the KLM properties (since they were discussed by Kraus, Lehmann, and Magidor 1990). Assume (as is typical in the literature) that defaults are expressed in terms of an operator →, where φ→ψ is read “if φ then typically/likely/by default ψ. For example, the default “birds typically fly” is represented Bird→Fly. We further assume for now that the formulas φ and ψ that appear in defaults come from some propositional language L with a consequence relation ⊢_L.

LLE. If ⊢_L φ ⇔ φ^′, then from φ→ψ infer φ^′→ψ (left logical equivalence).

RW. If ⊢_L ψ ⇒ ψ^′, then from φ→ψ infer φ→ψ^′ (right weakening).

REF. φ→φ (reflexivity).

AND. From φ→ψ_1 and φ→ψ_2 infer φ→ψ_1 ∧ ψ_2.

OR. From φ_1→ψ and φ_2→ψ infer φ_1 ∨ φ_2→ψ.

CM. From φ→ψ_1 and φ→ψ_2 infer φ ∧ ψ_2→ψ_1 (cautious monotonicity).

LLE states that the syntactic form of the antecedent is irrelevant. Thus, if φ_1 and φ_2 are equivalent, we can deduce φ_2→ψ from φ_1→ψ. RW describes a similar property of the consequent: If ψ (logically) entails ψ^′, then we can deduce φ→ψ^′ from φ→ψ. This allows us to combine default and logical reasoning. REF states that φ is always a default conclusion of φ. AND states that we can combine two default conclusions. If we can conclude by default both ψ_1 and ψ_2 from φ, then we can also conclude ψ_1 ∧ ψ_2 from φ. OR states that we are allowed to reason by cases. If the same default conclusion follows from each of two antecedents, then it also follows from their disjunction. CM states that if ψ_1 and ψ_2 are two default conclusions of φ, then discovering that ψ_2 holds when φ holds (as would be expected, given the default) should not cause us to retract the default conclusion ψ_1.

The fact that the KLM properties characterize so many different semantic approaches has been viewed as rather surprising, since these approaches seem to capture quite different intuitions. As Pearl 1989 said of the equivalence between ϵsemantics and preferential structures, “It is remarkable that two totally different interpretations of defaults yield identical sets of conclusions and identical sets of reasoning machinery.” Plausibility measures help us understand why this should be so. In fact, plausibility measures provide a much deeper understanding of exactly what properties a semantic approach must have in order to be characterized by the KLM properties.

The first step to obtaining this understanding is to give semantics to defaults using plausibility. A plausibility structure is a tuple (W, Pl, π), where Pl is a plausibility measure on W . A conditional φ→ψ holds in this structure if either Pl([[φ]]) = ⊥ or Pl([[φ ∧ ψ]]) > Pl([[φ ∧ ¬ψ]]) (where [[σ]] is the set of worlds satisfying the formula σ). This approach is just a generalization of the approach first used to define defaults with possibility measures [Dubois and Prade, 1991]. Note that if Pl satisfies CPl5, this is equivalent to saying that Pl([[ψ]]|[[φ]]) > Pl([[¬ψ]]|[[φ]]) if [[φ]] ≠ ⊥ (the implicit assumption here is that [[φ]] ∈ F^′ iff [[φ]] ≠ ⊥).

While this definition of defaults in terms of plausibility is easily seen to satisfy REF, RW, and LLE, it does not satisfy AND, OR, or CM in general. It is easy to construct counterexamples taking Pl to be a probability measure Pr (in which case the definition boils down to φ→ψ if Pr([[φ]]) = 0 or Pr([[ψ]]|[[φ]]) > 1/2). As observed earlier, if Pl satisfies Pl4 (which it does not in general if Pl is a probability measure), then the AND rule is satisfied. As shown in [Friedman and Halpern, 1996a], Pl4 also suffices to guarantee CM (cautious monotonicity). The only additional property that is needed to guarantee that OR holds is the following:

Pl5. If Pl(U) = Pl(V ) = ⊥, then Pl(U ∪ V ) = ⊥.

A plausibility structure (W, Pl, π) is qualitative if Pl satisfies Pl1–5. In [Friedman and Halpern, 1996a], it is shown that a necessary and sufficient condition for a collection of plausibility structures to satisfy the KLM properties is that they be qualitative. More precisely, given a class P of plausibility structures, a default d is entailed by a set Δ of defaults in P, written Δ |=_P d, if all structures in P that satisfy all the defaults in Δ also satisfy d. Let S^{QP L} consist of all qualitative plausibility structures. Write Δ ⊢_P φ→ψ if φ→ψ is provable from Δ using the KLM properties.

Theorem 4.2: [Friedman and Halpern, 1996a] S ⊆ S^{QP L} if and only if for all Δ, φ, and ψ, if Δ ⊢_P φ→ψ then Δ |=_S φ→ψ.

In [Friedman and Halpern, 1996a], it is shown that possibility structures, κ-structures, preferential structures, and PPDs can all be viewed as qualitative plausibility structures. Theorem 4.2 thus shows why the KLM properties hold in all these cases. Why are there no further properties (that is, why are the KLM properties not only sound, but complete)? To show that the KLM properties are complete with respect to a class S of structures, we have to ensure that S contains “enough” structures. In particular, if Δ ⊬_P φ→ψ, we want to ensure that there is a plausibility structure P L ∈ S such that P L |=_{P L} Δ and P L|̸=_{P L}φ→ψ. The following weak condition on S guarantees this.

Definition 4.3: We say that S is rich if for every collection φ_1, . . . , φ_n, n > 1, of mutually exclusive formulas, there is a plausibility structure P L = (W, Pl, π) ∈ S such that:

Pl([[φ_1]]) > Pl([[φ_2]]) > · · · > Pl([[φ_n]]) = ⊥.

The richness condition is quite mild. Roughly speaking, it says that we do not have a priori constraints on the relative plausibilities of a collection of disjoint sets. It is easily seen to hold for the plausibility structures that arise from preferential structures (resp., possibility structures, κ-structures, PPDs). More importantly, richness is a necessary and sufficient condition to ensure that the KLM properties are complete.

Theorem 4.4: [Friedman and Halpern, 1996a] A set S of qualitative plausibility structures is rich if and only if for all finite Δ and defaults φ→ψ, we have that Δ |=_S φ→ψ implies Δ ⊢_P φ→ψ.

This result shows that if the KLM properties are sound with respect to a class of structures, then they are almost inevitably complete as well. More generally, Theorems 4.2 and 4.4 explain why the KLM properties are sound and complete for so many approaches.

The discussion up to now has focused on propositional defaults, but using plausibility, it is fairly straightforward to extend to the first-order case; see [Friedman et al., 2000].

5 Expectation and Decision Theory

Agents must make decisions. Perhaps the best-known rule for decision making is that of maximizing expected utility. This requires that agents have probabilities for many events of interest, and numerical utilities. But many other decision rules have been proposed, including minimax, regret minimization, and rules that involve representations of uncertainty other than probability. Again, using plausibility allows us to understand what is required to get various desirable properties of decision rules.

Since expectation plays such a key role in maximizing expected utility, I start by considering expectation. Given a probability measure μ on some sample space W , the corresponding expectation function E_μ maps gambles over W

(that is, random variables with domain W and range the reals) to reals. There are a number of equivalent definitions of E_μ. The standard one is

E_μ(X) = ∑ x∈V(X)

xμ(X = x). (1)

(Here I am implicitly assuming that X = x (that is, the set {w : X(w) = x}) is measurable.)

As is well known, E_μ is linear (E_μ(aX +Y ) = aE_μ(X)+ E_μ(Y )), monotonic (if X ≤ Y , then E_μ(X) ≤ E_μ(Y )), and it maps a constant function to its value (that is, ã is the gamble that maps all elements of W to a, the E_μ(ã) = a). Moreover, these three properties characterize probabilistic expectation functions. If an expectation function E has these properties, then E = E_μ for some probability measure μ.

A W –D^′ expectation function is simply a mapping from random variables with domain W and range some ordered set D^′ to D^′. Here I focus on expectation functions that are generated by some plausibility measure, just as E_μ is generated from μ, using a definition in the spirit of (1). To do this, we need analogues of + and ×, much in the spirit of (but not identical to) the ⊕ and ⊗ used in the definition of algebraic cps.

Definition 5.1 : An expectation domain is a tuple (D, D^′, ⊞, ⊠), where D and D^′ are sets ordered by ≤_D and ≤_D′ , respectively, D is a set of plausibility values (so that it has elements ⊥ and ⊤ such that ⊥ ≤_D d ≤_D ⊤ for all d ∈ D), ⊞ : D^′ × D^′ → D^′ and ⊠ : D^′ × D → D^′.

Given an expectation domain (D, D^′, ⊞, ⊠) and a plausibility measure Pl on some set W , it is possible to define a W –D^′ expectation function E_{Pl} by using the obvious analogue of (1), replacing + by ⊞ and × by ⊠.

What does this buy us? For one thing, we can try to characterize the properties of ⊞ and ⊠ that give E_{Pl} properties of interest, such as linearity and monotonicity (see [Halpern, 2000b] for details). For another, it turns out that all standard decision rules can be expressed as expected utility maximization with respect to an appropriate choice of plausibility measure, ⊞, and ⊠. To make this precise, assume that there is a set A of possible actions that an agent can perform. An action a maps a world w ∈ W to an outcome. For simplicity, I identify outcomes with world-action pairs (w, a). Assume that the agent has a utility function u on outcomes. In the examples below, the range of the utility function is the reals but, in general, it can be an arbitrary partially ordered set D^′. Let u_a be the random variable such that u_a(w) = u(w, a). The agent is uncertain about the actual world; this uncertainty is represented by some plausibility measure. The question is which action the agent should choose.

As I said earlier, if the agent’s uncertainty is represented by a probability measure μ, the standard decision rule is to choose the action that maximizes expected utility. That is, we choose an action a such that E_μ(a) ≥ E_μ(a^′) for all a^′ ∈ A. However, there are other well-known decision rules.

• For minimax, let worst(a) = min{u_a(w) : w ∈ W };

worst(a) is the utility of the worst-case outcome if a is performed. This too leads to a total preference order on actions, where a is preferred to a^′ if worst(a) ≥ worst(a^′). The minimax rule says to choose the action a (or one of them, in case of ties) such that worst(a) is highest. The action chosen according to this rule is the one with the best worst-case outcome. Notice that minimax makes sense no matter how uncertainty is represented. Now take D = {0, 1} and D^′ = IR, both with the standard order, and consider the plausibility measure Pl_{mm}, where Pl_{mm}(U) = 1 if U ≠ ∅ and Pl_{mm}(∅) = 0. Let ⊞ be min and let ⊠ be multiplication. With this choice of ⊞ and ⊠, it is easy to see that E_{Plmm} (u_a) = worst(a), so expected utility maximization with respect to Pl_{mm} is minimax.

• As a first step to defining regret minimization, for each world w, let a_w be an action that gives the best outcome in world w; that is, u(w, a_w) ≥ u(w, a) for all a ∈ A. The regret of a in world w is u(w, a_w )−u(w, a); that is, the regret of a in w is the difference between the utility of performing the best action in w (the action that the agent would perform, presumably, if she knew the actual world was w) and that of performing a in w. Finally, define regret(a) = max_{w∈W} regret(a, w). Intuitively, if regret(a) = k, then a is guaranteed to be within k of the best action the agent could perform, even if the she knew exactly what the actual world was. The decision rule of minimizing regret chooses the action a such that regret(a) is a minimum.

To express regret in terms of maximizing expected utility, it is easiest to assume that for each action a, max_{w∈W} u_a(w) = 1. This assumption is without loss of generality: if u^′(w, a) = u(w, a) − max_w′_{∈W} u(w^′, a) + 1, then max_{w∈W} u^′_a(w) = 1, and minimizing regret with respect u^′ gives the same result as minimizing regret with respect to u. With this assumption, take D = [−∞, 1] with the standard ordering and D^′ = IR with the reverse ordering, that is x <_D′ y if x > y. Let Pl_{reg} (U) = max_{w∈U, a∈A} u(a, w), let a ⊠ b = a − b, and let a ⊞ b = min(a, b). Intuitively, Pl(U) ⊠ b is the regret an agent would feel if she is given utility b but could have performed the action that would give her the best outcome on her choice of world in U. With this choice of ⊞ and ⊠, it is easy to see that E_{Plreg} (u_a) = regret(a), so expected utility maximization with respect to Pl_{reg} is just regret minimization (given the ordering on D^′).

• Suppose that uncertainty is represented by a set P of probability measures indexed by some set I. There are two natural ways to get a partial order on actions from P and a real-valued utility u. Define ⪰^1_P so that a ⪰^1_P a^′ iff min_{μ∈P} E_μ(u_a) ≥ max_{μ∈P} E_μ(u_{sa} ). That is, a is preferred to a^′ if the expected utility of performing a is at least that of performing a^′, regardless which probability measure in P describes the actual probability. Naturally, ⪰^1_P is only a partial order on actions. A more refined partial order can be obtained as follows: Define a ⪰^2_P a^′ if E_μ(u_a) ≥ E_μ(u_a′ ) for all μ ∈ P. It is easy to show that if a ⪰^1_P a^′ then a ⪰^2_P a^′, although the converse may not hold. For example, suppose that P = {μ, μ^′} and actions a and a^′ are such that E_μ(u_a) = 2, E_μ′ (u_a) = 4, E_μ(u_a′ ) = 1, and E_μ′ (u_a′ ) = 3. Then a and a^′ are incomparable according to ⪰^1_P , but a ⪰^2_P a^′.

Let the set D of plausibility values be that used for Pl_P , that is, the functions from I to [0, 1], with the pointwise ordering. Let D^′ be the functions from I to IR, let ⊞ be pointwise addition, and let ⊠ be pointwise multiplication. The difference between ⪰^1_P and ⪰^2_P is captured by considering two different orders on D^′. For ⪰^1_P , order D^′ by >^1_D′ , where f ≥^1_D′ g if min_{i∈I} f(i) ≥ max_{i∈I} g(i), while for ⪰^2_P , order D^′ by >^2_D′ , where f ≥^2_D′ g if f(i) ≥ g(i) for all i ∈ I. If E_{PlP} is the expectation function corresponding to this definition of ⊞ and ⊠, then it is easy to see that E_{PlP} (u_a) ≥^j_D′ E_{PlP} (u_a′ ) iff a ⪰^j_P a^′, for j = 1, 2.

It can be shown that every partial order on actions can be represented as the ordering induced by expected utility according to some plausibility measure on W . That is, given some partial order ⪰ on actions that can be taken in some set W of possible worlds, there is a plausibility measure Pl on W and expectation domain (D, D^′, ⊞, ⊠) such that the range of Pl is D and a utility function on W × A with range D^′ such that E_{Pl}(u_a) ≥ E_{Pl}(u_a′ ) iff a ⪰ a^′. Thus, viewing decision rules as instances of expected utility maximization with respect to the appropriate expectation function provides a general framework in which to study decision rules. For example, it becomes possible to ask what properties of an expectation domain are needed to get various of Savage’s 1954 postulates. I hope to report on this in future work.

6 Compact Representation of Uncertainty

Suppose that W is a set of possible worlds characterized by n binary random variables X = {X_1, . . . , X_n} (or, equivalently, n primitive propositions). That is, a world w ∈ W is a tuple (x_1, . . . , x_n), where x_i ∈ {0, 1} is the value of X_i. That means that there are 2^n worlds in W , say w_1, . . . , w_2n . A naive description of a probability measure on W requires 2^n − 1 numbers, α_1, . . . , α_2n_{−1}, where α_i is the probability of world w_i. (Of course, the probability of w_2n is determined by the other probabilities, since they must sum to 1.)

If n is relatively small, describing a probability measure in this naive way is not so unreasonable, but if n is, say, 1000 (certainly not unlikely in many practical applications), then it is completely infeasible. One of the most significant recent advances in AI has been in work on Bayesian networks [Pearl, 1988], a tool that allows probability measures to be represented in a compact way and manipulated in a computationally feasible way. I briefly review Bayesian networks here and then discuss the extent to which the ideas can be applied to other representations of uncertainty. More details can be found in [Halpern, 2000a].

Recall that a (qualitative) Bayesian network (sometimes called a belief network) is a dag, that is, a directed acyclic graph, whose nodes are labeled by random variables. Informally, the edges in a Bayesian network can be thought of as representing causal influence.

Given a Bayesian network G and a node X in G, think of the ancestors of X in the graph as those random variables that have a potential influence on X. This influence is mediated through the parents of X, those ancestors of X directly connected to X. That means that X should be conditionally independent of its ancestors, given its parents. The formal definition requires, in fact, that X be independent not only of its ancestors, but of its nondescendants, given its parents, where the nondescendants of X are those nodes Y such that X is not the ancestor of Y .

Definition 6.1: Given a qualitative Bayesian network G, let Par_G(X) be the parents of the random variable X in G; let G_{Des}(X) be all the descendants of X, that is, X and all those nodes Y such that X is an ancestor of Y ; let ND_G(X), the nondescendants of X in G, consist of X − Des_G(X). The Bayesian network G (qualitatively) represents the probability measure μ if X is conditionally independent of its nondescendants given its parents, for all X ∈ X .

A qualitative Bayesian network G gives qualitative information about dependence and independence, but does not actually give the values of the conditional probabilities. A quantitative Bayesian network provides more quantitative information, by associating with each node X in G a conditional probability table (cpt) that quantifies the effects of the parents of X on X. For example, if X’s parents in G are Y and Z, then the cpt for X would have an entry denoted d_{Y =j,Z=k} for all (j, k) ∈ {0, 1}^2. As the notation is meant to suggest, d_{Y =j∩Z=k} = μ(X = 1|Y = j ∩ Z = k) for the plausibility measure μ represented by G. (Of course, there is no need to have an entry for μ(X = 0|Y = j ∩ Z = k), since this is just 1 − μ(X = 1|Y = j ∩ Z = k).) Formally, a quantitative Bayesian network is a pair (G, f) consisting of a qualitative Bayesian network G and a function f that associates with each node X in G a cpt, where there is an entry in the interval [0, 1] in the cpt for each possible setting of the parents of X. If X is a root of G, then the cpt for X can be thought of as giving the unconditional probability that X = 1.

Definition 6.2 : A quantitative Bayesian network (G, f) (quantitatively) represents, or is compatible with, the probability measure μ if G qualitatively represents μ and the cpts agree with μ in that, for each random variable X, the entry in the cpt for X given some setting Y_1 = y_1, . . . , Y_k = y_k of its parents is μ(X = 1|Y_1 = y_1 ∩ . . . ∩ Y_k = y_k) if μ(Y_1 = y_1 ∩ . . . ∩ Y_k = y_k) ≠ 0. (It does not matter what the cpt entry for Y_1 = y_1, . . . , Y_k = y_k is if μ(Y_1 = y_1 ∩ . . . ∩ Y_k = y_k) = 0.)

It can easily be shown using the chain rule for probability (see, for example, [Pearl, 1988]) that if (G, f) quantitatively represents μ, then μ can be completely reconstructed from (G, f). More precisely, the 2^n values μ(X_1 = x_1 ∩ . . . ∩ X_n = x_n) can be computed from (G, f); from these values, μ(U) can be computed for all U ⊆ W .

Bayesian networks for probability have a number of important properties:

1. Every probability measure is represented by a qualitative Bayesian network (in fact, in general there are many qualitative Bayesian networks that represent a given probability measure).

2. A qualitative Bayesian network that represents a probability measure μ can be extended to a quantitative Bayesian network that represents μ, by adding cpts.

3. A quantitative Bayesian network represents a unique probability measure. This is important because if a world is characterized by the values of n random variables, so that there are 2^n worlds, a quantitative Bayesian network can often represent a probability measure using far fewer than 2^n numbers. If a node in the network has k parents, then its conditional probability table has 2^k entries. Therefore, if each node has at most k parents in the graph, then there are at most n2^k entries in all the cpts. If k is small, then n2^k can be much smaller than 2^n − 1.

4. A Bayesian network supports efficient algorithms for computing conditional probabilities of the form Pr(X_i = x_i|X_j = x_j ); that is, they allow for efficient evaluation of probabilities given some information.

To what extent is probability necessary to achieve these properties? More precisely, what properties of probability are needed to achieve them? Here again, plausibility measures allow us to answer this question.

Given a cps (W, F, F^′, Pl), U, V ∈ F are plausibilistically independent given V^′ (with respect to Pl), written I_{Pl}(U, V |V^′), if V ∩ V^′ ∈ F^′ implies Pl(U|V ∩ V^′) = Pl(U|V^′) and U ∩ V^′ ∈ F^′ implies Pl(V |U ∩ V^′) = Pl(V |V^′). This definition is meant to capture the intuition that (conditional on V^′) U and V are independent if learning about U gives no information about V and learning about V gives no information about U. Note the explicitly symmetric nature of the definition. In the case of probability, if learning about U gives no information about V , then it is immediate that learning about V gives no information about U. This does not hold for an arbitrary plausibility measure.^3 If X = {X_1, . . . , X_n}, Y = {Y_1, . . . , Y_m}, and Z = {Z_1, . . . , Z_k} are sets of random variables, then X and Y are conditionally independent given Z (with respect to Pl) if X_1 = x_1 ∩ . . . ∩ X_n = x_n is conditionally independent of Y_1 = y_1 ∩ . . . ∩ Y_m = y_m given Z_1 = z_1 ∩ . . . ∩ Z_k = z_k for all choices of x_1, . . . , x_n, y_1, . . . , y_m, z_1, . . . , z_k.

With these definitions, the notion of a qualitative Bayesian network as defined in Definition 6.1 makes perfect sense if the probability measure μ is replaced by a plausibility measure Pl everywhere. The following result shows that representation by a qualitative Bayesian network is possible not just in the case of probability, but for any algebraic cps.

3An equivalent definition of U and V being independent with respect to a probability measure μ is that μ(U ∩ V |V^′) = μ(U|V^′) × μ(V |V^′). However, I want to give a definition of independence that does not require an analogue to multiplication. But even in an algebraic cps, the requirement that μ(U ∩V |V^′) = μ(U|V^′)⊗μ(V |V^′) is not always equivalent to the definition given here (see [Halpern, 2000a]). Also note that if V ∩ V^′ /∈ F^′ (in the case of probability, this would correspond to V ∩ V^′ having probability 0), then Pl(U|V ∩ V^′) is not defined. In this case, there is no requirement that Pl(U|V ∩ V^′) = Pl(U|V^′). A similar observation holds if U ∩ V^′ /∈ F^′.

Theorem 6.3: ([Halpern, 2000a]) If (W, F, F^′, Pl) is an algebraic cps, then there is a qualitative Bayesian network that represents Pl.

Clearly a qualitative Bayesian network that represents Pl can be extended to a quantitative Bayesian network (G, f) that represents Pl by filling in the conditional plausibility tables. But does a quantitative Bayesian network (G, f) represents a unique (algebraic) plausibility measure? Recall that, for the purposes of this section, I have taken W to consist of the 2^n worlds characterized by the n binary random variables in X . Let PL_{D,⊗,⊕} consist of all algebraic standard cps’s of the form (W, F, F^′, Pl), where F = 2^W , so that all subsets of W are measurable, and the range of Pl is D. With this notation, the question becomes whether a quantitative Bayesian network (G, f) such that the entries in the cpts are in D determines a unique element in PL_{D,⊕,⊗}. It turns out that the answer is yes, provided that (D, ⊕, ⊗) satisfies some conditions. The conditions are similar in spirit to Alg1–4, except that now they are conditions on (D, ⊕, ⊗), rather than conditions on a plausibility measure; I omit the details here (again, see [Halpern, 2000a]). The key point is that these conditions are sufficient to allow an arbitrary plausibility measure to have a compact representation. Moreover, since the typical algorithms in probabilistic Bayesian networks use only algebraic properties of + and ×, they apply with essentially no change to algebraic plausibility measures.

7 Conclusions

There is no reason to believe that one representation of uncertainty is best for all applications. This makes it useful to have a framework in which to compare representations. As I hope I have convinced the reader, plausibility measures give us such a framework, and provide a vantage point from which to look at representations of uncertainty and understand what makes them tick—what properties of each one are being used to get results of interest. More discussion of these and related topics can be found in [Halpern, 2000c].

References

[Adams, 1966] E. Adams. Probability and the logic of conditionals. In J. Hintikka and P. Suppes, editors, Aspects of Inductive Logic, pages 265–316. North Holland, 1966.

[Alchourrón et al., 1985] C. E. Alchourrón, P. Gärdenfors, and D. Makinson. On the logic of theory change: partial meet functions for contraction and revision. Journal of Symbolic Logic, 50:510–530, 1985.

[Blume et al., 1991] L. Blume, A. Brandenburger, and E. Dekel. Lexicographic probabilities and choice under uncertainty. Econometrica, 59(1):61–79, 1991.

[Boutilier et al., 1998] C. Boutilier, J. Y. Halpern, and N. Friedman. Belief revision with unreliable observations. In Proc.AAAI ’98, pages 127–134, 1998.

[Brandenburger and Dekel, 1987] A. Brandenburger and E. Dekel. Common knowledge with probability 1. Journal of Mathematical Economics, 16:237–245, 1987.

[Brandenburger and Keisler, 2000] A. Brandenburger and J. Keisler. Epistemic conditions for iterated admissibility. Unpublished manuscript, 2000.

[Brandenburger, 1999] A. Brandenburger. On the existence of a “complete” belief model. Working Paper 99-056, Harvard Business School, 1999.

[Dubois and Prade, 1990] D. Dubois and H. Prade. An introduction to possibilistic and fuzzy logics. In G. Shafer and J. Pearl, editors, Readings in Uncertain Reasoning, pages 742–761. Morgan Kaufmann, 1990.

[Dubois and Prade, 1991] D. Dubois and H. Prade. Possibilistic logic, preferential models, non-monotonicity and related issues. In Proc. IJCAI ’91, pages 419–424. 1991.

[Friedman and Halpern, 1995] N. Friedman and J. Y.

Halpern. Plausibility measures: a user’s guide. In Proc. UAI ’95, pages 175–184. 1995.

[Friedman and Halpern, 1996a] N. Friedman and J. Y.

Halpern. Plausibility measures and default reasoning. In Proc. AAAI ’96, pages 1297–1304. 1996. To appear, Journal of the ACM. Full version available at http://www.cs.cornell.edu/home/halpern.

[Friedman and Halpern, 1996b] N. Friedman and J. Y.

Halpern. A qualitative Markov assumption and its implications for belief change. In Proc. UAI ’96, pages 263–273, 1996.

[Friedman and Halpern, 1997] N. Friedman and J. Y.

Halpern. Modeling belief in dynamic systems. Part I: foundations. Artificial Intelligence, 95:257–316, 1997.

[Friedman and Halpern, 1999] N. Friedman and J. Y.

Halpern. Modeling belief in dynamic systems. Part II: revision and update. Journal of A.I. Research, 10:117–167, 1999.

[Friedman et al., 2000] N. Friedman, J. Y. Halpern, and D. Koller. First-order conditional logic for default reasoning revisited. ACM Trans. on Computational Logic, 1(2):175–207, 2000.

[Gabbay et al., 1993] D. M. Gabbay, C. J. Hogger, and J. A.

Robinson, editors. Nonmonotonic Reasoning and Uncertain Reasoning, volume 3 of Handbook of Logic in Artificial Intelligence and Logic Programming. Oxford University Press, 1993.

[Gärdenfors, 1988] P. Gärdenfors. Knowledge in Flux. MIT Press, 1988.

[Ginsberg, 1987] M. L. Ginsberg, editor. Readings in Nonmonotonic Reasoning. Morgan Kaufmann, 1987.

[Goldszmidt and Pearl, 1992] M. Goldszmidt and J. Pearl.

Rank-based systems: A simple approach to belief revision, belief update and reasoning about evidence and actions. In KR ’92, pages 661–672, 1992.

[Goldszmidt and Pearl, 1996] M. Goldszmidt and J. Pearl.

Qualitative probabilities for default reasoning, belief revision, and causal modeling. Artificial Intelligence, 84:57– 112, 1996.

[Halpern, 2000a] J. Y. Halpern. Conditional plausibility measures and Bayesian networks. In Proc. UAI 2000, pages 247–255. 2000.

[Halpern, 2000b] J. Y. Halpern. On expectation. Unpublished manuscript, 2000.

[Halpern, 2000c] J. Y. Halpern. Reasoning about uncertainty. Book manuscript, 2000.

[Halpern and Fagin, 1992] J. Y. Halpern and R. Fagin. Two views of belief: belief as generalized probability and belief as evidence. Artificial Intelligence, 54:275–317, 1992.

[Hintikka, 1962] J. Hintikka. Knowledge and Belief. Cornell University Press, 1962.

[Katsuno and Mendelzon, 1991] H. Katsuno and A. Mendelzon. On the difference between updating a knowledge base and revising it. In Principles of Knowledge Representation and Reasoning: Proc. KR ’91, pages 387–394, 1991.

[Kraus et al., 1990] S. Kraus, D. Lehmann, and M. Magidor.

Nonmonotonic reasoning, preferential models and cumulative logics. Artificial Intelligence, 44:167–207, 1990.

[Kyburg, 1961] H. E Kyburg, Jr. Probability and the Logic of Rational Belief. Wesleyan University Press, 1961.

[Lehmann and Magidor, 1992] D. Lehmann and M. Magidor. What does a conditional knowledge base entail? Artificial Intelligence, 55:1–60, 1992.

[Lewis, 1973] D. K. Lewis. Counterfactuals. Harvard University Press, 1973.

[McGee, 1994] V. McGee. Learning the impossible. In E. Eells and B. Skyrms, editors, Probability and Conditionals. Cambridge University Press, 1994.

[Myerson, 1986] R. Myerson. Multistage games with communication. Econometrica, 54:323–358, 1986.

[Pearl, 1988] J. Pearl. Probabilistic Reasoning in Intelligent Systems. Morgan Kaufmann, 1988.

[Pearl, 1989] J. Pearl. Probabilistic semantics for nonmonotonic reasoning: a survey. In Proc. KR ’89, pages 505–516, 1989.

[Popper, 1968] K. R. Popper. The Logic of Scientific Discovery (revised edition). Hutchison, London, 1968. First appeared as Logik der Forschung, 1934.

[Savage, 1954] L. J. Savage. Foundations of Statistics. John Wiley & Sons, 1954.

[Shafer, 1976] G. Shafer. A Mathematical Theory of Evidence. Princeton University Press, 1976.

[Spohn, 1988] W. Spohn. Ordinal conditional functions: a dynamic theory of epistemic states. In W. Harper and B. Skyrms, editors, Causation in Decision, Belief Change, and Statistics, volume 2, pages 105–134. Reidel, 1988.

[van Fraassen, 1995] B. C. van Fraassen. Fine-grained opinion, probability, and the logic of full belief. Journal of Philosophical Logic, 24:349–377, 1995.