Machine Learning Theory (CS 6783)

Lecture 18: Relaxations for Online Learning

1 Relaxations

Let us define relaxation Rel, as any mapping Rel,, : J;_, X t x V' — R. Further, we say that a
relaxation is admissible w.r.t some function ¢ : (X x ))™ — R if it satisfies the following conditions.
1. Dominance condition :

Rel, (‘leny yl:n) > *Qb((l‘l, yl)) R (55717 yn))
2. Final condition :
Rel, (-) <0
3. Admissibility condition : For any x1,...,2; € X and any y1,...,y:—1 € V,

inf sup {Eg,~q, (91, y:)] + Rely (x1:4,91:4)} < Rely, (21:0—1, y1:0-1)
@€AY) y, ey
The following proposition shows that there exists an algorithm such that
if one can find a relaxation that is admissible w.r.t. some ¢, then there exists an algorithm for

which ¢ is an upper bound on loss of algorithm if and only if one can find a relaxation admissible
w.r.t. that ¢

Proposition 1. If Rel,, is any admissible relaxation w.r.t. ¢, then if we use the learning algorithm

that at time t, given x; produces qi(x;) = argmin supy, {Eg,~q, [((Jt, y1)] + Rely (w14, y14)}, then,
a€A)

1 n
= Egeg G 90)] < 6((@130). - (20 9m))
t=1

Further, there can exist an algorithm with above bound on average loss only if there exists an
admissible relaxzation w.r.t. that ¢.

Proof. Assume Rel, is any admissible relaxation w.r.t. ¢. Also let ¢;’s be obtained by as described
above. Then, by dominance condition,

ZEgjtwqt(xt) [E(ﬁh yt)] - ¢(($1, y1)7 ) (:an yn)) < ZEQtNQt [K(Z)ty yt)] + Reln (xl:na yl:n)
t=1

t=1
n—1
S Z EQtNQt [f(gt’ yt)] + ySléI))] {E?)ann(:vn) [f(:l)m yn)] + Reln (xlzna yl:n)}
t=1 t

n—

= Z ngqt [ﬁ(@t, yt)] + inf sup {Egjan [Z(gm yn)] + Rel, (l'l:na yl:n)}
=1 mEAY) yrey



by admissibility condition,

n—1

< Z E@tN(It [e(gtv yt)] + Reln (xlzn—la yl:n—l)
t=1

<...<Rel, () <0

where last inequality is by the final condition. Hence we have that if relaxation is admissible then
algorithm yields the promised bound on average expected loss. To show the only if part, simply de-
fine Rel,, (X1, Y1:n) > ¢((1,91), ..., (Tn,Yn)) (so dominance condition is satisfied automatically).
Then recursively define

Rel,, (v1:4-1,y14-1) == inf sup {Eg,~q, [((Jt, yt)] + Rely (1.4, 91:4) }
qt GA(y) Yt cy
(hence admissibility is satisfied). That final condition is satisfied is a simple consequence of the
fact that this algorithm gotten from the relaxation is the minimax optimal algorithm since at every
step its picking the minimizer strategy against the maximizing strategy opponent. Hence if there

exists any algorithm with the promise bound, then the minimax algorithm also achieves this bound
and so Rel, (-) <0. O

2 Sequential Rademacher Relaxation

Just like we defined Rademacher complexity for statistical learning, one can define an online version
of it called sequential Rademacher Complexity. Specifically, the sequential Rademacher complexity
of a function class G C RZ is defined as:

n
RG) := sup E, supZetg(zt(el,...,et,l))
z 9€6 v

where z is a Z valued binary tree of depth n where the nodes at level ¢ can be defined by mapping
7 {£1} s Z.
Pictorially, we can view the Rademacher complexity as :
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Definition 1. Define the sequential Rademacher relazation as

n t
Rad,, (z1.4,y1:¢) :=supEe,, ., ?up 2 Z esl(f(Xs—t(€t41:5-1)), Ys—t(€t+1:5-1)) — Zg(f(xs)7 ys) | 2Ry ({oF)
Y € s=t+1 s=1

where x above is supremum over X valued tree of depth n —t and similarly y is a YV-valued tree of
depth n —t.

We will show that the sequential Rademacher relaxation is admissible w.r.t. ¢((z1,v1),. .., (Tn,Yn)) =
infrer iy 0(f(21), yr) + 2R51 (£ o F) and hence conclude that analogous to statistical learning re-
sult, the sequential Rademacher complexity of the loss class is an upper bound on regret w.r.t.
arbitrary function class F C Y¥.

Claim 2. Rad,, is an admissible relaxation w.r.t. ¢ defined as:

n

¢(($1,y1), SERE) (xnayn)) = inf E(f(xt)vyt) + 2szq(€o J—-')
f€.7:t:1

Further using the q; corresponding to this relaxation one get that
E [Reg, (F)] <2R;I(Lo F)

Proof. As for Dominance condition note that,

Rad,, (21:n, Y1:n) = Sup [— iﬁ(f(ms),ys)] =~ inf tnl ((f (1), y0) 2Ry (Lo F) = =o((21,41); - -5 (X0, Yn))

To check final condition, note that:

Rad,, (1) = supE,,, sup [2 Z esl(f(xs(€1:5-1)), ys(q:s_l))] —2R}A(loF) =0

Xy feF | o

Now to check admissibility, note that

inf sup {EQtht [g(gtv yt)] + Rad, (ml:ta yl:t)} = sup Ainf Eyt"‘Pt [Z(yAt, yt) + Rad, (ml:ta yl:t)]
@ €AD) y, €y prEA(Y) Y€V

= sup {Ainf EytNPt [g(gta yt)] + Eytwpt [Radn (xl:ta yl:t)]}
pEA(Y) (ASNY



= sup 4 inf By p, [0(G:, ye)]
peA(Y) | 91€Y
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+ Eytht lsup Eet+1,...,en, sup l2 Z Esé(f(xs—t(et—l-l:s—l))a ys—t(€t+1:s—1)) - Zg(f(xs)a ys)]] }
X,y

feF | s=it1 s—1

sup {Eyt’\'m sup E5t+17 €n SUDP { inf Eyt’\‘pt [E(gtayt)]

PrEA(Y) feF €Y
t
+2 Z 65 Xs t €t+15 1))astt(6t+1:sfl)) _Zg(f(xs)uys)}}
s=t+1 s=1
< sup {Eyt’\’pt supEe,,, .. e, sup {Eygwpt [f(f(xt),y;)]
pEA(Y) xy fer
t
+ 2 Z €s ‘€ Xs t €t-‘,—ls 1))7ys—t(€t+128—1)) _Zg(f(x5)7y5)}}
s=t+1 s=1
< sup Eyt’y;/\‘pt Sup]EEtJrl ..... en, SUP 2 Z Esg(f(xsft(eﬂrlis*l))vysft(eﬂ*llsfl))
PEA(Y) X,y VAS Q]

(O @) ) — O F ) ) — iaf(xs),ys)}
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+ & (E(f(xt%yg) - E(f(wt)’yt)) - Zg(f(xs)a ys)}
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< sup B supEe,,, e, SUp 2 D el(f(Xamt(ersnia—1)), Yoot(€rpr:a-1))
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+ € (E(f(xt%yi/t) - E(f(xt)’yt)) - ig(f(xs% ys)}

s=1

< sup Be, supBe, e, sup QY €l(f(Xemi(err1:6-1)), Yot(erirs 1))
TASRY X,y feF | s=et1
1 t—1
el (f(xe).yp) = 5 D0 f (), ys>}
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n
+ sup Eét SUP Eet+1,m,5n sup Z Esg(f(xsft(etJrl:sfl))vysft(€t+1:sfl))
yt€Y feF s=t+1

- etg(f(xt)vy;t) - % Z_:é(f(xs)vys)}
s=1



n
=2 sup Eet sup EetJrl,...,e,,L sup Z €S€<f(xsft(6t+1:sfl>)aysft(€t+1:sfl))
yr€Y X,y FeF s=tt1

+ etﬁ(f(l’t%yt) - % Zé(f(xs)7ys)}

s=1

n
S sup sup Eet sup ]EeH_l ..... €n sup {2 Z Es‘e(f(xsft(qntl:sfl))vysft(€t+1:sfl))
T €EX Yyt €Y X,y feF s

T el(F() ) iaf(xs),ys)}

s=1

Put the x; that achieves the supremum as the root of a new tree of depth n — ¢t + 1 and its left sub-tree is
the xT tree that attains supremum when €; = —1 and right sub-tree is the one that attains supremum when
€; = —1. Similarly for the y’s, hence,

t

= sup Eet;n sup {2 Z 6sg(f(xsft(Et:sfl))7 ysft(et:sfl)) - Zg(f(xs)v ys)} = Radn (mlztfh yl:tfl)

x,y fer s=t s=1

This shows admissibility. Finally, from the earlier proposition:

E [Reg,] < 2RI (Lo F)



