Machine Learning Theory (CS 6783)

Lecture 8 : VC dimension recap and continuted

1 Recap

1. For any set V C R" :

1
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supZetv[t]] < % 2 (supzv2[t]> log |V]
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2. We defined growth function as II(F,n) = maxy,, 4, ‘}—Imxn‘

3. VC dimension : size of largest set of input instances we can shatter

VC(F) = max{d : II(F,d) = 2%}

4. VC/Sauer/Shelah Lemma : II(F,n) < Zl\-/:%(]:) (%)
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5. F is learnable if and only if VC(F) < oo

(a) Vysltat (]:) < / VC(]—;L) logn

(b) VC(F) =00 = VSW&Y(F)>1/4

2 VC dimension examples and utility lemmas

1. To show VC(F) > d show that you can at least pick d points z1, ..., x4 that can be shattered.

2. To show that VC(F) < d show that no configuration of d + 1 points can be shattered.

Examples : Intervals, axis aligned rectangle, lines, convex polygons
Claim 1. VC dimension of half-spaces in R is d + 1

Proof. We consider half-spaces that map vector in R? to {#1}. That is
f:{XP—)SigIl(fTX-f—fg) f e RY, fy € R}

We prove the statement as follows.



1. VO(F) > d+1:
We can shatter the points eq,...,eq,0. To see this, note that given any yi,...,y4+1 €
{£1}9+1if we consider f € F given by fo = yaqs1 and for all i € [d], f[i] = yi — Yai1-
Hence note that, f(0) = sign (fTO—i—fo) = sign(Ygr1) = Yar1- Also, for any i € [d],
f(ei) = sign (£e; + fo) = sign (yi — Yar1 + Yar1) = ¥i-

2. VC(F)<d+2:
By Radon theorem, any set of d + 2 points in R? can be partitioned into two disjoint subsets
whose convex hulls have a non-empty intersection. Label one of these partitions +1 and other
—1. No half-space can successfully label points in the intersection.
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Claim 2. For any binary hypothesis class F,

VC(F) < logy | 7|
Proof. Note that for any d, II(F,d) < |F|. From the definition of VC dimension, we have, VC(F) =
max{d : TI(F,d) = 2¢}. Hence 2VC) < |F| O
3 The Magic of Rademacher Complexity
Define empirical Rademacher complexity of a class G, a set of functions on Z, on a sample S =

{z1,...,2n} as §
SUPZ 6t9(2t)]

Rs(G) i= ~E.
" lee9 o

In class we showed that
ES LD(germ) — }Q;LD('](.)] S 2 ES [7%5(6 (0] .7:):|

where Lo F = {(z,y) — U(f(x),y): f € F}

Proposition 3. For any sample S = {z1,...,2z,} and any classes G , H mapping instances in Z
to reals :

1. If H C G, then Rs(H) < Rs(G)
2. For any fized function h: Z — R, Rg(G + h) = Rs(G)
3. Rs(cvx(G)) = Rs(G)
4. Rs(G+H) = Rs(G) + Rs(H)
Proof.

1 Rs(H) = 2B [supgey Yopey @g(z)] < 2B [supyeg Yoiy @g(z)] < Rs(9).
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Lemma 4. For any ¢1, ..., ¢, where each ¢; : R — R and is L-Lipschitz, and any 21, ..., 2z, we
have,
1 n L Z .
—Ec [sup » e (9(21))| < —Ec [sup ) _eg(z
o |esg tz; [ S

Remark : For any Lipschitz loss we can get rid of loss and only have Rademacher complexity
of the class of predictors. That is Rg(f o F) < LRg(F)



Proof.

%Eqm [SUP > ad (Q(Zt))]

9€9 =1
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Repeating the above argument we remove ¢, ..., ¢,—1 and so, we conclude that
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4 Example : Rademacher complexity of linear function classes

1. L1 regularizer : Let F = {x — fTx: f € R ||f||; < R}. In this case we have

n
sup fT (Z etxt>]
FAfI <R i—
n
sup f' Zet:pt
f1||f||1§1 t=1

By
n




Now note that the unit ¢; ball on R? can be written as a convex hull of 2d points,
{e1,—e1,e2,—€2,...,e4,—€q}. Hence by Proposition 3 (4) we have that

7?,5(.7) = R 7?,5({61, —€1,€2, —€2,...,€4, —ed})
Rlogd \/maxie[d] Sy lze[d]]?

n
_ Rswp,ey o], viozd
< N

2. Hilbert norm regularizer : Let F = {z — (f,z) : ||f|l, < R}. This example we already saw
in Lecture 4 (we used R =1 there but the analysis carries). For this case we have that,

n

Z thng < Rsupxe.)( ||$H2

Rg(F) < 3 NG

S

5 Applications

Example applications : Lasso, SVM, ridge regression, Logistic Regression (including kernel meth-
ods), ¢1 neural networks, matrix completion (max norm, trace norm), graph prediction

Observation : Hinge loss given by £(y',y) = max{1 — y'y,0} is 1-Lipschitz. Logistic loss given
by £(y',y) = log(1 + e YY) is 1-Lipchitz. Squared loss £(y/,y) = (v — y)? is 4B Lipschtiz when
lyl,|y'| < B. Absolute loss £(y',y) = |y — /| is 1-Lipchitz. In all these cases using Lemma 4 we

have,
sup Z th(iﬁt)]

Es LD(germ) — inf LD(f):| < 2L EgE,

where L is the corresponding Lipchitz constant of the loss.

1. SVM :

n
minimize Z max{l — (f,x¢) - 4,0}
t=1
subject to| ]l < R
This corresponds to class F' given by linear predictors with Hilbert norm constrained by R
2. Lasso :
n
minimize Z(y —{f,x))?

t=1

subject to || f|l; < R

Corresponds to linear predictor with ¢; norm constrained by 1



3. £1 neural network with K layers. Loss could be squared loss or logistic loss. Let F; be
some arbitrary base class of predictors containing the 0 predictor. Recursively define the
subsequent ¢ layer neural network predictor as follows

Fi={z— Zw;a(f](:c)) Vi, fj € Fiea, Hw’”l < B;}
J

where ¢ is a 1-Lipchitz symmetric function. Then

Rs(F;) = lIEE sup ZZetwé-a(fj(xt))
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Hence we can conclude that
k

Rs(F;) < (H 23¢> Rs(F1)

i=1

k layer NN

\‘k — 1 layer NN



