Machine Learning Theory (CS 6783)

Lecture 6 : VC dimension recap and continuted

1 Recap

1. For any set V C R" :
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supZetv[t]] < % 2 (supzv2[t]> log |V]
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2. We defined growth function as II(F,n) = maxy,, 4, ‘}—Imxn‘

3. VC dimension : size of largest set of input instances we can shatter

VC(F) = max{d : II(F,d) = 2%}

4. VC/Sauer/Shelah Lemma : II(F,n) < Zl\-/:%(]:) (%)
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5. F is learnable if and only if VC(F) < oo

(a) Vysltat (]:) < / VC(]—;L) logn

(b) VC(F) =00 = VSW&Y(F)>1/4

2 VC dimension examples and utility lemmas

1. To show VC(F) > d show that you can at least pick d points z1, ..., x4 that can be shattered.

2. To show that VC(F) < d show that no configuration of d + 1 points can be shattered.

Examples : Intervals, axis aligned rectangle, lines, convex polygons
Claim 1. VC dimension of half-spaces in R is d + 1

Proof. We consider half-spaces that map vector in R? to {#1}. That is
f:{XP—)SigIl(fTX-f—fg) f e RY, fy € R}

We prove the statement as follows.



1. VC(F)>d+1:
We can shatter the points eq,...,eq,0. To see this, note that given any yi,...,y4+1 €
{£1}9+1if we consider f € F given by fo = yaqs1 and for all i € [d], f[i] = yi — Yai1-
Hence note that, f(0) = sign (fTO—i—fo) = sign(Ygr1) = Yar1- Also, for any i € [d],
f(e;) = sign (fTe; + fo) = sign (i — Yat1 + Ya+1) = Y-

2. VC(F)<d+2:
By Radon theorem, any set of d + 2 points in R? can be partitioned into two disjoint subsets
whose convex hulls have a non-empty intersection. Label one of these partitions +1 and other
—1. No half-space can successfully label points in the intersection.

O

Claim 2. For any binary hypothesis class F,
VC(F) < log, | 7|

Proof. Note that for any d, II(F, d) < |F|. From the definition of VC dimension, we have, VC(F) =
max{d : II(F,d) = 2?}. Hence 2VCF) < |F| O

Claim 3. Consider any fived function g : {£1}* s {£1}. For every i € [k], let F; be a some class
of binary hypotheses mapping from input space X. Let G = {x — g(fi(z),..., fx(2x)) : fi € Fi}.
Then

VC(G) < 2k VO(F) log(5k)

Proof.
k

(G, n) < [[H(Fisn) < (en) =iz VOO

i=1
By definition of VC dimension, we have that VC(G) = max{d : I1(G,d) = 2?}. Hence,
2VCE) < (e VC(g))Z?:l VC(Fi)

Hence

VC(G) < log, (e VC(G

k
Hence, we can conclude that VC(G) < Zle VC(F;) log (Z - L VC(F;) - log (Z -, VC(F;i ))) O



