Lecture 25:

Deriving Randomized Algorithms from Relaxations




RECAP: RECIPE

© Write down sequential Rademacher relaxation for the problem
@ Move to upper bound by cutting down the tree
@ Ensure that admissibility condition holds

@ Solve for the prediction given by relaxation based algorithm



LETS FINISH ONLINE BINARY CLASSIFICATION
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LETS FINISH ONLINE BINARY CLASSIFICATION
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LETS FINISH ONLINE BINARY CLASSIFICATION

Algorithm:
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LETS FINISH ONLINE BINARY CLASSIFICATION

Admissibility: we need to show,

sup Ee, [Rel,, (X1, Ya:u-1, €1)] < Rely, (x1:4-1, Y1:-1)



LETS FINISH ONLINE BINARY CLASSIFICATION

Admissibility: we need to show,
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LETS FINISH ONLINE BINARY CLASSIFICATION

Now we conclude by noting;:

> g(dim (Fi(0,0¢)) ,n—t) < g(ldim (Fi(0)) ,n—t+1)
ore{+1}

Because F;_1(0) = F(0,+1) UF:(0o, -1) and at most one of the two
classes can have Littlestone dimension of F;_1(0).



ONLINE VS STATISTICAL LEARNING RATES

e Often optimal Online and statistical learning rates match

@ Get rid of tree by draw of future from fixed distribution D

Rad,, (x1:4, Y1:4) —supEemnsup {2 Z esf (xs-t(€) - Zf(f(xs) ]/S)}

feF s=t+1 s=1

@ Assume loss { is convex and 1-Lipchitz in first argument
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@ Assume loss { is convex and 1-Lipchitz in first argument



RANDOM PLAYOUT

Define R; = X, 1.1, €11., and let Dy = D" x Unif{+1}"!

$r(x1:4, Y145 Ry) = sup {ZC i esf (x5) - thﬁ(f(xs),ys)}

feF s=t+1 s=1

Algorithm : Draw R; ~ Dy, and return,

Gt (R¢) = argmin sup {Eytwq, (e ye)] + De(x1e, 1, Re) }
qeA(Y) Yt

Why/When does this work?



RANDOM PLAYOUT: CONDITION

Sufficient condition for randomized algorithm to work:

supEet [sup {ZC Y eof (x5) + 2e4f (x¢) - Z(’,(f Xs),Ys) }]

feF s=t+1

< Ext~D,€t lsup {ZC i esf(xs) - ;e(f(xs)v ys)}]

feF s=t



RANDOM PLAYOUT

Initial condition is obvious, as for admissibility,
ig}f Slyltp {Egymg, [€D1, y0)] + Rely, (x14, y14) }
- ig}f s;p {Egnq [0t y1)] + Erpe, [Oe(x14, Y11, Re) 1}
< SIyltp {Eg,~5, [0, y1)] + Er,ep, [@¢ (X1, Y12, Re) ]}
= sup {Eg,p,[Eg,-5,(r,) (L y1)] ] + Erpn, [@e(x1s, Y1, Re) T}

Yt
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| v
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| Py

= ERtNDt sup {;n)f}EytNPt [E(y\t' yt)] + ]E]/t"‘pf [(Dt(xl:t' Yt Rt)]}:l
Lo \Ui€



RANDOM PLAYOUT

To finish admissibility, note that

sup { inf By, p [£(Hr, ye) ] + By, [Q (21, Y1, Rt)]}
pe W€

= sup { lflf Eypp (€T, 1)1 + Eypnpy, lsup {ZC Y eof(xs) - Z e(f(xs),ys) }]}

Pt eF s=t+1

<supEe, lsup {ZC Z esf (xs) + 2€&4f (x1) - ie(f(xs)'%)}]

Xt feF s=t+1 s=1

Condition:

sup]Eel lsup {ZC Y esf(xs) +2eif (%) - Zﬂ(f(xs) ys)}]

feF s=t+1

feF s=t

n t-1
<Eyop,e, lsup {ZC > eof (xs) - Z; O(f (xs), ys)}]



RANDOM PLAYOUT

Hence,

sup 1r}fsup {Eyt~qt [L(Hr, yt)] + Rely (x1:4, y1: t)}

<sup ERtNDt [Sup {}r‘g} EytNPt [e(]?t.]/t)] + EytNPt [(Df(xllt'ylif'Rt)]}:l

< Eg,~p, [Ex,wD € [SUP {ZCZ sf(xs) Ze(f(xs) ]/s }]]
feF s=t

= Er, ;~D,; [Pe(x1:4-1, Y1:4-1, Re-1) ]

= Rel,; (x1:4-1, Y1:4-1)



EXAMPLE: BIT PREDICTION

o Fe{xl})" X={} Uy y)=1{y*y'}=F~
@ Since there are no x’s the condition is obvious.
@ Algorithm : at round ¢, draw €;.1., then play

2q1(e) -1

—sup{i esfs*Zl{ﬂ*yb} 1{ff¢1}}sup{§l esfst_Zles#ys}l{ft#l}}
feF s=t+1 feF \s=t+1 s=1

—]}nf{ZZ 1{es#fs} + Zl{ﬂ#y;}#—l{ﬁ:ﬁ}}
eF s=t+1

—fmf{ZZ 1{es¢fs}+21{fs¢ya}+1{fﬂt 1}}

s=t+1

Solve two ERM’s per round.



EXAMPLE: LINEAR PREDICTORS

@ Online linear optimization, 7 = {f : |[f| <1}, D={V: V|, <1}
@ Condition: 3D and constant C, such that, for any vector w,

supEe, [|lw +2ex], ] < Eyop [+ Cxe ]
Xt

o ¢/td : D =Unif{+1}“ or any other symmetric distribution on each
coordinate (Eg. normal distribution)

o Algorithm : Round ¢ draw R; ~ N(O, (n - t)I;)

t-1
i = argmin| ) V;[i] + R[7]|
ie[d]  j=1

e Bound : E[Reg, | < iRel, (-) = O(\/ #)



ROUGH SKETCH OF PROOF

e w=2CYy!, 1 Vs— gj Vs where V11 are past losses and V1.,
are drawn from Unif{-1,1}4

@ Assume t < n—+/n, for last \/n rounds even if we are completely
off, regret bound does not change

o Hence w can be seen as vector — Y.!_! v, where each coordinate is
perturbed by 2C Y, ., Vs

e With very high probability, if i* and j* are top two coordinates of
w, |w[i*]| - |w[j*]| > 4, hence, with high probability,

sup e, [[w+2emxi],]= sup Ee, [[wli"] +2em[i"]]]
xre[-1,1]4 xre[-1,1]4

= Ee, [[w[i"] + 2e4|] = Exop [|w + 2€1x:] ]

@ In general we don’t need this high probability stuff, we can
directly prove the condition, just need to check cases.



ROUGH SKETCH OF PROOF

® Why update of form jj; = argmin, | Z;zl Vili] + Re[i]|
@ To see this, note that the algorithm we need is originally of form,

U = argminsup{(?, Vi) +sup {(f —Ry) - <f Zt: Vs>}}
s=1

JeF Vi feF

- argmin sup {sup S ANE (f, R - tzi vs>}

JeF  feF U Vi

t-1
-argminsup {1911, - R+ 3.}
s=1

JeF  feF



EXAMPLE: LINEAR PREDICTORS

@ Online linear optimization, F = {f : |f| <1}, D={Vv: V|, <1}
@ Condition: 3D and constant C, such that, for any vector w,

supEe, [|w +2ex], ] < Exop [+ Cxe ]
Xt

@ (»/ly : D = Unif{unit sphere} or normalized Gaussian distribution
o Algorithm : Round t draw R; ~ N(0, (1 - t)I;)//d

t-1
¢t = argmin (f Z Vi + Rt>
fillflst v j=1

e Bound: E[Reg, | < IRel, (-) = O(\/%)



EXAMPLE: FINITE EXPERTS

@ Very similar to {;/{, think about subtracting -1 from every loss,
makes no difference for regret

@ But then {;/{ is same as finite experts
e Algorithm : Round t draw R; ~ N(0, (1 —t)I;5)

¢
§r = argmin Y €(7,z;) + R[]
ie[d] j=1

n n

@ Bound: E[Regn] <1iRel, (-) = o( 10g\f|)



EXAMPLE: ONLINE SHORTEST PATH

Graph G = (V,E), source node S and destination node D.
Every round, we need to pick a path from S to D

Adversary picks a delay on every edge W : E ~ [0, 1]

Learner suffers delay on path chosen which is sum of delays on
edges of the path

Experts bound |E| w

However naive time complexity O(#paths)



EXAMPLE: ONLINE SHORTEST PATH

e Can view it as a different online linear optimization problem

o F={fe{0,1}F:fisapath}

o D = [0, 1]l the delays on each edge.

@ Random playout condition satisfied by distribution D = N(0, 1)
e Algorithm: Draw R; ~ N(0, (n - t)]|g),

-1
path, = argmin (f Y Vi+ Rt>
feF j=1

@ That is solve shortest path algorithm with delay on edge e € E
given by Z]t-;ll Vile] + Ri[e]
@ Can be solves in poly-time using Bellman-ford algorithm.



LEARNING WITH NON-REPEATED ENTRIES

Fort=1to |X|
Adversary picks x; € X \ {x1,..., X1}
Learner predicts q; € A(Y)
Adversary picks y; € Y
Learner draws i; ~ q; and suffers loss ¢(i;, y:)

End

Regret :

| X X
Regy = ) U({t yt) —}n;zze(f(xt),yt)
t=1 € t=1



LEARNING WITH NON-REPEATED ENTRIES

@ For convex Lipschitz loss and binary loss, the symmetrization
idea just goes through, only on each path, no node is repeated.

@ Sequential Rademacher relaxation:
x| t
Rad,y| (x1, ylt)—sup E sup{ > eof (xe—t(€)) = 2 U(f(x5). ¥s)
Cttin fe | s=t+1 s=1

where x is a tree with values in X \ {xq,...,x;} with no node
repeated on any path.



LEARNING WITH NON-REPEATED ENTRIES

@ Inductively we can show that:

R t
Rad|y| (X1, Y1) = IEJ sup{ > esf(xs)—;f(f(xs),ys)}

Crln fer | s=t+1

where x4,1, ..., x|y| are elements from X' ~ {x1,..., x¢} in any order
non-repeated.

e We can use Rel x| (x14,y1+) = Rad| x| (x14,y14) as a relaxation
o Condition satisfied trivially, with constant 1,

|X]
sup E, [sup {2 Y oeof (%) + 2e4f (x¢) - Z(’,(f (xs), s }]

xeeXN{x1,...,X_1} feF s=t+1

feF s=t

=E, [sup{ZZ eof (x5) - Ze(f(xs) Ys) }:|

because the sum 2 )", e.f (x) is independent of order.



LEARNING WITH NON-REPEATED ENTRIES

@ Algorithm: Fix some order over elements of X. On each round ¢,
draw €4,1,..., €x|-

@ Solve

g; = argmin sup {ytNQt (@t ye)] + sup {2 e (xs) - Zf(f(xs) Ys }}

qeA(Y) Yt feF s=t+1

@ Bound : E[Reg, | < R (F)
e Example: binary classification

t-1

NM—‘

n=3egsup] 30 ef) e g us) s )

22 feF s=t+1 s=1

1t
- ;sup{ e (xs) + E;ysf(xs) - ;f(xt)}

feF \s=t+1



