Machine Learning Theory (CS 6783)

Lecture 22: Relaxations & deriving algorithms

1 Recap

1.

Rel, : ;o X" x V' — R is admissible if

n

Reln ($1:na yl:n) > — inf g(f(xt% yt)
fer t=1

and

sup lgltf sup {Eg}twqt [ﬁ(g)t, yt)] + Rel, (fplzt, yl:t)} < Rel, (ajlttfla yl:tfl)
Tt Yt

. Algorithm : ¢ = argmin sup,, {Eg,~q [((9t, y1)] + Rely (1.4, y1:4) }

geA(Y)

. Bound : E [Reg,] < L1Rel, (-)

Sequential Rademacher relaxation is admissible and gives the sequential Rademacher bound

n t
Radn (xl:t, yl:t) = sup Eet+1;nsup {2 Z esf(f(xs—t(et—l—l:s—l))v ys—t(et—‘rl:s—l)) - Zg(f(xs)a ys)}

xy fer s=t+1 s=1

2 The Recipe

1.

Recipe : 3

"' V' Stawt with sequential Rademacher complexity relaxatiow |

el Replace by awv appropriate upper bound (relaxation) |
v Check the admissibility condition

v Solve for the strategy wsing the relaxatiow

Write down sequential Rademacher relaxation for the given problem (in a malleable form).



2. Mover to relaxation upper bound Rel,, such that V¢ € [n] and for all x4 , Y1,

Rad,, (1.4, y1:t) < Rely, (1.4, y1:¢)

(notice this ensures that initial condition is satisfied, this also goes half the way in getting

feasible relaxation).

3. Two equivalent ways of checking admissibility condition, Va; € X:

inf sup {Eytht W?Jta yt)] + Reln (l‘l:tv yl:t)} < Reln (mllt—la yl:t—l)

a oy,

pt s

4. Algorithm, solve optimization:

sup{ inf Ey,p, (3¢, yt)] + Ey,np, [Relp (xl:uylzt)]} < Rely, (T1:4-1, Y1:4-1)

qt (xt) = argmin sup {E@t’VQt [E(Qt) yt)] + Reln (xl:ta yl:t)}
GgeEAY) Yt

3 Example : Bit Prediction

X ={}, Y ={£1}, F C {£1}", {3,

Steps 1 & 2 (we can use exact seq.

Radn (-leta yl:t) = SupEeH_l,...,en sup

=supEc,,, .e, Sup
y fE]:

=supEe,., . ., sup
y feF

.
y) = Lz = <2

Rademacher relaxation)

t

2 Z 6s Xs t€t+1s 1)) Ys— t€t+ls 1 Z ]
L s=t+1 s=1
[ n

Z 6s(l_}’s—t(et—|—1:s—1) fs t) fsays]
Ls=t+1
[ n

Z _ESYS—t(et—i-l:s—l) : fs—t - Zg(f&ys)]
Ls=t+1 s=1

using the contraction lemma for removing binary tree we proved,

=E

€t41)--9En sup Z 6st t_ze ] Rel (yl:t)

s t+1

Step 3 Checking admissibility: This relaxation is basically the sequential Rademacher relaxation
that just simplifies for the bit prediction problem. Hence as we already proved, it is admissible.

Step 4 Now for the algorithm :

g = argmin max {Eg, g, []l{y#yt}] + Rel, (y1:4) }

qt€[0,1] yee{£1}

= inf max {qt L1ty + (1—q) L2y + Rel, (y1. t)}

th[O 1] yte{:tl}

= inf max{(l - qt) + Rel (yl:tfla +1) N Reln (yl:tfla _1)}

qt€[0,1]



Minimized when the two terms are equal and so,

Now note that Rel, involves average over Rademacher variables but by Hoeffding bound we can
replace it on each round by a single draw and pay only
beyond the extra factor 2 this is the same algorithm as the minimax algorithm we derived in earlier

1
gy = 5 (1 + Reln (yl:t—h +1) - Reln (th_l’ _1))

Lecture. Finally the bound we get is

E[Reg,] < iRel, (-) = —E.

Sup Z €tft]

4 Finite Experts

|F| < 0o and ¢ bounded by say 1.

Step 1

Rad,, (z1.¢,y1.1) =supE
X,y

€t1yeer€n SUP [2 Z €sl(f(Xs—t(€t41:5-1)), Ys—t(€t41:5-1)) —

Ter | s=th1

O(1/+/n) additive factor more. Note that

Zf(f(xé), ya)‘|

s=1

t

s=1

= SupEeH_l n IOg (Z exp <2>\ Z 65 Xs t 6t+1 s— 1))7ys—t(€t+1:s—1)) - )‘Zg(f(xs)7ys)>)
xy

fer s=t+1

That is we move to limit of soft-max.

Step 2

t

1 -
Rad,, (211, y11) = SUpEe,,,, nf T log (Z exp <2A D el(f(Xemi(ersn:s-1)), Yoi(erinis—1)) — AZE(f(:csLys)))

<

| /\

A>0

fer

220 xy fer

1
inf sup ]E€t+1:n N log
X,y A

fer

s=t+1

s=t+1

s=t+1

1nf sup X log (Z Eeprin [ H Ee, [exp (2Aesl(f(xs—t(€r41:5-1)), Ys—t(€t41:5-1)))

s=t+1

using E. [e<*] < e’ /2 exactly as in finite lemma proof, since loss is bounded,

1nfsupxlog (Z H exp 2)\2 exp( )\Z€ ))

<

feF s=t+1

1nf log Z exp
fer

: Rel, ($1:t7 yl:t)

(o))

s=1

Z exp <2>\ Z esg(f(xs—t(et+1:s—1))7y(e—t(et-&-l:s—l)) - /\Zg(f(xs)7ys)>)

fer

)I\I;%S)(U)F:*log (Z Ee,H n €XP <2>\ Z €sl(f(Xs—t(€tq1:6-1)), Ys—t(€r41:5-1 ) exp( )\Zﬁ

] exp< AZe

))

)



Step 3. (admissibility)

SUP{ inf Eywm (ye, ye)] + Rely, (z1.4, yl:t)}

Pt (3S

= sup{ inf Eytht [(Ge, yi)] + Ey,mop, |:1nf { log (Z exp ( )\ZE )) +2A(n — t)}] }
pe | € feF

< )I\I;%S;ltp {yltnf Ey,mop, (Gt Y1) + Eypop, { log (Z exp ( /\Zé )) +2\(n — t)] }

feF

ilog(exp(x\ z)itrégiEytht (Gt y0)])) + Eyyp, [ log (Z exp ( )\ZE )) +2X\(n — t)] }

fer

= /i>0 e {EytNPt Xlog (fez}_exp (A inf E’l/tNPt ytvyt )\Zé )) + 2)\(71 — t)] }

= inf sup
X>0 p,

|
=
=
w
=1
T

A
5
=%
n
=}
ol

feF

Ey,~p, flog (Z exp ( yorope [OCf (@), ye)] — £(f )\Zf >> +2X\(n — t)] }

/\

inf su
x>0 pp

s=1

%10g (Eym%NPt [Z €xXp <)‘ (€<f<xt)>y1{/) - E(f(-’”t)vyt)) - )‘ig(f(st ys))] ) + 2)‘(77’ - t)}

fEF

= i‘ifos,‘,{p {ilog (Eyt,y;wt]Eﬁ [Z exp (Aez: (C(f (ze)yp) — €(f AZE )] ) +2A(n — t)}

feF

(e +e7)/2< /2 and loss is bounded by 1 and so,

t—1
< s Sow (S0 ) ) 4200
fer s=1
:1nf{log (Zexp( )\Zﬁ >>+2)\(n—t+l)}
feF

= Rel,, (z1:4-1,Y1:4-1)

Step 4. (algorithm) We get a parameter free version of exponential weights algorithm,

A = argmm{ log (Z exp ( z_: f(xs),ys)>) + 2 (n—t+ 1)} & q; xexp (—)\f z_:ﬂ(f(xs),ys)>
s=1

feF s=1



sup {E@t’vq? [E(yt’ yt)] + Rel, (xlsta yl:t)}
Yt

= sup {EQM; [0 y)] + inf {i\log (Z exp ( )\Zf )) +2A(n — t)}}
yt fer

< sup {Eywqt [0(Ge, )] + %log (Z exp (-A: Zé(f(a:s),ys)>> } +2)\ (n — 1)
s=1

e feF

= sup { By [0 0)] + 108 (B foxp(-N (T )

Yt
+—log (Zexp( )\Zﬁ >)+2>\t(nt)}
fer

= sup {)\* log (exp (A Eg,~q: (G2, ye)])) + ; 10g (Efng; [exp(—=AL(f(z4), yt))])}

+—log (Zexp( )\tZE >)+2)\t(nt)}
fer
< Xlog (Z exp ( A Zf )) + 2\ (n —t+ )} = Rel,, (v1:4-1,y1:4-1)

fer

Finally, we get the guarantee,

8log |]-"|

1
BlReg,] < 3Rel, () = 1 uf { 1o (7)) + 230 f = /2%



