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!40 VERIFICATION OF PROGRAMS 

'Prob. 3-22t The following program (in-place permutation) rearranges 
the elements of an array S [1], S [2], . . . , S [ n J, n ?; 1, using a given 
permutation function f(z) over the integers 1, 2, ... , n; that is, the 
program rearranges the elements of S without using extra storage in 
such a way that Soutput [i] = S;nput [! (i) J for 1 ~ i ~ n. Prove that the 
program is totally correct wrt 

({J (n, f, S;nput): n ?; 1 1\ (f is a permutation function over 1, 2, . . . , n) 

nd 

iT ART 
or k +-- 1 step 1 until n do 

begin I +-- f(k); 
while I < k do I +-- f(l); 

end (S[k],S[IJ) +--(S[IJ, S[k] ) 

-IALT 

>ee A. J . W . Duijvestijn, " Correctness Proof of an In-place Permutation," BIT, 12 (3) : 318- 324 
972) . 
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CHAPTER 4 

Introduction 

A flowchart schema is a flowchart program in which the domain of the 
variables is not specified (it is indicated by the symbol D) and the functions 
and predicates are left unspecified (they are denoted by the'function symbols 
/ 1 ,/2 , . .. , and the predicate symbols p 1 , p2 , ••• ). Thus a flowchart 
schema may be thought of as representing a family of flowchart programs. A 
program of the family is obtained by providing an interpretation for the 
symbols of the schema, i.e., a specific domain forD and specific functions and 
predicates for the symbols/; and Pi· In Section 4-1 we introduce the basic 
notions and results regarding flowchart schemas. 

In Sec. 4-2 we discuss the application of the theory of flowchart schemas 
for proving properties of programs. It often turns out that properties of 
a given program can be proved independent of the exact meaning of its 
functions and predicates; only the control structure of the program is really 
important in this case. Once the properties are proved for a schema, they 
apply immediately to all programs that can be obtained by specifying inter
pretations to the schema. 

Flowchart programs are obtained from a given flowchart schema by 
specifying an interpretation in much the same way as interpreted wffs 
are obtained from a wff in the predicate calculus. In Sec. 4-3 we discuss 
first the relation between interpreted wffs of the predicate calculus and 
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242 FLOWCHART SCHEMAS 

flowchart programs, and then the relation between (uninterpreted) wffs 
and flowchart schemas. 

Essentially, a flowchart schema depicts the control structure of the 
program, leaving much of the details to be specified in an interpretation. 
This leads to a better understanding of program features because it allows 
for the separation of the effect of the specific properties of a given domain 
and the control mechanism used in the program. In Sec. 4-4 this idea is 
used to show that recursion is more powerful than iteration. For this purpose 
we define a class of recursive schemas and prove that every flowchart schema 
can be translated into an equivalent recursive schema but not vice versa. 

4-1 BASIC NOTIONS 

4-1 .1 Syntax 

An alphabet Ls of a flowchart schema S is a finite subset of the following 
set of symbols. 

1. Constants: 
n-ary functions constants fi (i ;;;; 1, n ;;;; 0); f? is called an 
individual constant and is denoted by a;. 
n-ary predicate constants Pi (i ;;;; 1, n ~ 0); P? is called a proposi
tional constant. 

2. Individual variables: 
Input variables 
Program variables 
Output variables 

X; (i ~ 1) 
Y; (i ~ 1) 

Z; (i ~ 1) 

The number of input variables .X, program variables ji, and output variables 
7, in Ls is denoted by a, b, and c, respectively, where a, b, c ~ 0. The sub
;cripts of the symbols are used for enumerating the symbols and will be 
omitted whenever their omission causes no confusion. The superscripts of 
fi and Pi are used only to indicate the number of arguments and therefore 
will always be omitted. 

A term r over Ls is constructed in the normal sense by composing in
dividual variables, individual constants, and function constants of Ls. An 
atomic formula A over Ls is a propositional constant p? or an expression 
of the form pi(t1 , ••• , t"), n ~ 1, where t 1 , ... , t" are terms over Ls· We 
shall write r(x) and A(x) to indicate that the term rand the atomic formula 
A contain no individual variables other than members of .X; similarly, we 
shall write r(x, ji) and A(x, ji) to indicate that the term r and the atomic 
formula A contain no individual variables other than members of .X and ji. 
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A statement over Ls is of one of the following five forms. 

1. START statement: 

2. ASSIGNMENT statement: 

3. TEST statement: 

4. HALT statement: 

5. LOOP statement: 

where all the terms and atomic formulas are over Ls. 

A flowchart schema S over alphabet Ls (called schema, for short) is 
a finite flow-diagram constructed from statements over Ls, with one START 

· path 
statement, such that every ASSIGNMENT or TEST statement IS on a 
from the START statement to some HALT or LOOP statement. 
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244 FLOWCHART SCHEMAS 

EXAMPLE 4-1 
In the sequel we shall discuss the schema S1 described in Fig. 4-1. :Es, 
consists of the individual constant a, the unary function constant f 1 , the 
binary function constant f 2 , the unary predicate constant p, the input 
variable x, the program variables y 1 and y2 , and the output variable z. 

D 

F 
p(yd 

T 

Figure 4-1 Schema S1 • 

4-1.2 Semantics (Interpretations) 

An interpretation J of a flowchart schema S consists of 

1. A nonempty set of elements D (called the domain of the interpre
tation). 

2. Assignments to the constants of:Es: 
(a) To each function constant fi in :Es we assign a total function 

mapping D" into D (if n = 0, the individual constant f? is as
signed some fixed element of D). 

(b) To each predicate constant Pi in :Es we assign a total predicate 
mapping D" into {true, false} (if n = 0, the propositional con
stant p? is assigned the truth value true or f alse). 

The pair P = ( S, f ), where Sis a flowchart schema and J is an interpre
tation of S, is called a flowchart program (or program, for short). Given 
initial values ~ E IY" for the input variables .X of S, the program can be 
executed. 
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The computation of ( S, f, e) proceeds in the normal sense, starting 
from the START statement, with .X=[. The values of (YI, ... , Yb) are 
initialized in the START statement to (c1 (e), ... , Tb(~)).t Note that if an 
ASSIGNMENT statement oftheform (y l, ... , Yb) <- ('1 (.X, ji) , ... , Tb(x, ji)) 
is reached with ji = r; for some r; E Db, the execution of the statement results 
in (y1, . . . , yb) = (' d ~. i]), . . . , 'b ( ~. i])); in other words, the new values 
of y

1
, ... , Yb are computed simultaneously. Thus, for example, to inter

change, the values of y 1 and y2 , we can write simply (yl, Yz) <- (yz , Yd· 
The computation terminates as soon as a HALT statement is executed 
or a LOOP statement is reached: In the first case, if the execution of the 
HALT statement results in z = ~ E DC, we say that val (S, J , e) is defined 
and val (S, J, e> = ~ ; in the second case (i.e., if the computation reaches 
a LOOP statement) or if the computation never terminates, we say that 
val ( S, J, e) is undefined. Thus a program P represents a partial function 

mapping Da into De. 

EXAMPLE 4-2 
Consider the schema S1 (Figure 4-1) with the following interpretations. 

1. Interpretation fA : D = {the natural n urn bers}; a is 1 ; f1 (y 1) is 
y

1
-1; f 2 (y1 ,y2 ) is y 1y2 ; and p(y1 ) is y 1 =0. The program PA= 

( S1, J A) , represented in Figure 4-2a clearly computes the factorial function; 

i.e., z = factorial (x). 

Figure4-2a Program PA = (S,, ..I .. ) for computing z = factorial(x). 

t In some of the examples and problems in this chapter we do not initialize all the pr~gr~m 
variables in the START statement; however, the program variables are always assigned Initial 

values before they are first needed. 
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246 FLOWCHART SCHEMAS 

2. Interpretation J 8 : This uses as domain the set ~* of all finite strings 
over the finite alphabet ~ = {A, B, ... , Z}, including the empty string 
A, thus D = {A, B, . . . , Z} *; a is A (the empty string); f 1 (yd is tail (y d; 
f 2 (y1 , Y2) is head(yd · y2 ; and p(yd is y1 = A The program P8 = (S1 , J 8 ) 

represented in Figure 4-2b clearly reverses the order of letters in a given 
string; i.e., z = reverse(x). 0 

Y1 = A 

Figure 4-2b Program P8 = (S1 , J 8 ) for computing z = reverse(x) . 

EXAMPLE 4-3 
Consider the schema S3 (Fig. 4-3), where y 1 <-- f(yd abbreviates (y1 , Y2) .__ 
(f(y1),Y2)· Note that S3 does not contain any input variable; thus, for 
a given interpretation J of S3 , the program (S3 , J) can be executed without 
indicating any input value. Therefore, in this case we shall discuss the value 
of val (S3 , J) rather than val (S3 , J, ~). S3 contains a dummy output 
variable (it is always assigned the individual constant a) because in this 
example we would like to know just whether or not val (S3 , J) is defined 
rather than the value of val (S3,J). 

Let us consider the following interpretation J* of S3 : 

1. The domain D consists of all strings of the form: a, f(a), f(f(a)), 
f(f(f(a))), . .. For clarity we enclose the strings within quotation marks 
and write 

" " a, ''f (a)", "f(f(a))", ''f (!(!(a)))", 

t Here, j<0l(a) stands for a; j<0 (a) for f(a); J!2l(a) for J(f(a)); j<3l(a) for J(f(f(a))); and so forth. 

4-1 BASIC NOTIONS 247 

2. The individual constant a of ~s, is assigned the element "a" of D. 
3. The unary function constant f of ~s, is assigned a unary function 

mapping D into D as follows:t Any element ''f<n>(a)" of D (n ~ 0) is mapped 
into ''f(n+ll(a)", which is also an element of D. 

4. The unary predicate constant p of ~s, is assigned a unary predicate 
mapping D into {true, false} as follows: p(''f<n>(a)"), n ~ 0, takes the values 
(where t stands for true and f for false) 

n : 0 1 
p(''f(nl(a)"): f f 

2 3 4 5 
t f t - ._._,_., 

6 7 8 9 10 11 12 13 14 15 
f t t f t t t t f . 

"---...--" ----.-

Figure 4-3 Schema S3 . 
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The computation of (S3 , §*)is best described by the following sequence of 
elements of D x D indicating the successive values of (y1 , Y2): 

("a", "a")~ (')(a)", "a")~ ('j<2>(a)", ')(a)")~ ('j<3>(a)", ')(a)") 

~ ('j<4l(a)", 'j<2>(a)") ~ ('j<s>(a)", 'j<3>(a)") 

~ ('1(6l(a)", 'j<3l(a)")--+ ........ . .. . 

It can be proved (by induction) that val (S3 , §*) is undefined. Interpreta
tions similar to §* are of special interest and will be discussed in Sec. 4-1.4. 

Furthermore, it can be shown (see Prob. 4-1) that val (S3 , Y) is de
fined for every interpretation Y with finite domain, and that it is also de
fined for every interpretation J with infinite domain unless p(J<n> (a)), 
n ~ 0, takes the following values under J: 

f, f, t, f, t, t, f, t, t, t, f, t, t, t, t, f, . . . - '-..--' ---..-
D 

4-1 .3 Basic Properties 

After defining the syntax and the semantics of schemas, we shall now 
introduce a few basic properties of schemas which will be discussed in the 
rest of this chapter. 

(A) Halting and divergence For a given program ( S, §)we say that 

1. (S, J) halts if for every input~ E Da, val ( S, § , ~) is defined. 
2. (S, Y) diverges if for every input ~ E D8

, val ( S, J , ~ ) is undefined. 

Note that a program (S,J) may neither halt nor diverge if for some 
~1 E D8

, val (S, J, ~1 > is defined and for some other ~2 E D8
, val ( S, Y, ~2> 

is undefined. For a given schema S we say that 

1. S halts if for every interpretation Y of S, ( S,J) halts. 
2. S diverges if for every interpretation J of S, ( S, J) diverges. 

EXAMPLE 4-4 

The schema S4 in Fig. 4-4 halts (for every interpretation) . It can be ob
served that (1) the LOOP statement can never be reached because whenever 
we reach TEST statement 1, p(a) is false; and (2) we can never go through 
the loop more than once because whenever we reach TEST statement 2, 
either p(a) is true, or p(a) is false and p(f (a)) is true. 

0 

4-1 BASIC NOTIONS 24S 

Figure 4-4 Schema S4 that halts for every interpretation. 
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F 

Figure 4-5 Schema S5 that halts for every interpretation. 

4-1 BASIC NOTIONS 251 

EXAMPLE 4-5 (Paterson) 

The schema S5 in Fig. 4-5 also halts (for every interpretation); however, it 
is very hard to prove it because there are some interpretations for which 
we must test p(!<140l(a)) [but we shall never test p(f(il(a)) where i > 140]. 

0 

(B) Equivalence The next property ofschemas we shall discuss is the 
equivalence of two schemas, which is certainly the most important relation 
between schemas. Two schemas S and S' are said to be compatible if they 
have the same vector of input variables x and the same vector of output 
variables z. Two programs <S, J) and <S', J') are said to be compatible 
if the schemas S and S' are compatible and the interpretations J and J' 
have the same domain. 

For two given compatible programs <S,J) and <S',f'), we say 
that <S,J) and <S',f') are equivalent [notation: <S,J) ~ <S',f')], 
if for every input ~ E D8

, val< S, J, 0 = val< S', J', Ot, i.e., either both 
val< S, J, 0 and val< S', f', 0 are undefined, or both val< S, J, 0 and 
val <S', J', ~)are defined and val <S, J, 0 = val <S', J', 0. 

For two given compatible schemas SandS', we say that SandS' are 
equivalent [notation: S ~ S'] if for every interpretation:!: J of S and S', 
<S, J) and <S', J) are equivalent. 

Note that the notion of equivalence is not only reflexive and symmetric 
but also transitive; i.e., it is really an equivalence relation. Thus one way to 
prove the equivalence of two schemas is by passing from one to the other 
by a chain of simple transformations, each of which obviously preserves 
equivalence. Some examples of such transformations are shown below. 
In each case it should be clear that equivalence is preserved. 

t = is the extension of the = relation for handling undefined values: It is true if either both argu
ments are undefined or both are defined and equal; otherwise it is false. (Thus, the value is false 
if only one of the arguments is undefined.) 

t That is, J includes assignments to all constant symbols occurring in :Es u I:s·· 
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y 
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F 
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~XAMPLE 4-6 (Paterson) 

We shall apply some of these transformations to the schema S6A (Fig. 4-6a) 
to show that it is equivalent to the schema S6 E (Fig. 4-6e). We proceed in 
4 steps (see Figs 4-6b to e). 

Step 1: s6A ~ s6B· Consider the schema s6A- Note first that if at some 
stage we take the F branch of statement 7 (that is, p(y4 ) =false), the schema 
gets into an infinite loop because the value of y 4 is not changed in statements 
3, 4, and 6; note also that after execution of statements 2 and 3, we have 
y 1 = y4 . Thus, the first time we take the F branch of statement 5, either we 
get into an infinite loop through statements 3 and 4 or, if we get out of the 
loop, we get into an infinite loop when p(y4 ) is tested. Hence, let us replace 
the F branch of statement 5 by a LOOP statement; now, whenever we reach 
statement 5, we have y 1 = y4 . Thus whenever we reach statement 7, we 
must take its T branch; therefore statement 7 can be removed. Since at 
statement 4 we always have y 1 = y4 , we can replace y4 by y1 in this state
ment. Now, since y4 is not used any longer, we can remove statement 2. 
Finally, we introduce the extra test statement 8' just . by unwinding once 
the loop through statements 8 and 9. 

Step 2: S6B ~ S6c. Consider the schema S6B. Since y 2 and y3 are assigned 
the same values at statement 4, we have Y2 = y3 when we first test p(y 2 ) 

in statement 8. Therefore, if we take the Tbranch of p(y2 ), we can go directly 
to statement 11 ; however, if we take the F branch of p(y 2 ) and later take 
the T branch of statement 8' we return to statement 3 [since p(y3 ) is false 
(Y3 has not been modified)]. Thus, statement 10 can be removed (as shown 
in Fig. 4-6c), and y 3 can be replaced by y2 in statement 6. Finally, since y3 

is now redundant, it can be eliminated. 

Step 3 : S6 c ~ S6n. Consider the schema S6c. Leaving the inner loop 
(8'-9) , the value of y2 is not used in statement 3 while we reset y 2 in state
ment 4 ; thus, the value of y2 created in statement 9 serves no purpose. This 
suggests that we can remove the inner loop; however, there is the chance 
that we could loop indefinitely through statements 9 and 8'. In this case, if 
we reach. statement 8 with some value y 2 = rJ, then p(f(il (17)) = false 
for all i and especially p(!<2>(1'/)) = false. Now, if we remove the inner loop, 
in statement 6 we set y 1 = f (17) and then in statement 3 we set y 1 = f< 2> (17). 
Thus p(y d in statement 5 will be false leading to the LOOP statement. 
Thus, since the only possible use of statements 9 and 8' is covered by 
the LOOP statement, the inner loop can be removed. Finally, since the value 
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of y2 is not used in statement 5, we can execute statement 4 after testing 
p(y1 ); similarly, since the value of y1 is not used in statement 8, we can 
execute statement 6 after testing p(y2 ). 

4.---------~---------, 
(y 2 ' y 3 ) +- (g (y 1 ' y 4 ), g (y 1' y 1 ) ) 

F 

Figure 4-6a Schema s 6A · 
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Figure 4-6b Schema s 6B· 



256 FLOWCHART SCHEMAS 4 -1 BASIC NOTIONS 257 

HALT 

Figure 4-6c Schema S6c · Figure 4-6d Schema s6D. 
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T 

p(y) 

Figure 4-6e Schema s6E 

Step 4: s6D ~ s6E· Considering statements 4 and 6 in s6D• we realize 
that y 2 is merely a dummy variable and can be replaced by y 1 . Therefore, 
dropping the subscript and modifying statements 1, 3, and 6, we obtain 
s6E· o 

(C) Isomorphism Sometimes we would like to know, not only whether 
or not two schemas S and S' yield the same final value for the same inter
pretation, but also whether or not both schemas compute this value in 
the same manner. Therefore we introduce the stronger notion of equiv
alence called isomorphism. Two compatible schemas S and S' are said to 
be isomorphic (notation: S ~ S') if for every interpretation~ of S and S' 
and for every input ~ E Da, the (finite or infinite) sequence of statements 
executed in the computation of (S, ~. 0 is identical to the sequence of 
statements executed in the computation.of (S', ~. ~). 

EXAMPLE 4-7 
The three schemas s7A• s7B• and S7c (Fig. 4-7) are compatible. It is clear 
that s7A ~ s7B ~ s 7C• but s7A% s7B '$ S7c· 

n 

START 

Schema s7A 

SchemaS7c 
Figure 4-7 
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HALT 

Schema s7B 
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4-1.4 Herbrand Interpretations 

The basic properties of schemas, such as halting, divergence, equivalence, 
or isomorphism, depend by definition on their behavior for all interpreta
tions (over all domains). Clearly it would be of great help in proving proper
ties of schemas if we could fix on one special domain such that the be
havior of the schemas for all interpretations over this domain characterize 
their behavior for all interpretations over any domain. Fortunately, for 
any schema S, there does exist such a domain: It is called the Herbrand 
universe of S and is denoted by H s· H s consists of all strings of the following 
form: If x; is an input variable and a; is an individual constant occurring 
inS, then "x/' and "a/' are in Hs; iff7 is an n-ary function constant occurring 
inS and "t1", "t2", .•• , "t;' are elements of Hs, then so is ''f7(t 1 , ••• , t,.)". 

EXAMPLE 4-8 
For the schema S1 (Fig. 4-1), Hs, consists of the strings 

"a", "x", ''f1 (a)", ''/1 (x)", ''!2 (a, a)", ''!2 (a, x)", ''!2 (x, a)", "!2 (x, x)", 

For the schema S3 (Fig. 4-3), Hs, consists of the strings 

"a", ''f(a)", ''f{f(a))", ''f{f{f(a)))", . .. 
0 

Now, for any given schema S, an interpretation over the Herbrand 
universe Hs of S consists of assignments to the constants of S as follows: 
To each function constant f7 which occurs in S, we assign an n-ary function 
over Hs (in particular, each individual constant a; is assigned some ele
ment of Hs); and to each predicate constant p7 which occurs inS, we assign 
an n-ary predicate over Hs (in particular, each propositional constant is 
assigned the truth value true or false). Among all these interpretations 
over Hs, we are interested in a special subclass of interpretations called 
Herbrand interpretations of S which satisfy the following conditions: Each 
individual constant a; in S is assigned the string "at of H s; and each con
stant function f7 occurring in S is assigned the n-ary function over Hs 
which maps the strings "t1", "t2", •• • , and "t;' of Hs into the string 
''f7(t1 , t2 , ..• , t,.)" of Hs. (Note that there is no restriction on the assign
ments to the predicate.constants of S.) 

EXAMPLE 4-9 
The interpretation f* described in Example 4-3 is a Herbrand interpreta
tion ofthe schema s3. 

- 0 
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Note that Hs contains the strings "x;'' for all input variables X; occurring 
in S. We let "x" denote the vector of strings ("x1", "x/', ... , "xa"). In 
general, among all possible computations of a schema S with Herbrand 
interpretation f* , the most interesting computation is <S, J *, "x"), that 
is, the one in which the strings "x;" of H 8 are assigned to the input variables 
x; . The reason is that for any interpretation f of a schema S and input 
~ E D 8

, there exists a Herbrand interpretation f * such that the (finite or 
infinite) sequence of statements executed in the computation of < S, f *, " .X" ) 
is identical to the sequence of statements executed in the computation of 
<s.J,e>. 

The appropriate Herbrand interpretation f* of S is obtained by de-
fining the truth value of p7("r1", ... , "r,.") as follows: Suppose that under 
interpretation f and input ~. (r 1 , ... , r,.) = (d1 , . . . , d,.) where d; ED. 
Then, if p(d1 , ... , d,.) =true, we let p("r 1" , ... , "r,.") =true under in
terpretation f*; and if p(d 1 , ... , d,.) =false, we let p("r 1 ", .. . , " r,.") = 
false. This implies that many properties of schemas can be described and 
proved by considering just Herbrand interpretations rather than all inter
pretations, as suggested by the following theorem. 

THEOREM 4-1 (Luckham-Park-Paterson). 
(1) For every schema S, S halts/ diverges if and only if val <S, f *, ".X" ) 
is defined/undefined for every Herbrand interpretation f * of S. 

(2) For every pair of compatible schemas Sand S', S and S' are equi-,;
alent if and only if val <S, f* , ".X") = val <S', f *, "x") for ever 
Herbrand interpretat ion f * of SandS'. 
(3) For every pair of compatible schemas SandS', SandS' are isomorphic 
if and only if for every Herbrand interpretation f * of S and S' these
quence of statements executed in the computation of <S, f *, ".X" ) is 
identical tv the sequence of statements executed in the computation of 
<S', f *, ".X"). 

Proof. Let us sketch the proof of part (2). (Parts 1 and 3 can be proved 
similarly.) It is clear that if SandS' are equivalent, then val <S, f*, ".X" ) = 
val <S', f*, ".X") for every Herbrand interpretation f*. To prove the 
other direction, we assume that S and S' are not equivalent and show the 
existence of a Her brand interpretation J* such that val < S, f *, ".X" ) =I= 
val <S', f* , ".X") . If SandS' are not equivalent, there must exist an inter
pretation f of S and S' and an input ~ E Da such that val <S, J, 0 =I= 
val <S', f, e) . For this interpretation f and input e, there exists a Herbrand 
interpretation J * of S and S' such that the computations of <S, J *, ".X'') 
and <S', -~* , "x") follow the same traces as the computations of <S, .f, 0 
and <S', f, e), respectively. Now, suppose val <S, f*, "x") = 
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val (S', .Y*, ".X"), this means that both final values are either undefined 
or are an identical string over Hs u Hs·· This string is actually the term 
obtained by combining all the assignments along the computations of 
(S, .Y*, "x") or (S', .Y*, ".X"). Because of the correspondence between 
these computations and those of (S, .Y, ~)and ( S', .Y, 0 , it follows thatt 
val (S, .Y, ~) = val (S', .Y, ~):a contradiction. 

Q.E.D. 

4-2 DECISION PROBLEMS 

The notions of solvable and partially solvable were introduced in Chap. 1. 
Sec. 1-5. We say that a class of yes/ no problems (that is, a class of problems, 
the answer to each one of which is either "yes" or "no") is solvable, if 
there exists an algorithm (Turing machine) that takes any problem in the 
class as input and always halts with the correct yes or no answer. We say 
that a class ofyesj no problems is partially solvable if there exists an algorithm 
(Turing machine) that takes any problem in the class as input and: if it is 
a yes problem, the algorithm will eventually stop with a yes answer; other
wise, that is, if it is a no problem, the algorithm either stops with a no answer 
or loops forever. It is clear that if a class of yes/no problems is solvable 
then it is also partially solvable. 

In this section we shall discuss four classes of yes/ no problems. 

1. The halting problem for schemas: Does there exist an algorithm 
that takes any schema S as input and always halts with a correct yes (S 
halts for every interpretation) or no (S does not halt for every interpreta
tion) answer? 

2. The divergence problem for schemas : Does there exist an algorithm 
that takes any schema S as input and always halts with a correct yes (S 
diverges for every interpretation) or no (S does not diverge for every inter
pretation) answer? 

3. The equivalence problem for schemas: Does there exist an algorithm 
that takes any two compatible schemas S and S' as input and always halts 
with a correct yes (SandS' are equivalent) or no (SandS' are not equivalent) 
answer? 

4. The isomorphism problem for schemas: Does there exist an algorithm 
that takes any two compatible schemas S and S' as input and always halts 
with a correct yes (SandS' are isomorphic) or no (S andS' are not isomorphic) 
answer? 

t Note that val ( S, J*, ".X") = val ( S, J*, "x") implies val ( S, J , 0 = va l ( S', J, 0 but not necessarily 
vice versa I 
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We shall show that the halting problem for schemas is unsolvable 
but partially solvable while the divergence, equivalence, and isomorphism 
problems for schemas are not even partially solvable. It is quite surprising 
that all these unsolvability results can actually be shown for a very restricted 
class of schemas. For this purpose let us consider the class of schemas g 

1
. 

We say that a schema Sis in the class Y 1 if 

1. Ls consists of a single individual constant a, a single unary function 
f, a single unary predicate p, two program variables y1 and y2 , a single 
output variable z, but no input variables. 

2. All statements in S are of one of the following forms: 

In Section 4-2.1 we shall show that 

1. The halting problem for schemas in Y 1 is unsolvable. 
2. The divergence problem for schemas in Y 1 is not partially solvable. 
3. The equivalence problem for schemas in Y 1 is not partially solvable. 
4. The isomorphism problem for schemas in Y 1 is not partially 

solvable. 

In the rest of this chapter (Sec. 4-2.2 to 4-2.4) we shall discuss subclasses 
of schemas for which these problems are solvable. For example, it is very 
interesting to compare the four decision problems for Y 1 with those of a 
very "similar" class of schemas, namely, Y 2 . Classes Y 1 and Y 2 differ 
only in that every schema in Y 2 contains two individual constants a and 
band the START statement is of the form 
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3-3.1 While Programs 

First we introduce the class of while programs. A while program consists of 
a finite sequence of statements B; separated by semicolons: 

B0 is the unique START statement 

START 
.Y +-- f(x) 

and each B; (1 ;;;; i ;;;; n) is one of the following statements. 

1. ASSIGNMENTstatement: 

or 

.Y +-- g(x, .Y) 

2. CONDITIONAL statement: 

ift(x, ji) then B else B' 

ift(x, y) do B 

where Band B' are any statements 

3. WHILE statement: 

while t(x, ji) do B 

where B is any statement 
4. HALT statement: 

z +-- h(x, y) 

HALT 

5. COMPOUND statement: 

begin B~ ; B~; . . . ; Bk end 

where Bj (1 ;;;; j ;;;; k) are any statements 

Given such a while program P and an input value ~ E Dx for the 
input vector x, the program can be executed. Execution always begins at 
the START statement, initializing the value of y to be f(~), and it then 
proceeds in the normal way following the sequence of statements. Whenever 
an ASSIGNMENT statement is reached, y is replaced by the current 
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value of g(x, ji). The execution of CONDITIONAL and WHILE state
ments can be described by the following pieces of flowcharts: 

if t (x, ji) then B else B' if t(x, y) do B 

while t(x, y) do B 

B 

If execution terminates (i.e., reaches a HALT statement), z is assigned the 
current value ~ of h(x, y) and we say that P(~) is defined and P(~) = C 
otherwise, i.e., if the execution never terminates, we say that P(~) is undefined. 

EXAMPLE 3-1 0 

1. The square-root program P 1 of Example 3-1 can be expressed by 

START 
(y1, y2 , Y3) ~ (0, 1, 1); 
while Yz;:;;; x do (y1 ,y2 ,y3 ) ~ (y 1 + 1,Yz + Y3 + 2,y3 + 2); 

z ~ Yt 
HALT 
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2. The gcd program P 3 of Example 3-3 can be expressed by 

START 
(yl, Yz) ~ (xl, x2); 
while y1 +- Y2 do if y1 > Y2 then Y1 ~ y1 - y 2 else Yz ~ y2 - Y1; 
z ~ Yt 
HALT 

3. The gcd program P 4 of Example 3-5 can be expressed by 

START 
(yt,Yz,YJ) ~(x1 ,x2 , 1); 
while even (y d do 

begin 

ifeven(y2 ) do (Yz,YJ) ~(Yz/2,2y3 ); 

Y! ~ yd2 

end; 

while even (Yz) v Y! +- Yz do 

begin 

if odd (Yz) do (Y! , Yz ) ~ (Yz , IY 1 - Y 2l ) ; 

Y2 ~ Yz/2 

end; 

z ~ YtY3 
HALT 

3-3.2 Partial Correctness 

D 

In order to prove partial correctness of while programs, Hoare (1969) 
introduced the notation (called inductive expression) 

{p(x,y)} B{q(x,y)} 

where p, q are predicates and B is a program segment, meaning that if 
p(x, ji) holds for the values of x and y immediately prior to execution of 
B and if execution of B terminates, then q(x, y) will hold for the values of 
x and y after execution of B. 

Now, suppose we wish to prove the partial correctness of a given 
while program P with respect to an input predicate qJ and an output 
predicate tjJ; in other words, we would like to deduce 

{qJ (x)} P{t/J(x,z) } 
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For this purpose we have verification rules, which consist of an assignment 
axiom, describing the transformation on program variables effected by 
ASSIGNMENT statements, and inference rules, by which expressions for 
small segments can be combined into one expression for a larger segment. 
To apply the rules, first we deduce inductive expressions of the form 
{p} B{q} for each ASSIGNMENT statement B of the program, using the 
assignment axiom. Then we compose segments of the program, using the 
conditional rules, the while rule, the concatenation rule, and the consequence 
rules until we obtain the desired expression { <p} P { t{! }. 

The inference rules will be described as 

or 
{3 {3 -

where a 1 and a2 are the antecedents (the conditions under which the rule is 
applicable) and {3 is the consequent (the inductive expression to be deduced). 
Each of the antecedents is either an inductive expression, which should 
have been previously established, or a logical expression, which should 
be proved separately as a lemma. 

The verification rules are 

1. Assignment axiom: 

{p(x, g(x, y))} .Y +--- g(x, y) {p(x, y) } 

2. Conditional rules: 

{p 1\ t} B 1 { q} and {p 1\ "' t} B2 { q} 

{p} if t then B1 else B2 {q} 

and 

{p 1\ t} B {q} and (p 1\ "'t) ~ q 

{p} if t do B { q} 

Note that (p 1\ "'t) ~ q is a logical expression. It should be considered 
as a closed wff with all free variables universally quantified. That is, 

vxv.Y[(p(x,y) 1\ -t(x,y)) ~ q(x,y)] 

3. While rule: The rule for WHILE statement is based on the simple 
fact that if the execution of the body B of the WHILE statement leaves 
the assertion p invariant (that is, p is always true on completion of B 
provided it is also true on initiation), pis true after any number of iterations 
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of B. 

{p 1\ t} B{p} 

{p} while t do B {p 1\ "' t} 

4. Concatenation rule: 

{p}Bt{q} and {q} B2 {r} 

{p} B1 ; B2 {r} 

5. Consequence rules: 

p ~ q and {q} B {r} 

{p} B{r} 

{p} B{q} and q ~ r 
and 

{p} B{r} 

Note again that p ~ q and q ~ r are logical expressions and should be 
proved separately as lemmas. 

To summarize, we have the following theorem. 

THEOREM 3-3 [VERIFICATION-RULES METHOD(Hoare)]. Given 
a while program P, an input predicate cp(x), and an output predicate 
t{!(x, :Z}. If, by applying successively the verification rules just described, 
we can deduce 

{cp(x)} P {t/1 (x, z)} 

then P is partially correct wrt q> and t{!. 

Some of the verification rules can be combined to form new rules that 
are more convenient to use; such rules are usually called derived verification 
rules, four of which are the following. 

1. Assignment rule : From the assignment axiom and the consequence 
rule, we obtain p(x,y) ~ q(x,g(x,y)) 

{p(x, y) } y +--- g(x, y) {q(x, y) } 

2. Repeated assignment rule: From the assignment and concatenation 
rules we obtain 

{p(x, y)} y +--- gt (x, y); y +--- g2 (x, y); . . . ; y +--- g"(x, y){q(x, y)} 

3. Modified while rule: From the while and consequence rules we 
obtain 

{p 1\ t} B {p} and (p 1\ "'t) ~ q 

{p} while t do B { q} 
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4. Modified concatenation rule: From the concatenation and conse

quence rules we obtain 

{p} B1 {q} and {r}B2{s} 

Note that for the START statement 

START 
.Y +- f(x) 

by the assignment axiom we obtain 

and 

{p(x,f(x))} .Y +- f(x) {p(x, y)} 

and for the HALT statement 

we obtain 

z +- h(x, y) 
HALT 

{p(x, h(x, y))} z +- h(x, y) [p(x, z)} 

EXAMPLE 3-11 

q::::Jr 

Let us prove again the partial correctness of program P 1 of Example 3-1 
wrt the input predicate x ~ 0 and the output predi<;ate z2 ~ x < (z + 1)2. 

The program is 

START 
(Yl, y2 , Y3) +- (0, 1, 1); 
while y2 ~ x do (YI,y2,y3) +- (yl + 1,y2 + Y3 + 2,J3 + 2); 

z +- Y1 
HALT 

In our proof we shall use the following assertion: 

R(x, Y1, Yz, y3): (yi ~ x) 1\ (y2 = (yl + 1)2
) 1\ (Y3 = 2yl + 1) 

The proof can be stated formally as follows: 

1. x ~ 0 ::::J R(x, O, 1, 1) Lemma 1 

2. {x ~ 0} 
(Yl, y2 , Y3) +- (0, 1, 1) 
{R(x, y1 , y2 , y3)} Assignment rule (line 1) 

3. R(x,yl,y2 ,Y3) 1\ y2 ~X ::::J R(x,y1 + 1,Yz + Y3 + 2,y3 + 2) 
Lemma 2 
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4. {R(x,yl,y2,Y3) 1\ Y2 ~ x} 
(Yl, Y2, Y3) +- (Yl + 1, Y2 + Y3 + 2, Y3 + 2) 
{R(x, Y1 , Yz, Y3)} Assignment rule (line 3) 

5. {R(x,y1 ,y2,J3) } 
while Y2 ~ x do (Yl, Y2, Y3) +- (yl + 1, Y2 + Y3 + 2, Y3 + 2) 
{R(x,y1 ,y2,J3) 1\ Yz > x} Whilerule(line4) 

6. {x ~ 0} 
(yl, Y2, Y3) +- (0, 1, 1); 
while Yz ~ x do (y1 ,y2 ,J3) +- (y1 + 1,y2 + Y3 + 2,J3 + 2) 
{R(x, Y1 , Y2, y3) 1\ y2 > x} Concatenation rule (lines 2 and 5) 

7. R(x,y1 ,y2,J3) 1\ Y2 > x ::::J Yi ~ x < (Yl + 1)2 Lemma3 
8. {R(x,y1 ,Yz,J3) 1\ Y2 > x} 

z +- Y1 
{z2 ~ x < (z + 1)2} Assignment rule (line 7) 

9. {x ~ 0} 
(yl, Y2, Y3) +- (0, 1, 1); 
while Y2 ~ x do (yl, Y2, Y3) +- (yl + 1, Y2 + Y3 + 2, Y3 + 2); 
z +- Y1 
{z2 ~x<(z+1)2 } Concatenation rule (lines 6 and 8). 

Thus, since Lemmas 1, 2, and 3 are true, the proof implies that P 1 is partially 
correct wrt x ~ 0 and z2 ~ x < (z + 1)2. 

As in the inductive-assertion method (described in Sec. 3-1.2), the 
choice of the assertion R(x, y1 , y2 , Y3) is the most crucial part of the proof. 
In general, the process of finding such assertions requires a deep under
standing of the program's performance. It is our hope that these assertions 
will be supplied by the programmer as comments in every program he 
writes; for example, if we enclose comments within braces, an appropriate 
way to express the square-root program would be 

START 
{x ~ 0} 
(yl' Yz, Y3) +- (0, 1, 1); 
while Yz ~ x do { (yi ~ x) 1\ (y2 = (y1 + 1)2

) 1\ (Y3 = 2y1 + 1)} 
(yl,Yz, Y3) +- (yl + 1,Yz + Y3 + 2,Y3 + 2); 

z +- Y1 
{z2 ~ x < (z + 1)2

} 

HALT 0 



210 VERIFICATION OF PROGRAMS 

EXAM PLE 3-12 [Hoare (1961), (1971)J 

The purpose of the program P 8 in this example is to rearrange the elements 
of an array S of n + 1 (n > 0) real numbers S [OJ, ... , S [ n J and to find 
two integers i and j such that 

O~j<i~n 

and 
\fa\fb[(O ~a< i 1\ j < b ~ n) :J S[aJ ~ S[bJJ 

In other words, we would like to rearrange the elements of S into two 
nonempty partitions such that those in the lower partition S [OJ, . . . , 
S [i - 1 J are less than or equal to those in the upper partition S [j + 1 J, 
. . . , S [ n J, where 0 ~ j < i ~ n. In the program, n is an input variable, 
r is a program variable, and i and j are output variables. For simplicity, 
S is used as an input and program array as well as an output array: 

START 
{n > 0} 
r +- S[div(n, 2)J; (i,j) +- (0, n) ; 
while i ~ j do 

begin while S [ iJ < r do i +- i + 1 ; 
while r < S[j] doj +- j- 1; 
if i ~j then begin (S [iJ, S [jJ) +-(S[jJ, S[iJ) ; 

d 
(i, j) +- (i + 1,j - 1) 

en 

end 
{0 ~j < i ~ n 1\ \fa\fb[ (O ~a< i 1\ j < b ~ n) :J S[aJ ~ S [bJ J } 
HALT 

The division into smaller and larger elements is done by selecting the 
element r = S [ div (n, 2) Jt and placing elements smaller than it in the lower 
partition and elements larger than it in the upper partition. Initially i is 
set to 0 and j to n, and i is stepped up for as long as S [iJ < r since these 
elements belong to the lower partition and may be left in position. When 
an S [iJ is encountered which is not less than r (and hence out of place), 
the stepping up of i is interrupted. The value of j is then stepped down 
while r < S [jJ, and this stepping down is interrupted when an S [j] not 
greater than r is met. The current S [iJ and S [j] are now both in the wrong 
positions; the situation is corrected by exchanging them. If i ~ j, i is stepped 
up by one and j is stepped down by one and the "i search" and ''j search" 

tNote that dil'(n. 2) denotes the quotient of the integer division of n by 2. 

ALGOL-LIKE PROGRAMS 211 

are continued until the next out-of-place pair is found. If j < i, the lower 
and upper parts meet and the partition is complete. 

We wish to prove that this program is partially correct; that is, when 
it terminates (if at all), (1) the elements of the array S are a permutation of 
the elements of the initial arrayt and (2) the following relation holds 

(j < i) 1\ \fa. \fh [(0 ~a< i 1\j < b ~ n) :J S[aJ ~ S[bJJ 

We leave it as an exercise to the reader (Prob. 3-13) to prove that the stronger 
relation 0 ~ j < i ~ n holds. It is clear that relation 1 holds because 
(S [iJ, S [j]) +- (S [j], S [iJ) is the only operation applied to S and it leaves 
the elements of the array S unchanged except for order. 

Relation 2 can be verified in steps using the verification rules. Instead 
of giving a complete proof, we shall just describe the assertions that should 
be used in such a proof. The annotated program is 

START 
{n > 0} 
r +- S[div(n, 2)J; (i,j) +- (0, n); 

{0 ~ i 1\ \fa(O ~a< i :J S[aJ ~ r) 1\ 

j ~ n 1\ \fb (j < b ~ n :J r ~ S [b J) } 
while i ~ j do 

begin {i invariant 1\ j invariant} 
while S [iJ < r do i +- i + 1; 

(i invariant). 
(j invariant) 

{i invariant 1\ j invariant 1\ r ~ S [iJ} 
while r < S [j] do j +- j - 1 ; 
{ i invariant 1\ j invariant 1\ S [j] ~ r ~ S [ iJ } 
if i ~ j then begin (S [i], S [j]) +- (S [j], S [iJ); 

(i, J) +-(i + l ,j - 1) 
end 

end { i invariant 1\ j invariant} 

{j < i 1\ VaVb [ (O ~a< i A j < b ~ n) :J S [aJ ~ S[bJ J } 
HALT 

3-3.3 Total Correctness 

D 

The verification-rules method (Theorem 3-3) enables us to prove only the 
partial correctness of while programs. In order to extend the method 
to prove the total correctness (including termination), Manna and Pnueli 

tThat is, perm(S,"""'' s ••.•• ,, 0, n) holds, where s, ••• , indicates the value of Sat the START statement 
and s •• , •. , indicates the value of S at the HALT statement. 
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