CS611 Lecture 29 Products, sums, and more November 3,2000

Scribe: Kobyakov, Malesevic Lecturer: Andrew Myers

In the last couple of lectures we introduced the typed lambda calculus language A™. We have seen that it
is strongly normalizing: every expression terminates. Additionally, we have seen that we lost some expressive
power by introducing types into our language. For example, we cannot write infinite loops and we don’t
have recursion. In this lecture we will go further with our A™ language and first add some new types. The
new language will be an extension of A~ and we will call it tF. After that we will add recursion into our ¢tF'
language.

1 Syntax

The first thing that we are going to do is adding two new types to A~ language: sum (+) and product (x)
types. The syntax, is an extension of A™". Suppose n denotes an integer literal, u unit value, x denotes a
variable name and e denotes an expression.

e u= x| b | fnzx:7.e| erex | e1x ® ea | (e1, ea) | firste | reste
| inle | inre | caseeger e
b == n | #u

Basically, we have moved the A~ language closer to the meta language. Here are the allowed types:

B == int | unit

T u= Bl m o1 |nxn| n+ n

In these definitions B denotes base types and as it can be seen we have added sum and product types.

2 Structural Operational Semantics

The new tF' language is an eager,call-by value language. There is new a expression case eg €1 e2 which works
as follows: if eg is in the form inl vy then the whole case expression evaluates to e; applied to vy without
evaluating e;. The same thing is with inr vy when result is eo applied to vg. In order to present operational
semantics let’s define what we consider as values.

v u= b | fnz:T.e | (v, ve) | inlv | inrv

The operational semantics is pretty much the same as we have in uF. So we will just present rules for the
case expression.

(case (inl vg) e1 ea) — ey vy (case (inr vy) ey e2) — ez Vg

We don’t have a let expression but we can apply the same desugaring as we did in uF. As it can be seen we
didn’t define bool as base types, but we can emulate boolean as follows:



Dlbool] = Unit® Unit
Dl#t] = inl (#u)
D[#f] = inr (#u)

Dlif eg e1 ea] = case ey (fn u: unit. e1) (fn u : unit. es)

3 Static semantics

Now we can present typing rules for tF' language

Tx:thkax: 71 I'Fn:int T'Fw:unit
Fz:tke:7 I'Fey:7—7 T'lhey: T I'ejp:int T'Hey:int
FE(fnz:7.e):7— 7 k(e es): 7 Ik (e; +e2) :int
T'kter:mm I'key:m I'kFe:mxm I'Fe:mxm
Tk (e1 e2) : 71 %72 Tk (firste):m Tt (rest e) : 1o
I'kFe:m I'te:m I'bey:mm+m I'Feg:mp 51 IF'hey:imm — 73
TE(nlyyme):m+7m  TE(nrnin,e): 7+ 7 Ik (case eg e1 €3) : T3

As it can be seen we only have binary sums and products. This is not a problem because we simulate
multiple arguments. We have 7 * 70 and we can start to use these things to build up data types. The
following desugaring translates a language with multi-component products/tuples into pairs

D[ry * ...... x7,] = D[n]*D[rx*.... * Tp ]
Dl{e1, -..... ven)] = (Dlei], D[lea, ......en)])

We can use a similar desugaring to reduce multi-arm sums into two-arm sums.

4 Recursion

Now we are in a position to actually make tF' Turing-equivalent. Right now, it is still strongly normalizing.
The type domains and the denotational semantics are as below.

Tln—m] = Tn]— T[w]
T[r * 7] Tr] * T[]
T[[Tl +T2]] T[[Tl]] +T[[T2]]

Some examples of the meanings we associate with these terms are as follows:



CITF {e1,e2) : 11 x 2]p (C[T Fe1:m]p,CIT F ez : 72]p)
CIT Finly4r, €71 +72]p in(C[T Fe:m]p) € T[]+ T[]
C[TFcaseeg e eq :m3)]p = case C[T'Feg: 7 + 72]p of

z1. (C[C ke :m — 13]p)z1
| T . (C[[F I_ €9 . Tg — 7'3]][))1[:2

Now we throw recursion into the language in order to be able to write divergent programs! Here is the
altered language definition with the modified operational and denotational semantics.

e n= .. |recy:T—7.fz:T €

recy:7—7.fnzxe — fnz:te{recy:7— 7. fnzely}

Dz:ry:7r—717 F e: 7

Pk (recyfnze):7— 7

C[Ck(recyfnze):T—7p = fix( \feT[r—7].
M eT[r].CI ,z:my:7— 7 Fe:T]plx— v,y— f])
Notice that we are taking fixed points now, which requires that the domain 7 [r — 7'] is a pointed cpo.

Thus, we need | and we finally have divergent programs in our language.

T[[Tl - TQ]] = T[[Tl]] - TIITQ]]l
pET = ClFe:7lpeT[r]L

Note that in a CBN language, we would have T[r; — 7] = T[r1] — T[] and T[int] = Z,. Thus, all
types would be modeled by pointed domains.

5 A limitation

tF does not have recursive type definitions, which means we still cannot define reasonable data structures.
This will be addressed in subsequent lectures.



