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Morris's observational equivalence

for the luntyped A-calculus

M| =" |v
I

for all context C(—)

C(M) |has a B-normal form| iff C(N) [has a B-normal form
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Characterizing Morris's
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observational equivale
Morris’s equivalence

_J

filter model 2.4, extensional Bohm trees
denotational semantics syntactic characterizations

[ Coppo, Dezani & Zacchi 1987 |
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The key idea

Bohm tree

Output of the program

‘Approximations of the B-normal form of the term‘

Taylor expansion
Resource management of the program

k times

9(MN):AM[N,...,N]

[ Ehrhard & Regnier 2003 ]
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(Linear) Resource Calculus

If the number of occurrences of x in t equals k

(Ax.t)[s1,...,5k] —p Z t{Sp(l)/X1,~~75p(k)/Xk}

pES



(Linear) Resource Calculus

If the number of occurrences of x in t equals k
(lX.t)[Sl,...,Sk] —B t{sp(l)/xl,...7sp(k)/xk}

Seeking linear substitution?
Then take . too!
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Taylor Expansion

< : A-terms — infinite sums of resource terms
k times
inol
) - > m[N,....N] | was lying!
keN

Definition (Taylor expansion)

te 7 (M)

B - y sty rsi]
keN,te T (M),s1,...,sk€T (N)



Taylor Expansion

< : A-terms — infinite sums of resource terms

Example n times k times

: Z ly.x[y,...,y][y,...,y}

n,keN



Taylor Expansion

< : A-terms — infinite sums of resource terms

Theorem (Ehrhard & Regnier 2008)

For every A-term M

nfg (7 (M)) = 7 (BT(M)).



Taylor Expansion

< : A-terms — infinite sums of resource terms

Theorem (Ehrhard & Regnier 2008)

For every A-term M

. o
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Relational Semantics

The cartesian closed category MRel:

Kleisli of Rel, self-dual x-autonomous category, provided with
the exponential comonad | = ..
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Relational Semantics

The cartesian closed category MRel:
objects: sets A, B, ...
morphisms: —B C X B

X1 —OM X1

X
X —o—i ! X
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Relational Graph Models

Definition (relational graph model)
(0N is given by

@ an infinite set ;

@ a total injection .

9 is extensional when i is bijective.

Reminder (Plotkin's graph model)

2 = (D,i) is given by
@ an infinite set D;
e a total injection i: (D) x D — D.
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rgm as Non Idempotent
Intersection Type Systems

Toargm 2= (D, i) we associate

Tyg: o=a|u—o lg: U =w|oc| oAy

@ atomic types correspond to atoms of D
@ intersections correspond to multisets of elements of D
@ arrow types correspond to elements of [D=>D]|=.4;(D)x D

The injection i : .#:(D) x D — D induces an equivalence

(o Juacay s
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rgm as Non Idempotent
Intersection Type Systems

For a closed A-term M

M7 = {c| F”M:c}

Theorem (N2l approximation)
v = (] - | )

It is here that we replace the traditional —Iike
approximations with the new FEVIEE-like one!
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Full Abstraction

Lemma (characterization of B-normalizability)

A closed A-term M has a B-normal form iff in every rgm &
preserving @-polarities,

7 Mo

for some type & such that w ¢ o .
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Theorem (full abstraction for Morris’s)

Let 9 be an BRI UEIN{UNICIAU - RORIE . The

following are equivalent for M, N closed A-terms:
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Full Abstraction

Theorem (full abstraction for Morris’s)

Let 9 be an BRI UEIN{UNICIAU - RORIE . The
following are equivalent for M, N closed A-terms:

L. [M]}Z C [N]?
2. My

Examples

Do € Ww—E ~E fully abstract for ="*

D * i = SN S fully abstract for Morris! ‘
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Observational equivalences
Morris’s equivalence

extensional rgm preserving @-polarity
Resource-sensitive | denotational semantics

TN(M)

| Resource—sensitive| syntactic characterizations




Extensional Taylor Expansion

We seek an analogous of [Ehrhard & Regnier 2008]
“commutativity” theorem

taking 1)-reduction into account. Something like

BTN o
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Extensional Taylor Expansion

The core problem: how to resource terms?
A paradigmatic instance of the problem:

lx.yH

but also

Ax.y[] is a term of the sum nfg T (Ax.yy)

y
Ax.y[] is a term of the sum RIGE 720823
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Extensional Taylor Expansion

Moral of the story: m-conversion of resource approximants has
a behavior.

Definition (extensional Taylor expansion)

Let M be a A-term. Then

‘9”(/\/])‘ = nfp, nfﬁ

Example
Ax.y[[5(x) as a term in the sum nfg (T (Ax.y x))

Ax.y[]” is a term in the sum nfg (7 ( )



Extensional Taylor Expansion

Theorem
For every A-term M

[N

Here R3SBAEAN is a coinductive version of the extensional
Bohm tree, that characterizes =™, but not C™ .

So do our U7 . Better than nothing!
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Conclusion & Future Work

e We introduced a class of models fully abstract for Cf

extensional rgm preserving @-polarity

@ Future works: refining the notion of preservation of
w-polarity in order to get all relational models fully
abstract for C™, along the line of [Breuvart LICS14]

e We introduced a syntactic mathematical model of ="

T1(M)

@ Future works: looking for a similar model of Cof



Thanks for your attention.



