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Preface

This volume collects papers presented at the 30th Annual Conference on Mathe-
matical Foundations of Programming Semantics (MFPS XXX), held on the campus
of Cornell University, Ithaca, New York, USA, from Thursday, June 12 through
Sunday, June 15, 2014. The MFPS conferences are devoted to those areas of math-
ematics, logic, and computer science that are related to models of computation in
general and to the semantics of programming languages in particular. The series
particularly stresses providing a forum where researchers in mathematics and com-
puter science can meet and exchange ideas about problems of common interest.
As the series also strives to maintain breadth in its scope, the conference strongly
encourages participation by researchers in neighboring areas.

The Organizing Committee for MFPS consists of Andrej Bauer (Ljubljana),
Stephen Brookes (CMU), Achim Jung (Birmingham), Catherine Meadows (NRL),
Michael Mislove (Tulane), Joél Ouaknine (Oxford) and Prakash Panangaden (McGill).
The local arrangements for MFPS XXX were overseen by Dexter Kozen.

The MFPS XXX Program Committee members are:

Bart Jacobs, Alexandra Silva, Sam Staton (Co-chairs),
Radboud University Nijmegen

e Steve Awodey, CMU ¢ Ichiro Hasuo, Tokyo

e Andrej Bauer, Ljubljana ¢ Martin Hofmann, LMU Miinchen
e Stephen Brookes, CMU ¢ Achim Jung, Birmingham

e Pierre Clairambault, ENS Lyon ¢ Shin-ya Katsumata, Kyoto

e Martin Escardo, Birmingham ¢ Naoki Kobayashi, Tokyo

Fabio Gadducci, Pisa ¢ Dexter Kozen, Cornell



e Conor McBride, Strathclyde ¢ Rasmus Mogelberg, ITU Copenhagen

e Guy McCusker, Bath ¢ Joél Ouaknine, Oxford

e Annabelle Mclver, Macquarie ¢ Prakash Panangaden, McGill
e Catherine Meadows, Naval Research Labe Daniela Petrisan, ENS Lyon
e Stefan Milius, Erlangen-Niirnberg ¢ Alex Simpson, Edinburgh

e Michael Mislove, Tulane e Jamie Vicary, Oxford

e Nobuko Yoshida, Imperial College

The Program Committee selected 16 out of 32 submitted papers for presentation
at the meeting. The Organizing Committee selected the following people to give
invited plenary talks at the meeting:

* Nick Benton, Microsoft Research, Cambridge, UK

e Andy Gordon, Microsoft Research, Cambridge, UK

e Elham Kashefi, University of Edinburgh, UK

e Dexter Kozen, Cornell University, USA

e Prakash Panangaden, McGill University, Canada

e Alexandra Silva, Radboud University, Nijmegen, The Netherlands

In addition, two of these invited speakers organised special sessions:

e Probabilistic computing, organized by Andy Gordon

e Quantum computing, organized by Elham Kashefi

It remains for us to thank all authors and speakers, the organizers of special ses-
sions, the program committee, and the external referees for their contribution to
the success of the conference. We would also like to thank the US Office of Naval
Research for its continued support of the MFPS series. Finally, we would like to
thank Cornell University for providing the venue and the local staff who helped
with the preparations and execution of the conference, especially Michelle Eighmey
amd Molly Trufant.

Bart Jacobs
Alexandra Silva
Sam Staton



On Continuous Nondeterminism and
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Abstract

This paper is devoted to the study of nondeterministic closure automata, that is, nondeterministic finite
automata (nfas) equipped with a strict closure operator on the set of states and continuous transition
structure. We prove that for each regular language L there is a unique minimal nondeterministic closure
automaton whose underlying nfa accepts L. Here minimality means no proper sub or quotient automata
exist, just as it does in the case of minimal dfas. Moreover, in the important case where the closure operator
of this machine is topological, its underlying nfa is shown to be state-minimal. The basis of these results is
an equivalence between the categories of finite semilattices and finite strict closure spaces.

Keywords: Canonical Nondeterministic Automata, State Minimality, Closure Spaces, Semilattices

1 Introduction

Why are state-minimal deterministic finite automata (dfas) easy to construct, whilst
no efficient minimization procedure for nondeterministic finite automata (nfas) is
known? Let us start with the observation that minimal dfas are built inside the
category Set; of finite sets and functions and are characterized by having no proper
subautomata (reachability) and no proper quotient automata (simplicity). Nfas can
be regarded as dfas interpreted in the category Rely of finite sets and relations, and
so one might hope to build minimal nfas in the same way as minimal dfas, but now
in Rel;. However, there is a significant difference: Set is both finitely complete and
cocomplete, yet Rel; does not have coequalizers, i.e., canonical quotients. The lack
of such canonical constructions provides evidence for the lack of canonical state-
minimal nfas.
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This suggests the following strategy: form the cocompletion of Rely obtained by
freely adding canonical quotients, which turns out to be the category JSL; of finite
join-semilattices (see Appendix), and build minimal automata in this larger cate-
gory. Every nfa may be viewed as a dfa in JSLy via the usual subset construction.
In order to obtain more efficient presentations of nfas, avoiding the full power set of
states, we make use of a categorical equivalence between JSL; and the category Cly
of finite strict closure spaces [2]. The objects of the latter are finite sets Z equipped
with a strict closure operator (i.e., an extensive, monotone and idempotent map
cly : PZ — PZ preserving the empty set), and the morphisms are continuous
relations, see Definitions 2.9 and 2.10 below. For example, every finite topological
space induces a finite strict closure space; these closures are called topological.

Just as nfas may be viewed as deterministic automata interpreted in Rely, non-
deterministic closure automata (ncas) are deterministic automata interpreted in
Cly: an nca is an nfa with a strict closure operator on its set of states, continuous
transition relations, an open set of final states and a closed set of initial states.
Since the category Cly has the same relevant properties as Sety, we derive for each
regular language L C ¥* the existence of a unique minimal nca A(L) whose un-
derlying nfa (forgetting the closure operator) accepts L. It is minimal in the sense
that it has no proper subautomata (reachability) and no proper quotient automata
(simplicity), and can be constructed in a way very much analogous to Brzozowski’s
classical construction of the minimal dfa [6]: starting with any nca A/ accepting L,
one has

N(L) = reach o rev o reach o rev(N\)

where reach and rev are continuous versions of the reachable subset construction
and the reversal operation for nfas, respectively.

The states of N'(L) are the prime derivatives of L, i.e., those non-empty deriva-
tives w™!L = {v € ¥* : wv € L} of L that do not arise as a union of other
derivatives. The underlying nfa of N (L) accepts L, thus it is natural to ask when
this nfa is state-minimal. Our main result is:

If the closure of (L) is topological then the underlying nfa is state-minimal.

In other words, we identify a natural class of regular languages for which canonical
state-minimal nondeterministic acceptors exist.

Related Work. Our paper is inspired by the work of Denis, Lemay and Terlutte [7]
who define a canonical nondeterministic acceptor for each regular language L. In
fact, the underlying nfa of our minimal nca A/(L) is precisely their ‘canonical resid-
ual finite state automaton’, and our Brzozowski construction of V(L) in Section 3
generalizes their construction in [7, Theorem 5.2]. The main conceptual difference
is that the latter works on the level of nfas, while our construction takes the con-
tinuous structure of nondeterministic closure automata into account. We hope to
convince the reader that ncas provide the proper setting in which to study these
canonical nfas and their construction.

We have introduced nondeterministic closure automata in [2] where we demon-

2
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strated that ncas — as well as related machines like the d&tomaton of Brzozowski and
Tamm [5] — are instances of a uniform coalgebraic construction. There we also gave
various simple criteria for nondeterministic state minimality. The present paper can
be understood as an in-depth study of ncas, extending the results from [2] and [7]
in two ways: firstly, we provide a richer and more conceptual way of constructing
the minimal nca N (L) (compared to [7]) by working with closures. Secondly, we
prove that the underlying nfa of N'(L) is state-minimal provided that A(L) has
topological closure, thereby generalizing a much weaker criterion from [2].

2 From Deterministic JSL-Automata to Nondetermin-
istic Closure Automata

In this section we consider deterministic automata interpreted in the category of
join-semilattices, and explain how they induce nondeterministic closure automata.
We shall assume familiarity with basic concepts from category theory (categories,
functors, duality and equivalence).

Notation 2.1 Throughout this paper we fiz an alphabet 3. The composition of
relations R C AxB and S C BxC is SoR = {(a,c) : 3b € B.(a,b) € RA(b,c) € S}.
Moreover R[A'] = {b € B :3Ja € A'.(a,b) € R} denotes the R-image of a subset
A" C A, and we write R[a] instead of R[{a}].

Let us first recall deterministic and nondeterministic finite automata and provide
them with suitable morphisms.

Definition 2.2 (1) A nondeterministic finite automaton (nfa) N = (Z, R, F)
consists of a finite set Z of states, transition relations R, Z x Z for ev-
ery a € X, and a set F' C Z of final states. A pointed nfa (N, I) is additionally
equipped with a set of initial states I C Z.

(2) Nfas form a category Nfa whose morphisms B : (Z, R,, F) — (Z,, R, F’) are
relations B C Z x Z' that preserve and reflect transitions (i.e. R, o B=BoR,)
and moreover z € F iff B[z] N F' # (). Likewise we have the category Nfa, of
pointed nfas, whose morphisms B : (N,I) — (N',I') are additionally required
to satisty B[I] = I'.

C
I

Remark 2.3 Our choice of Nfa-morphisms B is sound: for each z € Z the pointed
nfas (Z, Ry, F,{z}) and (Z', R, F', B[z]) accept the same language.

Definition 2.4 (1) A deterministic finite automaton (dfa) is an nfa D = (Q, d,, F)
whose transition relations d, : @ — @ are functions. A pointed dfa (D,qo) is
a dfa equipped with a single initial state gy € . Morphisms of (pointed) dfas
are precisely the Nfa- (resp. Nfa,-)morphisms that are functions.

(2) A deterministic automaton (da) is defined in analogy to to (1), except that the
set of states is not required to be finite.

We are mainly interested in d(f)as carrying a semilattice structure.

3
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Notation 2.5 Let JSL denote the category of (join-)semilattices with a bottom
element L, whose morphisms are |-preserving semilattice homomorphisms. JSLj
is the full subcategory of finite semilattices.

One can view the final states of a da (@, d,, F') as a predicate f : @ — {0,1}
with F' = f~1({1}). This suggests the following definition: a JSL-da is a da whose
state set ) carries a semilattice structure, such that the transitions d, : Q — @ and
the final state predicate f : Q — 2 are semilattice morphisms. Here 2 denotes the
2-chain 0 < 1. Note that to give a morphism f : ) — 2 means precisely to give
a prime filter F' C @, i.e.,, Lo ¢ Fand gVg¢ € Fiff g€ F or ¢ € F. Indeed,
given f, the set F = f~1({1}) is a prime filter, and conversely every prime filter of
Q) arises in this way. Therefore:

Definition 2.6 (a) A JSL-da is a triple D = (Q,d,, F) where Q is a semilattice
of states, the a-transitions 6, : Q — Q are semilattice homomorphisms for
a € %, and the final states F C @Q form a prime filter. Given another JSL-
da D' = (Q',6.,F'), a morphism h : D — D’ is a semilattice homomorphism
h:Q — Q' such that 8}, oh =hod, and q € F iff h(q) € F'. We denote by Jda
the category of all JSL-das, and by Jdfa the full subcategory of JSL-dfas, that is,

JSL-das with a finite set of states.

(b) A pointed JSL-da (D, qo) is a JSL-da D = (Q, 64, F') with an initial state g € Q.
Morphisms of pointed JSL-das must additionally preserve the initial state. Jda,

denotes the category of pointed JSL-das, and Jdfa, the full subcategory of pointed
JSL-dfas.

(c) The language accepted by a pointed JSL-da (D, qo) is the language accepted by
its underlying da, that is, the set

Lp(q0) = {w € X% : 6y(qo) € F}

where 0y : Q — Q is the usual inductive extension of the transition function
given by 6. = idg and dyq = 04 © 0.

Example 2.7 (1) Take any nfa N = (Z, R,, F). The usual determinization via
the subset construction is a JSL-dfa. Indeed, the states PZ form a semilattice

w.r.t. union, the transitions preserve binary unions and the empty set, and the
final states {A C Z: ANF # ()} form a prime filter.

(2) Let PX* be the semilattice (w.r.t. union) of all languages over X. It carries the
structure of a JSL-da whose transitions are given by L — a 'L (a € ) and
whose final states F' are precisely the languages containing the empty word.
This automaton Dpy+ = (PX*,a~'(—), F) is easily seen to be the final JSL-
da: every JSL-da has a unique Jda-morphism into Dpys+, namely the function
mapping each state to the language it accepts.

(3) Let Dreg(s) be the subautomaton of Dpy+ whose states are the regular languages
over Y. It can be characterized up to isomorphism by the property that every
JSL-dfa has a unique Jda-morphism into Dreg(s))-

4
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Remark 2.8 Readers familiar with the theory of coalgebras will immediately notice
that JSL-das correspond to coalgebras for the functor 7' = 2 x Id> : JSL — JSL. The
examples (2) and (3) above then state precisely that Dpy- is the final T-coalgebra
and Dgeg(x) is the final locally finite T-coalgebra, see [9].

In [2] it was proved that the category JSL; of finite semilattices is equivalent to
the category of finite strict closure spaces. We recall the necessary concepts.

Definition 2.9 A closure operator (shortly, a closure) on a set Z is a monotone,
idempotent and extensive function cly : PZ — PZ, that is,

ACB
Clz(A) g Clz(B)’

clz(A) D A, clyocly = cly, for all A,B C Z.

A closure space (Z,cly) is a set with a closure defined on it. It is finite if Z is
finite and strict if clz(0) = 0. A subset A C Z is closed if clz(A) = A and open if
its complement A C Z is closed. We write clz(z) for clz({z}).

Definition 2.10 Let Zy and Zy be finite strict closure spaces. Then a relation
B C Zy X Z5 is said to be continuous if:

(i) For each z € Zy, the image B[z] C Zy is closed in Zs.
(i1) Blclz, (A)] C clg, (B[A]) for all subsets A C Z.
Given two continuous relations By : Z1 — Zo and By : Zo — Zs we define their
continuous composition as follows:
82 081 = {(Z1723) € 71 X Zg 123 € ClZB(BQ 081[21])} AT Zg.
That is, one forms the usual relational composition and takes the closure in Z3. The
continuous identity is defined by idy = {(2,2') € Z x Z : 2’ € clz(2)}.

Definition 2.11 Let Cl; denote the category of finite strict closure spaces and
continuous relations, with continuous composition and identities.

Remark 2.12 Strict closure spaces can be regarded as generalized topological
spaces. Indeed, every topological space Z induces a strict closure space (Z,cly)
where cly is the usual topological closure operator. It preserves finite unions, i.e.,

clz(AUB)=clz(A)Ucly(B) forall A,BC Z. (%)

Conversely, every strict closure space Z satisfying () arises from a topological space.
Moreover, if B : Z1 — Zs is a function between topological spaces and Zs is a T}
space, then B is continuous in the sense of topology iff it is continuous in the sense
of Definition 2.10.

Definition 2.13 A closure cly satisfying (x) is called topological.
Definition 2.14 Let Q be a finite semilattice, so that it is a lattice with meet

q/\Qq/:\/{T:rngandTSQq/}
Q
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and top element

To=\{e:9€Q})
Q

Then q € @ is join-irreducible (resp. meet-irreducible) if (i) ¢ # Lg (resp. ¢ # Tq)
and (ii) whenever g =rNgr' (resp. ¢ =r Agr') then g =r or g =r'". Let J(Q),
M(Q) C Q be the sets of join-irreducible and meet-irreducible elements of Q.

Lemma 2.15 (see [2]) The categories of finite semilattices and finite strict clo-
sure spaces are equivalent. Indeed, the following functor G : JSLy — Cly is an
equivalence:

GQ = (J(Q),clg) where clo(A) ={j € J(Q):j <q \/ A}
Q

Gf={0.J") € J(Q) x J(Q) :j' <q [(1)}: GQ - GQ'
for any semilattice homomorphism f: Q — Q’.

Remark 2.16 The associated equivalence C' : Cly — JSL; maps a finite strict
closure space Z to the semilattice C'Z of all closed subsets of Z w.r.t. inclusion
order. Its bottom is () and it has joins A Voz B = clz(A U B) (the meet being
intersection). A continuous relation B : Z; — Z3 is mapped to

CB: CZl — CZQ, CB(A) = CIZQ(B[A]).

The equivalence G lifts to an equivalence of automata, assigning to each JSL-dfa
a corresponding ‘nondeterministic closure automaton’ in Cly.

Definition 2.17 (a) A nondeterministic closure automaton (nca) is a triple N' =
(Z, Ry, F) where Z is a finite strict closure space (of states), the transition
relations Rqy C Z X Z are continuous for a € 3, and the final states F' C Z form
an open set. Given another nca N = (Z', R, F'), a morphism B : N — N’ is
a continuous relation B : Z — Z' such that R, e B = Be R, for each a € ¥, and
z € F iff Blz] N F' # 0. The category of ncas (and the above morphisms with
continuous composition) is denoted Nca.

(b) A pointed nca (N, I) is an nca N = (Z, R,, F) equipped with a closed subset
I C 7 of initial states. Morphisms B between pointed ncas must additionally
satisfy clz/(B[I]) = I'. The category of pointed ncas is denoted Nca.

(c) The language accepted by a pointed nca (N, 1) is the set Lar(I) C X* of words
w such that some state in I has some w-path to a final state.

Remark 2.18 (1) Every nfa N = (Z, Ry, F') may be viewed as an nca where 7 is
discrete, i.e., it has the identity closure cl; = idpz. This nca is well-defined
because (i) every relation between discrete closure spaces is continuous and (ii)
every subset of a discrete closure space is both open and closed. Therefore we
have full embeddings Nfa < Nca and Nfa, — Nca,.

(2) Every (pointed) nca has an underlying (pointed) nfa where we forget the closure.
In contrast to the previous statement, this does not define functors Nca — Nfa

6
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and Nca, — Nfa, because composition of Nca-morphisms is not the relational
composition. Note that the language Lar(I) accepted by a pointed nca (N, 1)
is the language accepted by its underlying pointed nfa.

Lemma 2.19 (see [2]) The categories of (pointed) JSL-dfas and (pointed) ncas
are equivalent. Indeed, the equivalence G : JSLy — Cly described above lifts to
equivalences:

G : Jdfa — Nca with G(Q, 64, F) = (GQ, Gd, F')
G. : Jdfa, — Nca, with G.(Q, 64, F,q0) = (GQ, G, F', I,

where F' = J(Q)NF and Iy, = {q € J(Q) : ¢ <@ qo}. On morphisms we have
Gf=Gf and G,.f = Gf.

Proof. [Sketch] This follows from Lemma 2.15. Briefly, G : JSL; — Cl defines an
equivalence and one can apply it to the carrier () and each homomorphism ¢, of a
JSL-dfa. Furthermore, the final states arise as a morphism ) — 2 and initial states
as a morphism 2 — (), so one may again apply G. The resulting structure is the
equivalent (pointed) nca. 0

Hence JSL-dfas and ncas are essentially the same structures, although the latter
have the significant advantage of having fewer states. For example, if a JSL-dfa
has free carrier, then the corresponding nca is exponentially smaller. The languages
accepted by JSL-dfas and ncas are by definition just the languages accepted by their
underlying dfas and nfas, respectively, and are preserved by the equivalence:

Lemma 2.20 A pointed JSL-dfa accepts the same language as its equivalent pointed
nea, i.e., Lp(q) = La(I) where (N,I) = G.(D,q).

Proof. Let D = (Q,0d,, F) and recall I = J(Q) N lggq, where loq = {¢' € Q :
¢ < q}. Then w € Lp(q) iff §,(q) € F by definition. Equivalently w € Lp(q)
iff fody, oi = ida where the JSL-morphism i : 2 — @ is defined i(1) = ¢ (and,
necessarily, i(0) = Lg) and the JSLg-morphism f : @ — 2 is defined f(q) = 1 iff
q € F, recalling that F' is a prime filter.

Now fody 0i = idz iff Gf @ Goy, @ Gi = Gidg = id;y (where {1} has identity
closure) because G is faithful, being an equivalence. Observe that Gi[l] = J(Q) N
log = I and also Gf C J(Q) x {1} is such that Gf[j] = {1} iff j € F. We now
show

Gf o G(Sw o Gi = id{l} (1)
iff there exists j € I such that Gd,[j] N F # 0. The latter is equivalent to saying
that GD accepts w via the initial states I.

7
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Assuming acceptance implies (1) because the relation G6,,Gi contains Gd,,0Gi.
Conversely, assuming (1), first observe that:

Go, e Gi[l] = clg(Gdy, o Gill])
= clg(Ujer{do € J(Q) : Jo <@ dw(i)})
={i"€ J(Q) : J < V{duw(j) : j € I}}.

Then (1) implies that Gd,, ® Gi[l] has non-empty intersection with F, i.e., there
exists j' <q V{0w(j) : j € I'} such that j' € F'N J(Q), so in particular j* # Lq.
Since F' is upwards closed, there is some non-zero d,,(j) € F' (where j € I) and hence
also some non-zero join-irreducible beneath d,,(j) lies in F'. This implies Gd,,[j]N F
is non-empty. O

3 Reversal, Reachability and Minimality

The purpose of the present section is to prove that every regular language L has
an associated minimal pointed nca N(L) accepting L, which is unique up to iso-
morphism. We also present a construction of this minimal pointed nca, which is
analogous to Brzozowski’s classical construction of the minimal pointed dfa [6] (see
also [4] for a (co-)algebraic view). Recall that the latter takes any pointed nfa (N, I)
accepting L and constructs L’s minimal dfa as follows:

reach o rev o reach o rev(N, I) (2)
Here rev reverses transitions and also swaps the final and initial states,
(N,I) = (Z,Ra, F,I) = rev(N,I) = (Z,Ra,I,F),

where E’a denotes the converse of the relation R,. Furthermore, reach performs the
reachable subset construction, i.e., it forms the subset dfa and takes its reachable
part. In this section we introduce these two operations for pointed ncas. We then
prove that the minimal pointed nca N (L) arises in exactly the same way as (2),
only now taking any pointed nca accepting L as input. In particular, any pointed
nfa will do.

The above nfa operation rev extends to a self-duality of the category Nfa, of
pointed nfas, defined on objects as above and on morphisms by B B. To see
that it works on the final/initial states, let § = {(z,%) : z € F} C Z x 1 and
J={(%2):2€ I} C1xZ where 1 = {x}. Then we can rewrite our conditions
on Nfa,-morphisms (see Definition 2.2) as §' o B=F and BoJ = 7', which clearly
dualize under converse. Therefore in order to generalize rev to pointed ncas, we
describe a suitable self-duality of Nca,. It is based on the well-known self-duality
of JSLy:

Lemma 3.1 The following functor D : JSL;p — JSLy is an equivalence: on objects
let DQ = Q° (which has carrier Q, bottom Tqg and join Ng) and on morphisms

8
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f Q1 — Q2 define DfP: Q5 — QFF by

Df(qz) = \/{Ch €Q1: flq1) <@, @2}
Q1

Proof. [Sketch] The self-duality of JSL; follows from the adjoint functor theo-
rem for posets. Finite join-semilattices are finite posets with all joins (= colimits)
and join-semilattice morphisms are monotone maps that preserve all joins. Con-
sequently, each f : Q1 — Q2 has a right adjoint g : Q5* — Q7 where the order
is reversed because right adjoints preserve all meets. The uniqueness of adjoints
implies that this is an equivalence. Its explication yields the above action on the
morphisms. O

Since JSLy is equivalent to Cly (see Lemma 2.15 and Remark 2.16), it follows
that Cly is also self-dual, with dual equivalence

D = (CIP-E5SLP—LoISL—SCly ).

We now describe this self-duality explicitly. Recall that CZ denotes the semilattice
of closed subsets of a finite strict closure space Z, and that M(CZ) is the set of
meet-irreducibles of C'Z.

Proposition 3.2 For any finite strict closure space Z we have
DZ=M(CZ) clpz(X)={AeM(CZ):()X C A},

and for any B : Z1 — Za, the continuous relation DBP : M(CZy) — M(CZy)
consists of all those (Ag, A1) € M(CZy) x M(CZy) such that:

B[A|]C A4y = ACA for every A € J(CZy).

Proof. We have DZ = G((CZ)?) = (M(CZ),cl) where M(CZ) = J((CZ)°P) C

() are the meet-irreducibles and:

cl(S) ={j € J(C2)?) : j <(czyor V (cz)or S}
={meM(CZ): NczS <cz m}
={me M(CZ):NS<Cm}

using the fact that the meet in C'Z is intersection. Likewise every JSL j-morphism f :
@ — Q' has a dual morphism D f : Q7 — Q defined Df?(¢') =/, f_l(LQ,q’).
Therefore every continuous relation B : Z — Z’ has a dual continuous relation
DB : DZ' — DZ defined as follows: let f = CB be the JSL-morphism corre-
sponding to B and then apply the equivalence G : JSLy — Cl to the homomorphism

9
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D f°P. Then
DB ={(j',4) € J(QF) x J(Q™) : j <qe» Df(j')}
={(m/,m) € M(Q") x M(Q) : Vo [~ (Jgm') <q m}
= {(m’,m) :Vj € J(Q).(f(§) <o m’ = j <q m)}
= {(m’,m) :Vj € J(Q).(clz,(B[j]) <o m" = j <q m)}
= {(m’,m) :Vj € J(Q)-(Blj] <q: m’ = j <q m)}
In the last step we use that B[j] is closed since B is continuous. 0

Given any pointed nca (Z, R,, F,I), the previous duality naturally leads to a
pointed nca with states M (CZ) by applying D to (a) R, : Z — Z, (b) F considered
as a continuous relation F': Z — {1} and (c) I considered as a continuous relation
I:{1} — Z. This is the reversal of pointed ncas: by applying D to F' we get the
subset I¢ C M(CZ) of all A € M(CZ) containing Z \ F. By applying D to I we
get the subset F'¢ C M(CZ) of all A€ M(CZ) with I Z A.

Definition 3.3 The reversal of a pointed nca is defined by

rev(Z, Ry, F,I) = (M(CZ),DR%, F¢, I%).

Example 3.4 Take any pointed nfa and view it as a pointed nca with identity
closure. Then CZ = PZ has meet-irreducibles Z \ {z} for z € Z and the reversal is
the classical nfa reversal, modulo the bijection z — Z \ {z}.

Theorem 3.5 The category Ncay is self-dual: the object map rev extends to an
equivalence rev : Ncal? — Nca,. It assigns to every morphism B : (Z,R,, I, F) —
(Z',R.,I', F') the morphism rev(B) C M(CZ') x M(CZ) of all pairs (A’, A) such
that

BxX]cA = XCA for every X € J(CZ).

Proof. In Definition 3.3 we defined the object part of the dual equivalence rev :
Nca?” — Nca. We now prove that it actually defines a functor.

(i) The action on continuous relations R, and Nca,-morphisms B is the action of
D, see Proposition 3.2.

(ii) The initial states form a closed set I € C'Z, or equivalently a join-semilattice
morphism i : 2 — C'Z such that i(1) = I. Dually we have the join-semilattice
morphism ¢/ = Di% : (CZ) — 2° defined by

1 otherwise

\/Z (op) = {T2op=o if i(1) oy @
Z

10
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Therefore the new final states are:

Fi=J((CZ)P)Ni'~ (Ta0)
={meM(CZ):1<Lcz m}
={meM(CZ):1IZm}.

(iii) The final states F form an open set in (Z, clz), or equivalently a join-semilattice
morphism f : CZ — 2 such that Z \ F = \/5, f~1({0}). The dual join-
semilattice morphism f/ = DfP : 2°° — (CZ)° is defined by f/(b) =
Vez f71(12b). Consequently:

IT={j € J(C2)?) : j S(czor ['(T2er)}
={m € M(CZ):\V ¢y [({0}) <cz m}
={me M(CZ): Z\F Cm}.

d

Proposition 3.6 If a pointed nca accepts L then its reverse pointed nca accepts the
reversed language rev(L).

Proof. A pointed JSL-dfa (D, q) = (Q, da, F, q) accepts a word w iff fod, 07 = ida,
where f : Q — 2 represents the final states, d,, is the inductive extension of the
dq’s and 7 : 2 — @ represents ¢ € ). Now Jdfa, is self-dual (because Nca, is) with
dual pointed JSL-dfa (Q°?, Dds", Tqor ¢,/ o(Z\ F)). The dual of the equality above
is Di% o D5 o Df = idger and furthermore Di corresponds to the final states
in the dual machine, just as Df corresponds to the initial states. Consequently
(D, q) accepts w iff its dual machine accepts the reversed word w". This property is
inherited by Nca, because the equivalence G, : Jdfa, — Nca, preserves languages,

see Lemma 2.20. O

Next we extend the operation reach from nfas to pointed ncas. A pointed nfa is
reachable if each state is reached from some initial state by transitions. Equivalently,
the pointed nfa has no proper sub nfas. Here ‘sub nfa’ refers to the category Nfa,
i.e. N’ is a sub nfa of N if there is a morphism B : N’ — N where B is an injective
function. Implicitly one uses the (onto relation, injective function) factorization
system in Rely and lifts it to Nfa,. Similar remarks apply to sub dfas: (i) they
arise as injective dfa morphisms via the (surjection, injection) factorization system
of Sety, (ii) a pointed dfa is reachable iff it has no proper sub dfas.

In order to define reachable pointed ncas, we first need the appropriate concept of
sub nca. To this end, we take the (epi, mono) = (surjection, injection) factorization
system of JSL; and apply the equivalence of JSL; and Cl; to obtain a corresponding
factorization system in Cly.

Lemma 3.7 Every continuous relation B : Zy — Z3 has an essentially unique (epi,

11
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mono)-factorization in Cly. Moreover, B is monic (resp. epic) iff the function
CB:CZy — CZy, CB(S)=-clg(B[S5)),

is injective (resp. surjective).

Proof. The functor C' : Cly — JSL; preserves and reflects monos and epis, being
an equivalence. a

Definition 3.8 (a) A pointed nca (N, I') is a sub nca of (N, I) if there exists an
Ncax-monomorphism m : (N, I') — (N, I).

(b) A pointed nca (N',I') is a quotient nca of (N, I) if there exists an Ncay-
epimorphism e : (N, I) - (N', I').

(¢) A pointed nca is called reachable if it has no proper sub ncas, simple if it has
no proper quotient ncas, and minimal if it is both reachable and simple.

Proposition 3.9 Any sub or quotient nca of (N,I) accepts the same language
Ly (I).

Proof. Viewed as their equivalent pointed JSL-dfa, we have injective or surjective
deterministic automata morphisms which preserve the initial state. These certainly
preserve the language and by Lemma 2.20 the respective pointed ncas accept the
same languages. a

To obtain a more concrete characterization of reachability and simplicity, we
shall restrict to ncas whose closure is normalized in the following sense:

Lemma 3.10 FEvery finite strict closure space Y is isomorphic to another finite
strict closure space Z such that:

(i) Z is separable, that is, z # 2’ € Z implies clz(z) # clz(Z).
(ii) S € CZ is join-irreducible in CZ iff S = clz({z}) for some z € Z.

Proof.

(i) Recall from Lemma 2.15 and Remark 2.16 the equivalence G' : JSLy — Cly
and its associated equivalence C' : Cly — JSLy. Then Y is isomorphic to the
closure space Z = GCY whose carrier J(CY') is the set of join-irreducibles in
CY and whose closure is defined by clgeoy (S) ={j € J(CY): 5 Ccly(US)}
for any S C J(CY). This closure space GCY is separable: given distinct
join-irreducibles j # j' € J(CY') then wlog j £cy j', hence j Z j' = cly(j')
and j ¢ clgeoy ({j'}). But clearly j' € clgoy ({j'}).

(ii) In any closure space Z', every join-irreducible in C'Z’ is the closure of some
singleton set. For if S = clz/(5) is join-irreducible and S = S; U Sy then
S = clz/(S1) Vg €lz/(S2) and hence wlog S = clz/(S1). Continuing we get
either S = clyz/(0) = 0 (a contradiction) or S is the closure of a singleton
set. For the particular closure space GCY = (J(CY),clgy) we also have the
converse, i.e., the closure of a singleton subset of J(CY') is join-irreducible
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in C(GCY). This follows because the closed sets of GCY take the form
J(CY)NleyS for some S € CY and in particular the closure of a singleton
{j}, j € J(CY), consists of all join-irreducibles smaller than or equal to j.
It follows that if clgoy ({j}) = K1 Ve(geoy) K2 then some K; contains j by
join-irreducibility of {j}, wlog 7 € K;. Then clgoy ({j}) C clgey (K1) = K,
and the converse is clear.

O

Definition 3.11 A (pointed) nca is normalized if its closure satisfies the conditions
of Lemma 3.10.

Corollary 3.12 FEvery nca is isomorphic to a normalized nca.

Proposition 3.13 A normalized pointed nca (Z, Ry, F, I) is reachable iff for every
z € Z there exists a word w, € ¥* such that:

(i) There is a w,-path from some initial state to z in the underlying nfa.

(ii) Every w,-path from every initial state terminates at an element of clz(z).

Proof. Suppose (N, 1) is a reachable pointed nca. Then by the equivalence of G, :
Jdfa, — Nca,, we have a corresponding pointed JSL-dfa (D,I) = (CZ,CRg, F',I).
Its final states F' C CZ are defined F' = {A € CZ: ANF # (}. Note [ € CZ
is now a single state. By the equivalence of Nca, and Jdfa, we know that (D, I)
has no proper subobjects i.e. every injective Jdfa,-morphism into (D, I) is bijective.
Viewing D as its underlying dfa, one can list those states reachable from the state
I € C'Z via transitions and then construct the join-subsemilattice of C'Z generated
by this set. This defines a pointed sub JSL-dfa, using the fact that the transition
functions CR, : CZ — CZ are JSLy-morphisms, hence an injective Jdfa,-morphism
which is necessarily bijective. It follows that every A € CZ arises as a join of
elements reachable from the single state I via transitions. In particular the join-
irreducible elements must be reachable from I via transitions, since they form the
minimal generating set. So take any element z € Z and consider its closure A =
clz(z), this being an element of D’s carrier. By our assumption that the closure has
been normalized, A is join-irreducible in C'Z. Therefore there exists some w, € ¥*
such that CR,,(I) = A i.e. we have a deterministic w,-path in D from the initial
state I to the state A. Then A = clz(Ry,[I]) and since A is join-irreducible and
cly is separable we deduce z € Ry, [I], i.e., the first condition holds. The second
condition follows because 2z’ € Ry, [2z0] implies 2’ € CR,,_ (I) = A = clz(z).
Conversely, suppose the two conditions hold for some pointed nca (Z, R,, F, I).
Consider its equivalent pointed JSL-dfa with carrier C'Z. The conditions imply that
every join-irreducible in C'Z is reachable from the single state I. We can form a
sub JSL-dfa by closing under the transitions and then forming the generated sub-
algebra. Since every join-irreducible is reachable, this gives the original JSL-dfa.
Furthermore this is the smallest sub JSL-dfa, which implies the respective pointed
nca is reachable. O

Remark 3.14 The above condition (ii) may be felt surprising. However, recall
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that reachability for pointed ncas was defined by complete analogy with nfas: no
proper sub nca exists. For pointed dfas (viewed as ncas with identity closure) this is
the usual notion of reachability, since there is exactly one w,-path from the unique
initial state. However the same cannot be said for pointed nfas.

Proposition 3.15 Viewed as a pointed nca with identity closure, a pointed nfa
is reachable iff its reachable subset construction (that is, the reachable part of the
subset dfa) contains all singleton sets.

Proof. Let (Z,R,, F,I) be a pointed nfa. If every singleton subset lies in its
reachable subset construction, then every z € Z has some w, € ¥* such that
the unique path from the single state I terminates at z. Since the path is unique
and z € clz(z) = {z}, it follows that we have a reachable pointed nca by Propo-
sition 3.13. Conversely, suppose this pointed nfa defines a reachable pointed nca
with identity closure. Then by Proposition 3.13 each z € Z has some w, such that
I *2 {2} because no other state lies in the closure of {z}. O

We now provide further properties of reachable pointed ncas.

Proposition 3.16 Suppose one has a normalized reachable pointed nca accepting
L, then:

(i) Its underlying pointed nfa is reachable.
(ii) Its individual states accept derivatives of L.

(iii) Varying the (closed) set of initial states, the languages it accepts are precisely
the unions of L’s derivatives.

Proof. The first statement follows immediately from Proposition 3.13 via the first
condition (i). The second statement follows because for each z € Z, its closure is
reachable from [ in the equivalent pointed JSL-dfa. Thus this closed set accepts
a derivative of L and this language is preserved by the equivalence (see Lemma
2.20). Finally, for (iii) observe that the JSL-dfa equivalent to N accepts precisely
the unions of derivatives of L when varying the initial state: indeed, the states
reachable via transitions accept precisely the derivatives of L, and all other states
arise as a join of such states. Since languages are preserved by the equivalence, (iii)
follows. O

Every pointed nfa has a smallest sub nfa, which is necessarily reachable. That
is, one simply discards all those states not reachable from the initial states by
transitions. From the categorical standpoint this means that the intersection of
all pointed sub nfas exists. Similarly, for any pointed nca, the intersection of all
pointed sub ncas exists i.e. we can always construct a unique reachable sub nca.

Definition 3.17 The reachable part reach(N,I) of a pointed nca (N,I) is the
unique reachable pointed sub nca, i.e. the intersection of all pointed sub ncas.

Notation 3.18 Given any nca with carrier Z, any word w € X* and any subset
I C Z, we write z = %' whenever there is a w-path from z to z' in the underlying
nfa. Then w-I € CZ denotes the closure of {2’ € Z : 3z € I.2 % 2'}.

14
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Proposition 3.19 reach(Z, Ry, F, I) is isomorphic to (Z', R,,, F',I') where:
(i) Z' C CZ is the set of w-1’s not arising as joins of other v-1’s in CZ;
(it) R, ={(u-T,v-1) e Z' xZ':v-I Cua-1} for each a € 3;

(i) F'={AeZ :FNA#0};

(w) I'={AeZ': ACT}.

Proof. [Sketch] This follows by considering equivalent pointed JSL-dfa i.e. we close
under the deterministic transitions from I, form the generated subalgebra, and then
convert this JSL-dfa back into a pointed nca. O

Remark 3.20 Applying this to an nfa (i.e. a pointed nca with identity closure),
one finds that reach(N, ) is never larger than the reachable subset construction
{w-I:weX}

Next we characterize simple pointed ncas. Recall that a dfa is simple iff distinct
states accept distinct languages. Analogously:

Proposition 3.21 A pointed nca (N, I) with carrier Z is simple iff distinct closed
subsets accept distinct languages i.e. if A # B € CZ then Lnr(A) # Ly (B).

Proof. Let D be the JSL-dfa equivalent to N. It is simple since A is, so the unique
map into the final JSL-da Dpx+ (see Example 2.7) is injective. This means that
distinct states of D accept distinct languages, hence the statement follows from
Lemma 2.20. O

By Theorem 3.5 we know Nca, is self-dual. Moreover reachable and simple are
dual concepts, see Definition 3.8. Then if (N, I) is any pointed nca accepting L, it
follows that

sim(\, I) 4 rev o reach o rev(\, I)

is a simple pointed nca accepting L i.e. the simplification of (N, I). Categorically,
it is the cointersection of all quotient ncas.

Next consider reach o sim(N, I) which is certainly reachable. Importantly it is
also simple, using Proposition 3.21 and the fact reach(N, I) is a sub nca of (N, I).
Then by definition it is a minimal pointed nca accepting L. In fact:

Proposition 3.22 For every regular languages L, there is up to isomorphism only
one minimal pointed nca accepting L.

Proof. This follows from a more general result in [1, Lemma 3.22] since the minimal
nca is an instance of a well-pointed coalgebra. Let us briefly sketch the argument.
Suppose one has two minimal pointed ncas accepting L. Equivalently one has two
minimal pointed finite JSL-dfas accepting L, where minimal now means reachable
and simple in Jdfa,. Each one has a unique Jda-morphism to the deterministic
JSL-automaton Dgeg(sy of regular languages (see Example 2.7(c)), assigning to each
state the language it accepts. These morphisms factorize into a surjective morphism
followed by an inclusion i.e. their image defines a sub dfa of Dreg(s). Since they
are both simple, they are each isomorphic to their respective image. Since they are
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both reachable, by Proposition 3.16 the carrier of this image is precisely the set of
unions of derivatives of L. Therefore they are isomorphic to each other. a

Notation 3.23 Let Qr denote the semilattice of all unions of derivatives of L.

Proposition 3.24 The following pointed nca N'(L) for is minimal nca for L:

(i) States Zp, = J(Qr) i.e. the non-empty derivatives of L that are not unions of
others derivatives, endowed with the closure:

clp(A) ={K € Z,: K C| JA},

(ii) transitions Ry = {(K,K') € Z;, x Z1, : K' Ca 'K} for eacha € %,
(iii) as final states those K € Zj, containing €,

(iv) as initial states those K € Z1, which are subsets of L.

Proof. It is easy to see that the minimal pointed JSL-dfa accepting L is the finite
subautomaton of Dreg(x) (see Example 2.7(c)) generated by L. Hence is has states
Qr, transitions K — a 'K (K € Qp), initial state L, and the final states are
precisely those languages in ()7, containing €. Now apply the equivalence of Jdfa,
and Nca,. O

Then the main result in this section follows:

Theorem 3.25 For any pointed nca (N, I) accepting L, the pointed nca:
reach o rev o reach o rev(N, I)

is a minimal pointed nca accepting L, and is hence isomorphic to N (L).

Proof. By Proposition 3.6, the dual of a pointed nca accepts the reversed language.
Since reach preserves the accepted language, the above pointed nca accepts L. so
by Proposition 3.22 it suffices to show it is a minimal pointed nca. It is clearly
reachable. Moreover, rev o reach o rev(N, I) is the dual of a reachable pointed nca
and hence is simple. Finally, reach preserves simplicity (as previously explained),
so we are done. O

Finally, since Nca, is self-dual and reachability and simplicity are dual:

Proposition 3.26 For each regular language L, the reverse of the minimal pointed
nca N'(L) is isomorphic to the minimal pointed nca for rev(L), shortly,

rev(N (L)) = N (rev(L)).

Proof. By Proposition 3.6 we know the dual of N(L) accepts rev(L). Further-
more minimality is a self-dual property because ‘no proper subobjects’ and ‘no
proper quotients’ dualize. Hence, the dual of N'(L) is minimal and is isomorphic to
N (rev(L)) by Proposition 3.22. O
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4 State-minimal Nondeterministic Automata

Fach regular language L is accepted by the underlying nfa of its minimal pointed
nca N'(L). Although this nfa is never larger than the minimal dfa, it generally need
not be a state-minimal nondeterministic acceptor [7]. In this section we present a
natural sufficient condition for state minimality. Recall that a strict closure clz is
topological if it is induced by a topology on Z, i.e., it satisfies the equation

clz(AUB)=clz(A)Uclyz(B) forall A,BC Z.
Definition 4.1 An nca is topological if its closure is topological.
Lemma 4.2 N(L) is topological iff the lattice Qp = CZy, is distributive.

Proof. If clz, is topological then CZ;, C PZy, is closed under union and inter-
section, hence it is a distributive lattice. Conversely suppose that Qp = CZp, is
distributive, and let A = {K1,...,K,,} and B = {Lq,...,L,} be closed subsets of
Zr,. We need to show that AU B is closed, so suppose that K € clz, (AUB), that is,
KCKiU---UK,,UL{U---UL, by the definition of clz,. Note that for any join-
irreducible element z of a finite distributive lattice, x < yVz implies x <y or z < z
(because z < yVzimplies z = zA(yVz) = (zAy)V(xAz), hence x = xAy or x = zAz
since z is join-irreducible). We conclude that K C KyU---UK,, or L C L1U-- ULy,
so Kecly, (A)=Aor K €cly, (B)=B. Thusclz, (AUB) C AUB. O

Example 4.3 (1) If V(L) is an nfa (i.e., has identity closure) then it is topological.
For example, this is the case whenever dy = 2™% where dy, (resp. nr) is the
number of states of a state-minimal dfa (resp. nfa) accepting L, see [2].

(2) If N(L) is topological then so is N (rev(L)). Indeed, recall that they are duals.
Then since V(L) is topological iff the closed sets C'Zy, form a distributive lattice,
its order-dual is also distributive and is isomorphic to CZe(r)-

(3) If N(L) is topological and f : A* — X* is a surjective monoid morphism
then N'(f~1(L)) is also topological. Here one uses the fact that f=!: PX* —
PA* is an injective boolean morphism, providing an isomorphism between the
semilattices @ and Qy-1(r).

(4) If L is intersection-closed (that is, each binary intersection of derivatives of L
arises as a union of derivatives of L), then NV(L) is topological by Lemma 4.2.
Examples of intersection-closed languages include:

(a) the languages ¥* and {w} for w € ¥*,

(b) the tail languages (a + b)*b(a + b)"~! (n > 1),

(c) linear codes, i.e., linear subspaces of the vector space Zy (viewed as lan-
guages over the binary alphabet);

(d) thelanguages Ly = {w € 2" : f(w) = 1} C 2* where f : 2" — 2 is either the
parity function, the majority function or any R-weighted threshold function,
ie.,

Flbi,obp) =1 ff ) kb >t
for some real-valued constants k1, ..., k, and t.
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(5) The language L = a(a + b) + b(b + ¢) is not intersection-closed, yet N (L) is
topological. Indeed, the derivatives of L are (), L, a+ b, b+ ¢ and ¢, and (a +
b)N(b+c) = bis not a union of derivatives. However, the lattice @1, is isomorphic
to the lattice of all subsets of a four-element set, and hence distributive.

In [2] is was proved that N(L) is state-minimal provided that L is intersection-
closed. The following theorem is a generalization of this result, as witnessed by
Example 4.3(4),(5) above.

Theorem 4.4 Let L be a regular language. If the minimal pointed nca N (L) is
topological then its underlying nfa is state-minimal.

Proof. (1) By Lemma 2.19, the categories of pointed JSL-dfas and pointed nonde-
terministic closure automata are equivalent. In fact, G, has the associated equiva-
lence C, : Nca, — Jdfa, defined by

Cu(Z, Ry, F, 1) = (CZ,CR,, F',I) and C.B=CB,

where F' = {A € CZ : ANF # (}. Here we use the equivalence C' : Cly — JSLy,
see Remark 2.16. Observe that I € C'Z is now a single state in a JSL-dfa.

(2) Given any pointed nfa (N,I) = (Z, Ry, F,I) accepting L. Viewing (N, )

as a pointed nca (N, I) with identity closure and applying the above equivalence
yields the JSL-dfa (D, I) where D = (PZ,CR,, F') is the subset construction. Let

Q={Lp(q) :q€PZ}

be the set of languages accepted by the individual states in D. Since these are
precisely those languages accepted by the nfa N (varying the set of initial states),
we deduce that @) is closed under finite unions and derivatives, so @ is a semilattice
of regular languages under () and U. It forms the carrier of a JSL-dfa D’ = (Q, dq, F)
with transitions K % ¢~'K and final states I := {K € Q : ¢ € K}. Furthermore,
Lp defines a surjective Jdfa,-morphism

Lp: (D,I)— (D', L),

where L € @ because (N, ) accepts L. Now every surjective morphism between
finite semilattices has the property that the domain has at least as many join-
irreducibles as the codomain (since the join-irreducibles form the minimal generating
set). Hence we have shown that

/(@) <[J(P2)| = |Z].

(3) Next apply the above construction to the underlying nfa of N (L). We obtain
a JSL-dfa Dy, = (Qr,a ' (—), F) where @, is the semilattice of languages which this
nfa can accept, varying the set of initial states. In fact:

(a) Qp is precisely the set of unions of derivatives of L, see Proposition 3.16 and use
that N'(L) is reachable and (isomorphic to) a normalized nca by Corollary 3.12.
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(b) Applying G, to (Dr, L) one obtains the minimal pointed nca N (L). In partic-
ular, Zy, has states J(Qr) — see Lemma 2.19 and Proposition 3.24.

(¢) Therefore CZ;, = CGQL = Qr, since G and C' define an equivalence.

It follows from (a) that we have an injective Jdfa,-morphism:
L1 (D, L) < (D, L).

Indeed Q1 C @ because L € Q and the latter is closed under unions and derivatives.
This inclusion certainly preserves unions. The transition structure and final states
are inherited, so ¢ is well-defined.

(4) Now assume that N (L) is topological, hence Q; = CZy, is distributive by
Lemma 4.2. In view of (2), it remains to prove that |J(Qr)| < |J(Q)|, for which
we establish an auxiliary statement: given any finite distributive lattice D which
is a sub semilattice of a finite semilattice S, we prove that |J(D)| < |J(S)|. Let
|J(S)| = n, so we have a surjective join-semilattice homomorphism Pn — S. By
the self-duality of JSL; we have an embedding of S into (Pn)°? = Pn. Thus any
maximal chain in S (hence also in D) has at most n edges. Since the number of
join-irreducibles in a finite distributive lattice equals the number of edges of any
maximal chain [8, Corollary I11.112], it follows that |J(D)| < n = |J(S)|. Now Qr,
is a distributive sub-semilattice of @ by (3), so applying this result to D = Q1 and
S = @ proves the theorem. a

Example 4.5 The converse of Theorem 4.4 is generally false. Let L. = @a denote
the complement of the singleton {aa}. The underlying nfa of A/(L) and the lattice
Q1 are depicted below:

/ g \
\ | /
Clearly @y is non-distributive but A(L) is a state-minimal nfa accepting L.

5 Conclusions and Future Work

It has been known since the early days of automata theory that nondeterminis-
tic finite automata suffer from two unpleasant phenomena, as opposed to their
deterministic counterparts: the lack of canonical machines, and the lack of state-
minimization. In this paper, we have demonstrated that both problems disappear
when one augments nfas with a closure structure. Based on the equivalence between
JSL-dfas and nondeterministic closure automata, we derived the “right” notion of
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minimality, which allowed us to establish the existence of a unique minimal nca for
each regular language along with a Brzozowski-style construction method. Further-
more, by restricting to ncas with topological closure, we identified a very natural
class of canonical state-minimal nfas.

One open question that we leave for future work is to what extent our main result
(Theorem 4.4) can be reversed, that is, under which conditions the state-minimality
of N(L) implies topologicity.

Another issue we aim to address in the future are the complexity-related impli-
cations of our results. Although the general state minimization problem for nfas is
known to be PSPACE-complete, a good implementation of our operators reach and
rev could lead to efficient state minimization procedures for the class of topological
automata, and possibly even larger classes of automata.
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A Appendix

We prove the claim made in the Introduction that the category JSLy of finite semi-
lattices arises as a free cocompletion of Rel;. More precisely, JSL; is both

(a) a free cocompletion of Rely under reflexive coequalizers, and

(b) a conservative cocompletion of Rel; under finite colimits.

Let us us first recall the general concepts.

Definition A.1 Let A be a category. A free cocompletion under reflexive coequal-
1zers of A is a full embedding F : A < A’ such that

(i) A’ has reflexive coequalizers (i.e., coequalizers of pairs of retractions f,g :
X — Y having a common coretraction d : Y — X, fd =idy = gd).

(ii) Every functor F': A — B, where B has reflexive coequalizers, has an extension
F': A — B (i.e.,, F'E = F) preserving reflexive coequalizers, which is unique
up to natural isomorphism.

Definition A.2 Let A be a category with finite coproducts. A conservative finite
cocompletion of A is a full embedding F : A — A’ such that

(i*) F preserves finite coproducts and A’ is finitely cocomplete.

(ii*) Every finite-coproduct preserving functor F' : A — B, where B is finitely
cocomplete, has an extension to a finite-colimit preserving functor F’ : A" —
B (i.e. F'E = F) which is unique up to natural isomorphism.

Example A.3 Let V be a finitary variety, and let Vg, and Vy4¢ be the full sub-
categories of all finite presentable and finitely generated free algebras, respectively.
Then Vg, is a free cocompletion of Vy4r under reflexive coequalizers, as well as a
conservative finite cocompletion of Vg, see [3, Theorem 7.3 and Theorem 17.11].

Corollary A.4 JSL; is a free cocompletion of Rely under reflexive coequalizers, as
well as a conservative finite cocompletion of Rely.

Proof. Apply the above example to the variety V = JSL. Here Vy, = JSL;. Since
finitely generated free semilattices are power sets Pn (n < w), it is easy to see that
Viqr is equivalent to Rely. Indeed, the functor P : Rely — JSLy,¢ assigning to each
finite set n its power set and to each relation h : n — m the semilattice morphism

Ph:Pn— Pm, A h[A],

is an equivalence of categories. a
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Abstract

Lenses are mathematical structures used in the context of bidirectional transformations.

In this paper, we introduce update lenses as a refinement of ordinary (asymmetric) lenses in which we
distinguish between views and updates. In addition to the set of views, there is a monoid of updates and an
action of the monoid on the set of views. Decoupling updates from views allows for other ways of changing
the source than just merging a view into the source. We also consider a yet finer dependently typed version
of update lenses.

We give a number of characterizations of update lenses in terms of bialgebras and coalgebras, including
analogs to O’Connor’s coalgebraic and Johnson, Rosebrugh and Wood’s algebraic characterizations of ordi-
nary lenses. We consider conversion of views and updates, a tensor product of update lenses and composition
of update lenses.

Keywords: lenses, comonads, monads, coalgebras, algebras, bialgebras, distributive laws, liftings, monoid
acts, directed containers

1 Introduction

Lenses are studied in the context of bidirectional transformations. A lens is a
structure on two sets mediating actions on them. Think of making sure that two
copies of a database on a server and a client computer remain in agreement no
matter how the database is changed on the client’s side; this must also work when
the client only sees a part of the database, a “view”.

Many different variations of lenses have been considered in the literature. In the
seminal work [8], a lens between X and S was defined as a pair of maps lkp : X — S
and upd : X x § = X, subject to appropriate round-trip laws. Here, X is to be

1 4.ahman@ed.ac.uk
2 tarmo@cs.ioc.ee
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thought of as a set of sources and S as a set of views. O’Connor [18] showed
that such lenses are nothing but coalgebras of the array comonad for S. Johnson,
Rosebrugh and Wood [14] and Gibbons and Johnson [10] characterized lenses as
algebras for a certain monad on Set/S.

Other variants of lenses include, for example, quotient lenses [9], symmetric
lenses [12], (symmetric) edit lenses [11], and (asymmetric) delta lenses [6].

In this paper, we define a variation of ordinary (asymmetric) lenses, which we call
update lenses (this name is justified by their practical motivation and agrees with the
terminology of our prior related work [3] on update monads). In short, update lenses
differ from ordinary state-based lenses in that they distinguish between views and
updates. In addition to the set of views S, there is also a monoid (P, o, @) of updates
and an action | of (P,0,®) on S. The update map thus becomes upd : X x P — X,
allowing for other ways of changing the source than just merging a view into the
source. There is also a dependently typed version where every view s : S comes
with its own set of updates P s.

We give a number of characterizations of update lenses in terms of bialge-
bras, algebras and coalgebras, which we derive from standard facts about dis-
tributive laws between comonads/functors, compatible composition of comonads,
liftings of comonads/functors to categories of coalgebras, distributive laws of mon-
ads/functors over comonads/functors, cofree comonads, adjoint monads and comon-
ads etc. [7,5,4,20,21]. We study conversion of views and updates, a tensor of update
lenses, composition of update lenses. We also look at a specialization, initializable
update lenses. For lack of space, this appears in the appendix.

Of the related work, the closest to ours is that of Hofmann, Pierce and Wag-
ner [11] on (symmetric) edit lenses. They analyze symmetric lenses, and recognize
that edits (in our terminology updates) often carry a natural monoidal structure,
and are thus best modeled using monoids. As a result of the symmetric setting,
edit lenses consist of two monoids, with the upd operations given by a suitable vari-
ation of monoid homomorphisms. A different line of related work is that of Diskin,
Xiong, and Czarnecki [6] and Johnson and Rosebrugh [15], on (asymmetric) delta
lenses. The latter group of authors also introduced a subclass of delta lenses, called
c-lenses, with a more succinct definition. Both groups of authors investigate adding
more structure to the sets of sources and views, taking them to be reflexive graphs
(or, equivalently, categories). The nodes model sources or views, and arrows model
deltas (in our terminology updates) between them. The lkp and upd operations rely
on functoriality to guarantee the correct and composable translation of deltas.

For readability, we develop all our mathematics for Set (and categories built on
Set), but for nearly everything we do it could be replaced by any category with
finite products or any Cartesian closed category.
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2 Ordinary lenses

Ordinary lenses: the definition

Given a set S (of views), an ordinary (asymmetric) lens for S is a set X (of
sources) and maps lkp : X — S (viewing a source) and upd : X x S — X (updating
a source) ® satisfying the conditions

x = upd (z,lkp x) upd (upd (z, s),s") = upd (x, s') lkp (upd (z,5)) = s

i.e., making the following three diagrams commute

X (Xx8) xS P xxsg  xx§ L x
(id, lkp), \ (fst,id),, |upd m ke
upd upd
Xx§ 25 x X xS X S

A map between two lenses (X, lkp,upd), (X', Ikp’,upd’) is a map h : X — X’
(conversion of a source) satisfying

lkpx = Ikp’ (h ) h (upd (z,s)) = upd’'(hz, s)

ie.,
X —Ih o x Xx8§ M5, xX'x8
lkp| Vikp’ upd Jupd’
I X h X'

Lenses for .S and maps between them form a category Lens S.

Running example: editing a bookshop database

Consider modelling a database of a small bookshop. We will work with a very
simple database, consisting of only one table, containing information about the
identity (e.g., book title and author names, or ISBN), price and quantity of every
book in the shop. We let book, price, quantity stand for the sets of allowed values
of these data.

The set of database states or sources X is

X =3B C book. B — price X quantity

Every such database state consists of a set of books B currently in the database,
and an assignment of price and quantity to each book in B.
A simple example of a set of views S could be

S = XB C book. B — price

3 We use the letter X for the source set and S for the view set, and the names lkp for get and upd for put.
This may at first feel confusing, but agrees with what is mnemonic for algebras of update monads [3].
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This set of views can be used to define an ordinary lens for editing book prices as
follows.

We define lkp : X — S by simply discarding the quantity field of each book,
that is

lkp (B,v) = (B,fstov)

We define upd : X x .S — X by removing all books that are in the database but not
in the view, editing the prices and preserving the quantities of all books that are
both in the database and the view, and adding all books that are only in the view
with quantity 0, that is

upd ((B,v), (B',v")) = (B’, \b.if b € B then (v'b,snd (vb)) else (v'b,0))

Observe that, for our structure to satisfy the 3rd ordinary lens law, the view
argument we pass to upd has to contain all the books we want to leave in the
database after the update. Also, as we cannot restrict which books can be edited,
we have to allow the lens to be able to add new books to the source, with some
default quantity, here 0.

We claim that such forced choices are a real shortcoming of ordinary lenses, and
address it in the rest of this paper by developing the theory of update lenses.

Ordinary lenses: some alternative descriptions
Johnson et al. [14] pointed out the category of lenses for S is the same as the
category of algebras of the following monad (73,7, 1) on Set/S:

Ty (X, lkp) = (X x S,snd)
m {X,lkp}z = (x, lkpx)
H1 ((‘/Ev S)a Sl) = (mwsl)

Indeed, an algebra of (11,71, 1) is a map upd : (X x S,snd) — (X, lkp) in Set/S,
i.e., amap upd : X x S — X satisfying lkp (upd (z, s)) = s, which must moreover
also satisfy the conditions of an algebra structure of (71,71, p1). The latter amount
exactly to x = upd (x, lkp z) and upd (upd (z, s),s’) = upd (x, s').

O’Connor [18] observed that the category of lenses is isomorphic to the category
of coalgebras of the following comonad (D, ¢,0) on Set (sometimes [19] called the
array comonad for S):

DX =Sx(5S—X)
e(s,v)=wvs
d(s,v) = (s,\s'.(s',0))

)
Explictly, a coalgebra of (D,¢,6) is a set X and a map act: X — 5 x (S = X)
satisfying
x =let (s,v) <—actz invs
let (s,v) < actz in (s,\s’.act (vs')) =let (s,v) < actz in (s,As’. (s',v))
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The isomorphism assigns to a lens structure (lkp,upd) on a set X the (D, e, d)-
coalgebra structure act = (lkp, curupd) on X.

A further characterization, due to Power and Shkaravska [19], is only an equiv-
alence of categories, not an isomorphism. The category of lenses for S is equivalent
to Set. With a set R, one associates the lens (X, lkp,upd) defined by X = S x R,
lkp (s,7) = s, upd ((s,7),s") = (¢',r). In the converse direction, a lens (X, Ikp, upd)
is sent to the set R = {x : X | lkpz = so} where sp is some chosen element of
S. The choice of sy only makes the difference of an isomorphism: for any s,s" : S,
the function A\x.upd (z,s") : {z : X | lkpz = s} = {z : X | lkpz = &'} is an iso-
morphism by the 2nd and 3rd lens conditions. (In the special case S = 0, we take
R=0.)

Intuitively, X is decomposed into two parts: S, which can be both viewed and
updated, and R, which can be neither viewed nor updated.

Composition of ordinary lenses

Rather than thinking of S (the set of views) as a fixed set, we can let it vary.
We can then define that an (ordinary) lens between two sets X and Y is a pair of
maps lkp: X = Y and upd : X x Y — X satisfying the three conditions.

For any set X, there is the identity lens (id { X }, fst). Given two lenses (Ikp, upd) :
X — Y and (lkp’,upd’) : Y — Z, we define their composition to be (Ikp”, upd”) :
X — Z where lkp” z = Ikp (Ikpz) and upd” (z, 2) = upd (z,upd’ (Ikpz, 2)). Sets and
lenses between them for a category.

3 Update lenses

In this paper, we are interested in a more fine-grained variation of lenses that we
call update lenses.

Update lenses: the definition

We define an act to be given by a set S (of views), a monoid (P, o, &) (of updates)
and an action | of the monoid on the set (describing the outcome of applying any
given update on any given view). 4

An wupdate lens for an act (S, (P,0,®),]}) is a set X (of sources) and maps
lkp : X — S (viewing a source) and upd : X x P — X (updating a source)

satisfying the conditions

x =upd(z,0)  upd(upd(z,p),p’) =upd(z,p@®p')  lkp(upd(z,p)) =lkpz | p

4 In the literature, the pair (S, ) is often called a (P, o0, ®)-set. We will occasionally use this terminology
too.
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i.e.,
X (X xP)xP ®XL yyp XxP 2 x
2 o
X x1 X x (P x P) upd lkpx P Ikp
Xon/ X xay
XxP 2P x Xxp —% _ x gxp b

A map between two update lenses (X, lkp,upd), (X', lkp’,upd’) is a map
h: X — X' (conversion of a source) satisfying

lkpx = lkp’ (h ) h (upd (z,p)) = upd’(hx,p)

ie.,
X —h . x XxP P xr«p
lkp| Jikp’ upd) Jupd’
S =———— S X h D¢

Update lenses for an act (S, (P, 0,®), ) and maps between them form a category
ULenS (57 (P7 07 @)’ \l/)'

Running example: editing a bookshop database

We now revisit the bookshop example from Section 2.

We first recall that it was somewhat inconvenient to use the ordinary bookshop
lens to edit the price of a particular book. In particular, we could not simply list
the books whose prices we wanted to edit, but had to also list all the other books.
The main cause for this inconvenience was the single set of views S that got used
in both lkp and upd. Here we illustrate how decoupling the updates from the views
helps us reuse the same set of views for different update strategies.

We keep the set of sources X, the set of views S and the definition of lkp as
before, but can let (P, 0, ®), |, upd depend on what we want to do with the database.

For the first example, we reconsider editing book prices by taking P to be
P = (book x price)*. Any update ps : P is to be read as a sequence of price
modifications of single books. The monoid structure (o, ®) is that of free monoids
(with o =[] and @ =-++), while | and upd are defined similarly.

(B,v) L[| = (B,v)
(B, (b,p) :: ps) = (B, \.if b’ = b then p else v¥') | ps

v) |
v) |
upd ((B,v),[]) = (B,v)
upd ((B,v), (b,p) :: ps) = upd ((B, \V'.if b’ = b then (p,snd (vb')) else vb¥'), ps)

(With this definition, if a book to modify is not in the database, it is not added!)
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Thanks to the freedom offered by update lenses, we can equally well modify the
book prices relative to the prices in the database. For this purpose, we can define
P to be (book x change)* (let us say a price can only be a nonnegative number, but
a change can also be negative). The monoid structure (P, 0,®) is as above, but the
definitions of | and upd are adjusted.

(B,v) | H = (B,v)

(B,v) | (b,c) :: ps) = (B, \V.if b’ = b then max (0,vb' + ¢)) else v¥') | ps
upd ((B,v),[]) = (B,v)

upd (B, v),

b,c) :: ps) =
((B,\V.if b’ = b then (max (0,fst (vb') + ¢),snd (v1')) else v1'), ps)

As an additional treat, we can also use the same set of views S to perform
both deletions and additions of books. Here we choose P to be ((book x price x
quantity) + book)* where the first summand stands for addition of a book and the
second summand for deletion of a book. The monoid structure (P,o,®) is again
that of free monoids.

(B,v) L[l = (B,v)
(B,v) | (inl (b,p, q) :: ps) = (BU{b}, \b'.if b/ = b then p else v¥') | ps

v) |
)4
(B,v) | (inrb:: ps) = (B\{b}aU|B\{b}) L ps
upd ((B,v),[]) = (B, v)
upd ((B,v),inl (b,p,q) :: ps) = upd (B U {b}, \b".if &’ = b then (p,q) else vb'), ps)
upd ((B,v),inrb :: ps) = upd ((B\{b}, v[p\(p}), Ps)

Of course, we could also combine addition and deletion of entries with modifi-
cation of entries, if we wanted.

Notice that changing a book’s price and adding a book are implemented some-
what arbitrarily, if the absolute value of a negative change is greater than the book’s
price resp. if the book is already in the database. This is because every update must
always be applicable. In Section 7, we will address this deficiency.

Update lenses as bialgebras of a functor and monad

The category of lenses for (S, (P,o,®),]) admits several alternative character-
izations. We will now consider these in turn. The ultimate insight will be that
update lenses are coalgebras of an appropriate comonad. We will arrive there in
several small steps through intermediate characterizations that are also of indepen-
dent value. We only use standard facts about monads, comonads, distributive laws,
liftings, cofree comonads, adjoint monads and comonads. These appear scattered
in the literature, some references include [7,5,4,20,21].

We begin by noting that a map lkp from a set X to .S is nothing but a coalgebra
structure on X of the functor Fy defined by Fy X = S. Also an action upd of (P, 0, ®)
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on X is exactly an algebra structure on X of the monad (77,71, p1) defined by

T'X=XxP
mx = (:E,O)
p1 ((x,p),p') = (x,p ® ')

Finally, an action | : S x P — S of (P,0,®) on S is exactly a distributive law of
the monad (71, n1, 11) over the functor Fp.

Therefore, an update lens (X, lkp,upd) for (S, (P,0,®),]}) is nothing but a |-
bialgebra of the functor Fy and monad (77,71, 11), i.e., a triple of a set X, map
lkp : X — S and algebra structure upd : X x P — X of (11,71, 1) cohering in the
sense of the condition

Xxp %4 _ x S
lkpx P I
S x P 4 S

In the same way, update lens maps are bialgebra maps. So the category of
update lenses is the same as

(0) the category of |-bialgebras of the functor Fjy and monad (T4, 71, f1).

It follows that this category can also be described as:

(0”) the category of coalgebras of the |-lifting FOi of Fy to the category of algebras
of (T, m1, p1);

(0”) the category of algebras of the |-lifting (Tf,n%,u‘b of (T1,m1,p1) to the
category of coalgebras of Fy.

Let us spell out (0’) and (0”).

(0’): The category of algebras of (T1,m,u1) is (P,0,®)-Set. The |-lifting Fé
of Fy to (P,o0,®)-Set is defined by Foi(X,upd) = (5,)). A coalgebra of FO¢ is
therefore given by a (P, o0, ®)-set (X, upd) with a map lkp to (S,]). So the category
of coalgebras of Fy is (P,o0,®)-Set/(S, ).

(0”): The category of coalgebras of Fy is Set/S. The |-lifting (Tf,n%,uf) of
(Th,m1, p1) is defined by

T} (X, kp) = (X x P, A(w,p). kp | p)

An algebra of (Tf, 77%, ,ub is an object (X, lkp) of Set/S with a map upd from (X x P,
Az, p). lkpz | p) satisfying the conditions of a monad algebra.

Update lenses as bialgebras of a comonad and monad
Let (Dy,¢e0,dp) be the cofree comonad on the functor Fy, i.e., explicitly

Dy X =85xX
go(s,z) ==

do (s,x) = (s, (s,2))
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The category of coalgebras of Fy (i.e., the category Set/S) is isomorphic to the
category of coalgebras of (Do, €9, dp), whose objects are given by a set X and map
dlkp : X — S x X satisfying

x Ak g X Sx X

X
\ Jsnd dikp|, Jst,id)
X

S xX me(SxX)

dlkp

The isomorphism assigns to any Fp-coalgebra structure lkp : X — S on a set X the
(Dy, €9, 09 )-coalgebra structure dlkp = (lkp,id) : X — S x X.

Furthermore, the distributive law | of (71,71, 11) over Fy induces a distributive
law X of (T1,m1, 1) over (Do, e, do), explicitly defined by

A:(SXxX)xP—8Sx(XxP)
A((s,2),p) = (s 4 p: (2, )

As a result, the category of update lenses, i.e, the category of |-bialgebras of Fy
and (71,71, p1), is isomorphic to

(1) the category of A-bialgebras of (Do, o, d0) and (T, m1, f1).

Explictly, the objects of this category are triples of a set X, (D, €9, dp)-coalgebra
structure dlkp : X — S x X and (73,71, p1)-algebra structure upd : X x P — X
satisfying
dlkp

upd
X x P —llep.id) S x X
dikpx P, 15 xupd
(SxX)x P A S x (X x P)

This category can also be described as:

(1°) the category of coalgebras of the M-lifting (D}, &, 87) of (Do, €0,80) to the
category of algebras of (T, n1, p1);

(1) the category of algebras of the M-lifting (T}, n7, ud) of (Ty,m, 1) to the
category of coalgebras of (Dy,eq, do).

Update lenses as pairs of coalgebras of a functor and comonad
Instead of replacing the functor Fjy with a comonad, we could replace the monad
(Th,m1, 1) with a different comonad. This is what we will embark on now.
Consider the following comonad (D1, ¢e1,01):

DiX=P—X
E1V =10
ho=p.\p.v(pap)

The functor Dy is the right adjoint of the functor 7. What is more, the comonad
(D1,e1,01) is the corresponding “right adjoint” of the monad (71,71, 11) in the
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sense of [7]. As a consequence, the category of algebras of (T1,n1, p1) is isomorphic
to the category of coalgebras of (Dq,e1,01). Explicitly, a coalgebra of (Dy,e1,01) is
an object X with a map cupd : X — P — X satisfying

x «rd p_yx x <« _ px
Yoo X Yo—X
1—- X cupd PxP—X
v v
X P—Xx 2 p _(poX)

The isomorphism assigns to a (71, m1, u1)-algebra structure upd : X x P — X on a
set X the (Dy,e1,01)-coalgebra structure cupd = curupd : X — P — X.

Further the distributive law | of (71,71, u1) over Fy induces a distributive law 4
of Fy over (Dy,¢e1,01), namely 4 = cur . It follows that the category of |-bialgebras
of Fy and (T1,m1, p1) is isomorphic to

(2) the category of 4-matching pairs of coalgebras of Fyy and (D1,¢e1,01).

Explicitly, the objects of this category are given by triples of a set X, map
lkp : X — S and coalgebra structure cupd : X — P — X of (Dq,e1,01) satisfying

g < x _wd_ p_,x
=curupd

| | P—Ikp

S : P S

This category is also describable as
(2’) the category of coalgebras of the lifting Foé of the functor Fy to the category
of coalgebras of (D1,e1,d1).

Update lenses as pairs of coalgebras of two comonads

We now combine what we did in the last two paragraphs. We replace both Fj
with (Dy,e0,d0) and (Th,m1, 1) with (Di,€1,61). Both the distributive law A of
(T, m, p1) over (Dy, g, d0) and the distributive law 4 of Fy over (D1, ¢e1,d1) give us
the following distributive law 6 of (Dy, €g, dg) over (D1,e1,01):

g:Sx(P—-X)—>P—SxX
0 (s,v) = Ap. (s L p,vp)

The category of update lenses, i.e., the category of |-bialgebras of the functor
Fy and monad (T, m1, (1), is therefore isomorphic to

(3) the category of f-matching pairs of coalgebras of (Do, €9, d,) and (D1, €1, 01).

Explicitly, an object of this category is given by a set X, (Dy, &g, dp)-coalgebra
structure dlkp : X — S x X and (Dq, 1, d1)-coalgebra structure cupd : X — P — X
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satisfying
dlkp cupd
Sx X =(lkp,id) =cur upd P—=X
Sxcupd \LP%dIkp
S x (P — X) o P—SxX

The same category can also be described as
(3°) the category of coalgebras of the #-lifting (DY, €5, 5%) of the comonad (Dy, &9, 6)
to the category of coalgebras of (Dy,e1,d1).

Update lenses as coalgebras of a comonad
We have two comonads (Dy, g, dp) and (D1,e1,91) with a distributive law 6 of
the former over the latter. This gives a compatible composite comonad (D, ¢, d):

DX =8x(P—X)
e(s,v) =wvo
6 (s,v) = (5,Ap. (s L p, \p'. v (p © p')))

The category of update lenses, i.e., of f-matching pairs of coalgebras of (D, g, do)
and (Dq,€1,01), is isomorphic to

(4) the category of (D, ¢,d)-coalgebras.

Explicitly, a (D, ¢, d)-coalgebra is a set X with a map act: X — S x (P — X)
satisfying

x =let (s,v) < actz invo
let (s,v) < actx in (s, Ap.act (vp)) = let (s,v) < actz in (s, Ap. (s L p, \p'.v (p ® P')))

i.e.,
X 2. §x(P—X) X act Sx (P — X)
\ \LE act\L ¢5
X Sx (P— x) 72D g (P § % (P X))

The isomorphism associates to an update lens structure (lkp,upd) on a set X a
(D, e,0)-coalgebra structure act = (lkp, cur upd).

Following two routes (0)-(1)-(2)-(4) and (0)-(1)-(3)-(4), we have derived that up-
date lenses for (S, (P, 0,®), ) are essentially the same as coalgebras of the comonad
(D,¢,6). The algebraic characterization (0”) is analogous to that of Johnson et al.
[14] for ordinary lenses for S and the coalgebraic characterization (4) is analogous
to O’Connor’s [18], while perhaps the most basic one is (0’), which says that an
update lens is a (P,o,®)-set with a map to (S5,)). Many of the other alternative
characterizations of update lenses are without counterparts for ordinary lenses.
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We have no opportunity to discuss this here in any detail, but update lenses
(S, (P,0,®),), i.e., coalgebras of the comonad (D,¢,J), comodel the same (gen-
erally large) Lawvere theory that is modelled by the algebras of what we have
elsewhere [3] called the update monad for (S, (P,0,®),]). This monad (7,7, u) is
defined by TX =S — P x X, nx = Xs. (0,2), uf = As.let {(p,g) « fs;(p),z) +
g(sip}tin(pop,z).

Update lenses: an equivalent characterization

Here is a different characterization, which is only an equivalence of categories,
not an isomorphism.

We first observe that any act (S, (P,0,®), ) defines a category (S, (P,0,®), )
where an object is an element s of S and a map between s, s’ : S is an element p of
P such that s | p = s’. The identity on s is o and the composition of p and p’ is
poYp.

The category ULens (S, (P,o0,®),])) is equivalent to the functor category
[(S, (P,o,®),!),Set]. A functor R : (S, (P,o0,®),])) — Set is mapped to the up-
date lens (X, lkp, upd) defined by X = ¥s: S.Rs, lkp (s,7) = s and upd ((s,7),p) =
(s . p, Rpr). In the converse direction, an update lens (X, Ikp,upd) is mapped to
the functor R defined by Rs = {x: X | lkpx = s}, Rpx = upd (z,p).

Turning ordinary lenses into update lenses

Given an act (S, (P,0,®), ), any ordinary lens (X, lkp: X — S,upd: X x S —
X) for S defines an update lens (X, Ikp,upd’ : X x P — X) for (S, (P,0,®),]) via
upd’ (z,p) = upd (x,lkpx | p). And any map h between two ordinary lenses for S is
also a map between the corresponding update lenses for (S, (P,0,®),J). This gives
us a functor from Lens S to ULens (S, (P,0,®), ).

This functor is “caused” by a morphism 7 between the comonads (D,¢,0),
(D',e',0") where DX = S x (S - X)and D'X = S x (P — X). It is de-
fined by 7 (s,v) = (s,Ap.v (s | p)). A morphism between two comonads gives a
functor between the corresponding categories of coalgebras.

4 Conversions of views and updates

So far we have seen that update lense maps h : (X, lkp, upd) — (X', lkp’, upd’) model
the conversion from a source set X to a source set X', for a fixed act (S, (P,0,®), ).
We will now discuss how maps between acts give rise to conversions between view
and update sets, for a fixed source set X.

A map (t,q) between acts (S, (P,0,®),|) and (S, (P',0',®'),|’) consists of a
function (conversion of views) ¢t : S — S” and a monoid homomorphism (conversion
of updates) ¢ : (P',0’,®") — (P, 0,@®), such that

t(slgp)=tsl'p

(Notice the reversed direction of the monoid homomorphism! In the literature, e.g.,
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[17], one typically requires that q : (P,0,®) — (P',0o/,&) and t (s { p) =ts ] ¢p,
but this is not what we need here.) Acts form a category Act.

We say that a conversion of views and updates induced by a morphism (t,q)
between acts (S, (P,0,®),]), (S, (P',0o,&'),]) is a functor

ULens (t,q) : ULens (S, (P,0,®),)) — ULens (5, (P',o,&'),!)
defined as

ULens (¢, q) (X, lkp,upd) = (X, t o lkp,upd o (X X q))
ULens (t,q)h=h

ULens forms a functor from Act to CAT.

From the functor ULens we can build the total category ULensTot of all up-
date lenses with the Grothendieck construction (see, e.g., [13, §1.10]), i.e., ULensTot =
J ULens.

In detail, an object of ULensTot is an act (S, (P,0,®),|) together with an up-
date lens (X, lkp,upd) for that act, i.e., an object of ULens (S, (P,0,®),!). A
map between two objects ((S, (P,0,®),|), (X,lkp,upd)) and ((S’, (P',0,@),]),
(X', lkp’,upd”)) is an act map (t,q) : (S, (P,0,®),)) — (9, (P',0,&’),]) paired
with a map h : ULens (¢, q) (X, lkp,upd) — (X’,Ikp’,upd’) of update lenses for
(8", (P, 0", @), 1)

Conversions of views and updates as mappings of comonad coalgebras to
comonad coalgebras

Just as every act (5, (P,0,®),]) defines a comonad [S, (P,0,®),}] = (D,¢,?),
every morphism (¢,q) between two acts (S, (P,0,®),])) and (5, (P',0o,&'),]’) de-
fines a morphism [t,¢q] = 7 between the comonads [S,(P,o,®),]] and
[S", (P, o', @"),]. Explictly, this natural transformation is defined by

T WXL (S X (P—= X)) =S8 %x(P—X)
T(s,v) = (ts,voq)

[—] forms a functor from Act to Comonads(Set).

A morphism 7 between two comonads (D, e,d) and (D', &', §’) determines a func-
tor between the corresponding categories of coalgebras, sending a (D, ¢, §)-coalgebra
(X, act) to the (D', &', ")-coalgebra (X, 7{X} o act).

While the category ULens (S, (P,0,®), ) is isomorphic to the category of coal-
gebras of the comonad [S,(P,0,®),}], the functor ULens(t,q)
ULens (S, (P,0,®),]) — ULens (S, (P',0',®'),|’) is isomorphic to the functor be-
tween the categories of coalgebras of [S, (P,0,®), ] and [S’, (P',0',®'), '], induced
by the comonad morphism [¢, ¢]. In summary, the following diagram commutes up
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to isomorphism

Act -] Comonads(Set)
@ %
CAT

5 Tensoring update lenses

Sometimes we might want to collect multiple update lenses into a single update lens
structure. We show how this can be done with a tensor product on the category of
all update lenses.

We define the unit act I to be the act (1, (1,!,!1),!).

For any two acts (So, (Py, 00, ®0),49) and (S1, (P1,01,®1),4;), we define their
tensor (So, (Pl, o1, @1),¢1) ® (Sl, (Pl,ol, @1),\1,1) to be (So x Sy, (Po X Py, o, @),i)
where

o = (09, 01) (o, p1) @ (o, 1) = (Po Bo Py, p1 D1 PY)
(s0,51) 4 (Po, P1) = (50 9 Po, 51 41 P1)
I and ® make Act a monoidal category.

Now for the act I we have a unit lens J = (1,1,!).

And for two update lenses (Xo,lkpy,updy) and (Xi,lkp;,upd;) for acts
(S0, (Po, 00,%0),49) resp. (Si,(P1,01,®1),41), there is the tensor update lens
(Xo, lkpg, updy) X (X1, lkpy,upd;) = (Xo x X1, lkp,upd) for the act
(S0, (Po, 00, ®0), 4g) ® (S1, (P1,01,®1), ;) where

lkp (zo, 1) = (Ikpg 2o, Ikpy 1) upd (20, 1) (po,p1) = (updg (20, o), updy (z1,p1))

With this we have shown that ULens is a lax monoidal functor from Act to CAT
(wrt. the (I, ®) monoidal structure on Act and the product monoidal structure on
CAT), where the monoidality witnesses are

J:1— ULens/
X : ULens (So, (Po,Oo, @0),¢0) x ULens (Sl, (Pl,ol, @1),\1,1)
— ULenS((Sﬁv (P07007 @0>1\L0) ® (517 (Pla 01, @1)5\L1))

It is evident that (I,®) and (J,X) also endow the total category ULensTot
with a monoidal structure. The unit is (I, J) and the tensor of ((So, (Po, 00, ®0),49)s
(X07 Ipra upd(])) and ((Sb (Ph 01, 691)7 \Ll)a (Xh Ikplv updl)) is ((507 (P07 00, 690)7 J/O)®
(Slv (P17 o1, 691)7~L1))7 (XOv lkpo, ude) X (le lkpy, Updl)).

The tensor product on ULensTot is a “parallel composition” of lenses.

The category of acts also carries a product monoidal structure. However, due
to its involved definition and lack of space, we refrain from discussing it here. For a
dependently typed version of acts discussed in Section 7, we worked the details out
in the journal version of [2].
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6 Composition of update lenses

Above we have seen how to convert of sources (for a fixed act) and views/updates
(for a fixed set of sources). We will now discuss a notion of composition of two
update lenses where the view set of one update lens is the source set of another.

We develop the definition in two steps, based on the alternative characterization
(0”) of update lenses from Section 3.

We first recall from (0’) that an update lens (X, lkp : X — S,upd : X x P —
X) for an act (S, (P,o0,®),]) is essentially the same as an object ((X,upd),lkp :
(X,upd) — (S,])) of (P,o0,®)-Set/(S,]). If we keep (P,o0,®) fixed, but let (S,
) vary, we can say that an update lens for (P,o0,®) is a (P,o0,®)-set map lkp :
(X,upd) — (Y,upd’). The identity update lens on (X, upd) is then id {X} and the
composition of two update lenses lkp : (X,upd) — (Y,upd’) and Ikp’ : (Y,upd’) —
(Z,upd”) is Ikp’ o Ikp.

To be able to compose update lenses for possibly different monoids, we need to
let (P,0,®) vary too. We achieve this by switching to a more involved category.

An object is just a set. A map between two sets X, Y is given by a monoid
(P,0,®), actions upd and | on X resp. Y (up to isomorphism in the choice of these
data) and a map lkp : X — Y satistfying lkp (upd (z,p)) = lkpz | p.

The identity map on X is (P,0,®,upd,|,lkp) where P = X — X, o = id,
f®g=gof,upd(z,f) = x| f = fa, lkp = id. The composition of two
maps (P, 00, Do, updy, 4o, kpg) : X — Y and (Pj,01,®1,updy, ), lkpy) : Y — Z is
(P,0,®,upd, |, lkp) where P = {(po,p1) : Po x P1 | Vy : Y.y Ly po = upd; (y,p1)},
o = (0g,01), (po, p1) ® (16, P1) = (Po ®o Py, p1 B1 Py), upd (2, (Po, p1)) = updg (z,p0),
z ] (po;p1) = 2 {1 p1, Ikp = lkp; o lkp,.

7 A dependently typed generalization

It often happens that every particular view comes with a specific set of safe or
allowed updates. For example, if a view is a table, then one expects to be able
to edit and delete only those rows appearing in the view, and not to be able to
edit rows after they have been deleted. As we saw in Section 3, update lenses
do not capture such intended behavior, albeit it can be accommodated by defining
suitably “truncating” | and upd. The reason for this is that there is a single monoid
of updates that has to act on every view.

We propose a fix to these limitations of update lenses by introducing a depen-
dently typed version. This development is based on our previous work with Chap-
man [2] on directed containers, a specialization of Abbott, Altenkirch and Ghani’s
containers [1]. Due to lack of space, we must keep the presentation very brief and
refer the interested reader to our earlier work [2,3].

Containers, directed containers
Recall that a container is given by a set S and a S-indexed family P of sets. A
map between two containers (S, P) and (S’, P’) is given by functions ¢ : S — S’ and
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q:1I{s: S}.P' (ts) — Ps. Containers and maps between them form a category
Cont. Any container (S5, P) gives rise to a set functor [S, P]° defined by

[S,P]°X = s : S.Ps — X
IS, P]¢h = A(s,v).(s,hov)

Any container map (¢, ¢) defines a natural transformation [t, ¢]° : [S, P]¢ — [S’, P']°
by [t,q]¢ = A(s,v). (ts,v0q). [-]° is a functor from Cont to [Set, Set].
A directed container (S, P,|,0,®) is given by a container (S, P) and operations

J:lls:S.Ps— S
o:I{s:S}.Ps
@ :{s: S}.IIp: Ps.P(slp) — Ps

satisfying five conditions

slo=s sl(p@yp)

p) Ly
pdo=p odp=p (p®p p

=(slp)lp
/) @p// — EB (p/ @p//)

Directed containers are a dependently typed generalization of acts. Here we
do not have a single monoid and not a family of monoids either, but rather a
single monoid-like structure spread out over multiple carriers P s. If one ignores
the dependent typing of the above five equations, they are exactly the equations of
a monoid and its action on S.

A map between directed containers (S, P, |,0,®) and (S’, P, |/, 0',®') is a map
(t,q) between the underlying containers (S, P) and (S’, P’) that satisfies

t(slgp)=tsl'p o=qd qp@®qp =q@ )

Of course, a map between directed containers is a dependently typed generalization
of a map between acts. Directed containers form a category DCont.
A directed container (S, P,|,0,®) determines a comonad [S,P,|,o0,®]% =
(D,e,0) given by
DX =[S, P]°X=%s:5Ps—X

e(s,v) =vo
§(s,0) = (s, Ap. (s L p, A/ .v (p ®P)))

For a map (t, q) between two directed containers (S, P,|,0,®) and (S, P, ], o, &),
the natural transformation [t,¢]° is a comonad map between [S, P, ], 0, ®]4 and
[S', P, )/ o, @']%. So the functor [-]° : Cont — [Set,Set] lifts to a functor
[-]% : DCont — Comonads(Set).

In fact, [—]9° is the pullback in CAT of [~]¢ along U : Comonads(Set) —
[Set, Set].
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Dependently typed update lenses
A dependently typed update lens (X, act) for a directed container (S, P,],0,®)
is a set X (of sources) and a map act: X — ¥s:S. Ps — X satisfying

x =let (s,v) < actz invo
let (s,v) < actx in (s, A\p.act (vp)) = let (s,v) « actz in (s, \p. (s L p,\p'.v (p®P)))

A map between dependently typed update lenses (X, act) and (X', act’) is a map
h: X — X' (conversion of a source) satisfying

act’ (hx) = let (s,v) + actx in (s,hov)

The category of dependently typed update lenses is precisely the category of
coalgebras of the comonad (D, ¢, ) defined above.

While simply-typed update lenses fail to subsume ordinary lenses (since an
arbitrary unstructured set S does not carry monoid structure), an ordinary lens
(X, Ikp,upd) for a set S is a dependently typed updated monad for (S, P,|,0,®)
given by Ps=2S5,s|s =¢,0{s} =3, @ {s}s" =4".

Running example: editing a bookshop database

We briefly revisit our bookshop example in the context of dependently typed
update lenses. We define a dependently typed update lens structure for editing
book prices, in a type-safe way.

We keep the set of sources X and the set of views S as before. We define the
S-indexed family P of updates inductively as heterogeneous lists by the two rules

vb+c>0 ps: P(B,\ € B.if b=10 then v'b+ c else v'b)
[:P(B,v) (b,c) :ps: P(B,v)

P (B, v) encodes sequences of single book price changes whose application is guar-
anteed to lead to no negative price in the database, if all prices in the given view
(B, v) of the database are nonnegative.

The monoid structure (o, @) is again that of nil and append, but the dependently
typed | and act are defined as below.

(B,v) [ = (B,v)

(B,v) | ((bye) :: ps) = (B, AV € B.if b=1"Vthen vb' + celse vbV') | ps
act (B,v) = ((B,fstov), Aps. act’ (B, v) ps)

where

act/ : TI(B,v) : X. P(B,fstov) — X

act’ ((B,v),[]) = (B,v)

act’ ((B,v), (b,c) :: ps) =
act’ ((B, )\b’ if ¥’ = b then (fst (vd') 4+ ¢,snd (v¥)) else v1'), ps)
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8 Conclusions and future work

Combining insights from our work on update monads [3] with existing knowledge
about ordinary (asymmetric) lenses [18,14,10], we were led to a concept of update
lenses.

Update lenses are a refinement of ordinary lenses that we find both practically
meaningful and theoretically elegant. Most interestingly perhaps, update lenses
admit decompositions that ordinary lenses do not enjoy: they can be seen as pairs
of matching coalgebras, bialgebras etc. These characterizations arise naturally from
various kinds of distributive laws.

We wish to continue this work by turning to symmetric variations of update
lenses. We expect to be able to build on both the original symmetric lenses works
[12,11] and the newest ideas of Johnson and Rosebrugh [16]. We also plan to find
out the precise connections to delta lenses and c-lenses [15].
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A Initializable ordinary and update lenses

In this section we discuss a specialization that is applicable to both ordinary and
update lenses, initializability.

A.1 Initializable ordinary lenses

In the lenses literature [9,12], one sometimes equips an ordinary lens (X, lkp, upd)
for a set S with an additional map create : S — X (creation of a source from a
view) satisfying

lkp (creates) = s upd (create s, s’) = create s’
ie.,
g Create ¥ S xS createxSX %< S
\ Vkp  snd| Jupd
S S create X

We call such a structure an initializable lens.
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A map between two initializable lenses (X, lkp, upd, create) and (X', lkp’, upd’, create’)
is a map h between (X, lkp, upd) and (X', Ikp’, upd’) that also satisfies

h (create s) = create’ s

ie.,
S —— §
create\L ¢/create’
X —he x

Of course initializable lenses for S and maps between them form a category.

A.2  Initializable update lenses

Update lenses admit this specialization too.

Initializable update lenses: the definition

We define an initializable update lens (X, lkp, upd, create) for an act (S, (P,0,®), )
to be given by an update lens (X, lkp, upd) together with an additional map create :
S — X satisfying

lkp (creates) = s upd (create s, p) = create (s | p)

i.e.,
S et x Sx p e x o p
N e u Juve
S S create X

A map between two initializable update lenses (X, lkp,upd,create) and
(X', Ikp’, upd’, create’) is a map h between (X, lkp, upd) and (X', Ikp’, upd’) that also
satisfies

h (create s) = create’ s

i.e.,
S —— S
create¢ i/create/
X s x

Initializable update lenses for (5, (P,0,®),])) and maps between them form a
category.

Initializable update lenses: alternative descriptions
Recall the definitions of Fy, (T1,7m1, 1) and (D, e, ) from Section 3.
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It is immediate from the definition that the category of initializable update
lenses is the same as category of triples of a coalgebra of Fy, algebra of (11,71, 1)
and algebra of Fjy on the same carrier pairwise matched by the distributive law
b of (Th,m, 1) over Fy (used twice) and the distributive law id of Fj over itself,
i.e., of quadruples of a set X, map lkp : X — S, (T1,n1, u1)-algebra structure
upd : X x P — X and map create : § — X satisfying

Xxp ® x g gome x & g yup Wy qeme g
ilkpxP TcreatexP
SxP v S § ———— 8§ S§xP + S

(remember that a (77,71, p1)-algebra structure on X is an action of (P,0,®) on X).

We already know that the category of |-matching bialgebras of Fy and (T4, 71, 11)
is isomorphic to the category of coalgebras of (D, e, ). It is also the case that the
distributive laws id of Fy over itself and | of (T1,m1, 1) over Fy make [id, cur|]
a distributive law of Fj over (D,e,6). It follows that the category of initializable
update lenses is also isomorphic to the category of bialgebras of (D,e,d) and Fy
matched by the distributive law (id, cur |) of Fy over (D, ¢,0), i.e., of triples of a set
X, (T1,m, pu1)-coalgebra structure act : X — S x (P — X) and map create : S — X
satisfying

create act
S X (kp.curupd) Sx(P—X)

TS X P—screate

S {idcur d) Sx (P S)

But notably we can also pack together upd and create instead of upd and lkp.
This is done in two steps.

First we observe that the category of algebras of Fy is isomorphic to the category
of algebras of the free monad (Tp, 7o, po) on Fp, explicitly defined by

Th X =5+X
Nox =inrx
o (inls) =inls

o (inl (inl's)) = inl's
po (inl (inrz)) = inrz

The isomorphism assigns to a Fy-algebra (X, create) the (Tp, o, io)-algebra (X, dcreate)
where dcreate = [create, id].

The distributive laws id of Fy over itself and | of (71,71, p1) over Fy induce
distributive laws [id, id] of (T, no, o) over Fy and ¢ of (T1,m1, 11) over (To,no, po)
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where
Y:(S+X)XxP—>S+XxP

b (inl's, p) = inl (s | p)

Y (inrx,p) =inr (z,p)
The category of initializable update lenses is therefore isomorphic to the category
of triples of a coalgebra of Fpy, algebra of (71,7, p1) and algebra of (7o, no, o)
on a common carrier pairwise matched by the distributive laws |, [id,id] and ),
i.e., quadruples of a set X, map lkp : X — S, (11,11, p1)-algebra structure upd :
X x P — X and (Ty, no, po)-algebra structure dcreate : S + X — X satisfying

Xxp B8 x Mg gyxdemey g yxp L xdgmegyx
ilkpXP lS-Hkp TdcreatexP S-l—updT
id,id
Sxp —* s S+ S (S+X)xP — Y o~ S+ XxP

Second we notice that the distributive law ¢ of (T1,m1, u1) over (To,no, po) de-
fines a compatible composition (T',n, ) of the two monads, explicitly

TX=S+XxP
nx =inr(x,o0)
w(inls) =inls

w(inr(inls,p)) =inl(s | p)

w (inr (inr(x, p),p’) = inr (z,p @ p')

The category of algebras of (T',n, ) is isomorphic to the category of 1-matching
pairs of algebras of (T, no, o) and (77,71, 11). The algebra of (T, n, u) correspond-
ing to a 1-matching pair (X, create, upd) of algebras of (Ty, no, o) and (71,1, p1)
is (X, maintain) where maintain = [create, upd].

The distributive laws | of (17,71, u1) over Fy and [id,id] of (To,no, o) over Fj
determine a distributive law [id,]] of (T,n,u) over Fy. As a result, the category
of initializable update lenses is isomorphic to the category of bialgebras of Fy and
(T, n, 1) for the distributive law [id, }], i.e., triples of a set X, map lkp : X — S and
(T',n, p)-algebra structure maintain : S + X x P — X satisfying

lkp

maintain
S+XxP =[create,upd)] S
S+|kp><Pl
SH+SxP il 5

We see that we can construct initializable update lenses by first giving ourselves
the means to initialize and update the source, and only then to view the source.
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Abstract

‘We propose the first sound and complete bisimilarities for the call-by-name and call-by-value untyped Ap-
calculus, defined in the applicative style. We give equivalence examples to illustrate how our relations can
be used; in particular, we prove David and Py’s counter-example, which cannot be proved with Lassen’s
preexisting normal form bisimilarities for the Ap-calculus.

Keywords: contextual equivalence, applicative bisimulation, continuation, control operator

1 Introduction

Contextual equivalence [13] is considered as the most natural behavioral equivalence
in languages based on the A-calculus. Two terms are equivalent if an outside ob-
server cannot tell them apart when they are evaluated within any contezt (a term
with a hole). However, the quantification over contexts makes proving the equiva-
lence of two given programs cumbersome. Consequently, other characterizations of
contextual equivalence are sought for, such as coinductively defined bisimilarities.
Several kinds of bisimilarity have been proposed, such as, e.g., applicative bisim-
ilarity [1], which relates terms by reducing them to values (if possible), and then
compares these values by applying them to an arbitrary argument. The idea is the

! Email: dabi@cs.uni.wroc.pl
2 Email: serguei.lenglet@univ-lorraine.fr
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same for environmental bisimilarity [18], except the values are tested with argu-
ments built from an environment, which represents the knowledge of an observer
about the tested terms. Finally, normal form bisimilarity [11] (initially called open
bisimilarity [17]) reduces open terms to normal forms and then compares their sub-
terms. Applicative and environmental bisimilarities still contain some quantifica-
tion over arguments, and usually coincide with contextual equivalence. In contrast,
normal form bisimilarity is easier to use, as its definition does not contain any quan-
tification over arguments, but it is generally not complete, i.e., there exist equivalent
terms that are not normal form bisimilar.

This article treats the behavioral theory of the untyped Ap-calculus [15]. The
Ap-calculus provides a computational interpretation of classical natural deduction
and thus extends the Curry-Howard correspondence from intuitionistic to classical
logic. Operationally, the reduction rules of the calculus express not only function
applications but also capturing of the current context of evaluation. Therefore, when
considered in the untyped setting, the calculus offers an approach to the semantics
of abortive control operators such as call/cc known from the Scheme programming
language and it may be viewed as a closely related alternative to Felleisen and Hieb’s
syntactic theory of control [6].

So far no characterization of contextual equivalence has been proposed for either
call-by-value or call-by-name Apu-calculus. Lassen defined normal form bisimilari-
ties for call-by-name weak-head reduction [10], for head reduction [12], and, with
Stevring, for call-by-value weak-head reduction [19] that are not complete. However,
normal form bisimilarity is complete for the Ap-calculus [5] with head reduction [12],
and also for the Ap-calculus with store [19] under call-by-value weak-head reduc-
tion. Lassen also defined an incomplete applicative bisimilarity for call-by-name
weak-head reduction in [10]. A definition of applicative bisimilarity has also been
proposed for a call-by-value typed pPCF [14], but the resulting relation is neither
sound nor complete.

In this work, we propose the first characterizations of contextual equivalence for
Ap-calculus for both call-by-name and call-by-value weak-head reduction semantics.
The applicative bisimilarities we define are harder to use than Lassen’s normal
form bisimilarity to prove the equivalence of two given terms, but because they are
complete, we can equate terms that cannot be related with normal form bisimilarity,
such as David and Py’s counter-example [4]. Even though the two applicative
bisimilarities we define are built along the same principles, the relation we obtain in
call-by-value is much more difficult to use than the one for call-by-name. However,
we provide counter-examples showing that simplifying the call-by-value case so that
it matches the call-by-name one leads to an unsound definition.

The paper is organized as follows. We first discuss the behavioral theory of the
call-by-name (abbreviated as CBN) Ap-calculus in Section 2. We propose a notion
of contextual equivalence (in Section 2.2) which observes top-level names, and we
then characterize it with an applicative bisimilarity (Section 2.3). In particular, we
compare our definition of bisimilarity with Lassen’s work and we prove David and
Py’s counter-example using our relation. We then discuss call-by-value (CBV) in
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Section 3. We propose a definition of applicative bisimilarity (Section 3.2) which
coincides with contextual equivalence. We also provide counter-examples showing
that the definition cannot be naively simplified to match the one for call-by-name.
Although the relation we obtain is harder to use than the one for call-by-name,
we can still prove some interesting equivalences of terms, as we demonstrate in
Section 3.3. We conclude in Section 4, and the appendices contain some of the
proofs missing from the main text (Appendix A for call-by-name and Appendix B
for call-by-value). An accompanying research report [3] also discusses environmental
bisimilarity for call-by-name.

2 Call-by-Name Ay-calculus

2.1 Syntax and Semantics

The Ap-calculus [15] extends the A-calculus with named terms and a p constructor
that binds names in terms. We assume a set X of variables, ranged over by x, ,
etc., and a distinct set A of names, ranged over by a, b, etc. Terms (7") and named
terms (U) are defined by the following grammar:

Terms: tu=2x | Azt | tt | pawu

Named terms: wu = [a]t

Values (V'), ranged over by v, are terms of the form Az.t. A A-abstraction Ax.t binds
x in t and a p-abstraction pa.t binds a in t. We equate terms up to a-conversion
of their bound variables and names, and we assume bound names to be pairwise
distinct, as well as distinct from free names. We write fv(t) and fv(u) for the set of
free variables of, respectively, ¢ and u, and we write fn(¢) and fn(u) for their set of
free names. A term t or named term w is said closed if, respectively, fv(t) = 0 or
fv(u) = 0. Note that a closed (named) term may contain free names. The sets of
closed terms, closed values, and named terms are 79, V°, and U?, respectively. In
any discussion or proof, we say a variable or a name is fresh if it does not occur in
any term under consideration.
We distinguish several kinds of contexts, represented outside-in, as follows:

=0 Ct|tC | M.C | pa.C

Contexts:

C

Named contexts: C ::= [a]C
CBN evaluation contexts: F
E

Named evaluation contexts:

The syntax of (named) evaluation contexts reflects the chosen reduction strategy,
here call-by-name. Contexts can be filled only with a term ¢, to produce either
regular terms C[t], E[t], or named terms C[t], E[t]; the free names and free variables
of t may be captured in the process.
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We write to{t;/x} and uo{t1/z} for the usual capture-avoiding substitution of
terms for variables. We define the capture-avoiding substitution of named contexts
for names, written ¢(£/a) and u(E/a), as follows. Note that the side-condition in the
p-binding case can always be fulfilled using a-conversion.

2(Ba) ¥ (ub.w) (B/a) < pbau(Bla) if b ¢ fn(E) U {a}
(Az.£)(Efa) = A2.t(E/a) aer | [BIE(Efa) i a b
(to 1) (%/e) < to (/o) 11 (5 IR = Epesm) itz

We define the CBN reduction relation —,, inductively by the following rules:

(Bn)  la](Ax.to) t1 —n [alto{t1/x}
() lalubu — w0
(app) [a]to t1 —n u([@B /) if [b]tg —n w and b & fn([alto t1)

Reduction is defined on named terms only. The rule (3,) is the usual call-by-name
p-reduction. In rule (u), the current continuation, represented by a, is captured
and substituted for b in u. In an application (cf. rule (app)), we reduce the term ¢
in function position by introducing a fresh name b which represents the top level.
We then replace b with [a](J ¢; in the result u of the reduction of [b]tg. We can also
express reduction with top-level evaluation contexts as follows.

Lemma 2.1 u —, v iff u = E[(Az.tg) t1] and v’ = Elto{t1/z}], or u = E[pa.u”]
and v’ =u"(E/a).

Reduction is also compatible with evaluation contexts in the following sense.
Lemma 2.2 If u —, v/, then u(E/a) —, v/ (E/a).

We write —} for the transitive and reflexive closure of —,, and we define the
evaluation relation of the calculus as follows.

Definition 2.3 We write u |, v’ if v =} «' and ' cannot reduce further.

If w ||, v/, then v’ is a named value. If v admits an infinite reduction sequence,

we say it diverges, written u f,. For example, let Q def (Az.x x) (Az.z z); then
[a]Q y for all a.

2.2  Contextual Equivalence

As in the A-calculus, contextual equivalence in the Au-calculus is defined in terms
of convergence. However, unlike previous definitions [10,12], we define contextual
equivalence on named terms first, before extending it to any terms.

Definition 2.4 Two closed terms ug, u1 are contextually equivalent, written ug =
u1, if for all closed contexts C and names a, there exist b, vy, and v; such that

Clua.ug] Iy [b]ve iff Clpa.ug] Uy [blvy.
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Note that we can plug only terms in a context, therefore we prefix ug and u; with a
p-abstraction. Definition 2.4 is not as generic as it could be, because we require the
resulting named values to have the same top-level name b; a more general definition
would simply say “Clua.ug] |y iff Clua.uq] §n.” Our definition is strictly finer than
the general one, because contexts cannot discriminate upon top-level names in some
cases, as we can see with the next example.

Example 2.5 Let O e (A Ay.y (xzy)) (Az.Ay.y (z zy)) be Turing’s CBN fixed-

point combinator, and let v def Az.\y.x. The terms ug dof [a]\x.pc.[b]A\y.© v and

uq def [b]\y.© v are distinguished by Definition 2.4 if a # b, but we show they are

related by the general contextual equivalence. To do so, we verify that E[uc.ug] |n
iff E[pc.ui] Iy holds for all E and ¢, and we can then conclude that ug and wu; are
in the general equivalence with David and Py’s context lemma [4]. Let E be of the
form [d]E t for some d, E, t. Then E[ua.up] I [0]\y.O v and E[pa.ui] |y [b]Ay.O v,
E[pb.uo] dn [a]Az.pc. E[Ay.© v] and E[ub.u;] {n [d]Ay.© v, and finally E[uc.uo] In uo
and E[uc.ui] Iy vy for ¢ ¢ {a,b}. The case E = [d]0 is easy to check as well.

We choose Definition 2.4 because it gives more information on the behaviors
of terms than the general equivalence. Besides, only very peculiar terms ug and
uy1 are related by the general equivalence but not by Definition 2.4. These terms
are like black holes: they reduce (in some context C) to values [a]vy and [b]v;
with @ # b that never evaluate their arguments. Indeed, if E = [c]O ¢g... 1y,
then E[ua.[a]vg] —n E[vo(E/a)], and Elua.[blvi] In [b]vi(E/a). Suppose that when
evaluating E[vg(E/a)], we evaluate one of the ¢;’s. Then by replacing ¢; with €, we
obtain a context E' such that E'[ua.[a]vg] ftn (because  will be evaluated), and
E'[pa.[blv1] dn, which is in contradiction with the fact that ug and w; are in the
general equivalence (they are distinguished by E'[ua.C]).

We extend Definition 2.4 to any closed terms %y, t1, by saying that ty ~. t;
if [a]to ~. [a]t; for any fresh a. Other versions of the extension are possible, for
example by replacing “for any a” by “for some a”, or by dropping the freshness
requirement; as can be shown using the results of Section 2.3, all these definitions
are equivalent. We can also define contextual equivalence on open terms, using
the notion of open extension, which extends any relation on closed (named) terms
to open (named) terms. We say a substitution o closes ¢ (or u) if o replaces the
variables in fv(t) (or fv(u)) with closed terms.

Definition 2.6 Let R be a relation on closed (named) terms. Two terms ¢y and ¢;
are in the open extension of R, written tg R° 1, if for all substitutions ¢ closing #g
and t1, we have tgo R t10 (and similarly for ug R° uy).

2.3 Applicative Bisimilarity

We propose a notion of applicative bisimulation, which tests values by applying
them to a random closed argument. As with contextual equivalence, we give the
definitions for named terms, before extending it to regular terms.
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Definition 2.7 A relation R on closed named terms is an applicative bisimulation
if ug R w1 implies

o if up —y uf, then there exists v} such that u; —% v} and uf R u};

o if ug = [a]Az.tp, then there exists t; such that u; —% [a]A\z.t; and for all ¢, we
have [ato(ldB t/a){t/x} R [a]t1 (@D t/a){t/x};

* the symmetric conditions on u.

Applicative bisimilarity, written =, is the largest applicative bisimulation.

For regular terms, we write tg R t1 if [a]to R [a]t; for any a ¢ fn(to,t1). The
first item of Definition 2.7 plays the bisimulation game for named terms which
are not named values. If ugp is a named value [a]A\z.ty, then u; has to reduce
to a named value [a|\z.t;, and we compare the values by applying them to an
argument ¢. However, a context cannot interact with [a]A\z.ty and [a]\x.t; by sim-
ply applying them to ¢, because ([a]\z.tp) t is not allowed by the syntax. Con-
sequently, we have to prefix them first with pa. As a result, we consider the
named terms [a](pa.[a]Az.tg) t and [a](pa.la]Az.t1) t, which reduce to, respectively,
[a](Az.to([@Bt/a)) t and [a](Az.t1([dEt/a)) ¢, and then to [a]to(ldUt/a){t/x} and
[a]ti ([0 t/a){t/x}; we obtain the terms in the clause for values of Definition 2.7.

Remark 2.8 When considering [a](ua.[a]A\z.to) t and [a](pa.[a]Az.t1) t, we use the
same top-level name a as the one of the named values [a|\z.tgp and [a]A\z.t;. We
could use a fresh name b instead; reusing the same name makes the bisimulation
proofs easier (we do not have to introduce unnecessary fresh names).

We can also define a big-step version of the bisimulation, where we consider only
evaluation to a value.

Definition 2.9 A relation R on closed named terms is a big-step applicative bisim-
ulation if ug R u; implies

o if ug =7 [a]Az.tp, then there exists t; such that u; — [a]A\z.t; and for all ¢, we
have [a]to([@dlB t/a){t/z} R [a]t1 (B t/a){t/x};
e the symmetric condition on wu;.

Lemma 2.10 If R is a big-step applicative bisimulation, then R C ~.

As a first property, we prove that reduction (and therefore, evaluation) is in-
cluded in bisimilarity.

Lemma 2.11 We have —} C ~.
Proof. By showing that {(u,u) | u =% v/} U {(u,u)} is a big-step bisimulation. O
We give a basic example to show how applicative bisimulation can be used.

Example 2.12 For all closed v and b ¢ fn(v), we prove that [a]v ~ [a]\z.ub.[a]v
by showing that {([a]v, [a]A\x.ub.[a]v) | b ¢ fn(v)} U ~ is an applicative bisimulation.
Indeed, if v = Ax.t, then for all ¢/, we have [a]t{t//z} ~ [a]ub.[a]v t', because
[a|pb.[a]v t” =% [a]t{t'/z} (and by Lemma 2.11).
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2.4 Soundness and Completeness

We now prove that = coincides with ~.. We first show that ~ is a congruence using
Howe’s method [8,7], which is a classic proof method to show that an applicative
bisimilarity is a congruence. As in [10], we need to slightly adapt the proof to the
Ap-calculus. Here we only sketch the application of the method, all the details can
be found in Appendix A.1.

The principle of the method is to prove that a relation called the Howe’s closure
of ~, which is a congruence by construction, is also a bisimulation. The definition
of Howe’s closure relies on an auxiliary relation, called the compatible refinement R
of a relation R, and inductively defined by the following rules:

toRtl toRtl téRtll UOR’U,l
TRz Az .ty R Ax.ty to t6 R t1 t/l wa.ug R pa.uy
to Rt toRt1 EogRE; w Ruy  EgRE;
[a]to R [a]ty to(Eo/a) R t1(E1/a) up(Eo/a) R ui(Ey/a)
E,RE;, toRt Ey R E;
DﬁD Eg to’f\’,Ez i [G]Egj:\;,[a]E1

In the original definition of compatible refinement [7], two terms are related by R
if they have the same outer language constructor, and their subterms are related
by R. In the Ap-calculus, compatible refinement is extended to (named) evaluation
contexts, and we allow for the substitution of names with related named contexts.

Given two relations R; and Rs, we write RiRo for their composition, e.g.,
to R1R2 to holds if there exists t; such that ¢ty R1 ¢1 and ¢ Ry to. We can now
define Howe’s closure of &, written ~°, as follows.

Definition 2.13 The Howe’s closure ~° is the smallest relation verifying;:

~° C=* ~0° C re® ~e Cot

Howe’s closure is defined on open (named) terms as well as on (named) evalu-
ation contexts. Because it contains its compatible refinement, ~*® is a congruence.
To prove it is a bisimulation, we need a stronger result, called a pseudo-simulation
lemma, where we test named values not with the same argument, but with argu-
ments t(, t} related by ~°.

Lemma 2.14 Let (=*)¢ be &=° restricted to closed terms, and let uy (=*)° uy.
o If up —n ug, then uy —% u) and uf) (=*)° uj.
o If up = [a]Az.ty, then wy —) [a]dz.ty and for all t{ (=*)¢ t}, we have

[alto(l@lD o fa){ty/ 2} (=°)° [alta (@D 6 fa){t) /2 }.

With this result, we can prove that (=°®)¢ is a bisimulation, and therefore in-
cluded in ~. Because it also contains ~ by definition, we have ~=(~*)¢, and this
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implies that ~ is a congruence. As a result, ~ is sound w.r.t. to =.

Theorem 2.15 ~ C =,.

To simplify the proof of completeness (the reverse inclusion), we consider an
alternate definition of contextual equivalence, where we test terms with named
evaluation contexts only. By doing so, we prove a context lemma in the process. 3

Definition 2.16 Let ug, u; be closed terms. We write ug ~. u; if for all closed
contexts E and names a, there exist b, vy, v; such that E[ua.ug] {n [blvy iff

E[Ma-ul] Un [b]vl-
Theorem 2.17 ~,. C ~, C ~.

The first inclusion is by definition, and the second one is by showing that =2 is
a big-step applicative bisimulation.

2.5 Comparison with Lassen’s Work

In [10], Lassen also proposes a definition of applicative bisimilarity that he proves
sound, but he conjectures that it is not complete. We discuss here the differences
between the two approaches.

Lassen defines a notion of bisimulation for regular terms only, and not for named
terms. The definition is as follows.

Definition 2.18 A relation R on closed terms is a Lassen applicative bisimulation
if tg R t1 implies:

o for all a, if [a]to = [b]Az.t{, then there exists t} such that [a]t; —% [b]Az.t], and
for all ¢, we have t((LI0t/p){t/x} R t|(LIE t/0){t/z};

* the symmetric condition on ¢;.

Lassen’s definition is quite similar to our definition of big-step applicative bisim-
ulation (Definition 2.9), except it requires to([bI0 t/6){t/2} R t1 (10 t/b){t/x}, which
implies that these terms must be related when reduced with any top-level name a.
This is more restrictive than our definition, where we compare these terms only
with the top-level name b (or, as discussed in Remark 2.8, we could instead com-
pare [c]to([dDt/p){t/x} and [c|t; (B t/o){t/x} for some fresh name c). To illustrate
the difference, we consider Lassen’s counter-example from [10].

Example 2.19 Let t def Az \y.x z) (A\x.\y.x z), and t; def pa.a\y.uc.[alty (with
¢ # a). These terms are not bisimilar according to Lassen’s definition. For all b, we
have [b]ty =% [b]\y.to and [b]t; —% [b]Ay.uc.[b]to. With Lassen’s definition, one has
to relate o and pc.[bltgt for any ¢, which means comparing [d]to and [d]puc.[b]tot for
all d. But these two terms are not equivalent if d # b.

Lassen conjectures in [10] that these terms are contextually equivalent, and we
can indeed prove that they are (big-step) bisimilar with our definition: we just have

3 We cannot directly use David and Py’s context lemma [4], because we use a different notion of contextual
equivalence.
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to compare [b]tg and [bjua’.[b]to t (or [c]tg and [c]ua’.[c]to t for some fresh ¢) for any
t, and both terms evaluate to [b]Ax.ty (or [c]\x.ty) and are therefore equivalent.

By comparing primarily named terms, as we do in our definition, we can keep
track of what happens to the top level, and especially of any connection between the
top level and a subterm. In Example 2.19, we can see that it is essential to remember
that b represents the top level in pec.[b]to ¢, and therefore it does not make sense to
compare [d]tg and [d]uc.[b]tot for any d # b, as we have to do with Lassen’s definition.
We believe that comparing named terms is essential to obtain completeness w.r.t.
contextual equivalence; note that the sound and complete normal form bisimilarity
for the App-calculus [19] is also defined on named terms.

2.6 David and Py’s Counter-Example

In [4], David and Py give a counter-example showing that Béhm’s theorem fails
in CBN Ap-calculus. They prove that their terms are contextually equivalent us-
ing a context lemma. Here we slightly simplify their counter-example, and prove
equivalence using applicative bisimilarity. Note that these terms cannot be proved
equivalent with (a CBN variant of) eager normal form bisimilarity [10,19].
Example 2.20 Let 0 def Az Y.y, 1 def Az \y.x, and t, def
Az.pa.a)z pb.la)z t, 0 ~ Ax.pa.[a]r pb.a)w t, 14,

pe.[al0. Then we have

Proof. [Sketch] We only give the main ideas here, the complete equivalence proof
can be found in Appendix A.2. First, Az.ua.la]z pb.[a]z t, 0 is not normal form
bisimilar to A\z.ua.[a]z pb.[a]x t, 1, because the subterms of these two terms are not
normal form bisimilar (0 is not equivalent to 1).

To prove applicative bisimilarity, let ¢ be a fresh name and ¢ be a closed term. We
want to relate [c]ua.[a]t ub.[a]tt,0 and [c]pa.[a]t ub.[a]tt, 1, which reduce respectively
to [c]t ub.[c]tt.0 (1) and [c]t ub.[c]tt.1 (2). Let d ¢ fn(t); we distinguish several cases
depending on the behavior of [d|t. The interesting case is when [d]t {, [d]\y.t’; then
pb.[c]t te 0 or pb.[c]t t. 1 is passed as an argument to A\y.t' in respectively (1) and
(2). If t' executes its argument (that is, if ¢’ reduces to E[y] for some E), then (1)
reduces to [c]tt.0 (3), and (2) to [c]tt. 1 (4). But we know that [d]t |, [d]\y.t', and
t' executes its argument, so when evaluating (3) and (4), t. will be reduced, and
therefore (3) and (4) will evaluate to [c]0.

In the other cases (e.g., [d]t |, [e]\y.t’ with e # d), either (1) and (2) eventually
get to a point similar to the situation above where %, is executed, or they diverge.
In all cases, they are applicative bisimilar. a

4 The terms David and Py consider in their work are Az.ua. [alazub.[a} (zta0)tq and Az.pa.[alzub.[a](ztql)tq.
However, the additional argument ¢, would not come into play in the proof we present, so we have elided
it.
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3 Call-by-Value A\u-calculus

3.1 Semantics and Contexrtual Equivalence

In this section, we use CBV left-to-right evaluation, which is encoded in the syntax
of the CBV evaluation contexts:

E:=0|FEt|vE

The CBYV reduction relation — is defined by the following rules.

(By)  lal(Ax.t) v — [a]t{v/x}
(1) [a]pb.u — u(lalD/b)
(app) [alto t1 —> u{ldDt /o) if [b]tg —v w and b & fn([a]to t1)
(appy) [a]vt —y u(lalv Oy if [b]t — w and b & fn([a]v t)

With rule (app,), we reduce arguments to values, to be able to apply CBV f-
reduction (rule (8,)). The rules (¢) and (app) are unchanged. We could also express
reduction with top-level named evaluation contexts, as in Lemma 2.1. Furthermore,
CBV reduction is compatible with CBV contexts, as in Lemma 2.2. We write —3
for the reflexive and transitive closure of —, |}, for CBV evaluation, and f, for
CBYV divergence.

We use the same definition of contextual equivalence as in CBN.

Definition 3.1 Let ug, u; be closed named terms. We write ug ~. u1, if for all
closed contexts C and names a, there exist b, vp, and v such that Clua.ug] v [blvg
iff Clua.ui] Iy [b]v1.

However, unlike in CBN, this definition (where we require the resulting values to
have the same top-level names) coincides with the general definition where we simply
say “Clua.ug] {v iff Clpa.ui] Jbv.” Indeed, if Clua.ug] Iy [blvg and Clua.ui] v [c]vs
with ¢ # b, then we can easily distinguish them, because [b]ub.Clua.ug] Q@ —%
[blvo (P10 /) Q 4y, and [b]ub.Clpa.ui] @ Jy [cJor (PIE Q).

We extend =2, to any closed terms as in CBN. The definition of open extension
is slightly changed in CBV, compared to CBN: we close open terms by substituting
their variables with closed values only, and not any closed terms.

3.2 Applicative Bisimilarity

Before giving its complete definition, we explain how applicative bisimilarity =
should compare two named values [a]\z.tg and [a]Az.t;. The following reasoning
explains and justifies the clauses in Definition 3.4. In particular, we provide counter-
examples to show that we cannot simplify this definition.

In CBV A-calculus (and also with delimited control [2]), values are tested by
applying them to an arbitrary value argument. Following this principle, it is natural
to propose the following clause for CBV Ap-calculus.
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(1) For all v, we have [a]to(l[dUv/a){v/z} =~ [a]t;([ABv/a){v/x}.

As with Definition 2.7, we in fact compare [a](ua.[a]\x.to) v with [a](pa.[a]Az.t1) v
which reduce to the terms in clause (1). However, such a clause would produce
an unsound applicative bisimilarity; it would relate terms that are not contextually
equivalent, like the ones in the next example.

Example 3.2 Let vg def Az.pb.[alw x, v © \rw z x, with w def Ay.Az.z y. Then
we have ([a]vg)([dBv/a) = [a](Ax.ub.[alw x v) v =% [a]w v v and ([a]vy)(@E v/a) =
[a]( Az.w x x) v =¥ [a]w v v. Because they reduce to the same term, ([a]vg)(lat v/a)
is contextually equivalent to ([a]v1)([4J5 v/a), and using clause (1) would lead us to
conclude that [a]vg and [a]v; are equivalent as well.

However, [aJvg and [a]v; can be distinguished with ¢ def pd.[d) Ay.pe.[d]w’
where w' % Az.pe.d)z w” and w” def Az Ay.Az.Q. Indeed, we can check that
([a]ve)(lalB t/a) —¥* Az.Q and ([a]vy)([@Bt/a) —% Q. This discrepancy comes from
the fact that, in ([a]vy)([@JPt/a), ¢ is reduced to a value once, capturing [a]v; O in
the process, while ¢ is reduced twice to a value in ([a]vg)([ell t/a), and each time
it captures a different context. Therefore, [a]vg and [a]v; are distinguished by the
context [a](pa.0) ¢, and they are consequently not contextually equivalent.

Example 3.2 suggests that we should compare [a]A\x.ty and [a]A\x.t; with con-

texts of the form [a]O ¢, instead of [a]d w. Therefore, we should compare
e de

up & [a](Az.to([@B t/a)) t with uy tof [a](Az.t1([@]Bt/a)) t. However, we can restrict
a bit the choice of the testing term ¢, based on its behavior. Let b ¢ fn(t); if [b]t
diverges, then uy and u; diverge as well, and we gain no information on [a]Az.ty and
[a]A\x.t; themselves. If [b]t —% [c]v with b # ¢, then ug —% [clo(laAzto(llD t/a) Dfp),
and similarly with w;. The values [a]A\z.ty and [a]Az.t; are captured by [b]¢, and
no interaction between t and the two named values takes place in the process
([a]A\z.tg and [a]Az.t; are not applied to any value); again, we do not gain any
new knowledge on the behavior of [a]|A\x.ty and [a]Az.t;. Finally, if [b]t —% [b]v,
then uy —% [b](Az.to(ldB t/a)) v(lalrzto(lelD t/a) Ofp) - and similarly with wy; in this
case, a value is indeed passed to [a]A\z.tgp and [a]Az.t;, and we can compare their
respective behaviors. Therefore, an interaction happens between ¢ and the tested
values iff [b]t =¥ [b]v, and the results of the interaction (after S-reduction) are the
two terms in the clause below.

(2) For all ¢, b, v such that [b]t —% [bJv and b ¢ fn(t), we have

[a]to (1410 t/a) {v (laleto (910 t/a) Ofy) /2} A+ [a]t (1910 t/a) {o(lalra.t: 10 ya) D) /).

Unfortunately, clause (2) is not enough to obtain a sound bisimilarity. The next
example shows that an extra clause is needed.

Example 3.3 Let v def Az.pb.Ja](Ay.Az.wy)x and vy Lt o with w & Az.w "(xAy.y),

and w' & Ay.y Az.Q. We first show that [a]vg and [a]v; are related by clause (2).
Let ¢t such that [b]t {y [bJv for b ¢ fn(t). Then we have ([a]vg)([@dUt/a) —
[a]w (v(lalvo(lelD t/a) O fp) Az.x) and ([a]vr) (@B t/a) —% [a]w’ (v(lalvr Bf) Ax.z). We
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can prove that the two resulting terms are contextually equivalent by showing that
the relation {(u(lalE[vo(l@B0 /) O] fp) Jqy(lalElvr D] ) [b]t |y [b]v,b ¢ fn(t)} is an
applicative bisimulation according to Definition 3.4, and by using Theorem 3.9. The
proof can be found in Appendix B.1. Because ([a]vg)([aEt/a) and ([a]vy)([alEt/a)
are contextually equivalent, using only clause (2) would lead us to conclude that
[a]vg and [a]vy are also equivalent.

However, these two named values can be distinguished with the context
[a](Ax.x z) pa.0, because in one case we have ([a]vg)(lalAz.zz)U/) =% Az.Q, and
in the other ([a]v;)(lalGzz2)T/) =% Q. As in Example 3.2, when evaluating
([a]vg){[al(Az.zx) U/a), the body of vy is evaluated twice, and two different contexts
are captured each time. In contrast, v; does not contain any control effect, so when
its body is evaluated twice, we get the same result.

Example 3.3 shows that we have to compare two values [a]A\x.ty and [a]Az.t;
by also testing them with contexts of the form [aJv [, i.e., by considering
[av Ax.to(lavO/a) and [a]v Ax.t1(ldvB/a). If v = Aax.t, then these terms reduce
in one S-reduction step into [a]t{Az.to(lalvD/a)/x}, and [a|t{\x.t;([elv B/a) /x}. Tak-
ing this and clause (2) into account, we obtain the following definition of applicative
bisimulation.

Definition 3.4 A relation R on closed named terms is an applicative bisimulation
if ug R w1 implies

o if up —v uy, then there exists u) such that u; —% v} and ug R uj;
o if ug = [a]A\x.tg, then there exists t; such that u; —3 [a]A\x.t1, and:
(i) for all ¢, b, v such that [b]t —% [bJv and b ¢ fn(t), we have
[a]to (el t/a) {v([alre-to(lelT t/a) O fp) [} R [a]ty ([6]0 tfa) {v(lalAa-t: (WD t/a) O fp) [},
(ii) for all v = Az.t, we have

lalt{hato(lalv O/a) 2} R [alt{\e.t1 (el Ofa) /};

¢ the symmetric conditions on u;.

Applicative bisimilarity, written &, is the largest applicative bisimulation.

The definition is extended to regular terms tg, t; as in CBN, by using a fresh
top-level name a. Note that clause (ii) implies that a bisimulation R is a congruence
w.r.t. (regular) values; indeed, if vy R vy, then [a]vg R [a]v; for a fresh a, and so
we have [a|t{vo/x} R [a]t{vi/x} for all ¢ (by clause (ii)). This property simplifies
the congruence proof of =~ with Howe’s method.

As in CBN, we can define a big-step version of the bisimulation (where we use
evaluation instead of reduction), and bisimilarity contains reduction.

Lemma 3.5 We have =} C ~.

The applicative bisimulation for CBV is more difficult to use than the one for
CBN, as we can see by considering again the terms of Example 2.12.
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Example 3.6 Let v = Az.t and b ¢ fn(v); then [a]v ~ [a]\z.ub.[a]v. To prove
clause (i), we consider ¢’ be such that [b]t' —¥ [b]v" for b ¢ fn(t'); we have
to compare [a]t{v'(lavO/) /z} with [a]ub.[a]v . But [a]ub.[a]v t! —y [a]vt! —%
[a]t{v'(laJv D) /2 }, therefore we can conclude with Lemma 3.5.

For clause (ii), we have to relate [a]t'{v/y} and [a|t'{\z.ub.[a]v" v/y} for all
v/ = AMy.t’. We proceed by case analysis on t’; the most interesting case is t' =
Ely v"]. In this case, we have [a]t'{\z.ub.[a]v v/y} —% [a]v' v =y [a]t'{v/y},
therefore we can conclude with Lemma 3.5. To handle all the possible cases, we
prove in Appendix B.1 that {(u{v/y}, u{\x.ub.[alto/y}) | [alto =% u{v/y}} U~ is
an applicative bisimulation.

In the next example, we give two terms that can be proved equivalent with

applicative bisimilarity but not with eager normal form bisimilarity [19].
def def def

Example 3.7 Let ug = [bjA\zy.Q, v = Ay.upa.[bjA\r.y, and u; = [b]Azy.O, v y,
where 6, % Azy.y (A\z.zzy 2)) (Ary.y (A\z.xzx y z)) is Turing’s call-by-value fixed-
point combinator. For ug and u; to be normal form bisimilar, we need [c]Q2 to be
related to [c]©, vy for a fresh ¢, but [c]®y vy |y [b]A\y.Oyvy and []Q f}y. In contrast,
we can prove that ug ~ u; (see Appendix B.1).

We now briefly sketch the proofs of soundness and completeness; more details
can be found in Appendix B.2. The application of Howe’s method is easier than in
CBN because, as already pointed out, an applicative bisimulation (and, therefore,
the applicative bisimilarity) is already a congruence for regular values by definition.
What is left to prove is congruence for (named) terms. We use the same definitions
of compatible refinement and Howe’s closure =~* as in CBN. However, because = is
a congruence for values, we can prove directly that the restriction of ~*® to closed
terms (written (=*)¢) is an applicative bisimulation, without having to prove a
pseudo-simulation lemma (similar to Lemma 2.14) beforehand.

Lemma 3.8 The relation (=*)¢ is an applicative bisimulation.

As in CBN, we can conclude that (=*)°==, and therefore ~ is a congruence.
We can then deduce that = is sound w.r.t. =.. For the reverse inclusion, we use an
alternate definition of contextual equivalence where we test terms with evaluation
contexts (see Definition 2.16), and we prove it is an applicative bisimulation. As a
result, =~ coincides with ~..

Theorem 3.9 ~==,.

Remark 3.10 In [9], Koutavas et al. show that applicative bisimilarity cannot
be sound in a CBV A-calculus with exceptions, a mechanism that can be seen as
a form of control. Our work agrees with their conclusions, as their definition of
applicative bisimilarity compares A-abstractions by applying them to values only,
and Example 3.2 shows that it is indeed not sufficient.
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3.8  Ezxamples

Even if applicative bisimulation for CBV is difficult to use, we can still prove some
equivalences with it. Here we give some examples inspired from Sabry and Felleisen’s
axiomatization of call/cc [16]. Given a name a, we write a' for the term \z.ub.[a]z,
and we encode call/cc into Az.ua.[a]x af. Given a named context E, we also write
Ef for Az.ub.E[z], where b ¢ fn(E). The first example is the axiom Cyy of [16],
where call/cc is exchanged with a A-abstraction.

Example 3.11 If y ¢ fv(t;) and b is fresh, then [b)(\z.pa.[a)z a®) (A\y.(Az.to) t1) ~
[b](Az.(Ax.pa.[a]z aT) (My.to)) t1.

Proof. Let vy & Az.t{b/y} and vy of MAz.(Az.pa.[a]z al) (Ay.to). The term on the
left reduces to [blug t1, so we relate this term to the one the right, i.e., [blv; t1. We
distinguish several cases depending on t1. Let ¢ be a fresh name. If [c|t; |y [c]v,
then [blugty —% [b]to{bl /y}{v(Blvo O/)/2} and [bloy ty —% [Blto{bl /y}{v (bl O/) /2};

because c is fresh, it does not occur in ty, and the previous terms can be written

w(Blvo 0/e) and w(lbln O/e) with u % [b]to{b1 /y}{v/2}.

Similarly, if [¢]t1 {v [d]v with ¢ # d, then [blug t1 v [d]v([blvo O/e) and [bJvy 1 Iy
[d]v([tlr O/c). When testing these two values with clauses (i) and (ii), we obtain each
time terms of the form w([blvo U/c) and u(lblvr U/c) for some w. With this reasoning,
we can prove that {(u([blvo O/c), u(lbler O/c)) | u € U} is an applicative bisimulation,
by case analysis on wu. a

With the next example and congruence of =, we can prove the axiom Clypopt-

Example 3.12 Let a # b; we have [b|E[al t] ~ [b]aT ¢.

Proof. We prove that the relation R {(w(BIEE O)/e), u(BE O/)) | u € U} is an
applicative bisimulation by case analysis on u. For example, if u = [c]t and u |}y [c]v,
then w(BIEE O)/) —* [b] B[ET v(bIEE Ol/)] —, Elo(BIEE O/)] and u(bE Of) —*
(DR o(BIET O/) —, E[u(bETO/)]. If E # [d]O for all d, then the resulting terms
are in R, otherwise we get two named values; when checking clauses (i) and (ii),
we obtain terms of the form «/(BIEE Ol/e) and o/(bIE'" O/c) that are in R. The
remaining cases are similar. O

Example 3.13 [axiom Cj; ;] We have [b]E[(A\z.pa.[a]z aT) t] ~ [b]E[t (Az.bT E[x])].

Proof. In this proof, we use an intermediary result, proved in Appendix B.1:
if E = Eg[E;], then Ef ~ )\x.Eg (E¢[x]). The proof of the axiom itself is by
case analysis on t. An interesting case is when [d]t |, [d]\y.t’ where d ¢ fn(t).
Then [b]E[(\z.pa.[a]z a¥) t] =% [B|E[(A\z.pa.[a)z ab) Myt (BE[(Aw.pafalza’) O] /g)] —*
[ E[t' (b E[(Ae-pa.lalz at) O] /o) {ET /y}] (with E = [b]E), and [b|E[t (\z.bT E[z])] —%
[D]E[t' (BB (Oab' Ele])]/a){\z.bT E[z]/y}]. From the intermediary result, and be-
cause =~ is a congruence, we know that [b]E[t'{E/y}] ~ [BE[t'{\z.b| E[x]/y}].

Hence, to conclude the proof, one can show that

{(u0<E[()\x.ua.[a]x a®) D]/d>7 U1 <E[D (\z.E} B, [x])}/d)) ’ ug ~ u, E = EO[E]]}
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is an applicative bisimulation. O

4 Conclusion

In this work we propose a definition of applicative bisimilarity for CBN and CBV
Ap-calculus. Even if the two definitions seem quite different, they follow the same
principles. First, we believe it is essential for completeness to hold to relate pri-
marily named terms, and then extend the definition to all terms, as explained when
discussing Lassen’s definition of applicative bisimilarity (Section 2.5). The top-level
names allow to keep track of how the top level is captured and manipulated in the
compared terms.

Then, the idea is to test named values with elementary contexts, [a]OJ ¢ for CBN,
and [a]0 t and [a]v O for CBV. In the CBV case, we slightly restrict the terms ¢
tested when considering [a]OJ ¢, but the resulting definition remains complex to use
compared to CBN, as we can see with Examples 2.12 and 3.6. However, we provide
counter-examples showing that we cannot simplify it further (see Examples 3.2
and 3.3). In CBV as well as in CBN, applicative bisimilarity is harder to use than
eager normal form bisimilarity [19], but our relations are complete characterizations
of contextual equivalence, and we can therefore prove equivalences of terms that
cannot be related with normal form bisimilarity, such as David and Py’s example
(see Example 2.20) and Example 3.7. To prove the equivalence between two given
Ap-terms, one should start with the bisimulation of [19], and if it fails, try next our
applicative (or environmental [3]) bisimulations.

We believe the relations we define remain complete w.r.t. contextual equivalence
in other variants of the Au-calculus (perhaps with some slight variations), such as
Ap with different reduction semantics (like, e.g., in [4]), typed Ap-calculus [15], or
de Groote’s extended calculus (Ap-calculus [5]). However, any direct implications
of this work for other calculi for abortive continuations such as the syntactic theory
of control [6] are unclear and remain to be investigated. The reason is that our
approach hinges on the syntactic notion of names, unique to the Ap-calculus, that
allows one to keep track of the whereabouts of the top level.
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A Call-by-Name \u-calculus

A.1 Soundness and Completeness of Applicative Bisimilarity
Let (=*)¢ be the restriction of ~* to closed terms.

Lemma A.1 If tg =°® t1, then there exists a substitution o which closes tg and t;
such that too (=*)° tio, and the size of the derivation of too (=*)¢ ti0 is equal to
the size of the derivation of tg =® t1. A similar result holds if ug =* uy.

Proof. As usual. O
Lemma A.2 Let tg (=*)°t1, and a ¢ fn(to) Ufn(t1).
59


http://hal.inria.fr/hal-00926100
http://hal.inria.fr/hal-00926100

Biernacki € Lenglet

o If [a]ty —n uo, then [a]ty =% up and ug (~=*)€ uy.
o If tog = Auth, then [at; —% [a]dz.ty and for all t§ (=*)¢ t!, we have

n

lalto{t/x} (=*)° [a]ty (@D 6 /) {t] )2}

Proof. By induction on tg (=*) ;.

Suppose tg & t;. Then [a]ty =~ [a]t;. If [a]tg —n wo, then by bisimilarity, we
have [a]t; =% w1 and uy =~ uq, i.e., up (=*)° u1, as required.

Suppose tg = Az.tj, and let ¢ (=*)¢ t{. By the bisimilarity definition, we
have [a]t; —% [a] z.t] and [a)tp{t]/z} = [a]t) (B /a){t]/x} (using the fact
that a ¢ fn(¢;)). From t; (=*)° t{, we deduce ty{t;/z} (=*)¢ t({t]/x}, and
then [alty{th/z} (=*)°~ [a]t| (Bt /a){t]/x}, which implies [a]ty{t;/z} (=*)°
[a]t} (Bt /a){t]/x}, as required.

Suppose tg ~°* t &° t1, so that ¢ is closed (using Lemma A.1 if necessary). In
fact, we have to (=*)° t ~ t;. If [a]to —n wo, then by the induction hypothesis,
there exists u such that [a|t = u and ug (=*)° u. By bisimilarity, there exists u;
such that [a]t; —F u; and u =~ uy. From ugp (=*)¢ u =~ u;, we deduce ugy (~*)¢ uq,
as wished.

Suppose ty = Az.t(,, and let #; (=*)¢ t/. By induction, there exists ¢ such that
[alt =% [a] z.t’ and [a]ty{t;/z} (=*)¢ [a]t/ (@O a){t]/x}. By bisimilarity, there
exists t} such that [a]t; =% [a]\x.t] and [a]t/ (@O & fa){t] [z} ~ [a]t| (@[E fa){t] /x}.
Hence, we have [a]t({t(/x} (=*)°~ [a]t/{([@B# /a){t]/z}, ie., [altp{ty/z} (=°*)°
[a]t} (@Bt /a){t] /x} as required.

If ¢y (=*)¢ t1, then we have several cases to consider.

Suppose tg = Az.t; and t; = Az.t) with ¢, =* t]. Let t{ (=*)¢ t]. We have
[alto{ty/x} (=*)° [a]ti{t]/z}, hence the result holds (note that a ¢ fv(t}) because
a ¢ fv(t)).

Suppose tyg = pb.ug and t; = pbuy with ug (=*)¢ u;. We have [altg —
uo([dB/b), [a]tr —n wi{l@lB/b), and up(lalB/b) ()¢ u;([@lE/b), hence the result holds.

Suppose tg = t§ 13, t1 = t1 t7 with t} (=*)¢ ¢} and 2 (~*)° t?. We distinguish
two cases.

o If [b]t} —n uo (for some fresh b), then [a]ty —n uo([@lT#/6). By the induction
hypothesis, there exists u; such that [b]t} —% u; and ug (=*)¢ u;. Consequently,
we have [a]t] =} ui([@B /), and by definition of ~*, we have ug ([l /) (=*)¢
up ([0 1 /b), as required.

o If t§ = Az.t{, then we have [a]ty —n [a]t{{t3/z}. By the induction hy-
pothesis, there exists ¢} such that [a]t] —7 [a]\z.t] and [a]ti{t3/x} (=°*)°
[a]t) (@O /o) {t? /z}. From [a]t} —% [a]\x.t}, we deduce

[alts =7 [a]Aa £ ([0 6 /a) )t~ [alt) (10D 6 /a) {£] )},

hence the result holds.
60



Biernacki € Lenglet

Suppose tg = t{(Eo/fb), t1 =t} (B1/b) with ¢, (=*)¢ t}, Eo (=*)¢ E;. If [a]ty —n w0,
then in fact [a]t;, —n u( with ug = u((Eo/p). By the induction hypothesis, there exists
u} such that [a]t) — v} and uf, (=*)¢ u}. Consequently, we have [a]t; —} uf (E1/b),
and ug(Bo/b) (~*)° u}(E1/b) holds, as wished. If [a]tp is a named value, then in fact
to = M.ty and to = Ax.t) (Eof). Let t (=*)¢ t]. Then tj([d0/b) (=*)¢ t{([0/) for
a fresh c¢. By the induction hypothesis, there exists ¢}’ such that [a]t| —% [a] \z.t]
and

laltg {to (0} /x} (=°)° [alty" (la]0 61T/ fa) {#7 ([cI5b) /}.
Therefore, we have [a]t; =7 [a] .t} (E1/b), and

laltg {to (1B /s) /2 }(Bo /o) (=*)° [alty"(lalD &I fa) {#7 (1D 5} /2 } (Br ).

Because b does not occur in ¢(j([[0/b), t{([[8/s) thanks to the renaming to a fresh c,
we can switch the substitutions around, and in fact

laltg’ (Be/o){to ([E15/0) /) (=°)° [alty” (B /o) (0D 640 fa) {£7 ([0 o) [}

holds. Renaming ¢ back into b, we obtain

laltg' (Eofo) {t6/ 2} (=°)° [alt)" (B o) (lIE 5 fa) {27/},

which gives us the required result.

|
Lemma A.3 Let up (=*)° u;.
o If ug —n ug, then ug —% u) and ufy (=*)° uj.
o If up = [a]Az.ty, then wy —) [a]dz.ty and for all t; (=*)¢ t}, we have

[alto (@Dt /a){ty/ 2} (=°)° [alta (@D B fa){t} /2 }.

Proof. By induction on ug (=*)¢ u;.

Suppose ug =~ u;. The first item holds by bisimilarity. Suppose ug = [a]Az. 1o,
and let ¢, (=*)¢ t|. By definition of the bisimilarity, we have u; —% [a]\z.t;
and [alto(ldB ti/a){t]/z} ~ [alt; (B t/a){t]/x}. From t; (=*)¢ t}, we deduce
to([@B o /a){ty/x} (=*)¢ to(lalP t1/a){t} /2 }, which implies

to(lalB to/fa){to/2} (=*)~ [alt1 (D /a){t) /2},
which in turn implies

lalto(lal= to/a) {to/x} (=) [alta (100Dt fa) {81/},

as required.

Suppose up ~°* u ~° u, so that u is closed (using Lemma A.1 if necessary). In
fact, we have ug (=*)¢ u =~ uy. If ug —y u, then by the induction hypothesis, there
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exists v’ such that u =% «’ and uj, (=*)° «/. By bisimilarity, there exists u} such
that u; —% v} and v/ ~ «}. From uf (=*)¢ v/ ~ v}, we deduce uf, (=*)°
wished.

/
uy, as

Suppose uy = [a]A\z.tg, and let ¢ (=*)¢ t}. By induction, there exists ¢
such that u —% [a] z.t and [a]to(@P to/a){t}/x} (=*)¢ [a]t(ldB#/a){t)/x}. By
bisimilarity, there exists ¢; such that u; —% [a]Az.t; and [a]t(ld]B t1/a){t]/2} =~
[a]t1 (Bt fa){t] /2 }. Consequently, we have

lalto{a0 /o) {th o} (=)~ [alt{fa0 /o) s ),

ie., [alto(l@D & fa){t/x} (=*)¢ [a]ti (€Dt /a){t] /=} holds as required.

If ug (=*)¢ uy, then we have two cases.

Suppose ug = [a]tp and u; = [a|t; with ¢y (=*)¢ t1. If a & fn(tp) U fn(t1),
then we can apply Lemma A.2 directly to get the required result. Otherwise, let
b ¢ fn(to) Ufn(ty). If ugp —n uy, then [btg —n ug and ujy = ug([dlE/b). We can apply
Lemma A.2 to [b]tp and [b]t1, and then rename b into a.

Suppose ug = ug(Eo/a), up = v} (E1/a) with uj (=*)° uj and Eg (=*)° E;.

If ug is a named value, then we distinguish two cases. First, we may have
uy = [a]Az.to, Eg = E; = [b]0, and ug = [b]A\x.to(Eo/a). Let t, (=*)¢ t|. Let t{,
t] be t;, and t| where a, b are renamed into fresh ¢, d to avoid some name clashes
(we still have tj (=*)° t{). By the induction hypothesis, there exists ¢; such that
uy =% [a]Az.ty and [alto (@D @ o) {t)/2} (=*)° [alt1 (@O fa){t]/x}. This implies

[aJto(l0 46 fa) {tg /2 } (1010 1 fo) (m°) [a]ta ([D 4 fa) {t] /2 }([lO t o),
which is the same as
[a]to(llD 16 fa) (00 15 /o) {2/} (=°)° [a]t1 (@O 4 fa) (D 4 fo) {t] / 2}

because b does not occur in ¢, t/. In turn, we have

[bto (1210 €6 /a) ([ & /o) {t5 /2 } (Bo/a)
()" [bJta ([0 & fa) ([elB & /o) {2 / 2} (B fa),

which is equal to
[bJto (Bofa) (BI04 /o) {tg /2 } (%) [B]ta (B /a) (IO 4 o) {7/}
because a does not occur in ¢, t/. Renaming ¢, d back into a, b, we obtain
[bJt0 (Bofa) (I /o) {0/} (%) [b]ta (B1/a) (110 44 /o) {1/},

and because u; —7 [b]\x.t1(Ei/a), the result holds.
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In the second case, we have u{, = [b]Az.ty and ug = [b]Az.to(Eo/a) with b # a.
Let tf (=*)° t}. Let t3, t] be t{, and t| where a is renamed into a fresh c¢. By the
1nduct10n hypothesm there exists ¢1 such that uj —% [b]Az.t; and

[Blto (110 & fo){tg/x} (=) [blt2 (M1 8 /o) {t7 /}.

From Eo (IO /o) ()¢ E1 (L2t /o) and the previous relation, we can deduce
[b]to (IO €5 /o) {t( /2 } (Eo 1D t5/6) fa) (m2®)€ [b]t1 (IO /o) {t] /2 } (Ea (010 1 /0) fa).

Because a does not occur in t{j, t{, this can be rewritten into

[bt0 (Bo/a) (W15 46 fo) {25/} (<) [bta (B /fa) (W15 45 fo) {2 /3.

X,

By renaming ¢ back into a, we obtain

[blto (Bofa) (B0 o /o) {to /2} (=°)° [Bltr (Brfa) (WD 4 o) {t /x},

and because u; —} [b]\x.t1(E1/a), the result holds.

If uy —y, then again we distinguish two cases. First, suppose u{, —y ug; then
(T <E0/a> By the induction hypothesis there exists uf such that v} —% uf
and u (=°*)°uf]. Then u; —} uf(Er/a) and ugj(Eo/a) (=*)° uf (E1/a), hence the result
holds.

Otherwise, uy = [a]Az.to, Eg = E{[O t], and ug —n Epfto(Eofa){ty/z}]. We
can prove by induction on Eqy (=*)¢ E; that E; = E{[O ¢}] with Ej (=*)¢ E} and
ty (=*)¢ t}. Let EY, ¢ be El, t. with a renamed into a fresh b. By the induction

17 71 1 71

hypothesis, there exists ¢; such that u} — [a]\x.t1, and

lalto(lalB 86 fa){tg/x} (=) [alta (10D & fa){t]/x}.

This implies

([alto(laID €6 fa){tg/x}) (Bi fa) (~°)° ([altr (IOt fa){t] /2 }) (¥ fa),

Le., Ef[to(Be O tl/a){ty/x}] (=*)° B[t (EYIE t1]/a){t]/x}] because a does not occurs
n t;, t. Renaming b into a, we obtain

Bo[to(Bo/a){to/2}] ()" Bl [tr (Brfa){t1 /2}],

and because u; — E[t1(E1/a){t}/2z}], we have the required result.
|

From there, we can prove that (~=*®)°=~ using the usual techniques [7], and then

we deduce soundness of ~. To prove completeness, we show that ~, is an applicative
bisimulation.

Lemma A.4 The relation =, is a big step applicative bisimulation.
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Proof. Suppose uy ~. ui. If ug {n [a]Az.to, then uy {, [a]A\z.t;. We have
[a](pa.ug) t —3 [a]te(ladBt/a){t/z}, [a](pawuy) t —% [a]ti({l6lBt/W){t/z}, but also
[a](pa.ug) t =~ [a](pa.uy) t. From —* C ~ C =, we have [ato([@Dt/a){t/z} =~
[a]ti([a]Bt/a){t/x} as wished. O

A.2 David and Py’s Counter-Example

Lemma A.5 Let 0 % ). Ay.y, 1 1Y Ax. A y.z, and tg o pe.[al0.  Then we have
Az.pa.lalz pb.a]z t, 0 = Az.pa.alx pb.la]z t, 1.

Proof. We fix a name ¢, and for all ¢, we want to relate [c|ua.[a]t ub.[a]t t, 0 and
[c]ua.[alt pb.[a]t to 1, which reduce respectively to [c]t pb.[c]t t. 0 and [c]t ub.[c]t t. 1.
Let s, bl ]tt 0, st = CE b et te 1, Ef o sh, and E! o st. We define
a relation [d]t ~* u as [d]t =% u if k = 0 and as [d]t |y [d]A21.t1, [c]t1 Un [d]AD2 12,

.. [c]ty =% ufor somet; ...t if K > 0. The rationale behind this relation appears in
the proof. Note that if [d]t ~* u, then fv(u) C {x1,... 2%}, and [d]t(E/e) ~F u(E/e)
for all E and e # d. We define R as

{(u(E/d){s0/xi iy, u (B /) {s1 /2i}i) | ue U teT’d¢fn(t), [dt ~" u}
U {([dtte0,[c]tt. 1) | t €T d¢ fn(t), [d)t ~F Elz], k>1,1<i<k}
U {(u,u) | uweU"
where t{t;/x;}¥_, stands for t{t1/x1} ... {tx/7x}, and we show that R is an applica-
tive bisimulation.

Let w(ES/a){sh/zi}r_ | R w(®ija){s{/x;}k . If u —, v/, then it is easy to con-
clude. Otherwise, we distinguish several cases.

If u = [e]\yty with e # d, then [e]to(&Dt je){t' /y} (B Ja){st’ Jai}E,
e]to (10t fe){#' Jy} (2" Ja) (st /Y| (where " = (IOt /e)) for all ¢/, because the
relation [d]t ~* [e]\y.to implies [d]t" ~F [e]to(llT¥ /) {t' /y}.

If w = [dAwgs1-ter1, then we have the reduction w(Ei/a){s}/z;}% , —n
[c]tkH{sg/xkﬂ}(M/d}{sé/xi}f:l as well as the reduction w(Ei/a){s!/z;}k | —,
[tk {st /i1 }(Ei/d){s! /z;}E_ ;. We obtain terms in R because we can rewrite

them into, respectively, []tkH(E Ja){sb/x 1L and [e]tgyq (B fa){st /z;i Yot and
[d]t ~*F1 [c]t;41 holds.

Finally, if v = E[z;], for 1 < ¢ < k (assuming & > 1), then we have
w(BJa){sh /zi Y| —n [c]tt0 and w(ES/d){sh/x; }r_| —u [c]tt.1, and [c]tt.0 R [c]tt.1
holds.

Let [cJt t. 0 R [c]t t. 1 with [d]t ~* E[z;]. There exist ti,...,t; such
that [d]t o [d]Ax1.t1, [c]t1 Un [d]Az2.to, ...[cltk—1 In [d]Axg.tx, and [c]tr —%
E[z;]. Then [c|t t. 0 =} [c]J(Az1.t1([[Et0/d)) t. 0 —y [c]t1 (Bt 0/a){t./x1} O —F
[e]ta (Dt 0/a) (B Ofe) {te/witiy O =% [eltr (Dt Ofa) {0/ {te/ai}y O —
E'[te] —n [€]0 with E’ et E([dTte 0/a)([[T0/e) {t./2;}F . Similarly [c]t t. 1 —}
E"[t.] —n [c]O with E” ) E([e0te 1/a) ([0 1/e){t./z;}¥_,. Because the two terms
evaluate to [c]0, it is easy to conclude. O
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B Call-by-Value \u-calculus

B.1  Equivalence Proofs

Lemma B.1 (see Example 3.6) The relation Rd:ef{(u{v/y},u{)\x.ub.[a]to/y}) |
[a]to =% u{v/y}}U = is an applicative bisimulation.

Proof. We proceed by case analysis on u. If u —, ' or if u = E[v'y], then it is easy
to conclude. If u = E[y v'], then u{Az.ub.[a]to/y} —+ [a]to and [a]to =% u{v/y}
by definition, so we can conclude with Lemma 3.5. Similarly, the transition from
u{v/y} is matched by u{Az.ub.[alty/y}.

If w = [c]o/, then we have to compare (the result of the reduction of)
u(B/e){v(E/e) /y} and w(B/e){Az.ub.([a]to)(E/e) /y} for some E (which depends on the
clause we check). The resulting terms are in R, because [a]ty —3 u{v/y} implies

([alto) (Bfc) =3 ul®/e){v(E/c) /y}-

O

We decompose the equivalence proof of Example 3.7 into several lemmas to
improve readability. We remind that uo = [b])\:cy Q, v dof Ay.pa. b z.y, uq dof
[b]Azy.Oy vy, and O, e ()\J:y.y Az.xzy z)) (Avy.y (Az.zzy 2)).

Lemma B.2 Let t1, ta be such that [c]t1 Uy [c]vr (¢ & fn(t1)), and [d]ta |y [d]v2
(d ¢ fn(t2)). For all v', we have [b]Q ~ [b]O, v([bID t1 tz /p)v/

Proof. We have

blo(BIT t t2 /) (Az.©, v([FID t ta fb) x) o
(Azz.©y v(tID tt2 fp) ) ¢ to

(Azz.0, (IOt t2 /) ) V] to

Azz.O, v(bI0t t2 o) ) v} v}

v o{[OI0 1 2 p) 0

@/\

for some v}, v} (which depend on v, v3). So for all v/, there exists v” such
that [b]O, v{ID & t2/p)0"  —% [b]O, v(b]D 4 t2/p)0” ; from that, we deduce that

v

[b]©y v{bID & t2 /by’ is diverging, and therefore [b]Q2 & [b]©, v([LID t t2/p)v" holds.
(]

Lemma B.3 Let v = )\z t', and t1 such that there exists v1 such that [c]t1 v [c]v1
for c ¢ fn(t1). We have

D]t {\y.Q/ 2} ~ [b]t {\y.Oy v(blv’ O t)) y/2).

Proof. Let RY {(u{ y.Q/z}, u{ y.Oy v(EL E ) y/z}) | Tvr.[c]ts Iy [cJvr,c ¢
fn(t1),v" = Az.t/,E[t'] =% u}U ~. We prove R is an applicative bisimilarity, by case
analysis on u.
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The case u — u' is easy. Suppose u = [d|ve, with vy def Azy.to. Then we have
two items to prove.

o Let [e]ts Uy [e]vs (e ¢ fn(t3)). Then we have to relate
[d]ta{Ay.Q/ 2} (B ts fa) {vs ([dlv= (D ta/d) O fe) [ 29}

to
[d] (t2{ \y.Oy v(EL" (@ )] /b) y/2}) (D ts [a) {vg ([dlv2 (DB ts/a) T e [ 29}
These terms can be rewritten into

[d]to ([T ts ) {wg ([dv2 (B ta/a) T /el /20 M Ay .2/ 2} (B.1)
and

[d] 2 (1410 ts fa) { o (1= (40 t5/0) Dfe) /20 Ay Oy v (" O lf) y/2}  (B.2)

where E' & E(d0 ts/a), v % o/ ([0 t/a), and ¢ % ¢, (0 t:/a). We have v =

Az.t'([d0 s /d), and

/¢ (10 /)

[d]va(ld0 s /a) t5 (because E[t'] —% u = [d]vg)

[d)va([dID ts [q) vg(ldlv2(1dE ts/a) O fe) (because [e]ts v [e]vs)
—[d]t2 ([0 ts Ja) {vg ([dv= (A0 ts/a) T fe) [ 29}

>
=y

The side-conditions are satisfied, therefore (B.1) and (B.2) are in R.

e Let vg = Az3.t3. We have to relate
[d]tg{v2{ry.Q/z}(dlvs Bya) /%

to
[d]t3{(v2A{Ny-O. v(El’ (@ t1)1/b) y/z})(dlvs Ij/d>/z3}

These terms can be rewritten into
[d]tg{v2(1dlvs Bla) 2 3 { Ay . Q) 2 } (B.3)
and
[d]tg{v2(1dlvs B/a) 2, 3 { Ay.©, v (Bl (O8] /o) y/2} (B.4)

where E' % E(ldlvs 0/g), v % o/ (ldos O/a), and ¢, % ¢, ([dvs O/a). We have v =
Az.t'([d)vs O/a), and
B[t (s Oa)]
—*[d]vs vo(ldlvs O/d) (because E[t'] —*
—rvld]ts{va(lvs D/d) /25 }
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The side-conditions are satisfied, therefore (B.3) and (B.4) are in R.
The last case is when u = E/'[zv”]. Then u{\y.Q/z} —, E"[Q] for some E”, and

u{Ay.Oy vEL Et)]f) y/z}
— EO[O, v(EV O 1)) v3)] for some EG), )
— EG) [pER @)l (Ay.0, v(ERL ©#)]/) 3)v®)]
= E[V (A\zy.©y v{ER (@ t)]h) y) t1)]
—IER (A\2y.0, v(ER (@ t)] ) y) v})] for some v}, because [c]t1 |y [c]v1
—vE[" (Ay.Oy v(EL (O 1)) y)]
—yE[t'{\y.0, v(EN (O t)l) y/2}]
— u{\y.0O, v(EL @ t)]h) y/2} because E[t'] =% u

We obtain two non-terminating terms that are therefore bisimilar.

Lemma B.4 Let o' Y Az.t/. We have
(]t {A\zy.Q/2} = [b]t {\vy.©, v{blv Of) y/2}

Proof. Let RY {(u{zy.Q/z}, u{Azy.O, v(EL Of) y/2}) | o = A2t/ E[t'] =%

v
u}U ~. We prove R is an applicative bisimilarity, by case analysis on u. The proof

is the same as for Lemma B.3; we only detail the last case, where u = E/[z v1 va).
Then u{\zy.Q/z} —2 E"[Q] for some E”, and

u{Azy. Oy v(EV Olj) y/2}
—2E@ [0, v(5’ D) vh] for some ), v
_>3E(3) [v(El" Ol /o) (Ay.O, v(ER Tl /) y)vé]
SB[ (Azy.Oy v(EL Olf) y)]
— E[t'{\2y.0, v(EL O y/2}]
—u{Aey.0, v(EW Olf) y/2} because B[] = u

We obtain two non-terminating terms that are therefore bisimilar.
O

Lemma B.5 (Example 3.7) The relation {([bj]\xy.Q2, [b]Azy.©, v y)}U =~ is an
applicative bisimulation.

Proof. We have to prove two items

o Let t; such that [c]t; |y [cJvr (¢ ¢ fn(t1)). We have to prove that [b]Ay.Q is
bisimilar to [b]Ay.©y v(I2 & b)y , which, in turn, requires that
- for all [d]ta Uv [d]v2 (d ¢ fn(t2)), we need [b]Q =~ [b]©, v(bID & t2/p)0f, for some
vh. This holds by Lemma B.2;

- for all v/ € Az.t/, we need (bt {\y.Q/z} = [b]t'{\y.Oy v{blv' (B t) /) y/z}. This

holds by Lemma B.3.
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e Let o % X\z#/. We have to prove that [b]t'{A\zy.Q/z} is related to the term

[b]t'{\xy.© v([tlv" B/p) y/z}. This a consequence of Lemma B.4.
O

For the next lemma and its proof, we use the same definitions of terms as in
Example 3.3.

Lemma B.6 (see Example 3.3) The relation

def

{ (w(la) Bloo (1120 0/a) O )y (lal Blos Tlfp)) | [b]t Uy [B]o, b ¢ fn(£)}

is an applicative bisimulation.

Proof. We proceed by case analysis on u. If u —, o/, then the result holds. If
u = [c]v” with ¢ # a and ¢ # b, then when checking clauses i and ii, we obtain terms
that can be written u/(lalE[vo(l@ZB /) O] fp) and o' (lalElvr O] ) for some o', and are
therefore in R.

If w = [a]v/, then when checking clauses i and ii, we obtain terms that can
be written o/ ([alE'[Elvo(# (B0 l/a) D]l /p) and /([ [El: Ol]/) for some u' and E’
(depending on which clause we check). We obtain terms in R.

If u = [b]v’, then

w{lal Bleo(il 210 /ey 0] ) = [a}E[vo([a (0 /a) ' (lal Elwo {41510 ) O )]
* [a] B’ (o' ([0 Eloo=170 A/a) O] ) A\zp.r)]

1

and u(ldBl D) = [a]E[vy o/ (@Bl )] =% [a] E[w' (V([@El: Op) Ax.x)]; we
obtain terms in R.
]

The next lemma uses the notations of Section 3.3.

Lemma B.7 (see Example 3.13) Let E, Ey, and E; be such that E = Eo[E/].
Then B! ~ \z.E} E;[z].

Proof. Let a be a fresh name. Let ¢t such that [d]t |}, [d]v. To check clause i,
we have to relate [a]uc.E[v([a]E" O/4)] and [a]E(T) E1[v(la)xz.El B/ [z] O/a)]. These terms
reduce respectively to E[v(lalE" O/a)] and Eg[E; [v(la]\z.E] B[] O/d)]], which we can
rewrite into respectively w([eJE' O/4) and wu([a]r=.E{ E;[z] O/a). To check clause ii, we
have to relate [a]t{E/y} and [a]t{)\m.Eg E;[z]/y} for all t. The most interesting case
is when ¢ = E[yv]; then these terms reduce to E[v]{Ef/y} and E[v}{)\x.Eg Eq[x]/y}
respectively. In fact, one can prove the result by showing that

{(u(lolE" O/a), w(lao e} Bl O/a)), (w{ET/y}, u{re Bf Ey[a]/y}) | B = Eo[Es]}

is an applicative bisimulation. a
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B.2  Proof of Soundness

Lemma B.8 If [aJvy ~ [a]v1, then for all [b]t —% w (b ¢ fn(t)), we have
w([alvo((@lB t/a) O ) ~s y(lalvr(lelD t/a) O fp) .

Proof. The relation {(u(lalvo{lelD t/a) O /) qy(laos(@lB t/a) Tfp)) | YV, [b]t —% u}U = is
a bisimulation. O

Lemma B.9 If \x.ty (=*)€ t1, then there exists t such that ty =* t, fv(t) C {z}
and Ar.t ~ 7.

Proof. By induction on \z.tg (=*)€ t;. a

Lemma B.10 If[a|ty (=*)€ u1, then there exists a closed t such that ty (=*)°t and
[a]t =~ uy.

Proof. By induction on [a]ty (=*)€ u;. O
Lemma B.11 Let ty (=*)€ t1, and a ¢ fn(tg) U fn(t1).

o If [a]to —n wo, then [alt;y =% w1 and ug (=*)€ uy.

o Ifto = Ax.tyy, then [alty =} [a]A\z.t) and for all t, b, v such that [b]t —% [blv and
b ¢ fn(t), we have

[a]th (010 /) {o (lalAa-to (1010 t/a) O /) (2)°
[a]t, (1910 tfa) {v(lalrata (1010 t/e) D) /)

and for all v' = \z.t', we have

[a]t'{\z.ty([@lv O/a) /x} (~*)¢ [a]t'{\x.t] ([&lvO/a) /x}.

Proof. By induction on g (=*)¢ t;. If ¢ty ~ t1, then the result holds by bisimilarity.
If tyg =® t =° t1, so that ¢ is closed (using Lemma A.1 if necessary), then we can
conclude with the induction hypothesis and the bisimilarity definition.

—_——

If ¢y (=*)¢ t1, then we have several cases to consider.

If to = Ax.t) and t; = At} with ¢ ~*® t}, we can prove the required result
because &* is substitutive. Suppose ty = pb.ug and t; = pb.u; with uy (=*)° ug.
We have [a]tg —v uo([a]E/b), [a]t1 — ui([a]d/b), and up([a]T/b) (~=*)¢ u1([a]/b),
hence the result holds.

Suppose tg = t§ 13, t1 = t t with t} (=*)¢ t} and 2 (=*)° t3. We distinguish
three cases.

o If [b]ty —v up (for some fresh b), then [a]ty —y uo([a]D t3/b). By the induc-
tion hypothesis, there exists u; such that [b]t} —* u; and ug (=*)¢ u;. Con-
sequently, we have [a]t; —% wui([a]0 t2/b), and by definition of ~*, we have
up{[a]O t3/b) (=*)¢ u1([a]O t3/b), as required.

e Suppose t§ = Az.ty and [bJt3 — ug for some fresh b; then we have [a]ty —
up([a]Az.t; O/b). By the induction hypothesis, there exists u; such that
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[b]t2 =% uy and up (=~*)° uy. Because Az.t) (~°)¢ t1, there exists a t such that

th ~* t and \z.t ~ t} by Lemma B.9. From t) ~* ¢, we deduce [a]\z.tj O (=°*)°

[a]Az.t([a]O t?/a) O, which implies ug{lalret; Ofp) (=*)¢ wy(lalAz.t{a0 ¢3/a) /).

Because A\z.t ~ ti, there exists v; such that [a]ti —% [a]vy, and we have
[a)]\z.t ~ [a]v;. By Lemma B.8, wuj([drzt(@B/e) Ofp) ~ uy([alvi(lelD 2/a) Op)
holds, so wug(lal e, D) (~®)¢ uy ([alvi (@0 /a) U/p) holds as well. Besides, we have
[a]t; =% uq(lavi(l@i04/e) O/} hence we have the required result.

o If t} = Azt and t2 = \y.t{}, then [a]ty — [a]th{\z.t}/z}. By Lemma B.9, there
exist closed ¢, ¢’ such that t}) (=*)¢ ¢, \z.t =~ t], t§ (=*)° ¥/, and \y.t' =~ t?. From
th (=*)¢ t, we deduce t, (~*)° t{[a]0 t2/a), and from t (~*)¢ t’, we deduce
Ay.ty (=*)¢ Ay.t/([alAe-(laiD 3/a) O/}, Consequently, we have [a]t{{\y.t(/z} (=*)¢
[a]t([a)0 2 /a){ \y.t'(lalre-t(0 ¢t /a) O/g) /z}. From A\y.t' ~ t7, by bisimilarity, there

exists vy such that [a]t? —% [a]v, and

[a]t([a]0 3 /a){ \y.t' (la\z.t()D /a) Ofa) [}
~ [a]t{[a]0 3 /a){v; (lazt{a)0 2/a) O/o) [z}

holds (clause ii). From A\x.t = t{, by bisimilarity, there exists ¢; such that [a]t] —
[a]\x.t1, and

[a]t([a]0 t3/a){v| ([dret(aD 3/a) Do) /)
~ [a]t1([a])0 3 /a){v ([alret: (@0 £3/a) O/a) /2}

holds (clause i). Finally, we have
[alto {16/} (=°)° [alt1{la]0 1 /a){vy (ePe bl /) Bfa) [},

and because [a]t; —¥ [a]t1{[a]0 2 /a){v; ([alrz-t:(@)0 #1/a) O/o) /2}, we have the re-
quired result.

Suppose tyg = t((Eo/b), t1 = t}(E1/b) with t{ (=*)° ¢}, Eo (=°*)° E1. If [altyg —v
ug, then in fact [a]t{; — u{ with uy = u{((Eo/b). By the induction hypothesis,
there exists u} such that [a]t] —F u} and uj (=*)¢ u). Consequently, we have
[alty —% u{(E1/b), and u((Eo/b) (=*)¢ uj(Ei/b) holds, as wished. If [a]ty is a
named value, then in fact ¢ = \z.tj’ and t9 = Az.t'(Eo/b). The result holds by
using the induction hypothesis (and with some renaming of b into a fresh ¢ to avoid
name clashes).

a
Lemma B.12 The relation (=*)¢ is an applicative simulation.
Proof. Let ugp (=°*)¢ up; we prove the simulation clause by induction on ug (~*)° u;.

If ug =~ w1, then the result holds by bisimilarity. If ug ~°® u ~° uq, then we can
conclude using the induction hypothesis and the bisimilarity definition.

If up (=*)¢ u1, then we have two cases. Suppose ug = [a]tp and u; = [a]t; with
to (=*)° t1. If a ¢ fn(to) Ufn(t1), then we can apply Lemma B.11 directly to get the
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required result. Otherwise, let b ¢ fn(to) Ufn(t1). If ug — uy), then [b]tg — uf and
uy = ug([a]0/b). We can apply Lemma B.11 to [b]tg and [b]t1, and then rename b
into a.

Suppose ug = u((Eo/a), up = v} (E1/a) with ujy (=*)¢ v} and Ey (~*)° E;.

If ug is a named value, then we use the induction hypothesis, with some renaming
(as in the call-by-name case) to avoid some name clashes.

If uy —v, then again we distinguish several cases. First, suppose u(, — ug; then
up —v uy(Ep/a). By the induction hypothesis, there exists u/ such that v} —% uf
and v (=*)¢ uf. Then u; =} uf(Ei/a) and uj(Eo/a) (=*)¢ u{(Ei/a), hence the
result holds.

Second, assume u( = [a]Az.to, Eg = E{[O vo] and ug — Ej[to(Eo/a){vo/x}]. By
Lemma B.10, there exists ¢ such that Az.typ (=*)¢ ¢ and [a]t ~ u}. By Lemma B.9,
there exists ¢’ such that ty ~* ¢ and Az.t’ ~ t. We can prove by induction on
Ey (=*)¢ E; that E; = E{[0 ¢}] with Ej (=*)¢ E] and vy (=*)° t|. Suppose
vo = Az.t(. By Lemma B.9, there exists s such that ¢, ~* s and Az.s ~ t|. Let E,
s', t! be E., s, and ¢, with a renamed into a fresh c. From ¢ (=*)° ¢/, Ax.t{ (=*)° t{,
and Az.t( (=°*)¢ Az.s’, we deduce

[a]to (110 Ae.tg o) { Az.tll [z} (=) [a]t' (WD # fa) { A8 J}.

Because Az.s' ~ t/, there exists v] such that [b]t] —% [bJv] (for a fresh b), and

[a]t’ (1Bt o) {Ax.s' [x} = [a]t’ (D fa){v] ([a]Az-t' (@D /a) O fp) /2:} (using the second
item of the value case of the bisimulation definition). Because Az.t’ ~ t, there exists
t" such that [a]t =% [a]\x.t” and

a0 4 fa) {0 (]t (10 ) O}
~ [a]t” ([0 8 fa) {0} (lal\e.t" (I ¢/ /a) O ) [}

(by clause i). Because [a]\z.t" & u], there exists ¢; such that uj —¥ [a]\z.t; and
we have also

[a]t” (a0 ¢ Ja) {0/, (laAat” (0 ¢ fa) O} /2:}
~ [a)ty ([0 8 a) {o, (lala-ty (@D 4 /a) D) 2}

by clause i. Finally, we obtain
[a]to(lal0 Aztg fo) { Aa.t( /2 } (=°)¢ [a]t1 ([@D Y fo) {v] (lalAzti (@0 ¢} /a) O fp) [}

by transitivity of ~ and definition of ~°®, from which we can deduce

Y [to (B5 (0 Ae-tg) o) { A.tl! /}]
()" B[t (410 4 {0} (54 e 510 0) Oy 2},
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Renaming ¢ back into a, we get

Ep [to (60 M-t ) { At /)]
(~*)° E} [t1 (B[O ti]/a) {vq (Ei Dt (510 #41/a) Ol fo) /)]

(assuming vy is the result of renaming ¢ into a in v}), which is the same as
Eg[to(Eofa){ Az.t(/x}] (~=*)¢ E}[t1(E1/a){vy (EiDa-ta(*1/a) O] fp) /2 }].

One can check that uy —% E/[t1(B1/a){vy (EilA-t1(E1/a) O] fp) /2-}], hence the result
holds.

Finally, the last case is uy = [a]vg, Eg = E{[Az.ty O], which give ug —
Ej[to{vo(Eo/a)/x}]. This case is similar to the previous one and is left to the
reader.

a
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On Grainless Footprint Semantics for
Shared-memory Programs

Stephen Brookes

Carnegie Mellon Universityt

1 Outline

We develop an improved grainless denotational semantics for shared-memory paral-
lel programs, building on ideas from earlier trace-based models with local states and
footprints [4]. The key new idea is a more refined approach to race detection, leading
to a model with better abstraction properties. Rather than treat a race condition as
a “global” catastrophe [3,4], we track information about variables whose value may
be tainted by a race, and retain accurate information about unaffected variables.
As in the prior work, we abstract away from state changes that occur in between
synchronization points, in a manner consistent with Dijkstra’s Principle [5]. Our
semantics supports compositional program analysis based on “sequential” reasoning
for sequential code fragments, even when this code occurs in parallel contexts, and
yields a simple semantic characterization of race-free code. The semantics validates
the static constraints on “critical variables” imposed in concurrent programming
methodology [6,9] and serves as a foundation for reasoning about safe partial cor-
rectness, as in concurrent separation logic [8]. The new treatment of race detection
allows for more refined analysis of racy programs. By framing our ideas and concepts
in a general manner we hope that our results may be applied in a wider setting.

Introduction

Shared-memory programs are difficult to reason about, because of the potential for
concurrent interference. Early semantic models assume fixed granularity of exe-

1 This research was sponsored by the National Science Foundation under grant no. CCF-1017011. The
views and conclusions contained in this document are those of the author and should not be interpreted
as representing the official policies, either expressed or implied, of any sponsoring institution, the U.S.
government or any other entity.
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cution, for example atomic assignments or atomic reads and writes [2,10]. Such
assumptions may not hold in practice, and program analysis based on such models
is only valid for implementations enforcing the required degree of granularity. In
contrast, traditional semantic models for sequential programs ignore granularity and
focus on the relationship between initial and final states of a program execution,
interpreting a program as a state transformation. Such semantics is simple and
easy to use for compositional reasoning about sequential programs, but inadequate
for parallel programs [10]: the state transformation denoted by c;||ca cannot be
determined from the state transformations denoted by ¢; and co. Ideally we need
a semantic model for parallel programs that enjoys the simplicity of state trans-
formation semantics while retaining enough information about intermediate states
to allow proper modeling of concurrent interference, without making granularity
assumptions.

Such concerns have stimulated an effort to design a “grainless” semantic model
for shared-memory concurrency, notably by John Reynolds [11] and this author [4].
Reynolds sought to avoid granularity by breaking atomic actions into instantaneous
fragments, an approach that leads to a semantics based on very small steps, and
therefore likely to suffer from combinatorial problems. This author developed a
“footstep trace” model, a pre-cursor to the approach offered in this paper, but in
retrospect we can now see that this model is overly complex and fails full abstraction.
Here we offer a more streamlined version of footstep trace semantics, with better
abstraction properties. The main new idea involves a more refined account of race
conditions, an apparently simple idea with deep ramifications in the construction
of the semantics. We classify our semantic model as “grainless” because the model
construction abstracts away from irrelevant scheduling details in such a way that
there is no need to retain information about what constitutes an “atomic” action,
other than the usual assumption that primitive operations for synchronization are
atomic.

We deal here with a simple shared-memory language, omitting pointers. Our
development builds on our prior work on trace models [2] and on concurrent sep-
aration logic [3,4], in which we combined mutable state with concurrency, so we
expect to be able to adapt the new ideas presented here accordingly. It is straight-
forward to incorporate locally scoped declarations. For space reasons we defer these
extensions and some semantic details and proofs to a fuller version of the paper.

2 Syntax and Static Semantics

We will deal with a simple shared-memory parallel language, extending the famil-
iar class of sequential while-programs with parallel composition and a well known
synchronization construct: conditional critical regions. Identifiers (or program vari-
ables) i are assignable integer-valued variables, and region names (or resources) r
take values 0 and 1, representing “available” and “unavailable”. The sets Ide of
identifiers and Res of resource names are disjoint. The syntax of integer expres-
sions e and boolean expressions b is conventional, including the usual arithmetic and
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boolean constructs. We define the sets free(e) and free(b) of identifiers having a
free syntactic occurrence in e and b, as usual, by structural induction.
The syntax of commands (or processes) ¢ is given by:

¢ == skip |i:=e | c1;c2 | if b then c; else ¢y | while b do ¢ |
ci]|e2 | with » when b do ¢

Resources behave like binary semaphores with atomic operations for locking and
unlocking, so critical regions can be used to ensure mutually exclusive access to
shared variables. As usual we abbreviate with r when true do ¢ as with r do c.
Resource names are not assignable. The sets res(c) and free(c) of resource names
and identifiers with a free occurrence in ¢ are defined by structural induction in the
obvious manner.

3 Dynamic Semantics

A program denotes a set of traces representing interactive computations in which
the program and its environment make changes to the shared state. Each step in a
trace represents the effect of a finite sequence of actions performed by the program,
and records just the overall footprint. We detect the potential for race conditions,
involving a write to a shared variable whose value is used in a concurrent update.
A race condition can lead to unpredictable behavior, so we use T to represent the
value of a variable whose value is race-dependent, a special value which taints all
future computations involving that variable. In this sense we treat races as “locally”
catastrophic, and we track accurately the values of variables unaffected by races.

States

States are finite partial functions from identifiers and resource names to values.
For simplicity we let V' be the set of integers and use values 0 (“available”) and
1 (“unavailable”) for resources. Let VT = V U {T}. Let Var = Ide U Res. We
use ¢ to range over Var, ¢ over Ide and r over Res. We use a list-like notation
[t1 2 v1,... 1k ¢ v for states, and we may also use set-theoretic notation such as

{(t1,v1), -, (L, )}
Definition 1 The set 3 of states is given by:
Y ={o:Var =4, V' | Vr e dom(c) NRes. o(r) € {0,1}}.

We use ¢ and 7 to range over states, and let res(c) = dom(o) N Res be the set
of resources used in o. For a set X C Var we let 0\X = {(t,v) e 0 | t ¢ X} and
o] X ={(,v)eo|ie X} When X is a singleton we write o\t for o\{¢}.

Definition 2 A state o is race-free if T & rge(o).

Definition 3 Two states o and T are consistent, o f} 7, iff they agree on the values
of all relevant variables, i.e. Yi € dom(o) N dom(T). o(¢) = 7(¢).
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Consistency is the same as requiring that o [ dom(7) = 7 [ dom(0), or that o U T
is also a well-defined state. States with disjoint domains are always consistent.

Definition 4 We let [0 | ¢ : v] = (o\t) U {(t,v")}, where v = T if (1,T) € o,
and v’ = v otherwise. This is the state obtained by updating o with ¢ : v, unless
o(t) =T, in which case the update has no effect.

We generalize to multiple updates, writing [o | 7] for the state obtained by updating
o with the updates in 7, and [0 | X — T]| for updating o with {(x,T) | x € X}.
Updating is associative, i.e. [[o | 7] | p] = [0 | [T | p]], so we can write [o | T | p]
without ambiguity.

Steps

Steps represent the effect of state changes, and to model footprints of programs
we record just the portion of state relevant to a step, rather than the entire global
state. So a step will involve a pair of states (o, c’), where o is the piece of state
read and o’ is the piece of state written, and we decorate this pair with a flow
relation R C dom(o) x dom(o’) indicating in particular which reads influence the
value of each write. We require that if (¢, T) € 0 & (¢,¢/) € R then (/,T) € o,
since an update based on a tainted value is also deemed to be tainted. Further,
if © € dom(o’) we insist that (¢,¢) € R, since a write can only be performed if its
target is present in the initial state. Coupled with the previous requirement this
means that once a variable has been involved in a race its value never “recovers”.
Note that dom(c’) C dom(R™!'): for every variable ¢ written in the step the set
R71(1) C dom(o) indicates the variables whose values in ¢ influence the update.

Definition 5 The set A of steps consists of all triples (o, R,0") with 0,0’ € 3, such
that:

* R C dom(o) x dom(d”).

e For all v € dom(o’), (1,1) € R.

e If (1, T)eo and (1,//) € R then (', T) € o’.

We use A and p to range over the set of steps.

Definition 6 Fora step A = (0, R,0’), let reads(\) = dom(o), writes(\) = dom(o”),
and res(A\) = dom(o) N Res. By assumption, writes(\) C reads(\).

For a step (o, R,0’) and ¢ € dom(o’), R71(1) is the set of variables used to compute
the update for ¢. Since R is surjective, we can specify the dependency relation by
listing R~1(1) for each ¢ € dom(o’). We omit the flow relation when we intend the
smallest relation satisfying the requirements, often the identity relation on dom(o”)
or the empty relation when dom(o’) = {}. Where relevant we use U for the universal
relation on dom (o) x dom (o). It is helpful to introduce names for some simple steps.
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In each case the intended flow relation is obvious:

lock(r) =

unlock(r) =

write(i,v,v") =

(I

(I
read(i,v) = ([i : v

(I

(l

0 is an “idle” step. For steps in which multiple reads and writes occur, there may
be several possible choices of flow relation, expressing different dependencies. For
example, in the step ([z : 0,y : 0], {(y,¥)}, [y : 1]) the update to y does not depend
on the read of x, whereas in ([x : 0,y : 0, {(z,v), (v,y)}, [y : 1]) the update to y
depends on both z and y. There are also racy steps such as ([x : 0], [z : T]) in which a
race condition affects the value of an identifier. Note that ([z: T,y : 0],[x: T,y : 1])
is also a valid step, but that ([z: T,y : 0], [z : 0,y : 1]) is not.

In the forthcoming semantic development, steps involving resources play a spe-
cial role consistent with the underlying assumption that operations to lock and
unlock resources are atomic actions. Steps with res(A) = res(u) = {} may be com-
posable either consecutively or concurrently, to produce a single step representing
the composite effect, whereas a step with res(A) # {} is atomic.

Ezxecuting steps

Although steps describe footprints, programs operate on a shared global state, and
we need to characterize the effect on the global state of executing a step. Global
states are also finite partial functions from variables to values, so ¥ as defined before
also represents the set of global states.

Given a state o we can characterize the steps that are executable from o, and
their effect, with an enabling relation = C > x A x 3. We write this as an infix
relation, writing o 2 &' when step A is enabled from o, and its execution causes
the state to change to o/. The definition is intuitive: a step can only be executed
from a state consistent with its reads, and its effect is described by its writes, leaving
all other variables unchanged. We say that state o enables step A if o satisfies the
read properties required to execute A, i.e. if reads(\) C o.

Definition 7 The enabling relation = C 3 x A X ¥ is given by:

a:(T’R’T) oiffrCo& o =lo]| 7]

7



Brookes

Referring again to the examples introduced above, note the key facts that

read(i,v) iffi:veo

. - ’
o L o |i: 0] iffiiveo

= o|r:1]  iffri0co
unlock(r) [O‘|7“30] iffr:leco

Also note that lock(r) is not enabled in o if o(r) = 1, and unlock(r) is not enabled

in o if o(r) = 0. It is obvious that o 2 always holds. In general when o 25 o
we have dom(c’) = dom(o).

Consecutive steps

Two steps A = (o, R,0’) and u = (7,5,7") are consecutive (or sequentially exe-
cutable) if their effects are composable, A first followed by p. This is the case when
u follows A, i.e. u can be enabled after A, as characterized below.

Definition 8 For steps A = (0, R,0’) and p = (7,5, 7") we say that u follows \,
written X\ — p, if T [o | o'].

The requirement that 7 1} [o | o/] says that the reads of p are consistent with the
effect of . This is equivalent to requiring that o f} (7\dom(c’)) and 7 {} ¢’. Note
that the sequential composition operation on steps is partial, only defined on steps
that satisfy the imposed constraints.

Definition 9 When A\ = (0, R,0’) and p = (1,5,7") and X — p, we define
Xp = (0 U (N\dom("), FsS, [0 | 7 | o),
where p={(/,T) |3, T) e c’. (v,//) € S}, and where R; S is the relation
{(t, )3/ (t,/) e R & (/,0") € S}
U {(n) e R| ¢ ¢ dom(S))

U A7) e STV ¢ rge(R)}

The term p here propagates the effect of racy updates from the first step. If X is
race-free p degenerates to the empty state, and the write effect of the cumulative
step is [0’ | 7] as expected. The flow relation R;S composes R and S, bearing in
mind that the first step may write to a variable not used in the second step, and
the second step may read a variable not influenced by the first step.

Lemma 10 )\1 ~ )\2 & ()\1;/\2) ~ )\3 Zﬁ )\2 ~ )\3 & )\1 ~ ()\2;)\3). When these
equations hold \1; (A2; A3) = (A1 A2); As. Further, 6 = ([],]]) is a unit for sequential
composition: X — 0, § — XA and \;§ =6 A= X for all A € A.

Proof: An easy calculation using the definitions. For all relations R, S, T we have

(R;S);T = R;(S;T), and R;{} ={}; R= R for all R.
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Examples
In each of the following cases, the two steps are sequentially executable and we show
the resulting step. As usual the intended flow relations are obvious:

read(x,v); read(x,v) = read(z,v)
read(x,v1); read(y,v2) = ([x : v1,y : val,[])
(z,v

read(z,v); write(z,v,v") = write(z,v,v’)

write(x,v,v"); read(x,v") = write(x, v, v")
write(x, vy, va); write(x, vy, v3) = write(x, v1,v3)
write(x,v1, v}); write(y, va, vh) = ([x : v1,y : vo], [z : V], y : vh])

In particular, reads and writes to distinct identifiers have the same effect in either
sequential order. Note also that writes to the same identifier are only sequentially
composable if the value read by the second step agrees with the value written in
the first step.

As expected, there is a simple relationship between sequential composition of
steps and execution.

Lemma 11 If A — p, then o N iff 3o’. (o 20 & o o).

Concurrent steps

Steps A and p with res(A\) N res(u) = {} and reads(\) 1} reads(u) are said to be
concurrently executable, or concurrent for short; they have compatible reads so there
is a state from which both steps are enabled, and since they use different resources
they can be executed simultaneously without violating the mutual exclusion con-
straints on resource use. The steps conflict if one writes to an identifier upon which
the other one depends. When this happens we record the value of the race-sensitive
identifier as T, using the flow relations as a guide. In this way we obtain a composite
step A ® u describing the concurrent combination of A and p. Again this operation
on steps is partial, only defined for steps with compatible read requirements and
needing disjoint resources.

Definition 12 Two steps A = (0, R,0’) and p = (1,S,7') are concurrently exe-
cutable, A co p, if o 7 & res(o) Nres(t) = {}. When this holds we define

A@p=(cUr, RUS, [(c'UT)| X~ T]),

where X is the set of identifiers whose value is susceptible to a race condition, i.e.
those identifiers written by one of the steps with a value dependent on an identifier
affected by the other step:

X = {vedom(d’) | R*(v) N dom(7") # {}}
U {t e dom(7') | S7L(1) N dom(o’) # {}}.
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Since o and 7 are assumed to be compatible (o f} 7) the union o U 7 is a partial
function, hence a valid state. The flow relation RUS combines the flow information
from the two steps in the obvious way. Even though the union (¢/ U 7') may not
be a partial function when dom(c’) N dom(7") # {}, the update X — T does
produce a partial function, hence a valid state, since X 2O dom(o’) N dom(7'),
dom(o’) C dom(R™1Y), and dom(7') C dom(S~1).

We can paraphrase the above definition, perhaps in a more readable manner,
as saying that A ® p = (o U7, RU S,0), where 6 is the state with dom(6) =
dom(o’) U dom(7') and the following properties:

e (1) =0'(1) if L € dom(c’) and R71(:) N dom(7') = {};
e 0(¢) = 7'(v) if L € dom(7') and S~1(¢) N dom(c’) = {};
* (1) = T otherwise.

Lemma 13 \; co A\ iff Ao co A1, and when these hold Ay ® Ay = Ao @ A1. Further,
(A1 co Az and (A1 ®@ A2) co A3) iff (A2 co A3 and A1 co (A2 ® A3)), and when these
hold ()\1 &® )\2) RAF=M® ()\2 & /\3).

It is also obvious that 6 ® A = A ® § = A always holds, so the idle step is a unit for
concurrent composition.

Examples
* Reads and writes with compatible start states can be executed in parallel, and
reads and writes to distinct variables x and y never conflict:
write(z,v1,v]) @ write(y, va, vh) = ([x : v1,y : val, [z : V], y : v})])
read(x,v1) @ read(y,ve) = ([ : v1,y : v2],[])
read(z,v1) @ write(y, va, vh) = ([x : v1,y : va], [y : vh])
read(z,v1) @ read(y,v2) = ([ : v,y : v2],[])

e For steps affecting the same single variable, concurrent reads are benign but
concurrent writes constitute a race:

read(x,v) @ read(x,v) = read(z,v) = ([x : v], [ ])
write(x,v,v") ® read(xz,v) = write(z,v,v") = ([z : v], [z : V'])
write(x,v,v]) @ write(x,v,vh) = ([z : v], [z : T])

e A write to x concurrent with a read of x only constitutes a significant race if the
read influences the value of some identifier. The following examples show how
races get handled, specifically that the correct identifiers get tainted, when the
flow relations are non-trivial. To facilitate comparison with the above definition
we enumerate the flow relations explicitly.

(i) Consider a step that updates y and reads = but does not use the value of z in

the update. If we concurrently write to x, the combined effect is to update both
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x and y as intended. For example,

(lz: Ly 0L, {(y,0)} [y : 1)) ® ([z : 1, {(z,2)}, [= : 2])
= ([x 1Ly 0]7 {(a:,x), (y,y), [J} 12,y 1])

(ii) Now consider a step that updates y using a value obtained by reading z. If we
concurrently write to z the value of y is tainted. For example,

([z: Ly : 0L {(z,9), (v, 0)} [y : 1) @ ([z: 1], {(z,2)}, [z : 2])
= ([z: Ly : 0, {(z,2), (z,9), (y, )}, [z : 2,y : T])
In each case the combined step accurately reflects the overall effect.
There is an obvious connection between concurrent composition and enabling.

Theorem 14

When A and p have identity flow relations, A co u, and o 281 51 there are states
01,092 such that o 2 01,0 == 09, and o’ is uniquely determined by the following
properties:

e o/(t) = 01(1) for v € writes(\) — reads(p)

e 0'(1) = 02(1) for v € writes(u) — reads(\)

* 0/(t) =T for e writes(\) N reads(u) or writes(p) N reads(N)
e 0/(t) = o(1) for v e dom(o) — (writes(A) U writes(u)).

A more general relationship is derivable, involving R and S in a natural manner.

Traces

Traces are finite sequences of steps, where each step is either an atomic resource
action or represents the cumulative effect of a finite computation. We want to
abstract away from the intermediate states in between resource actions, in the spirit
of Dijkstra’s Principle: processes should be regarded as independent, except when
they synchronize [5]. The basic information about reads, writes and dependencies
contained in a step is sufficient for this purpose, and we can work with traces
in which adjacent resource-free steps are consecutively executable and mumbled
together. Thus we abstract away from the order in which intermediate reads and
writes occur, since the mumbled step only reports the “initial” reads and the “final”
writes. In doing this we lose no generality when considering the effect on the shared
state as viewed by other process running concurrently. The only way another process
could be influenced by or affect an intermediate stage would be by reading or writing
to a variable written by this step, causing a race condition. The mumbled step
also writes to this variable, so we would also get a race condition under these
circumstances and we lose no generality by keeping only the mumbled step.

To build traces with this reduced structure we introduce a modified form of
concatenation, a partial operation - that combines traces whose concatenation can
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be properly reduced by such mumbling, and implements this reduction.
Definition 15 X precedes p, written X<, if A — p or res(A) Ures(u) # {}. When
this holds we define X\ - o to be the step given by:
e = A if res(A) Ures(u) £ {}
= A\ poif res(N) = res(u) = {} and A —

We refer to this operation from now on simply as concatenation. We extend to
finite traces in the obvious inductive manner. Let € be the empty trace.

Definition 16 For all o, 5, \, u we have €< 5, a <€, and (aX) < (upB) iff A<p.
Further, e - 8 = B, - € = a, and when A< we let (aX) - (uf) = a(X - p)B.

It is easy to verify that § - § = § and that - is associative.

Theorem 17 For all traces o, 8,7, a<f & (a-B) <1y iff Bay & a<(B-7) and
when these hold, (- B)-v=a-(B-7).

Examples
Clearly write(x,0,1) - write(z, 1,2) = write(x,0,2), and
lock(r) - write(z,0,1) = lock(r) write(z,0, 1)
lock(r) - write(x,0,1) - write(z, 1, 2) - unlock(r) = lock(r) write(x, 0, 2) unlock(r)

Reducing traces

We say that a trace « is reduced (or “mumbled”) iff for all pairs of successive steps

Apin « either res(A\) # {} or res(p) # {}. It is easy to see that any trace built

using - is reduced, because when a\ and puf are reduced traces and A<, a(A-p)fB

is also a reduced trace. We say that A1 ...\, is feasible iff its steps can be combined

using -, and when this happens we obtain the reduced trace red(a) = Ay - ... A\y.
For example, the trace

a = lock(r) write(z, 0, 1) write(z, 1, 2) unlock(r) lock(r) write(x, 0, 1) unlock(r)
is feasible, and red(«) is the trace
lock(r) write(x, 0, 2) unlock(r) lock(r) write(x, 0, 1) unlock(r).

However the trace write(x,0,2) write(x,0,1) is not feasible.
Every reduced trace « is also feasible and satisfies the equation red(a) = a.
Whenever « is feasible, red(«) is a reduced trace.

Ezxecuting traces
We extend the effect relation to traces in the obvious way:
Al An ] - _ —
o =—"% ¢ iff dog,...,0n.c =09 & 0, =0
A A An
&og== 01 =209 0p_1 == 0,
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When n = 0 we get 0 = 0. When 0 == ¢’ we say that « is enabled in o, and o’
is the result of executing « from o’. A trace is executable if it is enabled by some
state.

We are mainly interested in executable traces, yet our semantics deals with
feasible traces, including both executable and non-executable traces. This is nec-
essary because a parallel program may have an executable trace that arises from
non-executable traces of its constituent processes. For example, the traces o =
lock(r) lock(r) and B = unlock(r) unlock(r) are both non-executable, but they have
an interleaving of the form lock(r) unlock(r) lock(r) unlock(r), which is executable.
The executable traces of ¢1||ca can be determined from the feasible traces of ¢; and
co. Executable traces are also feasible, but the converse fails. For example, the
trace

lock(r) write(x,0, 1) unlock(r) lock(r) write(x, 0, 1) unlock(r)

is feasible but not executable. The claim that we lose no generality by dropping
infeasible traces is validated by the facts that: when « is infeasible there are no
states o such that ¢ == ¢/, and there is no way to fill the gaps in a without
concurrently writing to a variable read by a.

Parallel composition

We adapt the definition of resource-sensitive fair merge from our prior work, ad-
justed to generate mumbled traces. For traces a and [, and disjoint finite sets of
resources A and B, we define the set of feasible merges

aallpB C A

by induction on trace length. This set consists of all traces in which a process
holding resources A runs concurrently with a process holding resources B. We first
define the relation A %> A’ that characterizes when the process holding A can do
step A:

ALMD, Au{r) ifrdAUB
A D, A ) ifre A
A : —_
A5 A if res(\) = {}
When one (or both) of the traces is empty we define:

asllpe ={a] A5 A}
calpB={8|B 5 B'}
For the inductive case we define:

(Aa) allg (uB) = {7 | A2 A &y ean|p(uB) & Aav}
U{p-v|B L B &vye(Aa)alp B & pary}
U{(A@p)-v[Acopyeaalpf & (A@p) v}
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When A = B = {} we omit the subscripts and write a|3.

The first two terms produce interleavings in which one process does a step first;
the third term allows concurrent combinations when enabled, and takes account
of the potential for race conditions. Use of - ensures that we only include feasible
traces. The reader can check that when o and [ are feasible traces, every trace
belonging to «|f is also feasible.

When A and p are concurrently enabled resource-free steps, A||p = {A ® p}. If
in addition the steps are conflict-free, we have A\; u = ;A = A ® p.

When A and p are resource-free steps that are not consecutively executable in
either order, and not concurrently executable, \||u = {}.

When at least one of A and pu is a resource step, A||u = { A\, pA}.

Examples
* The following examples check that the above definitions conform with intuition in

cases involving concurrent writes. In each case we obtain the set of all (reduced)
feasible combinations. Note that several distinct interleavings may lead to the
same reduced trace, showing the succinctness of our construction.
(i) Concurrent writes to distinct variables: write(x, 0, 1)||write(y,0,1) yields three
feesible interleavings:
write(x,0,1) - write(y, 0,1)
write(y,0,1) - write(x,0,1)
write(z,0,1) ® write(y, 0, 1)
and each of these reduces to the same trace ([z : 0,y : 0],[z : 1,y : 1]). So
write(x, 0, 1)||write(y,0,1) = {([r : 0,y : 0], [z : 1,y : 1])}.
(ii) Concurrently executable writes to the same variable:
write(x, 0, 1)||write(x,0,1)
= {write(z,0,1) ® write(x,0,1)}
= {([z: 0], [z: T}
In this case the updates are not sequentially composable.
(iii) Non-concurrently executable writes to the same variable:
write(z,0,1) | write(x, 1, 2)
= {write(z,0,1) - write(x,1,2)}
= {write(x,0,2)}
because there is only one feasible interleaving. On the other hand, write(z, 0, 1)||write(x,2,1) =

{}, because the two steps cannot be composed either sequentially or concur-
rently.

e Let a be the trace lock(r)write(x,0,1)unlock(r). The trace set a|a is {aa}.
Other interleavings begin with consecutive lock(r) steps and fall afoul of the re-
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source constraints built into the interleaving operator; such traces are irrelevant
in any case because none are executable, and none can be used to construct an ex-
ecutable trace by interleaving. Similarly, let 8 be lock(r) write(z, 1, 0) unlock(r).
The set a|§ is just {af, Ba}. One interleaving of the (non-executable) trace ao
with [ is the executable trace afa.

Semantics of expressions

Since our semantics is designed to detect race conditions involving concurrent access
to shared variables, we can work with a very simple model for expressions. There is
no need to keep track of the order in which reads occur during expression evaluation,
provided we record the set of reads on which the expression value depends, so we
can use a set of state-value pairs. For an integer expression e we will let [e] C X xV,
and for a boolean expression b we let [b] C ¥ x {true, false}. An entry (o,v) € [e]
represents the fact that evaluation of e in an 7 such that 7 O ¢ only reads the
portion o of the state and produces the integer value v, and similarly for boolean
expressions. So each entry is a minimal piece of computational information about
expression evaluation, in line with our desire to deal with footprints. We define [e]
and [b] by structural induction as usual:

[i] = {([i : v],v) [v eV}

ler + e2] = {(o1 Uoa,v1 +v2) | (01,v1) € [e1]& (o2,v2) € [e2] & o1 1 02}
[true] = {([ ], true)}

[er = e2] = {(01 Uoa,v1 = v2) | (01,v1) € [e1] & (o2, v2) € [e2]& o1 1} 02}

We remark that when (o,v) € [e] the piece of state o contains values for the
identifiers occurring free in e whose values are used to compute v.

Theorem 18 For all expressions e, if (o,v) € [e] then dom(c) C free(e).

Semantics of commands

Commands denote sets of feasible traces. We define the trace set of a command,
[c] € P(A*), by structural induction. To simplify the presentation we introduce
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the abbreviations [b],,,. for {(o,[]) | (o, true) € [b]} and similarly for [b] .-

[skip] = {6}
[i:=e] ={(c Ui :v],U,[i: v']) [ (0,0)) € [e] & o [i: 0]}
where U=1(i) = dom(e) U {i}
[er;eo] = [er] - [e2] = {ar - a2 | an € [ar], a2 € [eo] & an ez}
[if b then c; else co] = [b],,,. - [c1] U [B]yys, - [e2]
[while b do c] = ([b] . - [c])" - [b] fusse
[erllea] = [er]llfe2] = Ufenllaz | e € [er] & a2 € [e2]}
[with 7 when b do ¢] = {lock(r) 8 - v unlock(r) | B € [b] s 7 € [d], B47)

Note the careful use of < and - (crucially in the semantic clauses for sequential and
parallel composition, but throughout the above presentation) to ensure that the
trace set [c] consists of feasible traces. Also note the implicit use of the sequencing
and concurrent composition operations on steps, to reduce traces and abstract away
from the order of action occurrences in between resource steps. The executable
traces of ¢ can be extracted from [c] as a subset.

The semantic clause for critical regions shows how entry to and exit from a re-
gion are modeled as lock(r) and unlock(r), which together with the way we defined
resource-sensitive interleaving ensures that the semantic clause for ¢;||ca correctly
models concurrent execution while obeying the atomicity and mutual exclusion con-
straints on resources. Since we only care here about partial correctness behavior
there is no need to include infinite traces and no need to include busy waiting traces
caused by unavailable resources and/or the falsity of the entry condition b. Similarly
the clause for while-loops does not include infinite iteration.

The semantic clause for assignment conceals a slight subtlety: commands do not
allocate storage during execution, so an assignment can only be executed from a
state in which it target variable already has a value. So the footprint of i:=e needs
a read state in which ¢ has a value and from which e can be evaluated. To allow for
cases where i is not relevant to the value of e as well as for cases where e needs the
value of i, we use cU[i : v] (with o {} [i : v]) as the read state in the footprint of i:=e,
where (o,v) € [e]). When i ¢ dom(c), so that i is not needed by e, the consistency
constraint holds for all v; when i € dom (o), so the value of e may depend on i, the
consistency constraint only holds for v = (i) and the state o U [i : v] is the same
as o.
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Examples

(i) We illustrate how our semantics ignores the relative order of individual assign-
ments and takes account of race conditions:

[:= {([z :v],[z: 1) |ve V}
[:=1; 2:=2] = [w:=2] = {([z : 0], [z: 2]) |[v eV}
[x:=1;y:=1] = [x:=1|ly:=1] = {([x : v1,y : vo],[x: L,y : 1]) | v1,v2 € V'}
[e:=1||z:=1] = {([z : v],[z: T]) |veV}
(ii) The next example illustrates the relevance of flow relations. It is easy to see
that [z:=1;y:=z] = {([x : vi,y : vo],R,[x : L,y : 1]) | v1,v2 € V}, where

R = {(z,2),(y,y), (z,y)}. When we run this command in parallel with z:=2
there is a race condition involving x and y:

(=1 yi=a)Jo:=2] = {([z: v,y o), [z Ty T]) | w00 € V1.

Our semantics does distinguish between z:=1;y:=x and x:=1;y:=1, and this
is necessary because in the latter command the value of ¥ is not influenced by
the value of z, leading to different behavior in contexts that write to . Indeed,
in contrast to the previous example, we have

[(x:=1;y:=1)||lx:=2] = {([z : v1,y : va], [z : T,y :1]) | v1,v2 € V}.

(iii) A slightly more complex example shows how expression evaluation and control
flow fit in: [if 2 > 0 then y:=1 else z:=1] is the set

{([w s v1,y 102, Uy, [y : 1]) | v1 > 0,02 € V'}
U{([z:v1,2:09,Us [z :1]) | v1 < 0,09 €V}
where Uy_l(y) = {z,y} and U, (z) = {z, 2}.

(iv) For a while-loop with no critical regions, our semantics abstracts away from
the intermediate states generated by successive iterations:

[while y > 0 do (z:=x + 1;y:=y — 1)]
={([z v,y 1 02], U, [z s v1 + 02,y :0]) [v2 > 0} U{([y : v],[]) [ v < 0}

where U~ (z) = {z,y}.
(v) The only traces of the program (with r do z:=1)||(with r do x:=2) that are

executable from a state in which the values of r and z are 0 are
lock(r) write(x, 0, 1) unlock(r) lock(r) write(z, 1, 2) unlock(r)
and lock(r) write(x,0,2) unlock(r) lock(r) write(x, 2, 1) unlock(r).

(vi) Consider the program (z:=1;z:=2)||with r do y:=z. Each of its traces arises
by interleaving a trace ([z : v],[x : 2]) of z:=1;2:=2 with a trace of form
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lock(r) ([z = vi,y @ v2], Uy, [z : v1,y : v1]) unlock(r) for some v, v1, v, where
U-'(y) = {x,y}. The feasible interleavings are all traces of the following

y
forms:
o ([z 0], [z :2]) lock(r) ([x : vi,y : val, Uy, [ : v1,y : v1]) unlock(r)
o lock(r) ([x s vi,y : v2], Uy, [z : 2,y : T]) unlock(r)
o lock(r) ([x s vi,y : v2], Uy, [z : 2,y : v1]) unlock(r)
o lock(r) ([x s vi,y : v2], Uy, [z : 2,y : 2]) unlock(r)
o lock(r) ([x : vi,y : va],Uy, [z : v1,y : v1]) unlock(r) ([x : v], [z : 2])

There is no trace in which y gets set to 1; instead there is a racy trace in which
y gets set to T. The remaining traces represent computations in which steps
are taken sequentially.

Note also that the traces of (x:=1;x:=2)||with r do y:=x are identical to
the traces of x:=2||with r do y:=xz. This can be verified by construction, but
it also follows by compositionality of the semantics, since [x:=1;2:=2] is the
same as [z:=2].

(vii) Consider the program with r do (z:=z + 1;2:=z + 1). Our semantics does
not distinguish this from with r do x:=z + 2. There is no need to distinguish
them, because no other process can tell them apart without causing a race.

Semantic properties

Theorem 19 If a(o, R,0")3 € [c] then dom(c) C free(c), dom(c’) C writes(c),
R C dom(c) x dom(c’), and res(c) C res(c).

As a corollary, if ¢ synchronization-free, i.e. res(c) = {}, the traces of ¢ are
singletons consisting of single step (7, R,7’). Such a command determines a state
transformation, expressible as

l| = {(o,0") | I, R, 7) e[c]. o CT & o' =[o| 7]}

If in addition to this ¢ has no free variables, the only possible non-empty trace for
cis ([],]]), and |c| is either the identity function on states or the empty function.
For example, |skip;skip| = {(0,0) | 0 € £} and |while true do skip| = {}.

Example 3.1 Suppose = ¢ free(ez) and y ¢ free(e;). Then
[z:=e1;y:=es] =
{(c1Uog, R, [z :v1,y : v2]) | (01,v1) € [e1], (02,v2) € [e2], o1 1t 02,
R~ Y(z) = dom(o1) & R71(y) = dom(o2)}
It follows that [z:=ey; y:=e2] = [y:=eq; x:=e1] = [z:=e1||y:=e2].
Recall that a state o is race-free iff T & rge(o).

Definition 20 c is race-free from o iff Va € [c].Vo'. (0 == o' implies o' race-free).
When this holds for all states o we say that c is race-free.

Theorem 21
e skip and i:=e are race-free.
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e Ifci and co are race-free, so are ci;co and if b then ¢y else cs.
o If c is race-free, so are while b do ¢ and with » when b do c.
o Ifwrites(c;) Nfree(cy) = writes(cz) Nfree(ci) = {},

and c1 and cy are race-free, then ci||ca is race-free.
Corollary Every sequential program c is race-free.

A resource context I' is a set of entries of form r(X), where r is a resource
name and X is a finite set of identifiers, called a protection list. We say that ¢
respects I iff every free occurrence in ¢ of an identifier protected by r in I is inside
a conditional critical region naming r. The next result shows that our semantics
validates the Owicki-Gries static constraints on critical variables [9].

Theorem 22
Let ¢1 and co be race-free commands. If c1 and co respect I' and

writes(c1) Nfree(cy) C owned(I') & writes(ca) Nfree(ci) C owned(T)

then c1||ca is race-free.

Safe partial correctness

Let p and ¢ be boolean-valued expressions in which identifiers may occur free. (We
do not allow resource names to appear free in such expressions.) Let |p| be the set
of states satisfying p.

The safe partial correctness formula {p}c{q} is valid iff all finite executions of ¢
from a state satisfying p are race-free and end in a state satisfying ¢.

Definition 23 {p}c{q} is valid for all o € [c], and all states o such that dom (o) 2
free(p,c,q), if o € |p| and 0 == o', then o' is race-free and o' € |q|.

Theorem 24 If [c1] = [ca2] then ¢1 and co satisfy the same assertions in all pro-
gram contexts, i.e. for all p and q, and all contexts C[—|, {p}Clc1]{q} is valid iff

{p}C[ea{q} is valid.

Corollary 25 If [¢1] = [c2] then ¢1 and co satisfy the same assertions, i.e. for all
p and q, {ptc1{q} is valid iff {p}ca{q} is valid.

Observing the state

For a trace a, let || be the set of state sequences obtainable by executing a. When
a = A1...\, we have |a] = {o1...0, | 01 2Ly Gy oy 25 on}. When « is
non-executable this set is obviously empty. We define the set S(c) of state sequences
observable during executions of ¢, to be S(¢) = (J{|a| | a € [¢]}. This is observing
the state at start and finish and at all synchronization points, since we are dealing
here with mumbled traces.

Theorem 26 If [c1] = [c2] then for all contexts C|—], S(Clc1]) = S(Clez]).
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4 Conclusions

Our more refined treatment of races leads to a footprint trace semantics that sup-
ports compositional reasoning about safe partial correctness, and accurately tracks
the variables whose values are immune to race conditions. The new model enjoys
better abstraction properties than the earlier version of footprint semantics [4]. We
can pinpoint the differences by looking at the notions of semantic equivalence in-
duced by the old semantics and the new. In the earlier model a race condition was
interpreted as a global catastrophe, leading to a special abort state. This earlier
model gave the same meaning, namely

{(Jx 1,y s va], [x: 1L,y : 1)) | vi,v2 € V],
to (i) z:=1;y:=z and (ii) x:=1;y:=1, and hence the same meaning, namely
{([x : v1,y : vo],abort) | vi, vy € V'},

to programs (i)||z:=2 and (ii)||z:=2. The new semantics distinguishes between (i)
and (ii), because they induce different flow relations: only in (i) is the value of y
dependent on z. (We made a similar comment in an example, earlier.) Moreover,
this distinction is worth making, because when run in parallel with a program that
(only) writes to x, for (i) the value of y gets tainted but for (ii) it does not. Thus
there is a program context in which (i) and (ii) have different observable behavior.
In particular, the new semantics distinguishes (correctly) between the programs
(i)||lx:=2 and (ii)||x:=2.

We refer to our semantics as “grainless”. We argue that this appellation is
accurate, because the steps employed in the traces of programs are obtained by
“mumbling” consecutive actions together in between resource actions, so that we
abstract away from irrelevant details concerning scheduling and atomicity. We do
still assume that resource actions lock(r) and wunlock(r) are implemented atomi-
cally. Further, we only include feasible traces, leading to a more succinct trace set
that subscribes roughly speaking to the slogan: fewer traces, shorter traces, bigger
steps. Thus our semantics strives to avoid the combinatorial explosion inherent in
interleaving traces, by working with smaller trace sets and shorter traces. Our more
localized account of races allows a more liberal view of safe partial correctness. We
could say that {p}c{q} is valid iff for all states o satisfying p, and all a € [¢], if
0 == ¢’ then o’ satisfies ¢. Assuming that we define satisfaction so that o € |p|
implies Vi € free(p). (i) # T, this notion of validity does not imply absolute race-
freedom of ¢ from states satisfying the pre-condition, just that the state relevant to
the post-condition is race-free. We plan to explore this idea further, perhaps leading
to a new variant of concurrent separation logic that deals more flexibly with race
conditions.

We dealt here with a simple shared-memory parallel language: no pointers or
mutable state, no dynamic allocation of storage. We believe that the foundations
laid in our prior development of action trace semantics for concurrent separation
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logic [3] and our earlier grainless model [4] can be adapted to combine the new ap-
proach to race-detection and tainting with mutable state, and we plan to investigate
further. We also intend to explore existing work using flow analysis in other set-
tings, such as secure information flow and program analysis. Insights from related
fields may help us to assess the scope and limitations of our work, and may suggest
some improvements.

We have so far assumed that programs are executed on an architecture that
provides sequential memory consistency [7]:

... the result of any execution is the same as if the operations of all the processors
were executed in some sequential order, and the operations of each individual
processor appear in this sequence in the order specified by its program.

This assumption leads naturally to the use of interleaving to represent parallel com-
position, a common feature in denotational models of shared-memory dating back
to Park [10]. We have not yet applied our semantic framework to deal with weaker
memory assumptions, such as those actually supported by some modern concurrency
architectures [1]; it would be interesting to see to what extent our semantics can
help support reasoning about language implementations that offer weaker guaran-
tees about the observable effect of concurrent updates. In any case we would argue
that even in (perhaps especially in) dealing with more relaxed implementations it
would be useful to have a semantics like ours, that yields a (machine-independent)
characterization of race-free programs and predicts (semantically) to what extent a
program’s behavior is susceptible to uncertainty about the values of variables.
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Abstract

Concurrent strategies are shown to support operations yielding an economic yet rich higher-order con-
current process language, which shares features both with process calculi and nondeterministic dataflow.
Its operational semantics and ‘may and must’ equivalence require that we take internal (neutral) moves
seriously, leading to the introduction of ‘partial strategies’ which may contain neutral moves. Through
partial strategies, we can present a transition semantics for a language of strategies and can formulate their
‘may and must’ behaviour. While partial strategies compose, in a way extending that of strategies, in
general composition introduces extra neutral moves; in particular, copy-cat is no longer strictly an identity
w.r.t. composition. However, a simple extension of concurrent strategies (with stopping configurations)
maintains the fact that they form a bicategory while still capturing ‘may and must’ behaviour.

1 Introduction

There are several reasons for extending games and strategies, with behaviour based
on trees, to concurrent games and strategies, based on event structures — the con-
current analogue of trees. One reason is to provide a foundation for a generalized
domain theory, in which concurrent games and strategies take over the roles of do-
mains and continuous functions. The motivation is to repair the divide between
denotational and operational semantics and tackle anomalies like nondeterministic
dataflow, which are beyond traditional domain theory. Another is that strategies
are as potentially fundamental as relations and functions. It is surely because of
our limited mental capacity, and not because of its unimportance, that the mathe-
matical concept of strategy has been uncovered relatively late. It is hard to think
about the successive contingencies involved in playing a game in the same way that
is hard to think about interacting processes. Developing strategies in the extra
generality demanded by concurrency reveals more clearly their essential nature and
enables us to harness computer-science expertise in structure and concurrency in
their understanding and formalization.
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The extra generality of concurrency reveals new structure and a mathematical
robustness to the concept of strategy, in particular showing strategies are essentially
special profunctors [19]. Profunctors themselves provide a rich framework in which
to generalize domain theory, in a way that is arguably closer to that initiated by
Dana Scott than game semantics [9,2]. However, the mathematical abstraction
of profunctors comes at a price: it can be hard to give an operational reading to
denotations as profunctors. There are examples of semantics of higher-order process
languages and “strong correspondence” where elements of profunctor denotations
correspond to derivations in an operational semantics [11,15]. But in general it is
hard to extract operational semantics from the profunctor denotations alone because
they have abstracted too far.

Connections between forms of strategy and process models have been the sub-
ject of a large body of prior research — see e.g. [8,6,7]. In this paper, we begin
a study of concurrent strategies from the perspective of concurrent processes, con-
sidering how concurrent games and strategies are objects which we can program.
They are shown to support operations yielding an economic yet rich higher-order
concurrent process language, which shares features both with process calculi and
nondeterministic dataflow. The operations allow recursion to be interpreted using
a trace and novel duplication operation.

Indeed, seen from a concurrent-process perspective, in some respects concurrent
strategies have abstracted too far. Both in obtaining a transition semantics for the
language of strategies and in analysing its behaviour w.r.t. ‘may and must’ testing,
we need to take internal (neutral) moves, introduced in the composition of strategies,
seriously. Through the more refined model of partial concurrent strategies we obtain
a correspondence between events of a strategy and derivations of atomic steps in
a transition semantics. Via partial strategies we can justify a simple extension of
concurrent strategies (with stopping configurations) which maintains the fact that
they form a bicategory, while still capturing ‘may and must’ behaviour.

2 Event structures and their maps

An event structure comprises (F,Con,<), a set E of events which are partially
ordered by <, the causal dependency relation, and a nonempty consistency relation
Con consisting of finite subsets of E, which satisfy

{e/ | ¢ <e} is finite for all e € E {e} eCon for all ee E
YcXeCon = Y e€Con XeCon&e<e' e X = Xu{e}eCon.

The configurations, C*(FE), of an event structure F consist of those subsets x ¢ E
which satisfy VX ¢ z. X is finite = X € Con (consistency) and Ve,e'. €/ < e €
r = ¢ eux. (down-closure). Often we shall be concerned with just the finite
configurations of an event structure. We write C(E) for the finite configurations of
an event structure E.

We say an event structure is elementary when the consistency relation consists of
all finite subsets of events. Two events which are both consistent and incomparable
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w.r.t. causal dependency in an event structure are regarded as concurrent. In games
the relation of immediate dependency e — ¢/, meaning e and e’ are distinct with
e < ¢ and no event in between, will play a very important role. For X ¢ E we
write [X ] for {e e F | 3¢’ € X. e < €'}, the down-closure of X; note if X € Con, then
[X] € Con. We write [a] for [{a}] where a € E. For configurations x,y, we use
r—Cy to mean y covers x, i.e. x ¢ y with nothing in between, and a:—ecy to mean
zuU{e} =y for an event e ¢ z. We sometimes use x—ec, expressing that event e is
enabled at configuration x, when T—c y for some configuration y.

Certain ‘structural’ maps of event structures, which have a long history [14], play
a key role in the development of nondeterministic concurrent strategies. A map of
event structures f: E — E’ is a partial function f: E — E’ such that fz € C*(E")
for all z € C*(F), and for all ej, ez € x

fler) = f(e2) & f(e1), f(e1) both defined = €1 =e3.
Above, it is sufficient to restrict to finite configurations. Note that, when f is total,
it restricts to a bijection x = fx for any x € C*(F). A total map is rigid when it
preserves causal dependency.

A map f: E - E’ of event structures has partial-total factorization as a com-
position E—5E | V-5 E where V =qef {€€ E | f(e) is defined} is the domain of
definition of f; the event structure E|V =ger (V,<y,Cony ), where v <y v’ iff v <
v' & v,0" € V and X € Cony iff X € Con & X c V; the partial map p: E - E|V
acts as identity on V and is undefined otherwise; and the total map t: E|V — E’,

called the defined part of f, acts as f. The event structure E|V is the projection of
EtoV.

It shall be convenient to construct event structures using rigid families.
Proposition 2.1 Let Q be a non-empty family of finite partial orders closed under
rigid inclusions, i.e. if ¢ € Q and ¢ = q is a rigid inclusion (regarded as a map
of elementary event structures) then ¢’ € Q. The family Q determines an event

structure Pr(Q) =qef (P, <, Con) as follows:

* the events P are primes, i.e. finite partial orders in Q with a top element;

* the causal dependency relation p’ < p holds precisely when there is a rigid inclusion
from p’ - p;

* a finite subset X € P is consistent, X € Con, iff there is ¢ € Q and rigid inclusions
p—q forallpe X.

If x € C(P) then Ux, the union of the partial orders in x, is in Q. The function
x— Uz is an order-isomorphism from C(P), ordered by inclusion, to Q, ordered by
rigid inclusions.

Pullbacks of total maps Maps f: A - C and g: B — C have

P
pullbacks in the category of event structures, and are simple to ™ V\IQ
describe in the case where f and g are total. In this situation, A\ /B
finite configurations of P correspond to the composite bijections o

Oz fr=gyy
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between configurations = € C(A) and y € C(B) s.t. fx = gy for which the transitive
relation generated on 6 by (a,b) < (a/,b") if a <y o’ or b<p b is a partial order; the
correspondence taking z € C(P) to the composite bijection mz 2 fr1z = gmaz 2 oz
respects inclusion.

2.1 Affine maps

In considering the dynamics of processes we shall need to relate a process to a process
it may become. For this we generalize the earlier structural maps of event structures
to affine maps, in which we need no longer preserve the empty configuration [16].

Definition 2.2 Let A be an event structure. Let 2z € C*°(A). Write A/z for the
event structure which remains after the occurrence of x. Precisely, A/x comprises

* events, {ac ANz |zuUla]aeC™(A)},
* consistency relation, X € Con iff X g, A/z & zu[X]4€C®(A), and
* causal dependency, the restriction of that on A.

We extend the notation to configurations regarding them as elementary event
structures. If y € C*°(A) with x € y then by y/x we mean the configuration y \ x €
C®(A/x). In the case of a singleton configuration {a} of A — when a is an initial
event of A — we shall often write A/a and z/a instead of A/{a} and z/{a}.

An affine map of event structures f from A to B comprises a pair (fo, f1) where
fo €C(B) and f; is a map of event structures f; : A — B/ fy. It determines a function
from C(A) to C(B) given by fz = fou fiz for x € C(A). The allied fy and f; can
be recovered from the action of f on configurations: fy = f@ and f; is that unique
map of event structures f; : A - B/f@ which on configurations = € C(A) returns
fx/f@. Tt is simplest to describe the composition gf of affine maps f = (fo, f1) from
A to B and g = (go,91) from B to C in terms of its action on configurations: the
composition takes a configuration x e C(A) to g(f x). Alternatively, the composition
gf can be described as comprising (goU g1 fo, h) where h is that unique map of event
structures h : A - C/(go U g1 fo) which sends z € C(A) to gi1(fo U fiz)/g1fo. Note
that traditional maps can be identified with those special affine maps (fo, f1) in
which fo = @. We reserve the term ‘map’ for the traditional structural maps of
event structure and shall say explicitly when a map is affine.

3 Concurrent games and strategies

A game is represented by an event structure A in which an event a € A carries
a polarity pol(a), + for Player and — for Opponent. Maps and affine maps of
event structures extend to event structures with polarity: their underlying partial
functions on events are required, where defined, to preserve polarity. A number of
constructions on games will play an important role in the coming semantics:

Dual A*, of an event structure with polarity A is a copy of the event structure A
with a reversal of polarities.

Simple parallel composition A| B, by juxtaposition. Its unit is the empty game
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@. More generally, we can define, ||,.;A;, the simple parallel composition of a
indexed family of games, in which the set of events comprises the disjoint union
Urcicm {i} x 4.

Sums and recursive definitions Sums ;.7 A; of an indexed family of games,
which coincide with coproducts in the categories of event structures, are obtained
in a similar way to simple parallel compositions, but now with events from dis-
tinct components being inconsistent (7.e. no set in the consistency relation contains
elements from distinct components). We shall not make explicit use of recursively-
defined games, but they are dealt with in exactly the same way as recursively-defined
event structures [14].

3.1 A bicategory of games and strategies

A (nondeterministic concurrent) strategy in a game A is represented by a total map
of event structures o : .S - A which preserves polarities and is

Receptive: if cx—c & pol 4(a) = — then there is unique s € S s.t. 1—2c & o(s) = a;
Innocent: if s +g s’ & (pol(s) =+ or pol(s’) =-) then o(s) —>4 o(s).

Receptivity expresses that Player cannot hinder moves of Opponent, while in-
nocence says a strategy should only adjoin immediate causal dependencies of the
form © — ®. A map between strategies from o : S - A to ¢’ : S’ > A is a total
map f:S — S’ of event structures with polarity such that o = ¢’f. Accordingly,
the strategies are isomorphic iff f is an isomorphism of event structures.

The conditions of receptivity and innocence are necessary and sufficient to ensure
that the copy-cat strategy behaves as identity w.r.t. composition [12], which we now
proceed to define.

We follow Conway and Joyal, and define a strategy from a game A to a game B,
written o : A—B), as a strategy o in the game A*| B.

Let 0 : S - A*||B, 7 : T - B*|C be strategies. Their composition is defined
via the pullback drawn below. Ignoring polarities, the composite partial map has
defined part T®S, which yields the composition of strategies 7oo : T®S — A*|C
once polarities are reinstated.

TI'QAHT Allr

e

P> A|B||C—=A|C
Tspee

Let A be a game. The copy-cat strategy from A to A is a total map v4 : (C4 —
A*|| A, based on the idea that Player moves, of +ve polarity, always copy previous
corresponding moves of Opponent, of —ve polarity. For ¢ € A*||A we use ¢ to mean
the corresponding copy of ¢, of opposite polarity, in the alternative component.
Define (C 4 to comprise the event structure with polarity A*||A together with extra
causal dependencies ¢ <, c for all events ¢ with pol 4. 4(c) = +. A finite subset of
(C 4 is consistent if its down-closure is consistent in A*| A.

The characterisation of configurations of (C 4 reveals an important partial order
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on configurations of A. Let z and y be configurations of an event structure with
polarity. Write z €~ y to mean z € y and pol(y \ z) € {-}, i.e. the configuration y
extends the configuration x solely by events of —ve polarity. Similarly, z €* y means
x €y and pol(y N~ x) € {+}. Use 27 to denote the converse order to c~. Define the
Scott order on configurations by x £y iff £ 27 .c* .27 ...27.c* y. Then, £ is a
partial order and part of a factorization system: if x €y then 3!z. x 27 2z c* 4.

Proposition 3.1 [19] Let A be a game. Then, x € C((C4) iff x2S x1, where
x1 € C(AY) and x4 € C(A) are the projections of x € C(A*||A) to its components.

Theorem 3.2 [19] Strategies o : S - A correspond to discrete fibrations denoted
o“:(C(9),c5) = (C(A),ca), preserving 2~, <* and @.

The theorem says we can view strategies in a game as (certain) discrete fibra-
tions, so equivalently as presheaves over finite configurations with the Scott order.
In particular, a strategy from a game A to a game B corresponds to a presheaf over
(C(A*|B),Ea1B) 2 (C(A),E4)°P x (C(B),EB), so to a profunctor from (C(A),E4)
to (C(B),Ep). This correspondence yields a lax functor from strategies to profunc-
tors. The view of strategies as (special) profunctors — explained further in [19] —
will guide our later work.

We obtain a bicategory of concurrent games and strategies in which the ob-
jects are event structures with polarity — the games, the arrows from A to B are
strategies o : A—+B and the 2-cells are maps of strategies. The vertical composi-
tion of 2-cells is the usual composition of maps. Horizontal composition is given
by the composition of strategies ® (which extends to a functor on 2-cells via the
universality of pullback).

A strategy in the game A*| B corresponds to a strategy in the game (B*)*| A*.
Hence a strategy A—=B corresponds to a dual strategy B*—=A*. The bicategory
is rich in structure, in particular, it is compact-closed (so has a trace, a feedback
operation).

3.2 Operations on strategies and duplication

Beyond composition there are many other useful operations on strategies. Several of
these have appeared previously in, for example, establishing determinacy [3] or the
value theorem for games with pay-off [4] where proofs often hinge on constructing
appropriate strategies.

We can form the sum of strategies [|,.; o; of a family of strategies o; : S; - A,
i €1, in a common game A [4]. This is formed as the sum of the event structures
S; but where the initial —ve events are identified to maintain receptivity. A sum of
strategies only commits to a particular component strategy once a Player move is
made there. The empty sum 1 essentially comprises the initial segment of the game
A consisting of all the initial —ve events of A.

!
The pullback of a strategy o across a (possibly partial) . o g o
map f of event structures is itself a strategy f*o [18]: ! UA BU
7
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This operation can adjoin extra events and causal links to the original strategy; it
subsumes, for example, operations on strategies in which we prefix an initial event.

We shall also use a previously unnoticed strategy d4 that exists from a game
A to A|lA, and expresses a form of duplication. Like copy-cat it introduces extra
‘causal wiring’ but its definition is much more subtle, though is easy to describe
in special cases. For example if the game A comprises a single Player move & the

strategy 04 : A—+=A| A takes the form 9 A similar construction applies in the

o
TRy

case where all the moves of a game are that of Player. If the game A comprises
a single Opponent move © then §4 : A—+A| A takes the form @&<—eo , where the

e&<4+—©O
wiggly line indicates the inconsistency between the two Player moves.

Duplication The definition of d4 : A—+A| A in general is via rigid families. For
each triple (x,y1,y2), where x € C(A*) and yi1,y2 € C(A), which is balanced, i.e.

Va ey Uys. poly(a) =+ = aex and Yaex. poly(a) =+ = acy; or acys,

and choice function y : x* — {1,2}, from the positive events of x denoted by x*,
such that x(a) =1 = a€y; and x(a) =2 = a €y, the order q(z,y1,y2;X) is
defined to have underlying set {0} x 2 U {1} xy; U {2} x yo with order generated by
that inherited from A*||A||A together with

[(O.0), (L) laey} U {((0,),(20) [acy} U

{((x(a),a), (0,a)) | acx & poly(a) = +}.
The rigid family Q consists of all such ¢(x,y1,y2;x) for balanced (x,y1,y2) and
choice functions x. From Q we obtain the event structure Pr(Q) in which events
are prime orders, i.e. with a top element; events of Pr(Q) inherit the polarity
of their top elements to obtain an event structure with polarity. We define the
strategy 04 : A—+A| A to be the map Pr(Q) - A*||A||A sending a prime to its top
element. We remark that the meaning of a triple of configurations x,y,y2 of C
being balanced is almost y; Uy2 S x but is not this in general as y; U y2 need not
itself be a configuration of C.

The operation § 4 forms a comonoid with counit 1 : A—+@. In fact, they form part

of a Frobenius algebra in which the accompanying monoid is obtained by duality.

4 A language for strategies

We describe, somewhat schematically, a language for describing strategies based on
the constructions above. In fact, it is based on an earlier language for profunc-
tors [15], taking advantage of the view of strategies as special profunctors.

4.1 Types

Types are games A, B,C,---. We have type operations corresponding to the opera-
tions on games of forming the dual A*, simple parallel composition A|| B, sum ;1 A;
as well as recursively-defined types uX.A(X), although we shall largely ignore the
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latter as it rests on well-established techniques [14].

One way to relate types is through the affine maps between them. There will
be operations for shifting between types related by affine maps (described by con-
figuration expressions), enabling us to shift strategies either forwards or backwards
across affine maps.

A type environment is a finite partial function from variables to types, for con-
venience written typically as I = x1 : Ay, &y, : Apy, in which the (configuration)
variables 1, -, x,, are distinct. It denotes a (simple) parallel composition ||xLA1
In describing the semantics we shall sometimes write I' for the parallel composition
it denotes.

4.2 Configuration expressions

Configuration expressions denote finite configurations of games in an environment.
A typing judgement I' + p : B for a configuration expression p in a type environment
I" denotes an affine map from I" to B. In particular, the judgement I';z: A+ 2 : A
denotes the partial map of event structures projecting to the single component A.
The special case x: A+ z: A denotes the identity map.

We shall allow configuration expressions to be built from affine maps f = (fo, f1) :
A -, B in the judgement I',x : A+ fa: B and the equivalent judgement I,z : A +
fou fiz: B. In particular, fi may be completely undefined, allowing configuration
expressions to be built from constant configurations, as e.g. in the judgement for
the empty configuration I' - @ : A or a singleton configuration I' + {a} : A when a
is an initial event of A. The expression {a} Uz’ associated with the judgement

Ia':Alav{a}uz': A,

where a is an initial event of A, is used later in the transition semantics.

The three inductive rules for configuration expressions are as follows, where I'*
is @y 2 Ay, o 2 Ay

F'-p:A; - '-p:A A+gq:B I'-p:B
L'~ jp: YA J A (p,q): A|B It +p:B*

For a sum Y,.;A;, the left-hand rule gives configuration expressions jp where j € I
and p is a configuration expression of type A;: In the central rule for simple parallel
composition we exploit the fact that configurations of simple parallel compositions
are essentially pairsof configurations of the components. Finally, in the right-hand
rule configurations of B* can be taken to be the same as configurations of B.

4.8 Terms for strategies

Terms denoting strategies have typing judgements:
1 Ay Akt Ay Bl yn By,
where all the variables are distinct, interpreted as a strategy from the game x; :
Aq, -, T ¢ Ay, denotes to the game yq @ By, -+, yn : By, denotes.
We can think of the term ¢ as a box with input and output wires for the typed
variables:
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A B,
A ' By,

Duality The duality of input and output is caught by the rules:
Tx:A-t4A I'rt4x:AA

Prtaz: AL A Dz:A*-t—4A
Composition The composition of strategies is described in the rule
F't4A Aru-H
F-3A.[t|u]-H
which, in the picture of strategies as boxes, joins the output wires of one strategy
to input wires of the other. Note that the simple parallel composition of strategies
arises as a special case when A is empty.

Nondeterministic sum We can form the nondeterministic sum of strategies of
the same type:
I't;, 4A iel
(e ti A
We shall use L for the empty nondeterministic sum, when the rule above specialises
to '+ 1L 4 A. The term L denotes the minimum strategy in the game T'*| A.

Pullback We can form the pullback of two strategies of the same type:
'rt14A T4 A

Ftinta 4 A

In the case where t; and to denote the respective strategies o1 : S — I'*||A and
o1: 51 > ' A, the strategy t1 Aty denotes the pullback of oy and o5. Informally,
such a strategy acts as the two component strategies agree to act.
Hom-set The hom-set rule is a powerful way to lift affine maps or relations ex-
pressed in terms of cospans of affine maps to strategies. Write p[@] for the substi-
tution of the empty configuration @ for all configuration variables appearing in a
configuration expression p. The hom-set rule
ep':C Arp:C

aglecp' (@
Trpcop an plo] ¢ p'[2]

introduces a term standing for the hom-set (C(C),5¢)(p,p’). It relies on config-
uration expressions p,p’ and their typings. If A + p : C denotes the affine map
g9 =1(90,91) and T+ p' : C denotes the affine map f = (fo, f1), the side condition of
the rule ensures that gg E¢ fo. A term for copy-cat arises as a special case of the
hom-set rule: z:Arycqaax-y: A

The hom-set rule is very expressive — see Section 4.4. The precise definition of
the strategy which the hom-set rule yields is given in the next section.
Duplication Duplication terms are described by the rule

I'ep:C Ai+q1:C Agrqo:C
I'edc(p g1, q2) 4 A1, Ay

provided p[@], ¢1[2], ¢2[ @] is balanced in the sense of Section 3.2. The term for the
duplication strategy is, in particular, x : A+ da(x,y1,y2) 4y1: A, y2: A.
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4.8.1 Hom-set terms: semantics
The definition of the strategy which I' - p E¢ p’ <+ A denotes is quite involved.
We first simplify notation. W.l.o.g. assume A +p: C and I' + p' : C — using
duality we can always rearrange the environment to achieve this. Write A for the
denotation of the environment I' and B for the denotation of A. Let A+ p: C
and T' + p’ : C denote respectively the affine maps g = (go,91) : B =4 C and
f=(fo,f1): A -4 C. Note that we have that gy S¢ fo from the typing of p c¢ p'.
We build the strategy out of a rigid family Q with elements as follows. First, define
a pre-element to be a finite preorder comprising a set {1} xz u {2} x y, for which
xeC(AY) & ye C(B) & gy . fx, with order that induced by <4: on x, <g on y,
with additional causal dependencies
(1,a) <(2,b) if f1(a) =g1(b) & bis +ve, and
(2,b) < (1,a) if fi(a) =g1(b) & bis —ve.

As elements of the rigid family O we take those pre-elements for which the order
< is a partial order (i.e. is antisymmetric). The elements of Q are closed under
rigid inclusions, so Q forms a rigid family. We now take S =4t Pr(Q); the events
of S (those elements of Q with a top event) map to their top events in A*|| B from
where they inherit polarities. This map can be checked to be a strategy: innocence
follows directly from the construction, while receptivity follows from the constraint
that gy =, fz.

It is quite easy to choose an example where antisymmetry fails in a pre-element,
in other words, in which the preorder is not a partial order. However, when either p
or p’ is just a variable, no nontrivial causal loops are introduced and all pre-elements
are elements. More generally, if one of p or p’ is associated with a partial rigid map
(i.e. a map which preserves causal dependency when defined), then no nontrivial
causal loops are introduced and all pre-elements are elements.

4.8.2  Duplication terms: semantics

Consider now the semantics of a term I" - 6 (p, q1,¢2) 4 A. W.l.o.g. we may assume
that the environment is arranged so A = Ay, As with judgements I' - p: C, Ay +
q1 : C and Ay + g9 : C. To simplify notation assume the latter judgements for
configuration expressions denote the respective affine maps f = (f°, f1): A », C,
91=(g0,91") : B1 > C and g = (¢9,92") : B2 » C. From the typing of éc(p, q1,¢2)
we have that (f°, g7, ¢9) forms a balanced triple in C. We build the strategy out of a
rigid family Q with elements as follows. We construct pre-elements from x € C(A*),
y1 € C(B1) and yy € C(B2) where (fx,g1y1,92y2) is a balanced triple in C with a
choice function x. There are three kinds of elements of x:

a” ={acx|poly(a)=-},
x5 ={acx | poly(a) =+ & f'(a) Egg(fl(a))} and
2y ={acx|poly(a)=+& f(a) e g;(fl(a))yx(fl(a))}
We define a typical pre-element to be a finite preorder on the set
{0} x (@7 uaf u{(x(f'(a)).a) |acag}) U {1} xy1 U {2} x g2,
102



Castellan, Hayman, Lasson and Winskel

with order that induced by that of the game A'|Bp| B2 with additional causal
dependencies

(0,a) < (1,b) if f1(a) = g1 (b) & b is +ve in By,
(0,a) < (2,b) if f1(a) = g2(b) & b is +ve in By, and

(X(F1(@)),b) < (0,0) if a e a} & F1(a) = 6 js(an (B)
for b —ve in B, (f1(4))- As elements of the rigid family Q we take those pre-elements
for which the order < is a partial order (i.e. is antisymmetric). Once Q is checked
to be a rigid family, we can take S =gof Pr(Q); the events of S map to the events
in the game A'||Bj| By associated with their top events, from where they inherit
polarities. This map defines the strategy denoting the original duplication term.

4.4  FExpressivity

The terms for strategies are surprisingly expressive and potentally rich in laws, able
to support a form of equational reasoning, that we can only touch on here. For
example the Frobenius algebra associated with duplication immediately yields laws.
Other laws capture basic facts about the Scott order. For instance, assuming z € x, y
in C(A), we have ycq x iff y/zcy), z/z.

As we shall see, we can derive the laws expected of a recursion operator provided
the recursion involves a homorphism w.r.t. the duplication comonad, and this fact
too we could hope to derive. Some of the reasoning can be made diagrammatic,
using the techniques of string diagrams.

Hom-set terms provide many basic strategies. The denotation of z: A+ @Sy
@~y : B is the strategy in the game A*||B given by the identity map ida.p :
A*||B — A*||B. The denotation of -y 4 @ —y: A is 14, the minimum strategy in
the game A comprising just the initial —ve events of A.

The judgement x : A; -y Ex, 4, jo 4y : XjerA; denotes the injection strategy:
its application to a strategy in A; fills out the strategy according to the demands
of receptivity to a strategy in ;e A;. Its converse x : XjerA; F jy Ex, 4, TAY A
applied to a strategy of ¥;c;A; projects the strategy to a strategy in A;.

More is obtained by combining hom-set with other operations such as compo-
sition. Assume +t 4y : B. When f: A - B is a map of event structures with
polarity, the composition + 3y : B.[t || fr € y] = z: A denotes the pullback
f¥o of the strategy o denoted by t across the map f: A - B. In the case where
a map of event structures with polarity f : A — B is innocent, the composition
F Jdx: Alycp fx || t] 4y : B denotes the ‘relabelling’ fio of the strategy o
denoted by t.

A great deal is achieved through basic manipulation of the input and output
“wiring” afforded by the hom-set rules and input-output duality. For instance, to
achieve the effect of lambda abstraction: via the hom-set rule we obtain

x: A% y:Br zeqp (2,y) 42: AYB,
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which joins two inputs to a common output, whence
I'z:Art-4y:B
Frt-4x:Aty:B x: At y: B"ZEAJ.”B (z,y)42: A*||B

D 3z: At y:B.[t| zcap (z,y))] 42: A*||B

A trace, or feedback, operation is another consequence of such “wiring.” Given a
r A
strategy I',x : A+t 4 y: A, A represented by the diagram " we obtain
A A
DAYt 4x: At y: A, which, post-composed with the term z: A*,y: A xSy y -
denoting the copy-cat strategy 4., yields I'+ 3z : Aty : A.[t |z cay] 4 A,
representing its trace:

r A
t
. — A
The composition introduces causal links from the +ve events of y : A to the —ve
events of x : A, and from the +ve events of z : A to the —ve events of y : A —
these are the usual links of copy-cat v4. as seen from the left of the turnstyle. This
trace coincides with the feedback operation which has been used in the semantics
of nondeterministic dataflow (where only games comprising solely Player moves are

needed) [13].

Recursive definitions can be achieved from trace with the help of duplication.
For those strategies which respect §, i.e.0400 = (0]|0)®dp|4, and in particular
for strategies which are homomorphisms between §-comonoids, the recursive defi-
nition does unfold in the way expected, in the sense that the recursive definition is
isomorphic to its unfolding:

r r A
L@ % da

This follows as a general fact from the properties of trace monoidal categories and
the string-diagram reasoning they support. However, not all strategies are homo-
morphisms between J-comonoids, characterised in the following theorem.

Theorem 4.1 A strategy o: S — A' || B respects § iff

112

e components o1 : S — A' and o9 : S - B preserve causal dependency when defined,

* o1 reflects configurations of A*, i.e. if x € S is such that o1z € C(A*') then
x€C(Y), and

* for every +ve event s € S such that o(s) € A* we have the number of —ve events
of o2[s] equals the number of +ve events of o1[s].

In this case, o also respects counits, i.e. LpOC % 1 4.
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5 A process perspective

The operations on strategies have much in common with the operations of process
algebra and can be seen as forming the basis of a higher-order process language.
However, from the perspective of concurrent processes, we must address several
issues: its operational semantics, a suitable form of equivalence and expressivity.
These require we examine the effects of synchronization and the internal, neutral
events it produces, more carefully. Composition of strategies can introduce deadlock
which is presently hidden. This, for example, affects the reliability of winning
strategies; presently a strategy may be deemed winning and yet possibly deadlock
before reaching a winning configuration. The next example illustrates how hidden
deadlocks may be created in a composition of strategies.

Example 5.1 (i) Deadlock may arise in a composition 700 through o : A—=B
and 7 : B—C imposing incompatible causal dependencies between events in B.
For instance B may contain two concurrent events of opposite polarities by = ©
and by = ®@. The strategy o may impose the causal dependency s; — s between
occurrences of by and by respectively. From the point of view of strategy 7, the game
B has changed polarity to B* and 7 may impose the reverse causal dependency
s9 —> 81 between occurrences of by and by respectively.

(ii) Composition of strategies may hide computation which is stuck. For games
B =@o|® and C = @, assume strategy o1 : @B nondeterministically chooses the
right or left move in B, strategy o3 : @B chooses just the right move in B, while
strategy 7 : B—=C' yields output in C' if it gets the right event of B as input. The
two strategy compositions 7®c; and 7®o9 are indistinguishable. m|

5.1 Partial strategies

To treat such phenomena explicitly and in order to obtain a transition semantics,
we extend strategies with neutral events. Extend event structures with polarity to
include a neutral polarity 0; as before, maps preserve polarities when defined. How-
ever within games we shall still assume that all events have +ve or —ve polarity.

Definition 5.2 A partial strategy from a game A to a game B comprises a total
map o : S > AY||N||B of event structures with polarity (in which S may also have
neutral events) where

(i) N is an event structure consisting solely of neutral events;

(ii) o is receptive, i.e. if cr—= in C(S) with ¢ —ve, then z—c and o(s) = ¢, for
some unique s € S;

(iii) in the partial-total factorization of the composition of ¢ with the projection
AY|N||B - A*|| B, drawn below, the defined part oy is a strategy.

S So
o l/O'()
AH|N|B—A*||B
Partial strategies in a game A correspond to partial strategies from the empty
game to A. Strategies between games correspond to those partial strategies in which
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the neutral events N form the empty event structure.

It may seem odd that partial strategies are total maps. Why have we not taken a
partial strategy to be undefined on events which are sent to N? Because such partial
maps do not behave well under pullback, and this would complicate the definition
of composition and spoil later results such as that the pullback of a partial strategy
is a partial strategy. With our choice of definition we are able to localise neutral
events to the games over which they occur; with the alternative definition, different
forms of undefined would become conflated.

5.2 Operations on partial strategies

The operations on strategies extend and give an interpretation of the language of
Section 4 in terms of partial strategies. The defined parts of the operations on
partial strategies coincide with the operations on the defined parts.

We can compose two partial strategies o : S - A*||Ng||B and 7: T - B*||Np|C
by pullback. Ignoring polarities temporarily, and padding with identity maps, we
obtain 7 ® o via the pullback

TS

NV
L
o|INT||C Ng|T

once we reinstate polarities and make the events of B neutral. Receptivity of
7 ® o follows directly from that of o and 7. That the defined part of 7 ® o is
a strategy follows once it is shown that the defined part of the composite T &
A A*||(Ng||B||N1)||C—A*||C is isomorphic to To®0q , the composition of the
defined parts of o and 7.

With partial strategies we no longer generally have that composition with copy-
cat yields the same strategy up to isomorphism: there will generally be extra neutral
events introduced through synchronizations. However, as demonstrated in Section
6, a bicategory may be recovered through the use of may/must equivalence.

Let o; : S; —» A*||N;||B, where i € I, be a family of partial strategies. Their
sum is the partial strategy [|,.; 05 : S = A*||(|l;e;Ni)[|B. Its events are obtained
as the disjoint union of the S; but where the initial —ve events are identified to
maintain receptivity; they map under [],.; o; as directed by the component maps
o;. Causal dependency is inherited from the components S; with a finite subset of
events consistent iff its down-closure contains +ve events from at most one S;. As
such, the nondeterministic sum only commits to a component through the occur-
rence of a positive event: from the perspective of tracking potential deadlocks, it
is not necessary to view neutral events as committing to a particular component
since, in isolation, a neutral event cannot introduce deadlock when composed with
a counterstrategy due to receptivity.
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The pullback of partial strategies o : /Sl /5\52\
51— A*|[Ni||B and 03 : Sy > A*[N2| B gy, Yoinos ol Ny
is obtained as to the right. i “N\\ v ‘/H N
R A RA ek

5.8  Transition semantics

We now discuss transition semantics for partial strategies presented in Figure 1.
For brevity, the rules presented require the left-hand environment to be empty; this
can always be achieved using the rules for duality. In the transition rules, we write
t 4 A instead of @+t 4 A. Transitions are associated with two kinds of actions,
either an action o associated with a hidden neutral action ¢ — ,A —2 St 4 Aor
an initial event located in the environment ¢ — 7 : A, A ——" s ¢/ 4 2/ : Ala, A.
Notice that a neutral action leaves the types unchanged but may affect the term.
An action x : a : 2 is associated with an initial event ev(x : a : 2') =qe¢ = : a
at the x-component of the environment. On its occurrence, the component of the
environment z : A is updated to z’ : A/a in which z’, a fresh resumption variable,
stands for the configuration remaining in the remaining game A/a. Say an action
x:a:z' is +ve/-ve according as a is +ve/—ve. In the ruless for composition, we
use « for o or an action of the form x : @ : ' where x is in the domain of I" and use
B for o or an action of the form y:b: 4y’ where y is in the domain of H.

In typed judgements of 0c(p, g1, ¢2), a variable can appear free in at most one of
P, q1,q2. Write, for example, y € fv(p) for y is free in p, and ¢;(y : b) € p[@] to mean
the image of b under the map ¢; denotes is in the configuration denoted by p[@].

Theorem 5.3 Assume certain primitive strategies @+~ o9 4 A, so as a map, oy :
S = A, for which we assume rules,

- s is initial in S € o¢(s) = ev(e).

oo -4 A oy = A’

Then, derivations in the operational semantics

€

t—4A '~ A
up to a-equivalence, in which t denotes the partial strateqy o : S — A, are in 1-1
correspondence with initial events s in S such that o(s) = ev(e) when ev(e) # o or
s is neutral when ev(e) = o.

6 May and Must equivalence

We now study ‘may’ and ‘must’ equivalence and how it may be used to recover
bicategorical structure on strategies equipped with stopping configurations.

Consider three partial strategies in a game comprising a single +ve event. For
this discussion it will be sufficient to consider just the event structures of the partial
strategies:

S1 @ Sy ©—a S3 ©@~0@—+®
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@

t' 4T, A
IA[¢ ]«

Composition: t-+IA
tay:B,AT L8 Ly iyl BIb AT 3A[t|u]~T

[e3

tbiy’
u-y:BYLALH LYy BLb, AL H w o H. AL

_ u' 4 H At
Jy:B,A.[t]|u] 4T, H— Jy : B/b,A.[¢ | v ]~T,H

JA [t u]-H

IA[t | u' ] H

Hom-sets: Assuming a is an initial event of A for which p[{a}/z][@] cc p'[{a}/z][2],

7
T AT

p[{a}uz’/z]cc p'[{a}ua’/z] 42" AJa, A

Above, the variable z will only appear in one of p and p’.

pcop 4z A A

o

f partial strategies: tj A t; A A
Sum of partial strategies 0 . A o a ; AJGI, where ¢ = t; if i # j
P ot
iel iel “4
ti =4 A < ti4A Viel |
- p € is —ve .
[]ie[ti_‘A Die]ti_'A tj—<A t;—lA/ ) )
o tiaa < t;.AA’jEI&CIS+Ve
Pullback:
R
t 4 A —2 1t 4 A to 4 A —2 1t 4 A t A2 A Ve {1,2)
tiats HA —— i At HA At HA ——ty Ath A foaty 4 A A
. . zia:x’ ’ ’ . .
Duplication: dc(pyqi,q2) 1z A A dc(p,q1,q2)[{a}va’/z] 42" : AJa, A if either

® @ is an initial —ve event of A, or
* a is an initial +ve event of A and there exists i € {1,2} s.t. either - z € fv(q;) and g;(z: a) € p[&] or
-z efv(p) and p(x:a) € ¢;[@].

Fig. 1. Transition semantics

Neutral events are drawn as ®. Conflict between pairs of events (meaning that
there is no set in the consistency relation containing them both) is drawn as ~ .
All three partial strategies have the same strategy as their defined parts. However,
from the point of view of observing the move in the game, the first two partial
strategies differ from the third. In a maximal play both S; and Ss will result in
the observation of the single move of the game. However, in S3 one maximal play
is that in which the leftmost neutral event has occurred, in conflict with observing
the single move of the game.

We follow [5] in making these ideas precise. For configurations z, y of an event
structure with polarity which may have neutral events write x P y to mean = C y
and all events of y \ z have polarity + or 0. We write <® to mean the inclusion
involves only neutral events

Definition 6.1 Let o be a partial strategy in a game A. Let 7: T — A'||® be a
‘test’ strategy from A to a the game consisting of a single Player move v'.

Say o may pass T iff there exists 2 € C*°(T @ S) with image (7 ® o)z containing
v

Say o must pass T iff all x € C*°(T'®.S) which are cP-maximal have image (7®0)x
containing v".

Say two partial strategies are ‘may’ (‘must’) equivalent iff the tests they may
(respectively, must) pass are the same.
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Two partial strategies with the same strategy as their defined part are ‘may’
equivalent but need not be ‘must’ equivalent. ‘Must’ inequivalence is lost in moving
from partial strategies to strategies. Moreover, as we have seen, partial strategies
lack identities w.r.t. composition, so they do not even form a bicategory. Fortu-
nately, for ‘may’ and ‘must’ equivalence it is not necessary to use partial strategies;
it is sufficient to carry with a strategy the extra structure of ‘stopping’ configura-
tions (= images of p-maximal configurations in a partial strategy). Composition
and copy-cat on strategies extend to composition and copy-cat on strategies with
stopping configurations, while maintaining a bicategory, in the following way.

First, to deal with races, we are forced to introduce a refinement of the Scott
order. We write x < *y for the transitive closure of the relation < € C*(S) xC*(.5)
defined as

r<dy < zctyandy | xis +-maximal in (Cg.
On race-free games, < is the identity relation on C*(S).
Let 0: S - A*||N||B be a partial strategy from a game A to a game B. Recall

its associated partial-total factorization has defined part a strategy o : Sy — A*|| B.
Define the (possibly) stopping configurations in C*°(.Sp) to be
Stop(o) =qef 4 {dx | x € C™(S) is p-maximal},

where d : S — Sy is the partial map that is undefined where ¢ is undefined and | S
is the down-closure of S for the order <*. Note that Stop(c) will include all the
+-maximal configurations of Sy: any +-maximal configuration y of Sy is the image
under p of its down-closure [y] in S, and by Zorn’s lemma this extends (necessarily
by neutral events) to a maximal configuration x of S with image y under d; by
maximality, if z—2c then s cannot be neutral, nor can it be +ve as this would
violate the +-maximality of y.

The operation St : o — (0, Stop(c)) above, from partial strategies to strategies
with stopping configurations, motivates the following definitions.

A strategy with stopping configurations in a game A comprises a strategy S —
A together with a subset Mg € C*°(S) which is the down-closure with respect
to < of a set of +-maximal configurations. As usual, a strategy with stopping
configurations from a game A to game B is a strategy with stopping configurations
in the game A'||B. We can define ‘may’ and ‘must’ testing of strategies with
stopping configurations analogously to above.

Given two strategies with stopping configurations o : S - A*||B, Mgand 7: T —
B*||C, My we define their composition by (7, M7p)o(o, Mg) =4et (700, Mp©Mg)
where x € MrOMg iff

32eC®(T®8S). [¢]res € 2 & M1z € Mg & Tpz € My .

The stopping configurations of copy-cat are obtained as for any other strategy, and
in particular Mcoc, ={y ||z | z,y e C*(A) & = <~ y}.

Proposition 6.2 v4, M, is an identity w.r.t. the composition on strategies with
stopping configurations.

Proposition 6.3 Let o be a partial strategy from A to B and T a partial strategy
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from B to C. Then
Stop(7 @ o) = Stop(7)®Stop(o) .

Corollary 6.4 A partial strategy o ‘may’ (respectively ‘must’) pass a test T iff St(o)
‘may’ (‘must’) pass T. The operation St preserves ‘may’ and ‘must’ equivalence.

Example 6.5 It is tempting to think of neutral events as behaving like the internal
“tau” events of CCS [10]. However, in the context of strategies they behave rather
differently. Consider three partial strategies, over a game comprising of just two
concurrent +ve events, say a and b. The partial strategies have the following event
structures in which we have named events by the moves they correspond to in the
game:

S1 CSL Sa ?—m S3 ?—m
b @ —b b
All three become isomorphic under St so are ‘may’ and ‘must’ equivalent to each
other. O

Strategies with stopping configurations inherit the structure of a bicategory from
strategies. We can interpret the metalanguage directly in terms of strategies with
stopping configurations in such a way that the denotation of a term as a strategy
with stopping configurations is the image under St of its denotation as a partial
strategy. To achieve this, we specify the stopping configurations of both the sum
and pullback of strategies.

For the sum of strategies [],.; 0; with stopping configurations o;, a configuration
of the sum is stopping iff it is the image of a stopping configuration under the
injection from a component.

Consider strategies o0 : S - A and 7 : T — A with stopping configurations Mg
and M respectively. Let their pullback be denoted by o AT : P - A with projection
morphisms 7y : P - S and g : P — T. A configuration of P is defined to be stopping
iff there exist @1, x9 such that mz €™ z1 and mox € 29 and w1 € Mg and xo € M,
and furthermore there exists a partition z* = Y7 uY5 satisfying 2; nY; = @. The set
of stopping configurations of P coincides with the stopping configurations obtained
via St from the pullback of partial strategies.

The treatment of winning strategies of [3] generalises straightforwardly, with the
role of +-maximal configurations replaced by that of stopping configurations.

7 Extensions & concluding remarks

We have seen a range of constructions on concurrent strategies that support a rich
higher-order language for them, with a corresponding operational semantics. For
the latter a central part has been the introduction of partial strategies. Though
composition of a partial strategy with copy-cat does not in general yield the same
strategy, we have seen how a bicategory can be obtained that respects the may/must
behaviour of partial strategies by using stopping configurations.
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The bicategorical structure of strategies is largely undisturbed by extensions to
probabilistic and quantum games [18], imperfect information [17] and symmetry [1]
— though compact-closure becomes *-autonomy under extensions by winning condi-
tions [3] and pay-off [4]. The language of strategies is applicable in these extensions,
with minor modifications. The constraints of linearity can be alleviated in games
with symmetry which support (co)monads for copying [1]. The constructions of the
language extend fairly directly to games with symmetry, though to exploit sym-
metry fully the language needs to be extended to accommodate (co)monads up to
Symmetry.
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Abstract

A category of one-step semantics is introduced to unify different approaches to coalgebraic logic parametric
in a contravariant functor that assigns to the state space its collection of predicates with propositional
connectives. Modular constructions of coalgebraic logic are identified as colimits, limits, and tensor products,
extending known results for predicate liftings. Generalised predicate liftings as modalities are introduced.
Under common assumptions, the logic of all predicate liftings together with a complete axiomatisation exists
for any type of coalgebras, and it is one-step expressive for finitary functors. Colimits and compositions of
one-step expressive coalgebraic logics are shown to remain one-step expressive.
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1 Introduction

Two syntax-oriented approaches to coalgebraic modal logic — Moss’ cover modality
[23] and Pattinson’s predicate liftings [24,25,26] — are successful in producing a
wide range of modal logics parametric in a Set functor. Subsequently, the algebraic
semantics of the logics of predicate liftings was formulated elegantly as a particular
form of natural transformations using Stone duality [15]. To explain it, let BA denote
the category of Boolean algebras and Q: Set — BA the contravariant powerset
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functor. For an endofunctor T, a family of sets A, of n-ary predicate liftings indexed
by N amounts to a natural transformation § to UQT from the coproduct indexed
by all n-ary predicate liftings A of n-fold product of UQ, i.e. [],cn[lren, UQ"
where U is the forgetful functor, so by adjunction this family (A,) gives rise to an
interpretation of modalities §: LQ = QT for some functor L; it introduced what we
call one-step semantics (Definition 3.1), an expression first coined by Cirstea and
Pattinson [7] in a different but equivalent form. Later Moss’ cover modality was also
formulated in this way [21].

This abstract functorial framework was further developed in [17,4,14,19,18] with
the aim of finding suitable modal logics for various coalgebras, e.g. [5,11,13,20],
replacing Q@ with other contravariant functors. For example, Markov processes are
coalgebras of the Giry monad, and propositional connectives for measurable spaces
can be specified by the contravariant functor S: Meas — MSL mapping a space to
its o-algebra, considered as a meet semilattice.

Adequacy and soundness of the functorial framework follow from its very for-
mulation as shown by Kurz [17], and a sufficient condition of ezpressiveness was
first established by Klin [14] for finitary type functors on locally finitely presentable
categories (to be presented in Subsection 5.2 below). For example, Boolean logic
extended with the possibility modality is expressive for all image-finite Kripke frames,
i.e. coalgebras for the finite powerset functor P,,. The restriction to finitary functors
is not necessary, however. Multi-modal logic is expressive for image-finite A-labelled
Kripke frames, but Klin’s condition does not cover this case, since its corresponding
type functor, the A-fold product P4, is not necessarily finitary.

Another important line of research investigated modularity of predicate lift-
ings [7,27]: not only expressiveness but also completeness are stable under certain
constructions. With regards to the example above, expressiveness of multi-modal
logic for Pﬁ—coalgebras is inherited from modal logic for P,-coalgebras. The idea
has since been incorporated into the functorial framework over Stone duality in [19],
where a subset of constructions is considered, focusing on completeness. In [18],
Kurz and Leal show how to translate Moss’ cover modality into predicate liftings
and vice versa; thus making it amenable to their completeness analysis.

In the present paper, we put forward a fully categorical treatment in a syntazx-
independent fashion beyond Stone duality, so that existing results and concepts
can be further applied without further effort to richer structures such as ordered,
topological, or measurable spaces. Our running examples will be mostly over Set,
however, in the hope that the reader will be able to make a direct comparison with
known results and concepts.

In Section 3, we introduce a category ColLog of one-step semantics, which includes
Pattinson’s predicate liftings and Moss’ cover modalities as objects, and exhibit its
rich structure. Modularity of coalgebraic modal logics are recognised as standard
categorical constructions in this category, avoiding any syntactic bookkeeping. A
“full logic” for each type of coalgebras, using the basic properties of adjunction,
is identified: every other logic for the same type can be (uniquely) translated to
it. In Section 4, we then focus on equational one-step semantics, which are found
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to be isomorphic to those determined by predicate liftings. Notions of modalities
and equations are derived naturally from the analysis of categorical structures, as
is the characterisation of the full equational logic. Logical properties of one-step
semantics are discussed in Section 5. Klin’s condition of expressiveness is adapted.
The categorical viewpoint allows us to formulate general preservation principles for
coalgebraic expressiveness that apply to all logics in Colog.

The framework is parametric in a contravariant functor mapping state spaces to
“algebras” for the base logic about which very little needs to be assumed to cover a
large variety of examples. Indeed, we would like to suggest that our work provides
the right level of abstraction for understanding coalgebraic modal logic.

This paper summaries the first author’s PhD thesis [6], to which we point for
most of the proofs.

2 Preliminaries

We follow Mac Lane’s terminology of category theory [22] except that for us a
(co)reflective subcategory is defined to be full. For an endofunctor T, a coalgebra
for T is a morphism £: X — TX; a coalgebra homomorphism from (X, ¢) to
(Y,~) is amorphism f: X — Y satisfying T'fo = o f. The category of T-coalgebras
is denoted by Z7.

2.1  Dual adjunctions

Definition 2.1 A contravariant functor P: 2" — & is said to be dual to a con-
travariant functor S if together they form an adjunction S 4 P: 2™°P — &/ with
unit 1 and counit e.

We use dual adjunctions to set up a link between “state spaces”, the objects
of 27, and (algebras of) “logics”, the objects of 7. This is a particular instance of
“Stone duality”; for a general introduction see [12].

Example 2.2 (i) Consider the powerset 2~ as a contravariant functor from Set
to Set; it is dual to itself. Alternatively, consider the powerset as a Boolean
algebra; we obtain Q, a contravariant functor from Set to BA. The natural dual
to Q is the ultrafilter functor F, equivalently described as BA(—,{L < T}).
The pair (Q, F) is our leading example.

(i) When 2 is the category of posets, the upset functor & : Pos — DLat mapping
a poset to the distributive lattice of upsets is dual to the prime filter functor,
naturally isomorphic to DLat(—,{L < T}).

(iii) The contravariant functor S: Meas — MSL mentioned above is dual to the
filter functor F which maps a semi-lattice A to its collection of filters with the
o-algebra generated by the units (1(a)),c4-

A wide range of state-based systems can be formulated as Set coalgebras, and
beyond Set we have further examples, including a) descriptive Kripke frames as
Stone coalgebras of the Vietoris topology [16]; b) positive Kripke frames as Pos
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coalgebras of the convex powerset functor [13]; and ¢) Markov processes as Meas
coalgebras of the Giry monad [9].

2.2 Factorisation systems
Definition 2.3 (see [3]) Given two classes £, M of morphisms of a category 2,
we say that (£, M) is a factorisation system if
(i) every morphism f has an (£, M)-factorisation;
(ii) £ and M contain all isomorphisms and are closed under composition.

(iii) it has the diagonal fill-in property; i.e., for each equation goe = mo f with
e € £ and m € M there is a unique morphism d such that the equations doe = f
and m o d = g hold.

We say that a factorisation system (£, M) is proper if £ is contained in the class
of epimorphisms and M in the class of monomorphisms.

Proposition 2.4 For any factorisation system (€, M) on 2, the following state-
ments are true:

(i) €-morphisms are preserved by pushouts;
(ii) M is closed under limits in the arrow category 2 7 ;

(iii) if fog and f are M-morphisms, then so is g.

2.8 FEquationally presentable functors

Let o7 be a finitary variety with a left adjoint F' to the forgetful functor U: &/ — Set,
and J the full inclusion of the subcategory ] of o on free algebras F'n for n € N.

Definition 2.5 (see [4,29,6]) An endofunctor L of .27 is finitely based if it satisfies
one of the following equivalent statements:
(i) L is finitary and preserves canonical presentations;
(ii) L is of the form Lan;LJ, a left Kan extension of L.J along J.
Let FinB[</, o/] denote the full subcategory of the functor category [/, /] on

finitely based functors.

The notion of finitely based functors plays an important role in our theory of
one-step semantics, since they are precisely the equationally presentable ones. Some
elementary facts are given first.

Proposition 2.6 FinB[«, <] is equivalent to [, o].

Every variety < is locally presentable and (effectively) regular so the same holds
for FinB[.<7, <7] by this equivalence and ] being small. Another useful fact about
FinB[.«Z, 7] is that every functor has a finitely based coreflection:

Lemma 2.7 FinB[«7, &7] is a coreflective subcategory of [<, /] with the right ad-
joint Lany(—o J).
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It follows that FinB[<7, o7] is closed under colimits of [/, o/] since the inclusion
is a left adjoint. Moreover, it can be shown further that the coreflector sends finite
products to FinB[<, &7] unchanged:

Proposition 2.8 FinB[</, o] is closed under finite products of [/, ).

The finitely based coreflection of L is written as py,: Ew = L with Ew = LanyLJ.

The slogan ‘every finitely based functor is equationally presentable’ is justified as
follows. A signature is a functor 3 from the discrete category N of natural numbers
to Set. Every signature defines a finitely based endofunctor on &/ by

Hy = FHyU where HyX =[] 2. x X" (1)
neN

Theorem 2.9 The functor FinB[«Z, /] — [N,Set] defined by mapping L to
(n— ULF), is finitary and monadic with a left adjoint defined by (1).

By monadicity, every finitely based functor L has a canonical presentation, i.e.
a coequaliser Hp = Hg —» L where X = ULF and I" = UHEF are signatures. By
adjunction, the two parallel morphisms correspond to

I' = UHyF = UFHyUF, (2)

so Hy, and the parallel morphisms are the generator and the equation of the
presentation, respectively.

Remark 2.10 For n € N, an element ¢ of UP/I\ZFn is to be understood as a term in
&/ consisting of at most one layer of operations in 3 at terms of n variables, called

a rank-1 Y-term:
Y-operations

—~ —_——
UHEFH =U F HE U Fn
——

n-ary terms

The two parallel morphisms (2) can be presented by a family of sets &, C (U }/I\EF n)?
of rank-1 equations, indexed by n € N.

Example 2.11 Modal algebras can be characterised as algebras for a finitely based
functor M, defined by the following BA-presentation *

MA := BA({®a},ca | L =1L 6(aVb)=40aV $b) (3)

and M f(4a) := #fa for each homomorphism f. This functor has an equational
presentation consisting of a signature ¥; := {4} and X, := () otherwise; and
equations &, by

(0L~ 1} ifn =0
En=q{®#aVd)~eaVv e} ifn=2
1] otherwise

4 A BA-presentation BA(G | £) indicates an algebra generated by G subject to equations in &.
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where 2 is presented as {a,b}.

Remark 2.12 In categories such as Set and the category Vecg of vector spaces
over a field K, every finitely generated algebra is free, so finitary functors are finitely
based. Moreover, every finitary endofunctor of BA is naturally isomorphic to a
finitely based functor on non-trivial Boolean algebras [20]. However, this coincidence
does not hold in general, and a counterexample can be found in [29, Example 3.12].

3 Categories of One-Step Semantics

We study properties of the category of all one-step semantics, including colimits,
limits, a monoidal structure, coreflections, and its opposite category. For each type T
of coalgebras, we explore the category of one-step semantics of T' and show that
there is always a ‘full’ one-step semantics to which every one-step semantics can be
translated in a unique way.

In the following context, P: 2 — & always denotes a contravariant functor.
It is suppressed if an ambiguity is unlikely.

3.1 The category of all one-step semantics

Definition 3.1 A one-step semantics over P consists of an endofunctor T of 2",
called the type of one-step semantics; an endofunctor L of &7, called the syntax
of modalities; a natural transformation ¢: LP = PT, called the interpretation of
modalities, denoted by (L, T, 0).

Proposition 3.2 Every one-step semantics (L, T, &) defines a functor PO from the
category of T-coalgebras to the category of L-algebras, called the lifting of P.

Example 3.3 (Classical modal logic) Kripke semantics for modal logic with its
algebraic semantics defines a one-step semantics (M, P, J) over Q as follows where
M is given in (3) and PP is the covariant powerset functor.

Define a natural transformation ¢: 2~ = 2¥ by S+ {U € PX |[UNS # 0} for
each subset S C X. Then, < defines a natural transformation § from MQ to QP by
mapping 4S5 to Cx .5, since Oy satisfies the above two equations in (3) for every X.

The lifting given by the one-step semantics (M, P, §) is the functor mapping every
P-coalgebra £: X — PX to the M-algebra Q€odx: MOX — QX which is equivalent
to the complex algebra of (X,&). The unique algebra homomorphism [—]: & - QX
from the initial M-algebra (®, ) to the complex algebra interprets every element in ®
to a predicate on X. The semantics of possibility, [#p] = {z € X | £(z)N[e] # 0},
follows from the commutativity of homomorphisms.

Polyadic predicate liftings for a Set functor 7', i.e. natural transformations
A: (27)" = 27 for the contravariant powerset functor 27, also provide a class of
examples:
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Example 3.4 (Predicate liftings) Every set A of polyadic predicate liftings for T’
gives rise to a one-step semantics (L%, T, ") over Q as follows. Let A,, denote the
set of n-ary predicate liftings in A so that A is a signature A: N — Set and F' the
left adjoint to the forgetful functor U: BA — Set. Define the syntax functor L
by the signature A without equations, and the interpretation 6*: LAQ = QT on
generators by (A, S) — Ax(S) for A € A, and each n-tuple S = (5; C X);en.

Example 3.5 (Cover modality [18]) The cover modality for a finitary and weak-
pullback preserving Set functor 7" with Boolean logic also defines a one-step semantics.
Let €x denote the membership relation on a set X. Define a function V%: 72X —
2TX by

a—{teTX | (t,a) eT(ex)}

where (t,a) € T(€x) if there is w € T(€x) with T'ry(w) =t and Tma(w) = a. V%
is natural in X because T preserves weak pullbacks. By adjunction and 27 = UQ,
the transpose of V7 is a natural transformation VT from FTUQ to QT. That is,
the cover modality defines a one-step semantics (FTU,T, WT).

Definition 3.6 The category ColLog” of one-step semantics over P is defined
to be the comma category (P*|P;) from the precomposition P*: L — LP to the
postcomposition P,: T +— PT. (Following our convention, we will usually suppress
the superscript P.)

That is, the objects of CoLog are one-step semantics (L, T, §) and a morphism from
(L,T,d) to (L',T",¢") is a pair of natural transformations (7: L = L',v: T' = T)
satisfying Prod = ¢’ o7 P. The natural transformation 7 is intuitively understood as
a translation from syntax L to syntax L. We will justify this intuition in Section 4.
We denote the projection (L, T, d) — L with Uy, and the contravariant (L,T,d) — T
with UR.

Proposition 3.7 (Coreflection) Given a coreflective subcategory A of the functor
category [, o], the pullback of the full inclusion functor J: B — [/, /] along
the forgetful functor Ur: CoLog — [, /] is also coreflective.

Note that the pullback category is the full subcategory of ColLog of those one-step
semantics whose syntax functor lies in 4.

Proof sketch Let pr: LT = L denote the coreflection of the functor L. Then, the
coreflection of a one-step semantics (L, T, 6) is (LY, T,8 0 pr). O

3.1.1 Colimits and limits
A colimit of a J-indexed diagram D in Colog can be constructed by a pointwise
colimit (7;: L; = L), ; of UrD and a pointwise limit (v: T' = T;);es of (UrD)P
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using the universal property:

L,p PP p
Lip‘ /LJP
LP\\\\ PLiswann T
- 5= . Pm| %
T2 PT

since by assumption LPX is a colimit for each component X.

Theorem 3.8 (Colimit) The pair (Ur,Ugr) of projections of CoLog creates point-
wise colimits.

A pointwise colimit means that it is constructed by a pointwise colimit in [«7, <]
and a pointwise limit in [Z7, Z].
Example 3.9 (Multi-modal logic) For a set A of labels, the A-fold coproduct of
classical modal logic (M, P, d) is a multi-modal logic for A-labelled Kripke frames.

Limits in ColLog can be constructed similarly as
LimL;P — - =" — 5 LimPT; = P(ColimT;)

and LimJ; is a pointwise limit in the arrow category, provided that P maps a colimit
to a limit:

Theorem 3.10 (Limit) Suppose that P has a dual adjoint S. Then, the pair
(Ur,UR) of projections creates pointwise limits.

Example 3.11 An alternating system over a set A of actions [10] is a coalgebra
for the functor D 4 P4 (where D is the probability distribution functor). For such
systems, a one-step semantics can be obtained as a product of a one-step semantics
of type P4 and one of type D. For the former we may take multi-modal logic, and
the latter can be probabilistic modal logic induced by predicate liftings (p) for D,
indexed by p € QN [0, 1]:

S {neDX > uS) >p}
for each subset S C X.

3.1.2  Composition
The composition ® of one-step semantics is defined by pasting:

Ly Lo LiLo
1\ L{/(Sl[@] L{/52I :I \/161(8)621\
T T> ThT>
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i.e. 01 ® 09 := 011 o L169.

Lemma 3.12 The composition ® of one-step semantics is a bifunctor, mapping
each pair of morphisms (7,,V,): 01 — 03 and (Te, Ve): d2 — d4 to a morphism from
01 ® d2 to 03 ® 64 and defined by the horizontal composites

TOp
\b/ \n/

Theorem 3.13 (Monoidal structure) The composition ® of one-step semantics
with the identity semantics (Z,Z,idp) is a strict monoidal structure on Colog.

Example 3.14 A simple Segala system over a set A of actions [28] is a coalgebra
for the composite P4 o D. Thus, a one-step semantics for simple Segala systems can
be obtained as the composite of the A-fold coproduct of (M, P, ) and the one-step
semantics of probabilistic modal logic.

3.1.83 Mate correspondence

To finish our study on Colog, we study the mate correspondence of one-step semantics,
a tool used first by Klin [14] to analyse one-step expressiveness of coalgebraic logic
in a categorical approach:

Definition 3.15 Suppose that P has a dual adjoint S. The mate §* of a natural
transformation 6: LP = PT is a natural transformation from 7'S to SL defined by
the pasting diagram

L S
\E
z 5o N
P NX°P
N J] z
TP

in the opposite of 2", that is, 6* = SLno S§S o eT'S.

The mate operation maps a one-step semantics to an object of the comma
category ColLog" := (S*|S,). Furthermore:

Proposition 3.16 Colog is dually isomorphic to ColLog* where a one-step se-
mantics (L,T,0) is mapped to its mate (T, L,0").

Remark 3.17 By this isomorphism, colimits and limits in ColLog are transposed to
their duals in ColLog™, but more specifically, it can be shown that every (pointwise)
colimit in ColLog can be constructed as a pointwise limit in the arrow category, to
be used in Theorem 5.10. A bifunctor & defined by 61 ® 65 := 61 Ly o 1105 with
the identity id: S = S defines a strict monoidal structure on ColLog", which is the
image of (®, id) under the mate correspondence.

3.2 Fibre categories of ColLog

Definition 3.18 For every endofunctor T" of .2, the category Colog; is defined to
be the fibre category over T. More precisely, the objects of CoLog; are one-step
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semantics of type T, denoted (L, d). A morphism 7 from (L, d) to (L’,d’) is a natural
transformation satisfying § = 6’ o 7P (i.e. a syntax translation).

The type functor being fixed, we focus on the syntax projection functor which
maps Ur: (L,) — L and 7+ 7.

Proposition 3.19 The following statements hold:

(i) Ur reflects isomorphisms.

(ii) For every coreflective subcategory € of the functor category [<f, o], the pullback
of the full inclusioni: € — [of, o] along Ur,: CoLogy — [/, o] is coreflective.

(iii) Uy creates pointwise colimits.

We are ready to establish a fundamental theorem for coalgebraic modal logics
representable as one-step semantics:

Theorem 3.20 Suppose that P has a dual adjoint S. Then every fibre CoLogy has
a terminal object
(PTS, PTe: PTSP = PT)

where €: T — SP is the counit of the dual adjunction.

In every fibre category ColLogy, this terminal object is called the full one-step
semantics for 7. It may be too elusive for practical purposes, but conceptually it
explains that every collection of modalities may be viewed as a (uniquely determined)
fragment of this canonical one-step semantics.

4 Equational One-Step Semantics

We now focus on one-step semantics whose syntax functor is defined by operations
and equations, called equational. To work with equational one-step semantics, we use
finitely based functors (as introduced in Section 2) as syntax functors. Equational
one-step semantics are characterised as (generalised) predicate liftings subject to
equations. In particular, a full equational one-step semantics exists and is the logic
of all predicate liftings subject to a complete axiomatisation up to isomorphism.

4.1 The category of equational one-step semantics

Definition 4.1 A one-step semantics (L: &/ — o/, T,0) is (finitary) equational if
&/ is a variety and L is finitely based. EColLog is the corresponding full subcategory
of Colog.

The examples given in Section 3 are equational, since BA is a variety and M, L*
for a set A of predicate liftings, and LY" for a finitary and weak-pullback preserving
functor T', are all finitely based.

It is not hard to show that the composite L; o Lo of finitely based functors
remains finitely based, so every composite of equational one-step semantics remains
equational.
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Proposition 4.2 The composition ® on EColog with the identity semantics
(Z,Z,idp) is a strict monoidal structure on EColog.

By applying Proposition 3.7 to the finitely based coreflection py,: Ew = L, every
one-step semantics has an equational coreflection:

Proposition 4.3 EColog is a coreflezive subcategory of CoLog. Therefore, EColLog
is closed under colimits of ColLog.

As we are actually interested in equational one-step semantics rather than all
one-step semantics, the coreflection ensures that colimits are still constructed as in
ColLog. By Proposition 2.8, this is also true for finite products:

Proposition 4.4 Suppose that P has a dual adjoint. Pointwise finite products in
EColog coincide with products in Colog.

Corollary 4.5 The category of equational one-step semantics over the contravariant
27, Q, U, and S in Example 2.2, respectively, has colimits and finite products
constructed pointwise.

For example, the one-step semantics for alternating systems in Example 3.11 is
indeed a product in EColog.

The universal property of (co)limits hints at certain optimal conditions. For
instance, the fusion of predicate liftings [8], known as the smallest conservative
extension of two given logics of predicate liftings, is in fact the coproduct in EColLog
of the corresponding equational one-step semantics:

Example 4.6 (Binary coproduct as fusion) Given two sets A; and As of polyadic
predicate liftings for Set functors 77 and T, respectively, the coproduct of the
one-step semantics induced by (A;);—1 2 consists of T x Ty, as its type, and L :=
LA 4 LA E\ with A := A; + Ao, as its syntax, and as its interpretation the
natural transformation §: LQ = QT defined for each set X on the generators of L
by

(A, S) = (77 o Ax) (S)

for each X\ € A;,, and n-tuple S = (5)en-

4.2 Fibre categories of EColLog

Definition 4.7 For any endofunctor T of 2", EColLog is defined to be the fibre
category of EColLog over T

By Proposition 3.19, each EColLogy is a coreflective subcategory of CoLogy. Now
the equational version of Theorem 3.20 follows, as the coreflector preserves limits,
including the terminal object:

Corollary 4.8 Suppose that P has a dual adjoint S. FEvery fibre ECoLogy has a
terminal object

(Fﬁgw, PTeopp: ﬁS‘wP — PT)
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where p is the finitely based coreflection ﬁgw = PTS and € is the counit of the
dual adjunction.

Again, this terminal object is called the full equational one-step semantics
for T', and every equational one-step semantics for T is a fragment of it.

The remaining part of this section is used to describe equational one-step se-
mantics as logics of predicate liftings subject to rank-1 equations.

4.2.1 Predicate liftings

Definition 4.9 Let U: o — Set be a functor and T an endofunctor of 2. A
(finitary) predicate lifting for T is a natural transformation from (UP)" to UPT
where n € N.

When P = Q, this definition boils down to the usual definition of polyadic
predicate liftings, since the underlying set U QX is the powerset 2.

Example 4.10 When P = S: Meas — MSL, a predicate lifting for T" maps a
measurable set of a measurable space X = (X,Sx) to a measurable set on T'X
natural in X. Take the Giry monad G, for example; G maps a space (X,Sx) to the
collection of subprobability distributions pu: Sx — [0, 1] satisfying

p(©0) =0 and p(JMi) =3 p(0)

for countable unions of pairwise disjoint measurable sets M; (the o-algebra on GX
is ignored). Then a predicate lifting for G can be defined for each p € [0, 1] by

M= {pedX|uM)>p}

for M € Sx, which is exactly the modality in [11, Section 4.3].

Assume that &7 is a variety and F denotes the left adjoint to the forgetful
functor U. Every n-ary predicate lifting A for T determines a one-step semantics
(FU™, \*), called the unimodal logic of A\, where \*: F(UP)™ = PT is the trans-
pose of A by adjunction. A set A of predicate liftings for T determines a one-step
semantics, called the logic of predicate liftings, consisting of

Hy=F (H Ay x (U—)”) and 6%: H\PX = PTX,
neN

mapping generators (\,S) to Ax(S) for A € A,, and S = (S; € UPX)cp.-
Moreover every finitely based functor L is a coequaliser of parallel morphisms
Hg = HE — L, so characterisations follow readily:

Corollary 4.11 For every endofunctor T' of X,
(i) every logic of predicate liftings for T is a coproduct of unimodal logics;

(ii) every object in ECoLogy is a coequaliser of a logic of predicate liftings.
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4.2.2  Translations between equational one-step semantics

By Corollary 4.11, a morphism from (L, ¢") to (L, §) in ECoLogy boils down to a
family of translations from a unimodal logic to (L,¢), indexed by some set A of
predicate liftings A:

F(UPX)" TrX LPX

Ax Sx

PTX.

Commutativity implies that a translation is not only a syntactic translation but also
preserves the interpretation.

Example 4.12 (Continuing Example 3.5) Possibility & and necessity O can be
translated to the cover modality V by setting

Op:=V{p}VVD and <¢:=V{p, T}

The syntactic translation defines a morphism 7 from the one-step semantics (M, §)
. =P, o=
to the one-step semantics (FP,U,V “) of the cover modality, i.e. Vo7Q = 4.9

4.2.3  Equations valid under an interpretation

Let A be a set of predicate liftings. A rank-1 A-term in n variables can be interpreted
by a function that maps any n-tuple of predicates on X to a predicate on T X as
follows. By adjunction, every n-tuple S = (S; € PX) is presented as a morphism
(Fn % PX). Define the interpretation [[—]]i y for terms with n variables as the
composite

A Toa . — Ush
UHxFrn 252 UHPX =25 UPTX

where 59( is the logic of predicate liftings in A.
Definition 4.13 Given a set A of predicate liftings for T', a rank-1 equation ¢t ~ ¢/

of A is valid under the interpretation of A if [[tﬂlé;,X = [¢']3x for any X and
n-tuple (S; € UPX).

The universal quantifiers can be simplified to a pair of parallel morphisms:

Theorem 4.14 Given a set A of predicate liftings for T and families of rank-1
A-equations &, with n variables indexed by n € N, the following statements are
equivalent:

(i) For each mn, every equation t ~ t' € &, is valid under the interpretation of A.

(ii) The following diagram commutes

—~ mP A
HgP HAP%PT
o P

5 For consistency, we restrict to the finitary powerset functor P, otherwise FPPU is not finitely based.

124



Chen and Jung
where T, T : f/ITg = E\ are the parallel morphisms induced by € = (E,)nen-

Therefore, a regular quotient of a one-step semantics in EColLog retains the set
of modalities but they are subject to more equations. Moreover, every translation
factors through a regular quotient:

Theorem 4.15 For every T, the category EColLogy has (RegEpi,U~'Mono) as a
factorisation system where U is the forgetful functor U: EColLogy — FinB[<Z, o7].

This factorisation system also leads us to an important notion:

Definition 4.16 An equational one-step semantics for T is said to have a complete
axiomatisation if it has no proper regular quotient in EColLogy.

Informally, a one-step semantics (L, ) has a complete axiomatisation if every
rank-1 equation valid under the interpretation ¢ is derivable from the presentation
of L. Note that this is not model-theoretic completeness.

Example 4.17 The one-step semantics (M, d) of classical modal logic has a complete
axiomatisation. Any proper regular quotient of M would identify a rank-1 equation
which is not derivable from L = L and #(a V b) = #a V 4b. However, classical
modal logic is complete with respect to the class of all Kripke frames, so there exists
an instance refuting the equation, a contradiction. Thus (M, J) has a complete
axiomatisation.

4.2.4  Objects of predicate liftings

Using the Yoneda Lemma, Schoder observes [26] that n-ary predicate liftings in
the case where P = Q are in bijection with the subsets of 72", because UQ = 2~
is naturally isomorphic to hom(—,2). We generalise and combine this with Klin’s
objects of T-modalities [14], again employing the Yoneda Lemma and the dual
adjunction:

Lemma 4.18 Suppose that P has a dual adjoint S and <7 is a variety with a left
adjoint F to the forgetful functor U. For any endofunctor T of Z , the following
statements hold:

(i) For any n € N, the set U(PTS)Fn is in bijection with the collection of n-ary
predicate liftings.

(ii) The bijection is natural in objects n in the Kleisli category of the induced monad
UF.

That is, PT'SF'n is precisely the object of n-ary predicate liftings. This ensures
that the collection of all finitary predicate liftings is small, so a coproduct of all
unimodal logics exists. Naturality means that for any function f: n — U F'm between

125



Chen and Jung

free algebras, the diagram

UPTSFn—"1  Nat(UP",UPT)
UPTS f_J Jf*

UPTSFm————Nat(UP™,UPT)

commutes, where [—] indicates the bijection from UPTSFn to the collection of
n-ary predicate liftings, f is the transpose of f, and f* is pre-composition with

FrmSUP)— (n L urm Ys urup YL up).

Remark 4.19 Note that the forgetful functor U: &/ — Set is naturally isomorphic
to hom(F'1,—) by adjunction, so the composite UP is naturally isomorphic to
hom(—, SF1) by dual adjunction. Let €2 be SF1. Then, an n-ary predicate lifting
is a natural transformation from hom(—, Q)" to hom(7—,2), which is in a more
familiar form. Specifically, the underlying set of SF'1 is a two-element set of truth
values for the dual adjoints in Example 2.2.

4.2.5 Characterising the full equational one-step semantics
The finitely based part PT'S,, of PTS has a canonical presentation, so the full equa-

tional one-step semantics is a regular quotient of the one-step semantics consisting
of

F (]_[ UPTSFn x U”) and (PTeopP)oe (4)
neN

where p: ﬁgw = PTS is the coreflection and e the regular quotient. We call (4)
the logic of all predicate liftings for 7T'.

Lemma 4.20 The following statements hold:
(i) The logic of all predicate liftings is a coproduct of all unimodal logics.

(ii) The full equational one-step semantics has a complete axiomatisation.

Theorem 4.21 An equational one-step semantics (L,d) of type T is isomorphic to
the full equational one-step semantics iff (L,0) has a complete aziomatisation and
every unimodal logic has a translation to (L, 9).

Proof sketch By the previous lemmas, the ‘only if’ part follows. For the converse,
let (L,d) be a one-step semantics with a complete axiomatisation such that every
unimodal logic has a translation to it. By assumption, there exists a mediating
morphism 7 from the logic (L*, ") of all predicate liftings to it, since (L*, %) is a
coproduct of all unimodal logics. Consider the pushout of 7 and the regular quotient
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e from (LA7 5A) to the full equational one-step semantics:

(L7, 68— (PT8,, PTe o pP)

g J

(L,9) (L', 9.

Using the factorisation system on EColLog; and the fact that the full semantics is
terminal, the statement follows. O

5 Logic of a One-Step Semantics

We remind the reader how a one-step semantics provides a coalgebraic modal logic,
and refine Klin’s expressiveness condition [14] for finitary functors. We also address
the modularity problem of expressiveness.

For the sake of brevity, we restrict our discussion to the case of a one-step
semantics which has a language (see below). Also, we assume that P has a
dual adjoint S.

5.1 Logical setup
Definition 5.1 The language of (L, T, 0) is the initial L-algebra, denoted (P, o).

The initial L-algebra can be constructed by the initial sequence [1]. For a finitary
functor L, the following w-sequence starting from the initial object O:

0-1-500-L ... Lio-L!

has a colimit (f;: L'0 — L“0);c,,. Then, by L being finitary, it is not hard to conclude
that there exists an isomorphism g: LY0 — LL“0, so we can set &y, := L“0 and
ar = B~ for the initial L-algebra.

Definition 5.2 The semantic interpretation [—]x ¢ of a language (®1, ) in
a T-coalgebra (X, £) is the unique L-algebra homomorphism from (®r,ar) to the
L-algebra (PX, P§od).

The logic of (L, T, ¢) refers to the language of L and its semantic interpretation.
The interpretation [—] maps a formula ¢, as an element of ®, to the subset of
X consisting of those states that satisfy . For example, if the syntax functor is
induced by a set A € A of (unary) predicate liftings, then a(\, ¢) represents the
modal formula Ap. The semantics [A\p] on a T-coalgebra (X, &) is given by the
diagram

Lo 2 <I‘>
L[—]]J l[H]
LPX i PTX —5 z PX
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so that [A¢] = (P§odx o L[-])(\,¢) = P¢(Ax[p]). By definition, soundness is
easy to see, since any rank-1 equation encoded in the syntax functor L is valid in
the language (¥, ar).

Definition 5.3 The theory map for a T-coalgebra (X,¢{) is the transpose
th: X — S® of the semantic interpretation [—] under the dual adjunction S - P.

Intuitively, the theory map simply maps every state x to the collection of formulae
satisfied by x, which is indeed the case for, say, the dual adjoints in Example 2.2.

Assuming that 2 has kernel pairs, define logical equivalence of a theory map
the to be the kernel of the; a logic of (L, T, §) may then be said to be expressive if
the logical equivalence is contained in some kernel of a coalgebra homomorphism
regarded as an £ -morphism. For concrete categories, such as Set and Meas, two
elements z and y of a coalgebra (X, &) are logically equivalent if the(x) = the(y);
two elements are behaviourally equivalent if there exists a coalgebra homomorphism
f with fx = fy, and thus a logic is expressive if logically equivalent elements are
also behaviourally equivalent. %

It is known that behavioural equivalence implies logical equivalence, i.e., adequacy
holds. The converse, expressiveness, is more interesting, and we turn to it next.

5.2 FExpressiveness

We have shown that every equational one-step semantics has a unique translation
to the full equational one-step semantics (Corollary 4.8), which is in fact the most
expressive logic, so its expressiveness is equivalent to the existence of an expressive
logic of some one-step semantics:

Theorem 5.4 FEvery morphism in CoLogy preserves expressiveness.

Recall Klin’s general condition for expressiveness in the functorial framework (in
the formulation by Jacobs and Sokolova [11]):

Theorem 5.5 (see [14,11]) Suppose that 2~ has a proper factorisation system
(E,M). Then, if a) T preserves M-morphisms and b) the mate 0* is a pointwise
M-morphism, then th(x) = th(y) implies that x and y are behaviourally equivalent.

Note that this result only gives sufficient conditions for expressiveness, but on
the positive side, these conditions are particularly suitable for further generalisation.
Hence, in the presence of a proper factorisation system, we define an equational
one-step semantics of 7' to be one-step expressive ifa) T preserves M-morphisms,
and b) the mate 6* is a pointwise M-morphism.

5.8  FExpressiveness for finitary functors

We restrict attention to strongly locally finitely presentable categories:

6 The justification of this point-free formulation may be found in [6, Section 4.1.5] (it assumes the existence
of a proper factorisation system). In the following we will simply assume that 2 is concrete though this
does not necessarily imply the existence of kernel pairs.
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Definition 5.6 (see [2]) A locally finitely presentable category is strongly loc-
ally finitely presentable if for every cofiltered limit (o;: Y — Y;);cr and every
monomorphism f: X < Y with X finitely generated, there is ¢ € I such that the
composite g; o f is monic.

For example, Set, Pos, and Vecy are strongly locally finitely presentable. Klin
showed [14] that when & is a locally finitely presentable category the full finitary
one-step semantics 7 of a finitary functor on a strongly locally presentable category
is one-step expressive if the counit e: Z — SP is pointwise monic. We adapt Klin’s
argument and apply it to the full equational one-step semantics in the case that o
is a variety. By Theorem 5.4, the equational version also recovers the finitary one.

Theorem 5.7 (c.f. [14, Theorem 4.4]) Let 2" be a strongly locally presentable
category, & a variety, and T: 2 — X a finitary and monomorphism-preserving
functor. If the counit e: T — SP is pointwise monic, then the full equational one-step
semantics of T is one-step expressive.

Proof sketch Klin’s theorem for full finitary one-step semantics is established in
two steps. Let o7, be the full (small) subcategory on finitely presentable objects.
First it is shown that if for every A the source
{TSf: TSA—TSA} 1y ia) (5)
is jointly monic, then the mate 0* is pointwise monic where (47,|A) is the comma
category from 7, to A. Second, the family (5) is shown to be jointly monic by the
strong local presentability.
For the same reason, to show that §* is pointwise monic, it suffices to show that

the source

{TSg: TSA = TSFn} 1 4 (6)

is jointly monic. However, every morphism (Fn EN A) factors through a regular
epimorphism e: F'n - B with B finitely presentable, and T'Se is a monomorphism
by the dual adjunction and assumption. It is easy to see that (6) is jointly monic if
and only if (5) is jointly monic. Then Klin’s second step completes this proof. O

5.4  Modularity of one-step expressiveness

As we discussed colimits, finite products, and compositions on Colog, it is of interest
to know if one-step expressiveness is stable under these constructions at this level of
generality. Surprisingly, compositions and colimits preserve one-step expressiveness
in a straightforward way:

Theorem 5.8 The composite 01 ® d2 of one-step expressive semantics (Ly,T1,01)
and (Lo, Ta, 02) is one-step expressive for TiTs.

7 This terminology is defined analogously: A one-step semantics is finitary if its syntax functor is finitary
on a locally finitely presentable category. The full finitary one-step semantics for 7" is the terminal
object in the category of finitary one-step semantics for T' by Proposition 3.19.
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Proof By Remark 3.17, the mate of ; ® 2 is equal to 0] Lo 0 T765. By assumption,
T; preserves M-morphisms and 6] is a pointwise M-morphism for ¢ = 1,2. Hence the
composite 0] Ly o 7105 is a pointwise M-morphism. By assumption, 7175 preserves
M-morphisms. O

Example 5.9 The double finite powerset functor P, oIP,, does not have a separating
set of unary predicate liftings [26]. However, we may simply self-compose the usual
one-step semantics for P, to obtain a one-step expressive logic.

Theorem 5.10 The pointwise colimit of one-step expressive semantics is one-step
expressive.

Proof Let D be a diagram in CoLog. The colimit of D is a one-step semantics of type
Lim;T;. By assumption, each T; preserves M-morphisms and by Proposition 3.19,
M-morphisms are closed under limits in 2, so LimT; preserves M-morphisms.
The mate of (ColimD) is a pointwise M-morphism: Every D} is a pointwise
M-morphism by assumption, so the limit of D} in the arrow category 2 — is also
a pointwise M-morphism. By Remark 3.17, Lim(D}) is isomorphic to (ColimD;)*
and the latter is a pointwise M-morphism since M contains isomorphisms. O

Example 5.11 (Labelling 74) Suppose that 2 and &/ have products and cop-
roducts, respectively. Let A be a set of labels. Every coalgebra £: X — T4X for
the A-fold product of T' corresponds to a family (£;)qeca of T-coalgebras, i.e. an
A-labelled T-coalgebra, and the A-fold coproduct of a one-step semantics (L, T, 6)
defines a one-step semantics for 7. Moreover, the coproduct is one-step expressive
if and only if (L, T,¢) is one-step expressive. The result applies immediately to P,
D, the convex powerset functor ]f”, and the Giry monad G, to name but a few.

As for finite products, we are encouraged by the result of Cirstea’s and Pattin-
son [7] that one-step expressiveness is preserved by finite products for one-step
semantics over 27, but we do not have a general proof at this point.
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Abstract

We give a complete characterization of those categories which can arise as the subcategory of total maps of
a Turing category. A Turing category provides an abstract categorical setting for studying computability:
its (partial) maps may be described, equivalently, as the computable maps of a partial combinatory algebra.
The characterization, thus, tells one what categories can be the total functions for partial combinatory
algebras. It also provides a particularly easy criterion for determining whether functions, belonging to a
given complexity class, can be viewed as the class of total computable functions for some abstract notion
of computability.
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1 Introduction

Turing categories [1,2,6], provide an abstract categorical setting for computability
theory which, unlike partial combinatory algebras (PCAs) and related structures,
are presentation-independent and purely formulated in terms of categorical proper-
ties. The standard example of a Turing category has objects powers of the natural
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numbers and maps all the partial recursive functions. However, there are many
other less well-known examples deriving from the “computable maps” of PCAs (or
more generally relative PCAs) or from syntactical methods. Of special relevance for
the purposes of the present work are the Turing categories described in [3] which
have as total maps the programs belonging to various complexity classes (PTIME,
LOGSPACE, etc.). These examples naturally lead to the question of exactly what
categories can be the total maps of a Turing category. Intuitively, as in any Turing
category one can simulate all computable functions, it would seem reasonable to
suppose that the total maps would have to satisfy some fairly demanding closure
properties.

The question is of significance for various reasons. To start with, it is one
way to determine the limits of the applicability of Turing categories in studying
computability. If it where impossible for the total maps of a Turing category to be
exactly, say, the linear time functions, then one cannot hope to use Turing categories
as a basis for investigating feasible computation at very low complexity levels. On
the other hand, if one knows that the total maps of a Turing category can be
of such low complexity then Turing categories can be a tool for formally unifying
computability and complexity theory and allowing a fluid flow of ideas between the
subjects.

A second reason for considering this question in the abstract categorical setting
is that it leads to an interesting comparison with the more traditional view on these
matters, namely via logic. Given a logical theory, one may ask which relations are
provably total: the weaker the theory, the smaller the class of provably total maps.
One may also wish for the system to be strong enough to allow for the representation
of partial computable maps. It is well known that even relatively weak fragments of
arithmetic ensure this. For example, Robinson’s Arithmetic Q is enough to ensure
all the partial recursive functions are represented. The study of complexity, using
bounded and two sorted logics [5] for example, has further pushed the limits of these
methods. It is, thus, in its own right, an interesting question to know exactly what
an absolutely minimal logic for generating these settings really is. Although, this
paper does not attempt to answer this question directly, the categorical framework
we describe can certainly be backward engineered into a logical form: even a brief
perusal indicates that there is a significant difference between these approaches, not
least because a Turing category is not a priori based on arithmetic.

The third point of interest lies not so much in the question itself as in the
methods used here to provide the answer. The proof that a cartesian category
satisfying certain conditions can be embedded as a category of total maps in a
Turing category makes use of two ideas: first, it uses the Yoneda embedding to
create a canonical category of partial maps into which the original category embeds.
Next, we use the concept of a stack machine in the presheaf category to create a
partial combinatory algebra which in turn will generate the desired Turing category.
A stack machine can be thought of as a categorical implementation of the canonical
rewrite system in combinatory logic (but augmented with additional data). As
such, this concept helps clarify the connection between syntactical approaches to
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generating models of computation and categorical methods.

Below we develop necessary and sufficient conditions for a Cartesian category
to be the total maps of a Turing category. The conditions are perhaps a little
surprising as apparently very little is actually required: there must be a universal
object, U, which has a pair of “disjoint” elements, and which has an “abstract
retract” structure which allows coding of maps. A universal object is an object
into which every other object can be embedded as a subobject: to have such an
object is already a somewhat non-trivial requirement as this, in particular, implies
there is an embedding U x U — U showing that U must be an infinite object. The
remaining conditions are somewhat more technical: they are explained in section 3
below. However, it should be noted that in most of the standard applications, as
described in section 5, these technical conditions can be by-passed.

We start the exposition by considering the much more general question of how
a category can arise as the subcategory of total maps of an arbitrary restriction
category. (For background on restriction categories we refer to [4].) This leads to
the notion of a totalizing extension of the given category, and we show that the
category of totalizing extensions of a particular category has a final object which
is naturally a restriction category. This insight allows us to transfer the general
question of finding a Turing category which extends a given cartesian category
into finding a partial combinatory algebra in this final extension whose total maps
include the given maps. This perspective allows us to propose necessary conditions
for a Cartesian category to be the total maps of a Turing category, see section 3.
To show that these are sufficient we demonstrate that one can build, using a simple
abstract machine, a combinatory algebra in the final totalizing extension (actually
of a slightly modified category) which has elements representing all the total maps:
this suffices in view of Theorem 4.12 of [2]. Finally we provide simpler sufficient
conditions to show the wide applicability of the theorem.

2 Totalizing map subcategories

When X is a restriction category, the inclusion of the subcategory of total maps
Total(X) — X satisfies various properties. This leads to the following definition:

Definition 2.1 [Totalizing functor] A functor T : X’ — X is totalizing when it
satisfies the following three conditions:
(i) T on objects, Topj : Obj(X’) — Obj(X), is an isomorphism,
(i) T is faithful,
(iii) T is left factor® closed, meaning that when Th = gf then there is a (neces-
sarily unique) k such that Tk = f.

The following observation indicates that this class of functors is reasonably well-
behaved.

5 Note that “left” factor refers to the diagrammatic order of composition: A T—h> B=A i) B i) C.
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Lemma 2.2 In the category of categories and functors, the class of totalizing func-
tors, T, form a stable system of monics:

(i) Every T € T is monic,
(ii) T is closed to composition,
(i1i) T contain all isomorphisms,

(iv) T is closed to pulling back along any functor.
Proof. Routine. O

Recall that given any (small) category X the Yoneda embedding, y : X — Set™”",
gives a full and faithful embedding of X into presheaves on X. This category of
presheaves is finitely complete and therefore one can form the partial map category
on all monics Par(SetXOp). Notice that the total maps in this category are exactly
the morphisms of Set®””. Restricting this category to the representables gives a full
subcategory which we shall denote X. While this is in general no longer a partial
map category, it certainly is a restriction category. We then have the following
pullback:

X 1 X

] ;

Set®” — > Par(Set®™)

This exhibits X as a subcategory of total maps of the restriction category §§, whence
7 is totalizing.

While there may be many other categories Y into which X embeds via a totalizing
functor, we shall now make precise the sense in which n: X — X is the universal
such functor.

Consider the category of totalizing extensions of X, denoted Exty(X), whose
objects are totalizing functors T : X — Y and whose morphisms are commuting
triangles below X

X X=—=X
7 \\T/ Tl lT/
!/ !
Y 7 Y Y 7 Y

which reflect total maps in the sense that the square on the right is a pullback.

Proposition 2.3 Extr(X) is a (finitely) complete category in which n: X — X is
the final object.

Proof. The verification that pullback exist (and are constructed as in Cat is routine.
We shall show that n : X — X is the final object in this category. To this end,
suppose T : X — Y is totalizing. Without loss of generality we may assume that Y
has the same collection of objects as X. It is then obvious how the functor F : Y
— X should act on objects. For a morphism g : X — X’ in Y, we need to define a
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partial map y(X) — y(X'). First consider the following sieve on X:
Sg=1{h:Z — X|gh € X}.

This sieve corresponds to a subobject of the representable y(X). Next, define a
natural transformation 7(g) : Sy — y(X') by

7(9)z : Sg(Z) = X(Z,X");  7(9)z(h) = gh.

This data defines a partial map F(g) : y(X) — Y(X’), which is total if and only if
g € X/. This in particular shows that F reflects total maps. The verification that
FE is functorial is straightforward and left to the reader.

To show that F is unique suppose we are given an extension E' : Y — X. Since
E’ must respect maps from X, we verify its action on a map g : X — X’ which is
not in X. Then F’(g) is a span y(X) 2 S %+ y(X'). Now if h € S, the composite
gh is in X, and therefore h € S, whence E’(gh) = E'(g)E’(h) = o(h) must equal
y(gh). This means that E'(g) > E(g). To show the converse, assume that h € .S but
h & Sy. Then gh ¢ X. But then E’'(gh) is a total map, contradicting the reflection
of total maps. O

We also note that in case Y is a restriction category and 7" : X — Y the inclusion
of total maps, then in fact £ : Y — X is a restriction functor. In addition, we have
the following result, which states that if X has products, then E preserves the
induced restriction products.

Lemma 2.4 Suppose that X has finite products. Then X also has finite restriction
products, and n preserves them.

Proof. Finite products in a split restriction category are completely determined
by their counterparts in the total map subcategory. Thus, as the inclusion Set*”
— Par(Sethp) preserves products and y : X — Set®™ preserves products cutting
down to X preserves products. a

With a view towards our aim of characterizing those categories which arise as
the total map subcategory of a Turing category, we can now observe the following.
When X — T is a totalizing extension with T a Turing category, then we have the
following situation:

X

Then by the above lemma, FE is a Cartesian restriction functor; since any such
functor preserves partial combinatory algebras, we find that there is a PCA E(U),
the image of the Turing object U € T. Thus we obtain:

Proposition 2.5 X is the total map category of a Turing category if and only if
there is a combinatory algebra in X whose total computable maps include the maps
of X.
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Thus we may see our original problem as one of finding a suitable PCA in X
for which all the maps in X are computable. Indeed, if such a PCA exists, then we
may let T be the subcategory of X on the computable maps. Notice one rather nice
aspect of this reformulation of the problem: since the maps of X already account
for all the total maps in X the total maps represented by a PCA in X necessarily
lie in X already; thus we don’t have to worry about having too many total maps
represented. Therefore, the only thing to verify when constructing a candidate PCA
is that it represents all the maps in X.

3 Properties of the total maps of a Turing category

We are now in a position to collect the necessary conditions for being the total maps
of a Turing category. Clearly the total map category has to be Cartesian (i.e. has
finite products), as Turing categories are Cartesian by definition. The remaining
conditions are somewhat more technical. However, it should be stressed that in
many cases of interest these conditions greatly simplify.

The purpose of the section is to prove:

Proposition 3.1 Fvery total map category of a Turing category has a universal
object which has a pair of disjoint elements and is equipped with an abstract retract
structure for which there exist codings.

Below we introduce the required notions of having a universal object, disjoint
elements, abstract retract structure, and codes, showing each is present in the total
map category of a Turing category.

3.1 A universal object

One of the properties of the Turing object U in a Turing category is that every
object is a retract of it. More explicitly, given any object A, there are morphisms
ta:A—Uandpy: U — Afor which patg = 14. This forces ¢4 to be a total map
(in fact, a monomorphism), but p4 can still be partial. We will typically denote the
situation by A < U, or by (t4,pa) : A < U if necessary.

We call an object U in a category universal if for every object A there exists a
monomorphism ¢4 : A — U. (Thus we don’t ask that every object is a retract of U;
this is stronger, and will be analyzed in the section on abstract retract structures
below.)

Lemma 3.2 In any Cartesian category X with a universal object U :

(i) There is always an element 11 : 1 — U of the universal object;
(ii) There is always an embedding vyxy : U x U — U;
(11i) The homset X(U,U) either has one element, in which case X is trivial, or is

infinite.
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3.2 A pair of disjoint elements

A Turing object U in a Turing category admits the interpretation of all combinatory
logic terms. In particular, U has two global elements t = A*zy.x and f = Axy.y.
We shall prove that these two elements have the property of being disjoint in the
sense that whenever th = fh for a map h, the domain h of h must be a strict initial
object in the idempotent splitting. For the subcategory of total maps, this simply
means that for any h with th = fh the domain of h is a strict initial object.

Proposition 3.3 In every Turing category the total maps have a universal object
U with a disjoint pair of elements.

Notice first that when the Turing category is trivial (in the sense that it is
equivalent to the terminal category) all objects are strict initial objects, and hence
all elements are disjoint. In general, in a Turing category, an element will be disjoint
from itself only when the category is trivial as this forces the initial and final object
to be the same.

We start by observing:

Lemma 3.4 Let X be a Cartesian category. A map h : H — 1 makes
hx1 T f
HxA "5 1xA-25A_XB
g

commute for all f,g: A — B if and only if H is a strict preinitial object.

Recall that an object H is called preinitial if there is at most one map from
that object to any other object. It is strict preinitial if any object with a map to
H is itself (strict) preinitial. Preinitial objects are quite common: for example in
the category of (commutative) rings Z is the initial object, while Z,, is preinitial for
each n. However, neither 7Z nor Z,, are strict preinitial.

Proof. Suppose z,y: H — A. Then:
x =zm(h,1) =xm(h x 1)A =ymi1(h x 1)A = ym(h,1) = y.

So H is preinitial. To show that it is strict, suppose that ¢ : Q@ — H; then the
above reasoning applies to gh, making () preinitial. O

Notice that if H is strict preinitial then, as H x ¥ — H, it follows that
H x Y is always strict preinitial. This means in a Cartesian category once one has
one strict preinitial there must, for each object, be a preinitial with a map to that
object. This does not imply there will be an initial object, but it does force that an
initial object, if it exists, is automatically strict.

We are now ready to prove that the elements t and f in a Turing category are
disjoint.
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Lemma 3.5 In any Turing category, if h : H — 1 is a total map which equalizes t
and f (as chosen above) then H is a strict initial object in the total map category.
Thus the elements t and f are disjoint.

Proof. Suppose f,g: A — B are total maps. Without loss of generality we may
assume A = B = U. Note that the diagram

1xU s U\
\
tX(ﬁQ)-{ :ifﬂf,g) |

19
A\l y
UXUXUWU

~
em—

commutes serially. But then precomposing with h x 1: H x U — 1 x U shows that
h satisfies the conditions of the lemma above and so is a strict preinitial object. It
remains only to show that there is a total map H — B for each object B. Each
B is a retract of the Turing object and so the composite tppp : U — U is a split
idempotent. As with any map in a Turing category, there is a code kg : 1 — U
such that e(kp,1) = tppp, as in

U-LB.B_“B.[].

A

o(kp,1)
While pp may be partial, we argue that pgh is total:
o(kp,1)h = o(kph,h) = e(kh,h) = e(k x 1)Ah = m9Ah =h

so that tgpph is total, whence pgh is total. O

It may be useful at this stage to provide an example of a total map category which
has a universal object and yet cannot be the total maps of a Turing category. The
simplest example, which also shows that such a category cannot consist entirely of
preinitial objects, is when the category is a meet-semilattice. Then the only element
is the identity on the top and this must be disjoint from itself, forcing the top to
also be the bottom thereby collapsing the lattice.

3.3  An abstract retract structure

Recall that each object A in a Turing category comes equipped with (14, p4) : A < U
exhibiting it as a retract of the (chosen) Turing object. There may be many choices
for this family of retractions although we shall assume that (v, py) = (1y, 1y).
Below we describe how this structure introduces an analogous structure on the
total map category.

First, consider a span between representable objects y(X) and y(X') in Set**":

y(X) <= A5 y(X).
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The apex A need not be representable, but we may consider the family of spans in
X arising by covering A by representables as follows:

S(s,t) = {X < B y(X')|h : Y(B) — A}.

This family is then clearly closed under precomposition with maps in X. In fact, we
may regard S(s,t) as a category whose objects are the spans in X factoring through
(s,t), and whose morphisms are morphisms of spans.

Conversely, consider a family R of spans in X from X to X’ which is closed under
precomposition. For the present purposes, we shall call such a family an abstract
span. Regarding R as a category, we may consider the functor

R — Span(y(X), y(X')) 22, SetX”

which sends a span X <~ B -4 X’ to the y(B). The colimit of this diagram gives
a span y(X) «+— R — y(X’) in Set*”. The proof of the following is now routine:

Lemma 3.6 The assignments (s,t) — S(s,t) and R — R are mutually inverse
(up to isomorphism of spans).

Next, we wish to characterize when the left leg of a span between representables
is monic (so that it is a partial map). Call an abstract span R deterministic when

(p,q), (p,q') € R implies g = ¢'.

Lemma 3.7 Given an abstract span R corresponding to a span y(X) <— R -5
y(X') between representables, s is monic if and only if the spans in R are deter-
mainaistic.

Of course, in this situation R may be regarded as a sieve on X: it is precisely
the sieve
R(Z)={h:Z — X|(h,k) € R for some k : Z — X'}.

So far, we have described partial maps between representables in terms of abstract
spans. Next, we wish to characterize when such a partial map is in fact a retraction
of a morphism ¢4 : A — U. So suppose that in Set*””, we have a span y(X) D S
N y(X') which is a retraction of a map ¢ : X’ — X. This of course means that

v € S and t(t) = 1x/. In terms of the corresponding abstract span S, this means
that (:,1) € S and that for each (h, f) € S and each diagram

X<k _p
|
/

with the square commuting, we have fz = k. We shall refer to this condition by
saying that the abstract span & is retracting on ¢. To summarize:
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Lemma 3.8 Given a morphism ¢: X' — X in X and a span y(X) 2 S N y(X7),
the span is a retraction of v in Par(Set™™") if and only if the corresponding abstract
span contains (v,1) and is retracting on ¢.

We are now ready for the main definition of this section:

Definition 3.9 An abstract retract structure on a Cartesian category with a
universal object U consists of a choice of embeddings t4 : A — U (with y = 1)
and, in addition, for each object A an abstract retraction of ¢4, meaning a family
of spans R4 from U to A satisfying:

[RS.1] Each R4 is closed under precomposition;
[RS.2] Each R4 is deterministic;

[RS.3] U+— A —— Ac Ry
[RS.4] Each R4 is retracting on ¢ 4.
We shall indicate an abstract retraction pair by (14, Ra): A< U.

Here are some examples abstract retractions for a fixed morphism 14 : A — U.

Examples 3.1 (1) IfR is an abstract retraction, then Ry is always just the family

U < X %5 U. Indeed suppose U <"~ Y L5 U € Ry then by [RS.4]
hly = wh, so f = flx = h. Similarly, if ta is an isomorphism then R4 is
always just the family U +22— X = A.

(2) The smallest retraction structure for each A is the one genemted by the span
(t4,14). Each span in the abstract retraction is of the form U +2°— X 25 A;
this means the set is deterministic and retracting on t4.

(8) Suppose that 15 has a (total) retraction ps. Then we may generate a retraction
structure {(x zpa)lx + X — U}. Note that when x = 14 we obtain the span

U+2- A —25 A. As all the spans have their right leg determined by the left
leg post-composed with pa the set is deterministic.

(4) Finally, consider a totalizing extension T : X — Y, in which U is a universal

object. If, in Y, each object A is equipped with a retraction (1a,pa) : A < U,

then we may consider the abstract span in X given by Ra = {U LI L

Alpah = f}. This is readily seen to be an abstract retraction on v4.

The last example shows in particular that whenever T is a Turing category with
total map subcategory X, there is an induced abstract retract structure on X. For
the record:

Lemma 3.10 FEvery Turing category induces, for any Turing object U and chosen
retractions (ta,pa) : A < U, an abstract retract structure on its total map category.
3.4 Codes

A Turing object U in T is not only universal, but it also acts as a weak exponential
for every pair of objects in the category. In particular, given f : A — B, there
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exists a code ¢[f] : 1 — U making

UxU ° U
T(C[flvl) TLB
U A A?B

commute. Here, ps and tp are part of the chosen retractions A < U and B < U,
and the morphism U x U — U is the universal application map. The code c[f] is
required to be total, but not unique. Choosing a code c[f] for each f amounts to
giving a family of mappings

c=cap:T(A B) — T(1,U). (1)

Since the inclusion ¢p is total, it in fact suffices to specify codes only for the case
B = U, that is, for maps A — U.

We will now translate this existence of codes to structure on the total maps.
Since codes are formulated in terms of the retractions p4, this involves dealing with
the abstract retract structure on the total maps. We may cut down the mapping (1)
to the total maps to obtain a mapping ¢ = ¢4 : X(A,U) — X(1,U), where X =
Total(T).

To motivate the coming definition, first we need a bit of notation. Given a span
U< X % A we denote by Z*(h, k) the span U PR SN 'L SN A, obtained
by precomposing each leg with the projection Z x X — X. When R is a family
of spans from U to A we will write Z*R = {(Z*(h, k)|(h, k) € R}. Similarly, given
f:A—U, we write f,R = {(h, fk)|(h, k) € R}.

Now consider two maps f : A — U and g : B — U with codes ¢[f], ¢[g], and
suppose we have an object Z for which the unique total map Z 1 equalizes c[f]
and c[g]. Then as per example 3.1 (4), the a typical span in R4 is of the form
UdLox Fa satisfying k = pah. Given such (h, k), we may then consider the
span

Zx X

TX

UthAfU

In the above notation, this is Z*(fh,k) € Z* f,R. Under the given condition on Z,
the composite fkmy factors as g o (pphmyx), as shown by the following calculation:

fkrx = fpahnx = fpamu(z X h) = o(calf] x U)(z x h)
=eo(ca[f]z x h) = o(cplg]z x h) = e(cp[g] x U)(z x h)
=gppmu(z X h) = gpphmx

Note that the statement that fkmx factors as indicated implies that Z*(h, kf) €
Z*f«R4 can be regarded as a span of the form Z*(h,gq) for (h,q) € Rp. By
symmetry, this implies that Z* f,R4 = Z*g.Rp. Thus, informally speaking, when
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restricting the abstract retractions to Z, the operations of composing with f and
with g become equal.
This leads to the following:

Definition 3.11 A Cartesian category X with universal object U and retract struc-
ture (t4,Ra) : A < U has codes when there are maps c4 : X(4,U) — X(1,U)

such that whenever Z — 1 satisfies clflz =clg]z for f: A — U,g: B — U then
Z*f,RA = Z*g. Rp.

The preceding discussion shows:

Lemma 3.12 The total map subcategory of a Turing category always has codes.

4 Building a Turing category from total maps

We shall now construct a PCA in X which has all the total maps computable.
We use the notion of a “stack object”, which is an object satisfying two domain
equations which allow for the implementation of a rewriting system. Using the fact
that X admits a trace, we may then define a universal application morphism which
will equip the stack object with a PCA structure. From now on, assume X is a
Cartesian category satisfying the conditions explained in the previous section.

Before we start, however, it is convenient to modify X a little. Recall that the
Yoneda embedding does not preserve initial objects (if these happen to be present),
but that there is always a subcanonical topology J on the category X which corrects
this. (Simply take the smallest topology containing the empty cover on each initial
object of X.) This gives an embedding X -2 Sh(X,J) preserving any existing
initial object. For the rest of the paper, we will let X denote the full subcategory
of the partial map category on Sh(X,J) on the representables. It will also be
useful to assume that we have access to the splittings of restriction idempotents
and to finite coproducts, thus it will be more convenient to work in Par(Sh(X, J)),
and to restricting to X by observing that the structures we build are always on
representable objects.

Another important property of a partial map category of a (pre)sheaf category
(and hence also of X) is that it is traced on the coproduct: given f: X — X +Y
there is a map fT : X — Y which is the joint of all the finite partial iterates:

fT=Vien @ where
fO=cVr x5y
f(2) zaifl)fa((]fl)f X =Y

f(n+1) _ O_E*l)f(o_(()fl)f)n X =Y
where O'i(_l) is the partial inverse of the i*" coproduct injection. Intuitively, fT takes
an input € X, and computes the iterates f*(z) for as long as the output lies in

X. Once the output lies in Y, this is the value of fT(xz).
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4.1 Stack objects

An object A in a distributive restriction category is said to be a stack object in
case there are maps

put: 1+ AxA— A get: A—>1+AXxA with put get = 114 4xA-

Thus, a stack object can be indicated by (put,get) : 14+ A x A < A.

Lemma 4.1 In any distributive restriction category the following are equivalent
conditions for an object:

(i) 1+1<Aand Ax A< A;
(i) 1+ Ax A=< A (it is a stack object)
(iii) For any polynomial functor P, we have P(A) =ng.1+n;. A+ ...+ n, A" < A

The point is that in X we know the first condition is satisfied by the universal
object U: indeed, U x U < U because U x U is an object of X, and 1 +1 < U
because U has two disjoint elements t,f : 1 — U, giving [t,f] : 1+1 — U. A partial
retraction may be defined by letting S be the sieve on U generated by {t,f}, and
by defining a natural transformation S 2+ 1+ 1 by ox(m) = inp(*) whenever
m factors through t, and ing(x) otherwise. Note that this is well-defined precisely
because t, f are disjoint, so that m factors through both t and f only when its domain
is 0; but then (1 4 1)(0) is a singleton since 1 + 1 is assumed to be a sheaf.

4.2 A stack machine for partial combinatory algebras

We shall now use this trace to define a partial application A x A — A making
A into a PCA. To this end, we will define a partial map step : A x A x A —
A x A x A+ A whose trace then is of the desired type. More precisely, we will
define z o y := stepf(z,y,[]). The intuition that should be kept in mind is that the
map step executes one step of a program/rewrite system, and that its trace runs
the entire computation/rewriting sequence. The components of A x A x A will be
regarded as a code stack, a value, and a dump stack, respectively. Only when the
code is end and the dump stack is empty does the computation halt.

To define step, we use the domain equations for A to fix three different repre-
sentations of our stack object:

end,k,s:1— A ko,sp:A—A sg:AxA—A nam:A— A
((end|k|s|ko|sp|si|nam),go) : 1 +1+1+ A+ A+ AXA+A<A
c:A— A cg:AxA— A
({(colc1),g1) A+ AXx A< A
nil:1—A cons: AxA— A
({niljcons), g2) : 1+ Ax A< A
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and now we define step by the following case distinction:

Code Value | Stack Code | Value Stack

end x nil exit with =

k x S end ko(x) S

ko () Y S end |z S

s x S end | so(z) S

so(x) Y S end |si(z,y) | S

si(z,y) z S x z cons(co(y, 2), S)
nam(calf]) | z S end flpa(z)) | S

end v cons(co(y, 2),5) || y z cons(cyi(v),.S)
end v’ cons(cy(v), S) v v S

The one aspect which needs explanation concerns how we use the names of maps.
The aim is to implement them as the composite of a retraction to the idempotent
and the map itself. Without these names, the stack machine can be thought of as
an implementation of the usual rewriting system on combinatory logic; adding the
names of maps from X together with the given rule essentially amounts to adding
rewrites c4[f] — f(a) to the system.

The step partial function is the join of all its individual components. For step
to be well-defined all these components must be compatible, in the sense that they
agree on overlaps of domains. Those which are in separate components of the
stack object by design are disjoint and so compatible. However, the names of maps
are all in the same component and, thus, we must establish compatibility of the
implementation of names.

Lemma 4.2 step is a well-defined partial map in X.

Proof. A typical span corresponding to a partial map U x U x U — U x U x U
in the component of step which is defined on a tuple of the form (nam(ca|f]), h, S)
(for f: A— U, h: X — U) looks like

UxUxU (nam(cal[fD'x,h, S) (end, fk, S) UxUxU
Here, (h, k) € R(A). Given another such span
(nam(cpg))!x/, R, S") (end, gk’, S")

UxUxU X’ UxUxU

with g : B — U and (h/, k') € Rp, we must show that these two spans are com-
patible. This is done by considering generalized elements of z : Z — X and 2’ : Z
— X'; we must verify that if (nam(ca[f]'x,h, S)z = (nam(cplg])!x/, h', S")2', then
also (endly, fk,S)z = (end!xs, gk’, S")2’ Tt is clear that this holds for the last com-
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ponent. Thus we must show that if ca[f]!xz = cglg]'x/2’ and hz = h'2' then
fkz = gk'Z.

The first condition means c4[f]!z = ¢p[g]!z which, by the requirement on codes,
implies (hz, fkz) is in Rpg. This implies (hz, fkz) = (hz,gv). But hz = h'Z/, as
R p is deterministic, now gives v = k’2’ and so fkz = gv = gk'z’ as required. O

We are now ready for the main result:

Theorem 4.3 Given a Cartesian category X with a universal object, a pair of dis-
joint elements and a retract structure with codes then the above definition of e in X
gives a partial combinatory algebra; the subcategory of§§ on the computable maps is
then a Turing category whose total maps are exactly the maps of X.

The proof consists of a verification that the combinators k and s indeed perform
as required. This is relegated to the appendix.

5 Applications

For many of the obvious applications we have proven much more than is actually
needed. Here are two corollaries of our main theorem:

Proposition 5.1 Given a Cartesian category X in which

e FEvery object has at least one element;

e There is a universal object U;

* There is a monic (set) map ¢ : [ x X(A,U) — X(1,U);

e There is a faithful product preserving functor into U : X — Set.

Then X occurs as the total maps of a Turing category.

These conditions include the PTIME maps between binary natural numbers.
In this example one actually can obtain a linear time encoding of pairs of binary
number into the binary numbers. This may be achieved by interleaving the bit
strings while adding an extra bit on each component to indicate termination. This
means we have (much more than):

Corollary 5.2 The PTIME maps between binary numbers occur as the total maps
of a Turing category.

We also have the following:

Proposition 5.3 Any countable Cartesian category with a universal object U and
a pair of disjoint elements is the total maps of a Turing category.

Here we observe that once one has two distinct elements the fact that one has
a stack object allows one to easily obtain countably many distinct and disjoint
elements. This means that there is a monic assignment of maps to elements and
one can use the smallest abstract retractions.
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6 Conclusion

To unify the abstract notion of computability embodied in Turing categories with
the study of feasible computation (e.g. LINEAR, LOGSPACE, PTIME, ...) min-
imally one must know whether these functional complexity classes can form the
total maps of a Turing category. In [3] it was shown that both LOGSPACE and
PTIME functions had a natural description as the total maps of Turing categories.
However, in order to obtain those results, it was necessary to use the well-known
facts from complexity theory that transducers and Turing machines can universally
simulate themselves with an overhead which can be accommodated within (respec-
tively) LOGSPACE and PTIME. This meant the argument that these complexity
classes could be modelled by Turing Categories relied heavily on the details of the
machine models and the way in which resources were measured. In particular, as
there is no widely accepted machine model which can simulate itself with a linear
time overhead, the linear time maps, LINEAR, could not be so readily included in
this approach.

The power of the results outlined in this paper is, precisely, that they are ab-
stract. That is that they do not depend on the peculiarities of machine models or on
the way resources are counted. In particular, Proposition 5.3 applies immediately
to the linear time maps because the encoding and decoding of pairs of bit strings
can all be done in linear time.

By describing necessary and sufficient conditions for a Cartesian category to be
the total maps of a Turing category we have delimited the applicability of Turing
categories to feasible computation. Perhaps, somewhat counter-intuitively, the re-
sults indicate that Turing categories are applicable beyond the traditional confines
of computability theory into feasible computation and the domain of complexity
theory. In this regard Turing categories, therefore, provide — by more than mere
analogy — a medium for the transfer of ideas between computability and complexity
theory and, thus, for a potential economy of presentation which may be beneficial
to the further development of the subject.
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Appendix: Iterating step gives a PCA

We first verify that k e z ¢ y = 2 (where o, as usual, associates to the left). Here
step(k, 7, []) = oo(end, k), []) has step(end, ko(z), []) = o1(ko(z)) so that (ke x) =
ko(x). But now

ko(.%') Y= stepT(ko(x), Y, H)

oolc,v fe,v
_ 0( 5 ’d) > step ( ’ 7d) step(ko(x)a.% H)
o1(z) =T

oo(c,v,d) — step'(c,v,d)
= o1(x)
o1(x) o

=z
which verifies that (ke z) ey = x.
Next, we need se x ey to be as defined as x and y. But clearly sex = sy(x) and
so(z) @y = s1(x,y) so, as sy is total this requirement of the combinator is met.
Next, we calculate

((sex)ey)ez=si(x,y)e

()H)

oo(c,v,d) — stepf(c,v,d)
step(s1 (2, %), 2 [])
o1 x) = x

end, z e z, cons(cyi(y, 2),[]))

Y, 2, cons(co(z @ 2),[]))
=step'(end,y e z, cons(co(z ® 2),[]))

(s

(¢,

(
=step!(z, z, cons(cy (y, 2), []))

(

(

(
=step'(ze2,yez,])
=(rez)e(yez)

Here we use repeatedly the identity:
step! (-, S) = step' (end, step' (z, 9, ]), 5) = step'(end, z » 9, 5)

which is true by virtue of the fact that the trace is defined inductively. More
precisely, we have

step™ (z,y,5) = | | step”)(end,step!(z,y,[]),s).
i+j=n-+1

The left hand expression is empty unless the iteration terminates in that number
of steps. If there is a (first) stage j at which the left hand iteration returns the
stack to its original state and the first coordinate is end then j + 1 can be used to
terminate the inner loop on the right hand side to bring the two iterations to the
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same state. Subsequently the result will be the same. If there is no such j both
sides will be the empty map.
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Abstract

We study abstract local reasoning for concurrent libraries. There are two main approaches: provide a
specification of a library by abstracting from concrete reasoning about an implementation; or provide a
direct abstract library specification, justified by refining to an implementation. Both approaches have a
significant gap in their reasoning, due to a mismatch between the abstract connectivity of the abstract
data structures and the concrete connectivity of the concrete heap representations. We demonstrate this
gap using structural separation logic (SSL) for specifying a concurrent tree library and concurrent abstract
predicates (CAP) for reasoning about a concrete tree implementation. The gap between the abstract and
concrete connectivity emerges as a mismatch between the SSL tree predicates and CAP heap predicates.
This gap is closed by an interface function I which links the abstract and concrete connectivity. In the
?%companying technical report, we generalise our SSL reasoning and results to arbitrary concurrent data
ibraries.

Keywords: Concurrency, Abstraction, Refinement, Separation, Translation, Reasoning

1 Introduction

Local reasoning was first introduced in separation logic to reason about the RAM
memory model. Since then, there has been considerable work on combining lo-
cal reasoning with abstraction. There are two main approaches. One approach
starts with concrete reasoning about code that manipulates the standard heap and
then builds up layers of abstraction: this approach is used by concurrent abstract
predicates (CAP) and its variants [1,16,17], and is ideal for reasoning about the
concurrent library java.util.concurrent where the library functions are built up
using implementations. The other approach provides direct abstract specifications
of abstract code manipulating abstract models, and then justifies the specification
by refining it to a correct concrete implementation: this approach is used by context
logic [7,9], and is ideal for reasoning about libraries such as POSIX and sequential
DOM where the library specification is not grounded on implementation.

I Email: {pg, azalea, mjw03, adw07}@doc.ic.ac.uk
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These current abstraction and refinement approaches have a significant gap in
their reasoning. With abstraction, the implementation details leak into the ab-
straction. For example, consider a CAP predicate tree(t)(7,7)(l,u,r) for describing
tree fragments. The predicate is parameterised by an abstract tree ¢, with con-
crete pointers (i,7)(l,u,r) describing the concrete interface used to connect the
concrete tree fragments. In this case, the concrete interface consists of the first (7)
and last (j) nodes of the tree fragment, and the parent (u), left (1) and right (r)
siblings. A different implementation, say one using lists, would require a differ-
ent concrete interface. Thus, this tree predicate is not abstract enough to reason
abstractly about updating tree fragments?. The missing piece is an abstract way
of splitting and combining tree fragments, and a way of linking it to the concrete
interface given by (i,7)(l,u,r). With the refinement approach, we have examples
where the specification is truly abstract (e.g. [12,19]), but they are typically justified
by a soundness result to an operational semantics rather than an implementation.
For example, truly abstract reasoning of a tree module (such as DOM) works with
predicates based on connecting tree fragments using contexts and place holders. In
contrast, the concrete reasoning about an implementation uses pointers. We need
to bridge the gap between the abstract connectivity of abstract data structures and
the concrete connectivity of concrete heap representations.

We introduce Structural Separation Logic (SSL) for reasoning about concurrent
abstract data libraries [2,19]. SSL is underpinned by a particular general approach to
abstract connectivity for structured data. In this paper, we use a simple concurrent
tree library to illustrate our ideas. We provide concrete reasoning about a tree
implementation of the library using CAP [1]. The gap between the abstract and
concrete connectivity emerges as a mismatch between SSL tree predicates and CAP
tree predicates. This gap is closed by an interface function I which links the abstract
and concrete connectivity. In the accompanying technical report [18] and Raad’s
forthcoming thesis, we generalise SSL and our results to arbitrary structured data
libraries. The work presented here does depend on the particular SSL approach
to abstract connectivity. Our ideas should, however, apply whenever there is a
mismatch between abstract and concrete connectivity.

SSL supports reasoning about fine-grained abstract data fragments stored in
abstract heaps. Abstract heaps contain cells identified by abstract addresses (e.g.
address x) whose values are the disjoint data fragments. These data fragments
contain context holes, also given by abstract addresses, which are place holders
for the data fragments found at the appropriate abstract cells. For example, the
SSL predicate ATree(t)(x) describes a tree cell with abstract address x contain-
ing tree context t. We can split (abstractly allocate) this predicate to obtain the
semantically-equivalent assertion Jy.ATree (¢1)(x) * ATree (t2)(y) with ¢ = ¢1[t2/y].
The assertion represents the same underlying tree fragment, just in two disjoint
parts. Reasoning about semantically-equivalent assertions is only possible due to

2 The same issue arises with the well-known predicate listseg([1,2,3])(i)(r) which describes list fragments
with concrete address ¢, abstract contents 1,2, 3, and concrete right pointer r. This predicate is appropriate
for implementations using singly-linked lists, but not for those using doubly-linked lists which require an
additional concrete left pointer. The predicate is not abstract enough because the concrete interface is
leaking into the predicate. The missing bit is the abstract connectivity of the list fragment.
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recent advances in concurrent reasoning given by the Views framework [6].

We provide a natural implementation of our tree library and show that it is
correct with respect to our abstract SSL specification, by relating abstract SSL
specifications of the library functions with CAP-like specifications of the concrete
function implementations. To do this, we must extend CAP predicates with a inter-
face function I which relates abstract addresses with concrete pointers. For exam-
ple, consider the abstract tree predicate ATree(t)(x) and the corresponding concrete
CAP predicate CTree! (t)(z), where the interface function I relates the abstract ad-
dress x with the pointer interface (i,7)(l,u,r). We prove that our implementation
is correct with respect to our abstract specification, using a *-preserving translation
(analogous to locality-preserving translation in [9]) parameterised by I.

In this paper, we concentrate on refinement. It is trivial to adapt our work
to the approach of fictional separation logic (FSL) [13], where translations are in-
corporated within the Hoare derivation. However, our choice of translation differs
fundamentally from FSL. FSL is designed to reason about sequential programs using
+-breaking translations (analogous to locality-breaking translation in [9]): the proofs
of FSL assume all possible frames are preserved during the execution of program.
While this is a reasonable assumption when reasoning about sequential programs,
it is non-trivial to establish its soundness for concurrent programs. One possible
way to demonstrate its correctness is to provide linearisability proofs to show that
all frames are indeed preserved and that the program behaves atomically. In con-
trast, our *-preserving translation ensures that compatible stable resources at the
abstract level (p * q) yield compatible stable resources once translated (p’ * ¢') 3.
The correctness of concurrent programs then follows immediately from the disjoint
concurrency rule of concurrent separation logic [20].

With abstraction using CAP, we start by concretely reasoning about the heap
and then build up levels of abstraction in such a way that * is preserved. As demon-
strated, current CAP reasoning leaks implementation details into the abstractions.
We believe this can be rectified by extending the abstraction rule to hide the inter-
face functions as well as the predicate interpretations.

We believe that interface functions I have been barely studied in the literature.
They do appear in [9] for reasoning about sequential libraries using context logic.
Context logic is not fine-grained enough to extend to concurrency, since it uses a
non-commutative separating application unsuitable for use with the disjoint con-
currency rule. SSL reasoning makes this extension possible. SSL is used in [19]
for specifying sequential POSIX, with the aim to extend to concurrent POSIX in
future. However, soundness was proved by comparison with an abstract operational
semantics, so the relationship between abstract and concrete connectivity did not
arise. In [15,16,13], there is an emphasis on interpretations which relate abstract
and concrete states. However, there is no mention of a mapping I between abstract
and concrete interfaces since the connectivity in the examples studied is simple.

3 Note that p*q does not necessarily suggest physically disjoint resources; rather two compatible resources
that can be composed together providing a fiction of disjointness.
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Fig. 1. Abstract (de)allocation in SSL (left); reasoning about deleteTree(n) in SSL (right)
2 Structural Separation Logic: Tree Library

Structural separation logic (SSL) is a general program logic for specifying structured
data libraries and reasoning locally about client programs which call such libraries.
Here, we give the intuition and technical details of SSL using an abstract tree library.
We give the general theory of SSL in the accompanying technical report [18]. Further
details, including a wide number of examples, can be found in [2].

2.1 Intuition

We give our axiomatic SSL specification of a simple deleteTree(n) command.
Intuitively, this command removes the entire subtree whose top node identifier cor-
responds to the value of variable n, leaving the rest of the tree unchanged. We
formalise this English description using assertions which describe abstract heaps.

Abstract heaps store abstract data fragments. For instance, Fig. 1a illustrates
an abstract heap describing a variable cell n with value n, and a tree cell R with a
complete abstract tree as its value. This tree consists of a subtree n[t] with parent
u, and left and right siblings [ and r with no children. It abstracts away from how
a tree might be concretely represented in a machine.

Intuitively, the deleteTree(n) command only affects the subtree identified
by n. Abstract heaps enable structured data to be split to provide direct access
to this subtree by imposing additional instrumentation using abstract addresses.
Consider the transition from Fig. 1a to 1b. Fig. 1a contains an abstract heap with a
complete tree at R. We split this complete tree using abstract allocation to obtain
the abstract heap in Fig. 1b with subtree n[t] at a fresh, fictional abstract cell x
and an incomplete tree at R with a context hole x indicating the position to which
the subtree will return. The subtree at n can now be accessed directly. Once the
updates have been achieved, the heap can be joined back together using abstract
deallocation, as in the transition from Fig. 1b to 1la.

The axiomatic specification of deleteTree(n) (Fig.1c) is formalised as:

{var (n,n) x ATree (n[isComplete])(x)} deleteTree(n) {var(n,n) x ATree (2)(x)}

The precondition describes a variable store, in which variable n has value n and
abstract cell x has complete subtree with top node n as its value* . Since the subtree

4 Note that the precondition is a pair consisting of a variable assertion and a subtree (heap) assertion.
We use the variables-as-resource model [14]. However, in contrast to the assertions of variables-as-resource
where heap and variable assertions are combined using *, we keep the two components separate. As we
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{(var (1,1) * var (n,n)) x (ATree (u[l @ n[t]®r])(R))}

//Abstract allocation (Twice)

{(var (1,1)*var (n,n))x(3Ix,y.ATree u[y®x®7])(R) *ATree () (y) * ATree (n[t]) (%))}

//Existential elimination and frame rule

{(var (1,1) * var(n,n)) x (ATree (I)(y) * ATree (n[t])(x))}

//Disjoint Concurrency rule

{(var(1,1)) x (ATree (1)(y))} || {(var(n,n)) x (ATree (n[t])(x))}
deleteTree(1l) deleteTree(n)

{(var(1,1)) x (ATree (@)(y))} || {(var(n,n)) x (ATree(@)(x))}

{(var (1,1) * var (n,n)) x (ATree (&) (y) * ATree (@) (x))}

//Existential elimination and frame rule

{(var (1,1)*var (n,n)) x(3x,y. ATree (u[y®x®7])(R) * ATree (&) (y) * ATree (&) (%) ) }

//Abstract Deallocation (Twice)

{(var (1,1) * var (n,n)) x (ATree (u[r])(R))}

Fig. 2. Proof derivation of the concurrent program deleteTree(1l) || deleteTree(n).

at x is complete, we own the exclusive right to update its contents. Similarly, the
postcondition states that the result of the update is an empty tree at abstract cell x,
while variable n remains unchanged. Note that the abstract cell x must be preserved
in order to join this tree fragment with the tree it was split from, using abstract
deallocation. The footprint of this command is small in the sense that it intuitively
captures the minimum resources required for safe execution of deleteTree(n).

With this axiomatisation, we can verify that the simple client program
deleteTree(1l) || deleteTree(n) deletes two disjoint subtrees concurrently. Con-
sider the proof derivation in Fig. 2 with program variables 1 and n, their values [
and n, and an abstract tree predicate ATree (u[l ® n[t] ® r])(R) denoting a com-
plete tree at R containing a subtree with top node n, left and right siblings with top
nodes [ and r, and parent u. The initial precondition describes the complete tree
at R. To get at the two subtrees, we split the tree twice using abstract allocation,
placing the subtrees at nodes [ and n at the freshly allocated cell addresses y and x,
respectively. We apply the standard separation logic rules of existential elimination
and frame to temporarily set aside the partial tree at R as it is not being updated
by the program. The resulting state can then be split into two disjoint parts using
the disjoint concurrency rule. Both parts are now in the right form to match the
precondition of the deleteTree axiom. The two updates can happen resulting in
the postconditions with empty trees at y and x which are joined together by the
disjoint concurrency rule. We reintroduce the state set aside through the existen-
tial elimination and frame rule, and obtain the complete tree at R using abstract
deallocation twice to remove y and X.

demonstrate in §4, this is because when translating a library, only heaps are transformed by the translation
while program variables are simply preserved.
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2.2 Technical Details
We give the technical details of SSL using the tree library T discussed in §2.1.

Definition 2.1 The set of abstract atomic tree commands of T are defined as:
ATOMT = m := getFirst(n) |m := getRight(n) |m := getUp(n)
| m := newNodeAfter(n) | deleteTree(n) | appendChild(m, n)

for all program variables n,m € PVARS. Our commands are chosen to demonstrate
a wide range of structural manipulations. The command getFirst(n) returns the
identifier of the first child of node n, or null if n has no children. The getRight (n)
and getUp(n) commands behave analogously with respect to the right sibling and
parent of node n, respectively. The command newNodeAfter (n) creates a new node
with a fresh identifier, making it the right sibling of node n and returning the fresh
identifier. The deleteTree(n) command removes the entire subtree identified by n
from the tree. Finally, the command appendChild(m,n) moves the subtree at n to
be the last child of node m. Each of these commands faults if any of the nodes given
as parameters are not present in the tree. Additionally, the appendChild(m,n)
command faults if m is a descendant of n. These commands are intended to be used
with any programming language. In this paper, we use the programming language
of the Views framework [6] instantiated with ATOMT as the set of atomic commands.
We write PROGT to denote the set of programs written in this language.

We specify the tree commands using abstract heaps with cells whose addresses
are either abstract addresses or the tree root address R, and whose values are
abstract trees.

Definition 2.2 Given a countably infinite set of abstract addresses AADD ranged
over by x,y,z, the set of addresses for the abstract tree heaps is ADDp2{R}wAADD.

We now define abstract trees, which can either be complete trees or tree frag-
ments with abstract addresses for context holes® .

Definition 2.3 Given the set of abstract addresses AADD, the set of abstract trees
DATAT, ranged over by t,t1,---t,, is defined inductively as:
tu=0 | n[t] | 11 ® 1o ‘ X

where n € N*, x € AADD, the sets AADD and N* are disjoint, and no tree contains
duplicate node identifiers or abstract addresses. Abstract trees are equal up to
the associativity of ® with unit @. For brevity, we write n for n[@]. There is an
associated identifiers function ids : DATAT — R(N*) and an associated addresses
function addrs : DATAT — (AADD) which respectively, return the sets of node
identifiers and abstract addresses present in an abstract tree. The application t1oxty
is standard: it is undefined when x ¢ addrs(t;) and is otherwise defined as ¢ [t2/x],
denoting the standard substitution of ¢ for x in ¢;.

An abstract tree heap is a mapping from addresses to abstract trees.

5 Strictly speaking, this grammar describes forests or ordered lists of abstract trees. We use the term
forest when we wish to emphasise the list with a first and last element.
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fi
Definition 2.4 The set of abstract tree heaps Ht : ADD = DATAT, ranged over
by h, h1,--, hy, is the set of functions from addresses to abstract trees such that for
all h € Ht the following restrictions hold:

Yai,az € ADDT. ay = ag V addrs(h(ay)) n addrs(h(az)) = @
Vai,az € ADDT. aj =az V ids(h(ar)) nids(h(az)) = @
AxeAADD. x D} x A Vxedom(h)nAADD. R D} x

where the descendent relation D for heap h is defined as:
a Dpy < yeaddrs(h(a))
and D} denotes its transitive closure.

The first two restrictions state that the abstract addresses being used as context
holes and the node identifiers are unique across an abstract heap. The last condi-
tion states that the abstract addresses join up to produce sensible abstract trees.
For instance, {x — m[y],y — n[x]} is not an abstract tree heap because of the
cycle. An abstract tree heap may be: complete, with no use of abstract addresses;
complete, but with the tree split across several heap cells; or incomplete, missing
some heap cells needed to join some abstract addresses. Incomplete abstract heaps
are necessary for local reasoning using the frame rule. In this case, there will be
some choice for the missing cells that would render the tree complete.

Given an abstract tree heap h, k'™ and h°"t denote the set of abstract cell ad-
dresses and context holes, respectively:

A" = AADD ndom(h) e = AADD N (Uteco-dom(h) addrs(t)).

By design, abstract tree heaps are similar to standard heaps. The construction
of a separation algebra over them is thus straightforward.

Definition 2.5 The separation algebra of abstract tree heaps is At = (Hr, e, 07),
where Hrt is given in Def. 2.4, o1 is the standard disjoint function union with the
proviso that the resulting abstract heap is well-formed as per Def. 2.4; and Ot is a
singleton set consisting of the partial function with an empty domain and co-domain.

Since we use variables as resource [14], we pair variable stores for declaring the
values of variables with our abstract tree heaps.

Definition 2.6 The separation algebra of abstract tree states SAr = (X x Hr, e, x
e1,0, x O7), is the Cartesian product of the separation algebra of variables
(X2,95,0,) [14] and the algebra of abstract tree heaps (Def. 2.5).

To reason about our tree programs, we use the program logic of the Views
framework as described in [6]. We instantiate the framework with the separation
algebra of abstract tree states (Def. 2.6) as the view monoid and the tree library
commands (Def. 2.1) as the atomic commands. What remains is to describe the
axioms associated with the tree library commands (Def. 2.7).

Our views are sets of abstract tree states in £(Xx Hr). To increase readability of
variable sets, we write var (x,v) for {x > v} and p * ¢ for {01 8, 02| 01 € pA O3 € q}.
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{ (var(n,n) * var (m,0)) x (ATree (n[m[y] ® z])(x)) } { (var (n,n) * var (m,0)) x (ATree (n[2])(x)) }
m := getFirst(n) m := getFirst(n)

{(var(n n) % var (m,m)) x (ATree (n mly]®z )(x))} {(var(n,n) * var (m, null)) x (ATree (n[@])(x))}
{(var (n,n) * var (m,0)) x (ATree (n[y (x))} {(var(n,n)*var(m,o))x(ATree (u[y@n[z]])(x))}
m := getRight(n) m := getRight(n)

{(var (n,mn) * var(m,m)) x (ATree (n[y (x))} {(var (n,n)*var (m, null)) x (ATree (u[y®n[z]])(x))}

{(var(n,n)x-var(m, 0)) x (ATree (m[y ®n[z] (x))} {(var(n,n)*var(m7o))><(ATree (x®n[y]®z)('R))}
{ m := getUp(n) } m := getUp(n)

(var (n,n) +var (m,m)) x (ATree (m[y®n[z]ew])(x))} {(var (n,n)*var (m, null) )x(ATree (x®n[y]®2)(R)) |
{(var(n,n) * var (m,0)) x (ATree (n[y])(x))}
n = newNodeAfter (n) {(varn, m) x (ATree (nft])(x)) }
eleteTree(n
m e N* (var(n,n) * var (m,m)) x (var (n,n)) x (ATree (2)(x))
{3 N (ATree (nly] @ m[o ])(x))} e = }

{ (var (m,m) = var (n,n)) x (ATree (m[z])(y) » ATree (n[t:])(x)) }
appendChild(m, n)
{ (var (m,m) * var (n,n)) x (ATree (m[z ® n[t:]])(y) * ATree (@) (x)) }

Fig. 3. Axiomatisation of tree library commands: assume arbitrary m,n € PVARS, I,m,n,0 € N* v {null},
w,X,y,z € AADD and t. € COMPDATAT.

For sets of abstract tree heaps, we write ATree (d)(x) for {x — d} and p * ¢ for
{h1 e ha | h1 € pA hy € q}. For abstract tree states, we write Jv € V. (px q) for
{(o,h) |veV Ao € pAh€q} assuming any carrier set V. Finally, we define the
set of complete abstract trees as the set of abstract trees with no context holes:
COMPDATAT = {d € DATAT | addrs(d) = @}.

Definition 2.7 The axiomatisation of atomic tree commands :
AXIoMT : ATOMT — (X x Hp) x (X x Hr)

is defined in Fig. 3. For soundness, each axiom must preserve the set of abstract
addresses present in the described data. Failure to do so would give unstable com-
mands, as the abstract connectivity described by abstract addresses would be bro-
ken. This is evident in the deleteTree axiom, which requires that the subtree
being removed be complete, in that it contains no context holes. If the sub-tree did
contain a context hole, it would be destroyed, and there would be some matching
abstract heap cell which could not be connected anywhere.

The technical details of the Views framework uses a labelled transition system to
describe transitions between states. Transitions are labelled either by atomic com-
mands or by id which labels computation steps in which states are not changed. We
extend the behaviour of the id transitions of Views by declaring the relation AX10Myp
for abstract allocation/deallocation. Abstract (de)allocation does not change the
underlying program states and can therefore be seen as id transitions.

Definition 2.8 The identity axiomatisation: AXIOMyy, : (X x Hr) x {id} x (¥ x Hr)
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is given by the abstract allocation and deallocation axioms:

{ATree (dy ox d2)(a)} id {Jy.ATree (dioxy)(a)*ATree (d2)(y)}
{3y.ATree (d1oxy)(a)*ATree (d2)(y)} id {ATree (di ox d2)(a)}

The existential quantification of the abstract address y is analogous to the existential
quantification used for heap allocation in separation logic.

Definition 2.9 Given the set of abstract tree heaps Hr (Def.2.4), the set of atomic
commands ATOMy (Def. 2.1) and their axiomatisation AxioMy (Def. 2.7), the ab-
stract tree library T is defined as: T = (Hp, ATOMT, AXIOMT U AXIOM]p)

Definition 2.10 Given abstract tree states p, gef(Xx Hr) (Def.2.6) and program
CeProcr (Def.2.1), an abstract triple is Q 1 {p}C{q}. QePENVT is a procedure
specification environment which is a set of procedure specifications f : p; = ¢, where
f is a procedure name and pi,q; €P(Xx Hr) are pre/post-conditions of f.

3 Concurrent abstract predicates: Tree Implementation

We use concurrent abstract predicates (CAP) to reason about our implementation.
We describe the concrete representation of our abstract trees and the concrete im-
plementation of the tree commands in §3.1. We reason about our implementation
in §3.2. We give an informal account of how to establish its correctness with respect
to the abstract specification in §3.3, and give the formal justification in §4.

3.1 Concrete Tree Implementation

Tree Representation We give a concrete representation of the abstract tree
heaps introduced in §2. Consider the abstract tree heap depicted in Fig.
la.  The corresponding concrete tree heap is illustrated in Fig. 4. Each
tree node is represented by a node cell with pointers to its left sibling, par-
ent, first child, last child and right sibling where — denotes a null pointer.
With the abstract tree heap, the deletion of the subtree
rooted at n is a self-contained operation; it does not rely :::’E:::
on the context surrounding the subtree. However, this is @ Q

not the case for the implementation. Since each node cell ‘\
maintains pointers to its siblings, deletion of the subtree 09@ a
at m requires altering the outgoing pointers of its sib- A
lings (and sometimes the parent). In this example, the
right pointer of node cell I must be redirected to r and
vice-versa; only then can the subtree at n be discarded.
Furthermore, in the implementation of the concurrent
client program deleteTree(l) || deleteTree(n), both executing threads need

Fig. 4: Concrete tree
representation.

to access the pointers between [ and n simultaneously, which calls for a suitable
synchronisation technique. In our implementation, we synchronise access to these
pointers through locking. Each of the left, first, last and right pointers are protected
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proc deleteTree(n){
local 1l,u,d,r in

//Acquiring the necessary pointer locks.

1. u := [n.up]; lock(n.leftl); 1l:= [n.left];

2. if 1# null then lock(l.rightL) else if u# null then lock(u.firstL) ;

3. lock(n.rightLl) ; r:= [n.right];

4. if r # null then lock(r.leftL) ; else if u# null then lock(u.lastL) ;
//Pointer Swinging.

5. if 1# null then [l.rightl:= r else if u# null then [u.firstl:=r

6. if r# null then [r.left]:= 1 else if u# null then [u.last]:=1
//Unlocking the acquired pointer locks.

7. if 1# null then unlock(l.rightL) else if u# null then unlock(u.firstL)

8. if r#null then unlock(r.leftlL) else if u# null then unlock(u.lastL)

//Disposing the sub-tree at node n
9. d := [n.first]; call disposeForest(d); dealloc(n, 9) ;

}
proc disposeForest(n){ proc lock(a){
local r,d in while(!CAS(a, 0, 1)) skip;
if n# null then }

r:=[n.right]; call disposeForest(r);
d:=[n.first]; call disposeForest(d); PT°° unlock(a){
dealloc(n, 9) (al:= 03

y }

Fig. 5. Implementation of deleteTree(n) and some auxiliary procedures.

by corresponding locks (IL,dL,eL,rL) that are to be acquired by the competing
threads beforehand. We refer to these locks as pointer locks.

We represent each tree node as a node cell consisting of a block of nine con-

secutive heap cells, n - l,u,d,e,r,IL,dL,eL,rL where the first five cells contain
pointers to the siblings, parent and children, and the last four cells contain the
pointer locks. The primary reason for choosing this particular representation was
its resemblance to the representation of tree nodes in the Document Object Model
(DOM) implementation of the WebKit project®. To increase readability, we write
n.d,n.u,---,n.rL for n,n+1,---,n + 8, respectively.
Tree Implementation We provide a concrete implementation of each of the abstract
tree commands. Fig. 5 shows our implementation of the deleteTree command
with some auxiliary procedures. The implementation needs to cater for various
cases regarding the siblings of node n such as when n does not have a left or right
sibling. The implementation of the remaining commands are given in the technical
report [18]. Note that this implementation is prone to deadlocks; this can occur
with our example program deleteTree(l) || deleteTree(n) when 1 and n are
adjacent siblings. We focus on this simple implementation here as it is sufficient to
describe our ideas. We reason about a deadlock-free implementation in [18].

6 However, WebKit supports only sequential DOM manipulation and does not use locks.
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3.2 Reasoning about Concrete Tree Implementation

Recall that the pointers between two sibling nodes (or sometimes a parent and child
node) are shared resources accessible by both nodes. We use concurrent abstract
predicates (CAP) [1] to manage this sharing.

Concurrent Abstract Predicates With CAP, the state is modelled as a pair consisting
of a thread-local state and a shared state. The shared state is divided into a set
of regions, each encompassing some shared portion of the state. Each region is
identified by a region identifier R and is governed by a protocol that describes how
the resources of the region can be manipulated. For instance, a lock resource at
location x can be specified by:

R
lock () = 3R, 7. [L]R *’ Unlocked(R,x) v Locked(R,x) ‘

T(R,x)

where Unlocked(R,z) £ 2+ 0% [U]R and Locked(R,z) £ x ~ 1. This lock definition
states that there exists a shared region R containing the lock at location x and
the thread’s local state contains some (for permission 7 € (0,1]) locking capability
[£]R to acquire it. The region is in one of two states: either the lock is unlocked
(z ~ 0) and the region holds the full capability [L{]lR to unlock it; or the lock is
taken (x — 1) and the unlocking capability has been claimed by the locking thread.

The protocol of a shared region is specified through a set of actions, such as
actions £ and U for the lock example. A thread can perform an action if it has
a non-zero capability for that action (such as the capability [£]R for 7 > 0). The
actions permitted on the lock region are declared in T'(R,x):

T(R,x)é{ﬁ:(x.»o*[u]lR)«»xwl U:x»lw(xHO*[U]lR)

The action associated with £ changes the state of the shared region from unlocked to
locked, moving the capability [U ]? to the thread’s local state. The action associated
with U behaves dually, returning [Z/{]lR from the local state to the shared region.

The definition of the CAP separation algebra is given in [1,6]. It provides a set
of instrumented states My consisting of a local state, a shared state and an action
relation capturing the ways in which the shared state can be manipulated. The
definition is parametrised by an underlying separation algebra for describing the
local state. For this paper, we work with the CAP separation algebra instantiated
with the standard fractional heap separation algebra.

Definition 3.1 The CAP separation algebra, instantiated with fractional heap sep-
aration algebra, is Acy, = (Mp, ecy,0cy). The separation algebra of CAP states is
SAcy 2 (Xx My, e, xec,,0,%x0¢, ), where x denotes standard Cartesian product.

Recall that we base our reasoning on the Views framework [6] which provides
general reasoning about a generic programming language parametrised by a set of
atomic commands and their axiomatisation.

Definition 3.2 Let AToMpy be the set of atomic heap commands including as-
signment, value lookup, memory allocation/deallocation and the compare and set
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construct CAS. We write PROG for the set of programs generated from Views’ pro-
gramming language instantiated with set AToMy. Let AX1oMpy be the standard
set of separation-logic axiomatisations for these commands based on the fractional
heap separation algebra. The Views framework provides the associated reasoning
for PROG.

Definition 3.3 Given the CAP separation algebra Ac, (Def.3.1), the atomic heap
commands ATOMy and their axiomatisation AX1oMy, the CAP library Cy for frac-
tional heaps is defined as: Cy = (Acy, ATOMp, AXIOMy).

Definition 3.4 Given CAP states p,q € (X x My) (Def. 3.1) and program C' €
Procy (Def. 3.2), a concrete triple is Q ¢, {p}C{q}. Qe PENvc, is a set of
procedure specifications f : p; = ¢1, where f is a procedure name and p1, ¢ € (X x
My) are pre/post-conditions of f.

In §4, we define the library refinement 7 : T — Cy for abstract tree library T
(Def. 2.9) and concrete CAP library Cg (Def. 3.3). As a first step in defining 7,
we identify the concrete CAP states corresponding to the abstract tree fragments.
These concrete CAP states rely on an interface function I, linking abstract
addresses with concrete pointers.

Interface Functions. Fig. 4 illustrates a concrete heap representation of a complete
abstract tree at root address R. However, many of the abstract tree commands
(e.g. deleteTree) are specified using tree fragments rather than complete trees.
We need to understand the concrete representation of tree fragments.

When an abstract tree heap is split using abstract allocation, the constituent
heaps are agnostic to one-another’s shapes. For instance, consider the abstract tree
heap R —» [ ® 1 ® j ® r which can be split as hj e hy where hi 2 R » [ @x®r
and hy = x — i ® j. The abstract tree heap h; embodies no knowledge of the
tree placed within x; mutatis mutandis for ho. At the concrete level, the situ-
ation is different. The concrete representation of ho relies on additional knowl-
edge from the concrete representation of hi, since the representation of node ¢
includes pointers to its left sibling (1) and parent (u). Thus, when translat-
ing an abstract heap with abstract addresses, we require supplementary infor-
mation originating from the concrete heap. We track this additional piece of
information associated with each abstract address x € AADD through a con-
crete interface. Consider Fig. 6, which depicts an abstract tree at abstract cell
x (left) and its concrete representation (right) assuming an interface function I.
In the concrete representation, the solid lines rep-
resent resources held locally, such as node n, its up

ux
pointer and the subtree ¢, while the dashed lines de- § I; ; é -
- X

note shared resources, such as the pointers between
node n and its siblings. A concrete in-interface
records the address of the first (i) and last (7) nodes
of the concrete representation of the forest pointed Fig. 6: Tree Fragments.

to by x; in our example, the in-interface is in = (n,n). A concrete out-interface
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CTreel™ (¢)(R) 2 34, 4. 1ICTree! (¢) (4, ) (null, null, null)
CTreel™ (¢)(x) 2 ICTreel™ (¢) (i%, %) (1%, u®, 1)
+ I (x)2(i%, 57) * L2 (x)=(17, u®, )

ICTree’ (@) (4,5) (I, u,7) = (i=r) * (j=I)
ICTree (x) (i,7) (I,u,r) = I;™(x)=(i,7) * [,°"(x)=(1, u,r)
ICTree!™ (t1®12) (4,7) (I, u,r) = Ip,q. 1CTreel™ (t1) (i,p) (1,u,q)
+ ICTree™ (t2) (4,) (p,u,7)
ICTree!™ (n[t]) (i,7) (L,u,7) 2 i2jZn % n.u—u * 3d, e.
Left (n,l,u) *First (n,d) *Last (n, e) *Right (n,r, u)
+|CTreel™ (¢) (d, ) (null,n, null)

Fig. 7. CAP Representation of Abstract Tree Heaps: we write a = b for a = b A emp.

records the addresses of the parent node (u) and nodes placed immediately to the
left (1) and right () of the abstract address x; in our example, the out-interface is
out = (I*,u”,r"). The interface function I, maps x to (in,out).

Definition 3.5 The sets of concrete in- and out-interfaces are defined by:
IN; = (N w {null})? OuT, = (N* & {null})’

The set of in- and out-interface functions are defined by Zi" = #(AADD — IN,) and
7o't = P(AADD — OUT,). The set of interface functions is Z, = ZI" x 7ot

CAP Representation of Trees Fig. 7 defines concurrent abstract predicates for de-
scribing the concrete representation of abstract tree heaps, parameterised by inter-
face function I,. The CTree!”(#)(R) predicate provides a concrete representation
of the tree fragment ¢ at root address R. The predicate CTree!™ (¢)(x) provides a
concrete representation of the tree fragment at abstract address x. Both predicates
are defined using a ICTree predicate indexed by in- and out-interfaces determined
by I,. For R, the out-interface is (null,null,null). The in-interface is unknown at
this point and hence is existentially quantified. Its value is later found using the
ICTree predicate. The interface of x is determined by the interface function I.

We now describe the |ICTree predicate with the explicit in- and out-interface
arguments (7, j) and (I, u, ), following the cases of the inductive definition.
ICTree! (@) There is no resource in the concrete heap representation, simply some
pointer equalities. The assertion ¢ = r simply states that the address of the first node
cell in the forest is equal to the address of the node cell immediately to the right of
the tree; similarly for j and [. This is to ensure the correct concrete representation
of trees such as t1 ® ¥ ® t9.

ICTree’ (x) There is no resource in the concrete heap representation, simply the
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appropriate connection between abstract address x and the interfaces given by I .

ICTree!" (t; ® t5) This is simply the *-composition of the concrete representations
of the constituent abstract subtrees, given an appropriate choice of interfaces.

ICTree!" (n[t]) The first two lines provide the concrete representation of the node
n, and the last line represents the subtree . For the subtree, the concrete repre-
sentation is straightforward. For the node, ¢ = j = n since there is only one tree
in the forest. The concrete representation has full ownership of the parent pointer
n.u — u, as there is no competition for this resource from other nodes. The Left,
Right, First and Last predicates represent the pointers and locks associated with the
left sibling, right sibling, first child and last child, which are in competition with
the representations of nearby nodes and hence must be shared.

We give the definition of Left predicate here; the Right, First and Last predicates
are defined analogously and we defer them to the accompanying technical report [18].

The definition of the Left predicate is given in Fig. 8 and is described by the
isLLock and ownsR predicates.

isLLock(n,l,u,0.5) This predicate states that there exists a shared region R,
containing the left pointer lock of node n; the thread’s local state contains some
locking capability [E]g%l associated with the region.
ownsR(n,l,u,1) Similar to isLLock, this predicate refers to the R,; region where
the thread’s local state holds full permission on the witness capability [W]IR”’.
This is to denote that even though the pointers between n and its left sibling [ are
shared, node n itself is owned by the current thread. Later in the description of
LWit predicate we demonstrate how this capability can be used to track the identity
of the thread that has claimed the left pointer lock of n.

The contents of the R,; region are analogous to that of the lock example given
before. The difference is the additional pointer resource (€) contained within the
region. The region can be in one of two states: LUnlocked or LLocked.

LUnlocked(R,;,n,l,u) In this state, the left pointer lock is not taken (n./L — 0),

and the full unlocking capability ([U]'f”l) and the € resource are in the region.

@n,l,u This predicate describes the pointer resources between node n and its

left hand side depending on its position in the tree. When n has a left sibling
(I # null), it consists of partial ownership of the pointers between n and [, that is,
nd %35 1+ Lr % n. Tt also contains the capability to acquire the right pointer lock
of [, in order to obtain full ownership of the pointers between node n and [. This
is captured by the isRLock (I,n,u,0.5) predicate. On the other hand, if n does not
have a left sibling and is thus the first child of node w (I = null A w # null), the €
resource consists of partial ownership on the left pointer of n and the first pointer

of u (n.l V0w ud n) as well as the capability to acquire the first pointer lock of
u (isDLock (u,n,0.5)). Finally, if n is the first child underneath the root address
R, and thus both its left sibling and parent correspond to null (I = u = null), the €

. .. . 1 ..
resource consists of full permission on n’s left pointer (n.l — [) and the remaining
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Left (n,l,u) = isLLock (n,1,u,0.5) * ownsR (n,l,u,1)

Rnl

isLLock (r, 1, u, 7) = IR,y. [£]Rnt +| LUnlocked (Rny,n, 1, u)
v LLocked (Ry;,n, 1, u)

LC(Rnl ,n,u)
R

nl

ownsR (n,1,u, ) = 3R, [W]Rnt # LUnlocked (Rpy, m, 1, u)
v LLocked (Ry;,n, 1, u)

LC( Rnt ,TL,U)

LUnlocked (Rp, 72, 1, u) 2 nlL — 0 % [U]Fm+ @vbv
( [ #null ALr % n+ isRLock (I, m, u, 0.5) )
enluen W] | v ( I=nullAu#null A u.d 2 n + isDLock (u,m,0.5) )
v ( Izuznull .l %3 [ = isLLock (n,l,u,0.5) )
LLocked (R, n,l,u) = ndL — 1 % LWit (I,n, u)
LWit (I, n,u) = ownsR (I,n,u,0.5)

v (I # null AownsL (I, n,u,0.5))
v(l =null Au# null A ownsD (u,n,0.5))
LUnlocked (Ry,;, n,1,u) ~ LLocked (R, n, 1, )
U : LLocked (R,;,n,l,u) ~ LUnlocked (Ry;,n, 1", u)
LC(Ru,nyu) =
W : Linit (n,l,u) ~ LUnlocked (R,;,m,1,u) v LLocked (R,;, n, 1, u)
LUnlocked (Ry,;, n, 1, u) v LLocked (Ry;,m, 1, u) ~ Linit (n, 1, u)

Fig. 8. The definition of Left and its auxiliary predicates.

locking capability on region R,,; (isLLock (n,l,u,0.5)).

LLocked(R,;,n,l,u) In this state, the left pointer lock is taken (n.lL — 1), and
the capability [U]?”’ and the pointer resources € have been claimed by the locking
thread in exchange for the LWit resource.

LWit(l,n,u) Since the left pointer lock of n can only be be acquired by the
thread in possession of node n, or node [ (or node u if n is the first child of u
and does not have a left sibling), the LWit predicate is used to track the identity
of the locking thread. Recall from the definition of the Left predicate that the full
witness capability [W]lR”l is held by the thread that owns node n, as described by
ownsR (n,1,u,1). We thus use the witness capabilities to determine the identity of
the locking thread. The first disjunct denotes the case where the lock has been
claimed by the thread in possession of node n and corresponds to the witness
capability on this region (ownsR (n,l,u,0.5)). Analogously, the second disjunct

164



Gardner, Raad, Wheelhouse & Wright

represents the case where the thread in possession of node [ has acquired the lock,
denoted by (ownsR (n,,u,0.5)). The third disjunct captures the case where n does
not have a left sibling and the lock has been taken by the thread that owns the
parent node u (ownsD (u,n,0.5)).

LC(R,;,n,u) The Ry region is governed by the LC(R,;,n,u) protocol describing
the ways in which its contents can be manipulated through actions. The action
associated with £ changes the state of R, from LUnlocked to LLocked. Dually, the
action of U changes the state of the region from LLocked to LUnlocked. The first
action of W initialises the contents of R,,; immediately after its creation. Similarly,
the second action finalises the contents of the region right before its destruction.
The initial/final contents of the region are realised by the LlInit predicate. The
definition of LInit predicate is nonessential as it bears no relevance in understanding
the interactions between the threads and the shared region and is thus omitted here.

Recall that abstract trees can be split and joined using abstract allocation and
deallocation. We show that concrete trees can be split (joined) analogously provided
that the interface function is extended (reduced) accordingly to capture the interface
associated with the freshly allocated (deallocated) abstract address.

Theorem 3.6 (Abstract (de)allocation) For all interface functions I€Z;, ad-
dresses a € ADDT and trees t1,to € DATAT:

CTree! (t1oxt2)(a) = Jy € AADD,in € IN;, out € OUT;.
CTree!” (t10xy)(a) * CTree! (t3) (y)

where IN;, OUT, and I, are given in Def. 3.5 and I. =1, w ([y ~ in],[y = out]).

Proof. The proof of this theorem is provided in the technical report [18].

3.3 Soundness of Concrete Tree Library Cy

In order to show that our concrete CAP library Cy (Def. 3.3) is sound with respect
to the abstract tree library T (Def. 2.9), we show that everything that can be
proved about the abstract library T, can also be proved about the concrete library
Cg. That is, for every abstract triple Q =1 {p}C{q} (Def. 2.10), we show that
there exists a corresponding concrete triple Q' ¢, {p'}C'{¢'} (Def. 3.4) where
C' is the implementation of C' and p’,q’ denote the concrete representations of
p,q, respectively. For instance, we need to show that the implementation of the
deleteTree command in Fig. 5, satisfies its abstract specification as given in Fig. 3.

In §4, we formalise triple transformation (Def. 4.6) and define what it means
for the CAP library Cyg to be sound with respect to the abstract tree library T
(Def. 4.8). We then prove that Cy is sound with respect to T (Theorem 4.9). In
what follows, we give an informal account of establishing the correctness of the
deleteTree implementation and state a pseudo-theorem that almost captures the
desired result. We defer the formalisation of the correct theorem to §4 (Theorem
4.7), and the full proof to the accompanying technical report [18].
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Pseudo-Theorem 1 Let [deleteTree(n)[]. denote the implementation of
deleteTree(n) command in Fig. 5. The following statement almost holds:

VI eZ,. { 31y e 78 (var(n,n) x CTree'*™(n[t])(x)) }
l[deleteTree(n),
{31, €72 (var(n,n) x CTree™*!*(2)(x))}
with 7t 2 {T e Z. | dom(I™) = {x} A dom(I°"t) = }.

The pre-condition contains the variable resource var(n,n) and the concrete tree
representation CTree(n[t])(x) of complete subtree at abstract address x. The pre-
condition gives the right to control and modify the inner interface I3 of address
x (in this case, (n,n)). This freedom to modify 12! is captured by the existential
quantification of I in both pre- and post-conditions. Note that the control over
the outer interface of x as well as the interfaces associated with other abstract
addresses lies with the context. We therefore need to be agnostic to the interfaces
associated with abstract addresses outside the domain of I; and show that the
implementation is correct for all valid choices of context interfaces I.. This is
realised by the universal quantification of I, outside the Hoare triple. However, since
we are reasoning about concurrent programs, during the execution of deleteTree,
the interfaces captured by I. are potentially changing underfoot. Hence, contrary to
what the above triple states, the value of I, in the pre-condition does not necessarily
agree with that of I, in the post-condition. The correct theorem is given in §4.

4 Correct Library Translation

We state what it means to correctly implement our abstract tree library T (Def.2.9)
with our CAP library Cy (Def. 3.3) by defining a library translation 7: T - Cyg. In
§4.1, we give our specific library translation 7 and, in §4.2, we prove its soundness.
In the accompanying technical report [18], we generalise this approach to translate
arbitrary abstract libraries, and stipulate a set of general properties that when
satisfied, will warrant sound translation of any abstract library. These properties
are stated for our specific library translation in Theorem 4.9.

4.1 Tree to CAP Translation

Our goal is to define a translation 7: T — Cy in such a way that would allow us to
correctly transform abstract tree triples to concrete CAP triples, following the spirit
of Pseudo-theorem 1. We give an abstract tree heap translation that maps abstract
tree heaps to CAP heaps. To keep the translation concise, we define it using CAP
assertions which can then be interpreted as elements of R(My) [1].

Definition 4.1 Given the separation algebra of abstract tree heaps (Def.2.5) Ap =
(Hr, e, 01), the tree interface function Z, (Def.3.5) and the CAP separation algebra

(Def.3.1) Acy, 2 (M, ocy, Ocy, ), the abstract tree heap translation ()5) Hr -1, -
£(Mpy) is a function defined inductively over the structure of abstract tree heaps:
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<0T>£ £ emp (R — t)i = CTree! (t)(R) (x > t)i = CTree! (t)(x)
(hyerho)l 231, Io. T = I, U Io A (hy) 2 s (ho) P2

T

where the definition of the CTree predicate is as given in Fig.7.
We also need to transform programs in PROGT to programs in PROC.

Definition 4.2 The implementation function [.[. : PROGT — PROGH, replaces
each call to an atomic tree command in ATOMT with a call to a correspondingly
named procedure denoting its implementation, while other program constructs re-
main unchanged. The implementation of deleteTree is as given in Fig. 5; the
implementation of other atomic commands are given in the technical report [18].

Definition 4.3 The translation 7: T — Cp is a triple comprising the set of inter-
faces IN; x OuT;, (Def. 3.5), the abstract tree heap translation ()g) (Def. 4.1) and

the implementation function [.[]. (Def.4.2): 72 (INT x OUT,, ()_(r) , |]|]_r)

4.2 Correctness of Translation

Given the translation 7, our goal is to state and prove the correctness of a translation
of abstract tree triples Q =1 {p}C{q} to concrete CAP triples Q' ¢, {p'} [C],. {¢'}
in the spirit of Pseudo-Theorem 1. To do this, we need to define a state translation
between abstract tree states and concrete CAP states.

Recall from §3.3 that the universal quantification of context interface function
I. in Pseudo-Theorem 1 is incorrect, since interfaces captured by I. are subject
to change by the environment. We define the set of stable interface functions SZ;
whereby an abstract address is associated not with a single interface but with a set of
interfaces. By associating a set of possible interfaces with an abstract address at any
one time, we can account for the potential change of interfaces by the environment.

Definition 4.4 Given the sets of inner and outer interfaces IN,, OuT, (def. 3.5),
the set of stable inner-interface functions is SI.™ : P(AADD — P(IN,)) and the
set of stable outer-interface functions is ST,°"" : (AADD — £(OUT,)). The set of
stable interface functions is defined by SZ, £ ST, ™ x ST.°"t. For ST € SZ,, SI™ and
ST°"* denote the first and second projections, respectively. The collapse of ST is
ST |2 (Slli” x S’I¢°”t) where SI'™| (and analogously ST|°“t) is defined as:

Srn|= {1 eZn

dom(I) = dom(SI™) A Vxedom(I). I(x) e SIM(x) }

We can now give a state translation between abstract tree states and concrete
CAP states, parametrised by the stable interface functions.

Definition 4.5 The state translation: (H)g) RP(Xx Hr) > S, —» P(X x Mpy) is:

<|p|)5'[ N (O’ m) (th) EPA . .
T | 3lame Lén{(h)fwld dom(I;™) = k™ A dom(I,°") = h°“t}
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where R, h°Ut are given in Def. 2.4 and Iy wly = (Ili” w ", [°U wlgo“t) with &
denoting the standard disjoint function union.
Note that when transforming a tree state, the variable store o remains unchanged

while the tree heap h is translated as (h)icwd. 14 captures the interfaces of abstract

addresses within the control of the thread and thus are in the footprint of h. On
the other hand, I. represents the interfaces of abstract addresses controlled by the
environment. I; and [I. are analogous to those of Pseudo-theorem 1, with the
exception that they are drawn from the stable interface function SI.

We can now formalise the transformation of an abstract triple Q =1 {p}C{q} to
a concrete triple (). =cy {{p),} 1Cl, {{a),}, where (.]), is defined in Def. 4.6.

Definition 4.6 Given the library translation 7 : T — Cy, for all procedure spec-
ification environments 2 € PENvT, abstract tree states p,q € £(3 x Ht) and tree
programs C € PROGT, the translated triple T : Qe {p}C{q} is:

T: Qer {p} O {g} 2 VST eST.. (9), =c, {()5'} €1, {1a)?"}
where (Q)), = {£: (p)7" = (g)2" [(£:p>q) eQ A STe ST}

We can now amend the statement of Pseudo-theorem 1 and formulate the the-
orem describing the correctness of the deleteTree command.

Theorem 4.7 (deleteTree Correctness) The implementation of deleteTree
command as given in Fig. 5 is correct if

T: QFr {var(n,n) x ATree (n[t])(x) } deleteTree {var(n, n) x ATree (2)(x) }

Proof. The correctness proof of the above statement is given in the accompanying
technical report [18].

Definition 4.8 The library translation 7: T — Cg is sound if, for all Q € PENvVT,
p,q € P(X x Hr) and C € PROGT: Qer{p} C{q} = 7: Qe {p} C{q}

Theorem 4.9 (Sound translation) The library translation 7 : T —Cy is sound.

Proof. The proof is by induction over the structure of C' in Q =1 {p}C{q} and
is given in the technical report [18]. We show that translation T has the following
properties and appeal to these properties in the proof.

Property 1 (Axziom Correctness) For all Q € PENvT, p,q € P(X x Hr), A «€
ATOMT, Qe {pt A{q} = 7: Qer {p} A {q}

This ensures that the translation correctly implements abstract atomic commands,
as demonstrated intuitively throughout the paper with the deletetree command.

Property 2 (Monotonicity of id Relation) For all hi,ho € Hy and I € Z.:

{{ny}id {{na}} = {{m); }id {(na); }
A lifting of this property to abstract tree states is used in proof of rule of consequence.
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Property 3 (*-Preservation) For all hy,hy € Hy and I € Z;
(hl o hg){_ = 3[1,[2. Il U _[2 =1 A <h1>7l_1 °Cy (hg)f
A lifting of this property to tree states is used in proof of disjoint concurrency rule.

Concluding Remarks. We have highlighted a gap in reasoning between abstract
libraries and concrete implementations, due to the mismatch between the abstract
connectivity of abstract data fragments and the concrete connectivity of their con-
crete representations. We have illustrated this gap using SSL reasoning applied
to an abstract concurrent tree library T and CAP reasoning about a concrete im-
plementation. This gap is closed by a refinement translation 7 : T — Cp, which
depends crucially on an interface function I, mapping abstract addresses to pointer
interfaces. Our SSL reasoning and results generalise to arbitrary structured data
libraries, as we report in [18]. Our work concentrates on the abstract connectivity
associated with our SSL reasoning. However, the gap in reasoning occurs whenever
there is a difference between abstract and concrete connectivity.

References

[1] Dinsdale-Young, T., M. Dodds, P. Gardner, M. Parkinson and V. Vafeiadis, “Concurrent Abstract
Predicates”, ECOOP (2010), 504-528

[2] Wright, A. D., “Structural Separation Logic”, PhD thesis, Imperial College London, 2013.

[3] Wheelhouse, M. J., “Segment Logic”, PhD thesis, Imperial College London, 2011.

[4] Smith, G. D., “Local Reasoning about Web Programs”, PhD thesis, Imperial College London, 2011.

[5] Dinsdale-Young, T., “Abstract Data and Local Reasoning”, PhD thesis, Imperial College London, 2010

[6] Dinsdale-Young, T., L. Birkedal, P. Gardner, M. Parkinson and H. Yang, “Views: Compositional
Reasoning for Concurrent Programs”, POPL (2013), 287-300

[7] Calcagno, C., P. Gardner and U. Zarfaty, “Context logic and Tree Update”, POPL (2005), 271-282

[8] Filipovic, I., P. O’'Hearn, N. Torp-Smith and H. Yang, Blaming the Client: on Data Refinement in the
Presence of Pointers, Formal Aspects of Computing 22 (2010), 547-583.

[9] Dinsdale-Young, T., P. Gardner, M. Wheelhouse, “Abstraction and Refinement for Local Reasoning”,
VSTTE (2010), 199-215.

[10] Calcagno, C., P. O’Hearn and H. Yang, “Local Action and Abstract Separation Logic”, LICS (2007),
366-378.

[11] Bornat, R., C. Calcagno, P. O’Hearn and M. Parkinson, “Permission Accounting in Separation Logic”,
POPL (2005), 259-270.

[12] Gardner, P., G. Smith, M. Wheelhouse and U. Zarfaty, “Local Hoare Reasoning about DOM”, PODS
(2008), 261-270.

[13] Jensen, J. and L. Birkedal, “Fictional Separation Logic”, ESOP (2012), 377-396.

[14] Bornat, R., C. Calcagno and H. Yang, Variables As Resource in Separation Logic, Electronic Notes in
Theoretical Computer Science 155 (2006), 247-276.

[15] Turon, A., D. Dreyer and L. Birkedal, Unifying Refinement and Hoare-Style Reasoning in a Logic for
Higher-Order Concurrency.

[16] Svendsen, K., L. Birkedal and M. Parkinson, Impredicative Concurrent Abstract Predicates, ESOP2014.

[17] Svendsen, K, L. Birkedal and M. Parkinson, “Higher-order Concurrent Abstract Predicates”, Technical
report, IT University of Copenhagen (2012).

(18] Raad, A., P. Gardner, A. Wright, M. Wheelhouse, “Abstract Local Reasoning for Concurrent Libraries
(Technical Report)”, http://www.doc.ic.ac.uk/~azalea/MFPS2014/TechnicalReport.pdf.

[19] Gardner P., G. Ntzik and A. Wrigth, Local Reasoning for POSIX File System, ESOP (2014), 169-188.

[20] P. O’Hearn, Resources, Concurrency and Local Reasoning, Theor. Comput. Sci., 375 (2007), 271-307.

169


http://www.doc.ic.ac.uk/~azalea/MFPS2014/TechnicalReport.pdf

Goubault-Larrecq and Jung

QRB, QFS, and the Probabilistic

Powerdomain

Jean Goubault-Larrecq'?

LSV, ENS Cachan, CNRS, INRIA
ENS Cachan
61 avenue du président Wilson
94230 Cachan, France

Achim Jung!?

School of Computer Science
University of Birmingham
Birmingham, United Kingdom

Abstract

We show that the first author’s QRB-domains coincide with Li and Xu’s QFS-domains, and also with
Lawson-compact quasi-continuous dcpos, with stably-compact locally finitary compact spaces, with sober
QFS-spaces, and with sober QRB-spaces. The first three coincidences were discovered independently by
Lawson and Xi. The equivalence with sober QFS-spaces is then applied to give a novel, direct proof that
the probabilistic powerdomain of a QRB-domain is a QRB-domain. This improves upon a previous, similar
result, which was limited to pointed, second-countable QRB-domains.

Keywords: QRB-spaces, QFS-spaces, QRB-domains, QFS-domains, stably compact spaces, probabilistic
powerdomain

1 Introduction

An outstanding problem in denotational semantics is whether there is a full sub-
category of continuous dcpos that is both Cartesian-closed and closed under the
action of the probabilistic powerdomain monad V [17]. Indeed, there are very few
categories of dcpos that are known to be closed under V: the category of all dcpos,
that of all continuous dcpos [15], and that of all Lawson compact continuous dcpos
[17]. To that list, one must add the pointed, second-countable QRB-domains [10].

L 'We are grateful for the visiting professorship provided by ENS Cachan to the second author in March/April
2013, during which time the work reported here was begun.

2 Email: goubault@lsv.ens-cachan.fr
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While QRB-domains are only quasi-continuous and not continuous domains, and
do not form a Cartesian-closed category either, they have attracted considerable
attention recently.

QRB-domains are defined by imitating RB-domains. Independently, Li and Xu
used a similar process to define QFS-domains [23], imitating the construction of
FS-domains [16]. Rather surprisingly, QRB and QFS-domains are the same thing
(RB and FS-domains are not known to coincide), and are also exactly the Lawson-
compact quasi-continuous domains. This was shown independently by the present
authors and J. Lawson and X. Xi. We present our proof in Section 5 below; Lawson’s
and Xi’s proof will appear as [21].

One of our characterizations of QRB is as so-called sober QFS-spaces, and this
will turn out to be instrumental in proving that the category of all QRB-domains,
and not just the second-countable ones, is closed under the action of the probabilistic
powerdomain, as we shall see in Section 6. This improves upon [10], and relies on
a rather different proof argument.

Outline. After some brief preliminaries (Section 2), we discuss the notion of
functional approximation in Section 3. This is a central concept in domain theory,
at the heart of RB-, FS-, QRB-, and QFS-domains. Another domain-theoretic
leitmotiv is that one should always topologize (paraphrasing M. Stone), and we
introduce QFS-spaces in Section 4 as the natural topological counterpart of QFS-
domains. We give our proof that QRB-domains and QFS-domains are the same
thing (and coincide with four other natural notions, including sober QFS-spaces) in
Section 5. We apply this to the promised result that the probabilistic powerdomain
of a QRB-domain is a QRB-domain in Section 6.

2 Preliminaries

We refer to the classic texts [6,1] for the required domain-theoretic background, and
to [11] for topology.

We agree that a subset of a space is compact if and only if every open cover
has a finite subcover, that is, we do not require separation. We take coherence to
mean that the intersection of any two compact saturated subsets is compact. (A
saturated subset is one that is equal to the intersection of its open neighborhoods.)
A space is stably compact if it is sober, compact, locally compact and coherent. As
is well-known, the patch topology of a stably compact space is compact Hausdorff,
see [11, Section 9] or [6, Section VI-6] for more details.

Any sober space is well-filtered, meaning that if an open subset U contains a
filtered intersection (1,o; Q; of compact saturated subsets, then U contains @Q; for
some ¢ € I. In a well-filtered space, every such filtered intersection is compact.

Given a T topological space (X;7), we will make heavy use of its specialisation
order defined as z < y if x € {y}. We write 1 E for the upward closure (w.r.t. <)
of a subset E. Subsets equal to their upward closure are exactly the saturated one.
If F is finite, then 1 E is compact, and we call such sets the finitary compacts of X.

The set of compact saturated subsets of a topological space (X;7) may be
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equipped with an order by setting A < B iff A O B, and we write Q(X) for the
resulting poset. It may also be equipped with the upper Vietoris topology, which
has a base of opens of the form OU, U € 7, where OU denotes the collection of
compact saturated subsets contained in U. This yields the upper space Qy(X) of X.
Happily, the specialisation order of the upper space is precisely reverse inclusion.
Analogously, We write Fin(X) for the collection of finitary compacts of X, and
topologize it with the subspace topology, yielding a space that we write Finy(X).
When X is well-filtered (e.g., sober), Q(X) is a dcpo and directed suprema are
computed as intersections.

For a finite subset E of a poset (X, <) and = € X, write E < z iff every directed
family (2;);c; whose supremum sup,¢; 2; is above x in X contains an element x; that
is above some element z of E. We also write T E < z instead of £ < x, stressing
the fact that this is a property of the finitary compact 1 E, not just of the finite
set E. The dcpo X is a quasi-continuous domain (see [7] or [6, Definition II1-3.2])
if and only if for every x € X, the collection of all 1 F € Fin(X) that approximate
z (1 E < z) is directed (w.r.t. 2) and their least upper bound in Q(X) is 1 z.

3 Functional approximation

We are concerned with spaces in which points are “systematically” approximated,
by which we mean that we are given functions which produce approximants for
each element. In domain theory, the idea goes back to Plotkin’s characterization of
SFP-domains, [24], as those dcpos X for which there is a chain of Scott-continuous
functions (¢n)nen from X to X, satisfying the following properties

(i) for each n € N, ¢, <idx;

(ii) for each n € N, ¢, 0 oy, = @p;
(iii) for each n € N, ¢,, has finite image;

(iv) idx = \/TnEN ©On.
Plotkin also showed that the retracts of SFP-domains can be characterised similarly,
by dropping the idempotency requirement (ii). If instead of a chain, only a directed
family of such functions is present, then one obtains RB-domains. The concept
was further generalized in the work of the second author, [16], where instead of
requiring finite image, finite separation is stipulated: A function p: X — X is
finitely separated from idx if there exists a finite set M C X such that

Vee X.Ime M. p(z) <m < zx.

An FS-domain, then, is a dcpo which contains a directed family (¢;);cr of contin-
uous functions finitely separated from identity such that idx = Vte 7 %i-

In 2010 the first author, [9] realised that the concept of functional approximation
could usefully be further generalized by allowing the approximating functions to
produce compact neighborhoods rather than points, that is, the ¢; now take values
in Qy(X) rather than X. With this generalization there are then two choices to be
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P1 . 1 ol PQZ

Fig. 1. Two example spaces

made about their finiteness character:

Choice 1 One can require the ¢; to have finite image in Qy(X) or not make any
such restriction.

Choice 2 One can require the ¢; to only produce finitary compacts or allow general
compact saturated sets.

Together this means that there are four variants that one might consider and it may
come as a relief to the reader that they will in fact all turn out to lead to the same
structures. Specifically, we will show that the most liberal notion, arbitrary image of
general compact saturated sets, and the most restrictive one, finite image of finitary
compacts, coincide. This will be true with and without assuming sobriety.

Definition 3.1 A continuous function ¢: X — Qy(X) is called a quasi-deflation if
it is has finite image and for each x € X, z € p(z) € Fin X. It is called quasi-finitely
separated (or qfs for short) if there exists a finite set M C X such that for every
x € X there is m € M such that x € Tm C ¢(x). In this case, we say that ¢ is
separated by M, or that M is a separating set for .

We shall agree to order continuous maps from X to Qy(X) in the pointwise ex-
tension of D. Accordingly, a family (¢;);er of continuous functions from X to Qy(X)
is directed if and only if it is non-empty and for all 7, j € I, thereis a k € I such that,
for every z € X, grp(x) C ¢i(z), ¢j(x). We call it approzimating if it is directed and
furthermore, T2 = (;c; ¢i(x) holds for all z € X.

We call a Ty topological space (X;7) a QRB-space if there is an approximating
family of quasi-deflations for it. It is called a QFS-space if there is an approximating
family of quasi-finitely separated maps.

A QFS- (or QRB-) space (X;7; (p:)ier) is called topological if for all U € 7 and
x € U there is ¢ € [ such that ¢;(z) CU.

Clearly, every quasi-deflation ¢ is also qfs because we can take the finitely many
minimal elements of the finitely many possible images of ¢ as the separating set.
Therefore, every QRB-space is also QFS. To explain the last part of the definition,
we give an example to show that not every QFS-space is topological:

Example 3.2 Consider the poset P; in Figure 1 consisting of the natural numbers
in their usual order plus an extra element a not related to any of the others. Equip
this set with the Alexandroff topology (of all upper sets) and consider the map @,
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which maps each n € N to Tmin{m,n} and a to tm U {a}. Clearly, each ¢, is a
quasi-deflation. Furthermore, the family (¢, )men is approximating and thus P is
a QRB-space. However, for no m € N do we have that ¢,,(a) C ta = {a}.

4 QFS-spaces

Proposition 4.1 QFS-spaces are compact.

Proof. Let X be a QFS-space and ¢ be any qfs map on X with separating set M.
Then X =1 M since every z € X is above some m € M by definition. Since M is
finite, we have compactness. O

For local compactness we start with a useful lemma:

Lemma 4.2 Let ¢ be a qfs map on a topological space X, separated by the finite
set M. Then for every x € X, x is in the interior of T(M N(x)).

Proof. Fix z € X and let U = X \ [ (M ~\ ¢(z)). Because of the finiteness of M,
U is an open set and a neighborhood of (). Let V = ¢~1(0OU), which is an open
set since ¢ is continuous. By construction, x is a member of V' and, furthermore,
we claim that V C (M N e(z)). Indeed, let y € V. Then ¢(y) C U and hence the
separating element m € M with m € ¢(y) and m < y also belongs to U. Hence
m e MNe(z) and y € T(M N p(x)) follows. O

A topological space X is locally finitary compact if every open neighborhood U of
an arbitrary point x contains a locally finitary neighborhood 1 E of x: U D 1 E 2
int(t F) > x. The notion originates with Isbell [14], and the Tj such spaces are
called gc-spaces in [21]. Every quasi-continuous domain is locally finitary compact,
since in this case int(tE) = {x € X | £ < z} [6, III-3.6(ii)]. The following is
immediate from the definitions and the preceding lemma:

Lemma 4.3 FEvery topological QFS-space is locally finitary compact.

It would be nice if one could also show coherence for QFS-spaces but without
further assumptions this is not possible, even for QRB-spaces:

Example 4.4 Consider the poset P» in Figure 1 together with the Scott topology
(note that the only non-trivial directed suprema are a = aneN ap and b = VTneN by).
The QRB property is established by maps f,,, m € N, which map

a G b — by Cn > Cminf{m,n)  dn — Cm for n>m

Qn > Gmin{m,n} b bmin{m,n} dp — d, for n <m

and by setting @, (z) = 1 fi(x). The resulting QRB-space is topological because
every Scott neighborhood of a (resp. b) must contain some final segment of a,’s
(resp. by’s). It is not coherent, though, because Ta N1b = {d, | n € N} is not
compact.
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The situation is much nicer if we assume our spaces to be sober. First, since
sobriety implies well-filteredness, we immediately have the following:

Lemma 4.5 Sober QFS-spaces are topological.

Combining the last two lemmas we get that sober QFS-spaces are locally finitary
compact, and it is known from [3], or the equivalence between (6) and (11) in
[22, Theorem 2], or [21, Corollary 3.6], or [11, Exercise 8.3.39], that the sober,
locally finitary compact spaces are exactly the quasi-continuous dcpos in their Scott
topology. Thus we have:

Proposition 4.6 Sober QFS-spaces are quasi-continuous domains, and their given
topology coincides with the Scott topology derived from the specialisation order.

Thus it is appropriate to call sober QFS-spaces, QFS-domains, and similarly for
sober QRB-spaces. A little amount of work should convince the reader that these
QFS-domains are exactly the same of those defined by Li and Xu [23].

How far are (topological) QFS-spaces from QFS-domains? As it turns out, not
very far as we will now show that sobrification leads from one to the other.

The sobrification X of a topological space (X;7) can be described in a number
of ways; the most convenient for our purposes is to realise it concretely as the set
of closed irreducible? subsets of X, together with the topology 7 which consists of
open sets U = {A € X | ANU # 0}, where U ranges over the open sets in 7. Note
that X and X have isomorphic frames of opens.

Given a qfs map p: X — Qy(X) we replace p(x) with its set of open neigh-
borhoods, defined as {U € 7 | ¢(x) C U}. This is always a Scott-open filter in the
frame 7, and the Hofmann-Mislove Theorem tells us that, conversely, every Scott-
open filter F of 7 corresponds to a unique compact saturated set @) r of the sobrifi-
cation X of X. Indeed, F consists precisely of the opens U such that Uis a neigh-
borhood of @ r, that is, a closed irreducible set belongs to @ r if and only if it meets
every member of F. For the upper Vietoris topology on Oy (X' ), the basic open set
OU consists of those compacts Q  where F ranges over the Scott-open filters which
contain U. Using this setup, we define ¢: X — QV(X) by mapping 4 € X to Q)
where Y(A) ={U 71| Ja € A pla) CU}={U € 7| AN HOU) # 0}.

Lemma 4.7 For ¢: X — Qv(X) qfs, ¢ is a qfs map.

Proof. The function ¢, equivalently v, is well-defined: if a directed union of opens
belongs to ¥(A) then it covers ¢(a) for some a € A. Because p(a) is compact, one of
them does so already. Filteredness follows from ¢~1{(OUNOV) = o~ 1(OUNV)) =
¢ H(OU) N o~1(OV) and the assumption that A is irreducible.

For continuity, observe that ~1(0U) = ¢ '({F |UeF}) ={A e X | An

e~ H(OU) # 0} = ¢=1(0O0).
For finite separation, we assume that M is a separating set for ¢. We show that
the set M = {/ m | m € M} is separating for ¢. Let A be a closed irreducible set.

4 A set is irreducible if it meets every member of a finite family of open sets precisely if it meets their
intersection (from which it follows that irreducible sets are non-empty).
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For every U € 1(A) we have by definition that there is a € A such that p(a) C U.
It follows that U N (M N A) is non-empty. Hence the family of these sets, indexed
by U € ¥(A), is a proper filter on the finite set M N A and so there is my € M
belonging to all of them. We clearly have that | m4 C A and because m4 is in every
U € 9(A), L ma meets every element of 1)(A), whence | ma € Qya) = ¢(A). O

The above construction has been chosen for its brevity but we may point out
that the underlying idea relies on a natural transformation 7' (a “distributive law”)
from [;} 0 Qy to Qyo [;] Our map ¢ is the composition X&Q/V(})LQV(X)
An even more explicit construction is also possible, and it demonstrates nicely the
usefulness of the “Topological Rudin Lemma” presented in [13]: We invite the reader
to use the latter to show that T(C) = {A € X | VQ € C. QN A # 0}, and to also
use it to reprove Lemma 4.7 with that definition.

Finally, we would like to show that the lifted family (¢;);er is approximating
for X. It is here where we need the condition that the original QFS space be
topological, as without this condition this would not be the case. Consider again
Example 3.2: The sobrification of the space P; consists of the sets |z, x € X plus
one more, the chain A = N. By definition, A belongs to each @,,({a): check that,
for every o’ < a, A meets every open neighborhood U of ¢,,(a’). Hence A is also in
the intersection of all @,,(] a), but it does not belong to 1({ a) = {{a}}.

We come to the main result of this section:
Theorem 4.8 The sobrification of a topological QFS space is a QFS domain.

Proof. All that remains is to show that the family (p;);cs is approximating for X.
Let A € X be a closed irreducible subset of X and let B be another such, not
above A. This means that B does not contain A (as subsets of X), and so let
a € A~ B. By the definition of topological QFS spaces we obtain an index i € I
such that ¢;(a) is contained in the open set X ~ B. Writing v;(A) for {U € 7 |
Ja € A. pi(a) C U}, so that ¢;(A) = Qy,(a), we obtain that U € ;(A) for U =
X ~\ B. Since U does not meet B, B is not in ¢;(A). O

5 QFS-domains

We have already seen that the addition of sobriety to the conditions for a QFS-space
results in much nicer structures. The best is still to come, however. We begin by
giving a short argument to show that QFS-domains are coherent, a result which
appears as Corollary 3.9 in [21]. First a lemma, also from [21]:

Lemma 5.1 If X is a QFS-domain then Qy(X) is an FS-domain.

Proof. If ¢ is a qfs map on X separated by M, then ®: Qy(X) — Qy(X), defined
by ®(K) = 1 ¢[K], is finitely separated: For the separating set consider all sets 1 E,
ECM. 0
Proposition 5.2 The topology of a QFS-domain is coherent.
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Proof. Let K, L be compact saturated sets of X. They are points in Qy(X) and
generate principal upper, hence compact, sets 1o, (x) K and 1o, (x) L. Since Qv (X)
is an F'S-domain, it is coherent, hence the set K = To, (x) K NTg, (x) L is a compact
saturated set. The claim follows from the observation that K N L = |JK and the
fact that | J, as the multiplication of the upper powerspace monad ([25, Chapter 7]),
is a continuous map from Qv (Qyv (X)) to Qv (X). O

For quasi-continuous domains, compactness plus coherence is the same as com-
pactness in the Lawson topology. This follows, for example, from the fact that
the Lawson and patch topologies coincide on quasi-continuous dcpos [6, Lemma V-
5.15], and that every patch-compact space is coherent and compact [11, Propo-
sition 9.1.27], while conversely quasi-continuous domains are locally compact and
sober [11, Exercise 8.2.15]. We thus have the following refinement of Proposition 4.6:

Corollary 5.3 QFS-domains are Lawson-compact quasi-continuous domains equipped
with their Scott topology.

We now work towards the converse of this:

Proposition 5.4 FEvery compact, locally compact, coherent space X has an approx-
imating family of maps oar: X — Qv(X) with finite image. Precisely, M ranges
over the finite V-semi-lattices M of compact saturated sets of X, and pr maps
each x € X to the smallest element of M whose interior contains x.

Note that o takes values in Q(X), not in Fin(X). Smallest is taken with
respect to inclusion. A V-semi-lattice of compact saturated sets is a family of sets
that is closed under finite intersections (in particular, contains X).

Proof. Define g (x) as the intersection of all the elements @ of M that are neigh-
borhoods of x. Using the fact that M is finite, o o((z) is the smallest neighborhood
of z in M, so pr(z) is well defined, and in Q(X) by coherence and compactness.

For continuity, let U be open and consider x € @H(DU ). Let Q@ = pm(x). For
every y € int(Q), eom(y) € Q C U, so y is in @H(DU). Hence int(Q) is an open
neighborhood of z included in goj\j(DU), Slo) gpﬁ(DU) is open.

Clearly, if M C M’, then pr(z) 2 prp(z) for every x € X. The family of
all g is directed: given M and M’, there is a smallest semi-lattice M L M’ of
compact saturated sets containing M and M’, consisting of the intersections QNQ’
with Q € M and @' € M’; coherence implies that each such Q N Q' is compact
saturated, and puap is above both g and oy (wor.t. D).

All that remains to show is that the maps ¢ form an approximating family.
Given z € X, T2 C (N ¢m(x) is by definition. For the reverse inclusion, we show
that every open neighborhood U of = contains (), pam(z). By local compactness,
U contains a compact saturated neighborhood @ of z. M = {@, X} qualifies as a
semi-lattice of compact saturated sets, and we have p(x) = Q C U. O

The following is standard:
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Lemma 5.5 Let X be a locally finitary compact space. For every compact saturated
subset Q@ of X, and every open neighborhood U of @), there is a further, finitary
compact neighborhood T E of Q contained in U.

Proposition 5.6 Fvery compact, locally finitary compact, coherent space X has an
approximating family of quasi-deflations.

Proof. Applying Proposition 5.4, we obtain an approximating family of maps o .
We need to replace each compact saturated subset ) € im ¢4 by a finitary compact.

Assume first that we are given an open neighborhood Ug around each of them.
Lemma 5.5 allows us to find finitary compact neighborhoods 1 Eg between ) and
Ug. We seek to find 1 Eg so that, additionally, @ C @ implies 1 Eg C 1 Eg. To
ensure this, we define 1 Eg step by step, always working on the largest ) € M that
is still to be considered (so we start with X itself, the largest element of M). Given
any @ € M such that 1 E¢g is already defined for every strictly larger Q' € M,
we apply Lemma 5.5 and define 1 E¢ as some finitary compact neighborhood of @
contained in Ug N (Ngrea int(T Eg).

>

We now replace echQQ € imppq by the so chosen 1 Eg, resulting in a function
Ym.eu, where U is the collection of open neighborhoods Ug we started with, and
& is the collection of finitary compacts T Eg. We need to check that ¥ ey is
continuous, and for that we check that w/:/tl, g,u(DU ) is open for every open subset U
of X. Let z be an element of ¢X41757u(DU), and Q = g (x); in particular, T Eg C U.
As in the proof of Proposition 5.4, every element y of int(Q) is such that o a(y) C @;
for Q" = om(y), Q" C Q implies 1 Ey C 1 Eg, so Ymeu(y) € T Eg C U. Therefore
int(Q) is an open neighborhood of = included in ¢ﬁ7£7u(DU).

The family of all maps ¥a1.ey (namely, with € = (1 EQ)QE A monotone, U =
(UQ)QEM’ and @ C int(tEg) C T Eg C Ug for each Q € M) is approximating,
since we can choose the initial neighborhoods Ug as close to each Q) € M as we like,
and it remains to show that it is directed. It is non-empty: choose M = {X} and
U = M, and define T Ex as X itself, which is finitary compact as a consequence
of Lemma 5.5 with @ = U = X. We find an upper bound of rq,e2¢ and Yap g 14
by defining N' = M LU M’, and for the open neighborhood system V we let Vy =
({int(tEq) | N CQ e M}n({int(T E,,) | N C Q' € M’} for each N € N. (We
write £ = (TEQ)QGM, E'=01FE, ’)Q’eM") It is clear that Y £,y is above Yaq ey
and ¢M’,S/,Z/{’~ (]

Theorem 5.7 Let X be a topological space. The following are equivalent:
(i) X is a stably compact, locally finitary compact space.

(ii) X is a sober QRB-space.

(iii) X is a sober QFS-space.

(iv) X is a QRB-domain with its Scott topology.

(v) X is a QFS-domain with its Scott topology.

)

(vi) X is a Lawson-compact quasi-continuous depo in its Scott topology.
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(vil) X is a compact, coherent, quasi-continuous decpo in its Scott topology.

Proof. (i) = (ii): X is a QRB-space by Proposition 5.6, and sober since stably-
compact. (i1) = (i4i) and (iv) = (v) are obvious. (iii) = (v) is Proposition 4.6,
which also implies (i) = (iv) since QRB-spaces are instances of QFS-spaces.

(v) = (vi). Every QFS-domain is quasi-continuous [23, Proposition 3.8], and
Lawson-compact [23, Theorem 4.9].

(vi) = (vii). For quasi-continuous domains, compactness plus coherence is the
same as compactness in the Lawson topology.

(vii) = (i). Every quasi-continuous dcpo is sober [11, Exercise 8.2.15] and
locally finitary compact [11, Exercise 5.2.31]. With compactness and coherence,
this implies that X is stably-compact. a

Lawson and Xi’s result mentioned in the introduction [21] is the equivalence
(iv) & (v) < (vi) above. Items (i)—(iit) offer other, purely topological characteri-
zations of QRB-domains.

Returning to the topological beginnings of our paper, we note the following;:

Theorem 5.8 Topological QFS-spaces are QRB.

Proof. Let (X;7;(pi)icr) be a topological QFS-space. Then its sobrification X
is a QFS-domain and so by the preceding theorem, a QRB-domain. Looking at
the proof of Proposition 5.6 we find that we constructed the finitary compacts by
invoking Lemma 5.5, so we should have a closer look at that in the case that we are
dealing with a locally finitary compact space that is a sobrification. In that case,
every element e of F is a closed irreducible set A that meets the open set U € 7.
We may therefore replace e with the irreducible set | a where a is an arbitrarily
chosen element of AN U. In summary, then, we can make sure that the elements
employed in the proof of Proposition 5.6 all stem from the image of the embedding
x +— |z of X into its sobrification. a

6 The Probabilistic Powerdomain over QRB-Domains

Let us turn to the probabilistic powerdomain V(X) over a space X. This was intro-
duced by Jones in her PhD thesis [15] to give semantics to higher-order programs
with probabilistic choice. Jones proved that V(X) was a continuous dcpo for every
continuous dcpo X, but also that V(X) was not a continuous lattice, or even a
bc-domain even for very simple continuous lattices or bec-domains X. We still do
not know whether V(X) is an FS-domain, resp. an RB-domain whenever X is one,
except in very specific cases [17]. However, the notion of functional approxima-
tion offered by QRB-domains is relaxed enough that the probabilistic powerdomain
of a QRB-domain is again a QRB-domain. The first author proved this [10], for
probability valuations (with total mass 1), and assuming second-countability.
Using Theorem 5.7, we shall see that the latter is an irrelevant assumption. We
shall also prove it for spaces of continuous subprobability valuations, and of general,
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unbounded, continuous valuations. The nature of the proof is very different from
[10]: we build an approximating family of qfs maps on V(X), directly®.

The elements of V(X) are a slight variation on the idea of a measure, and are
called continuous valuations. A continuous valuation v on a space X is a Scott-
continuous, strict, modular map from the complete lattice O(X) of open subsets
of X to Rt = RU {+o0}. Strictness means that v()) = 0, modularity states that
viUUV)+rvUNV)=v{U)+vV) forall U,V € O(X).

Let V(X), the probabilistic powerdomain over X, denote the space of all continu-
ous valuations on X, with the weak topology. We also write V! (X) for the subspace
of continuous probability valuations (v(X) = 1) and V=!(X) for the subspace of
continuous subprobability valuations (v(X) < 1). We shall write V*(X) for V(X),
VI(X), or VSI(X). The weak topology on V*(X) has subbasic open sets of the form
[U > r], defined as {v € V*(X) | v(U) > r} [19, Satz 8.5] (see also [12, Theo-
rem 8.3]). Whatever e is, V* is a functor on the category of topological spaces, and
its action Vf on continuous maps f: X — Y is defined by Vf(v)(V) = v(f~1(V)).

We again introduce a “distributivity law” 6, this time from V*Qy to QvV°.
Given p € V*Qy(X), one may define 6(u) as the set of all v € V*(X) such that
v(U) > pu(3U) for every open U. It is not completely trivial that 8(u) is non-empty
and compact, or that # is continuous, but let us accept it for the moment. We
may use 6 to produce maps V*(X )MV' Qv(X )&QVV' (X) for an approximating
family of quasi-deflations ¢; on X. It will be fairly easy to see that the resulting
maps are approximating, but they certainly do not have finite image, and even the
image of a single v € V*(X) is in general not finitary. However, and up to a minor
variation on the theme of § (6, see below), we will manage to show that these maps
are gfs. Hence V*(X) will be a QFS space, and the equivalence between (iii) and
(iv) of Theorem 5.7 will allow us to conclude.

Lemma 6.1 Let (X;7) be a stably compact space. If e is “17, assume X pointed,
too. For every Scott-continuous map f: RT — Rt such that f < idgs, the map 0y
defined by 0;(pn) = {v € V*(X) | VU € 7. v(U) > f(u(BU))} is a continuous and

Scott-continuous map from V*(Qy(X)) to Qu(V*(X)).

Proof. Let [X — R¥] denote the dcpo of Scott-continuous maps from X to RT,
in the pointwise ordering. For any monotonic set function £ on the open subsets
of X with values in RT, and every h € [X — R¥], one can define Joex M(x)d€ by
the Choquet formula 0+°° £(h~1(t, +00])dt, where the latter is a Riemann integral.
For { = v € V*(X), the functional h — [ _ h(x)dv is Scott-continuous and linear
[26, Section 4]. Scott-continuity follows from the fact that Riemann integration of
antitonic maps is itself Scott-continuous.

For {(U) = p(OU), notice that hy(Q) = mingeq h(x) defines a continuous func-
tion of Q € Qv(X), since h; (¢, +oo] = Oh~1(t, +0oc] (by compactness, the inf of h
is attained on Q), so that [ _ h(x)d§ = 0+°O p(OR™L(t, +oo])dt = O+°o u(hy(t,

5 This means proving the result using characterization 3 of QRB-domains given in Theorem 5.7. Charac-
terization 1 may seem a better route, since V is already known to preserve stable compactness: only local
finitary compactness remains to be proved. However, that seems quite a formidable effort by itself.

180



Goubault-Larrecq and Jung

ool)dt = erQV(X) hy(Q)dp. Since (h1 + ha)« > his + hox, the functional p: [X —
R+] — RT that maps & to erQV(X) h«(Q)du is superlinear, meaning that p(h; +
ha) > p(hi1)+p(he) and p(ah) = ap(h) for every a € RT. Since p(h) = foX h(z)d§ =
0+OO £(h™1(t, +00])dt, p is also Scott-continuous in A.

0;(u) is non-empty. Define ¢: [X — R¥] — R¥ by: g(h) = sup,cx h(z) if
is “17 or “< 17, and q(h) = +00.sup,cx h(x) otherwise, agreeing that +00.0 = 0.
In each case, ¢ is sublinear (q(hy + h2) < q(h1) + q(h2), and g(ah) = aq(h) for
every a € RY), and p < ¢. The space [X — R*] is a continuous dcpo, because
X is locally compact hence core-compact, and using Proposition 2 of [5], for ex-
ample. Together with the obvious, pointwise addition and scalar multiplication
by non-negative reals, [X — R¥] is therefore a so-called continuous d-cone [27].
The Sandwich Theorem given there (Theorem 3.2) implies that there is a Scott-
continuous linear map A: X — R¥ such that p < A < ¢. Defining v(U) as A(xr),
where yp is the characteristic map of U, yields a continuous valuation v in V*(X)
such that u(0OU) = p(xv) < A(xv) = v(U) for every open subset U of X.

Since f < idgy, in particular 67 (u) is non-empty.

Of(p) is compact saturated. To show this, we use the following results. Define
v1(Q), for Q € Q(X), as inf{v(U) | Q C U}, and (Q > r)e as {v € V*(X) | v1(Q) >
r}. The latter sets are compact saturated subsets of V*(X): this is a consequence
of [8, Lemma 6.6] if @ is “< 1”7 or “1”, and of [18, Theorem 6.5 (3)] otherwise.

We now notice that:
0p(1) = {v € V*(X) | ¥Q € Q(X) -1 (Q) = ap}. (1)

where af, = infy opend@ f(u(OU)). Before we prove this, observe that 6¢(u) is
therefore the intersection of the compact saturated subsets (@ > ag)), Q € Q(X),
and is therefore itself compact, since V*(X) is stably compact. (The latter holds
because X is stably compact, see [17,2]. Technically, this is proved there for V!(X)
and V=!(X), but the proof is similar for V(X).)

To prove (1), let ay = f(u(0OU)). Every v € 0;(u) trivially satisfies v1(Q) > ag-
Conversely, assume the latter holds for every @ € Q(X). For every open subset U
of X, by local compactness U is the directed union of all int(Q), where @ ranges
over the compact saturated subsets of U. Since O commutes with directed unions,
and p and f are Scott-continuous, ay = supgcy f(#(Oint(Q))). Since Oint(Q) € U
for every open neighborhood U of @, this is less than or equal to supgcy azg, and
the latter is less than or equal to ay because aa < ay whenever (Q C U. Therefore
ay = supgcy ag)- A similar argument shows that v(U) = supgcy v1(Q) (or see Tix
[26, Satz 3.4 (1)]). It follows that v(U) > ay. As U is arbitrary, v is in 0 (u).

0y is Scott-continuous. Monotonicity is clear, while for a directed family (u;);c;
in V*(X), O (supie; ) = {v € V*(X) | YU open in X - v(U) = supje; f(us(O0))}
(since f is Scott-continuous) = ;o 05 (u:).

fr is continuous. Since X is Ty, well-filtered, and locally compact, Q(X) is
a continuous dcpo, and the Scott and upper Vietoris topologies coincide [25, Sec-
tion 7.3.4], i.e., Q(X) = Qy(X). The Kirch-Tix Theorem states that given a con-
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tinuous depo Y, the Scott and weak topologies coincide on V(Y') [26, Satz 4.10], and
on VSL(Y) [19, Satz 8.6]; the same happens for V!(Y) if additionally Y is pointed,
by a trick due to Edalat [4, Section 3]: Y/ =Y ~ {L} is again a continuous dcpo,
and V!(Y) is isomorphic to VSY(Y'). Taking Y = Q(X) = Qv(X) (and noticing
that this is pointed, as X is compact), we obtain that V*(Qy(X)) has the Scott
topology of the pointwise ordering. To show that 6 is continuous, it is therefore
enough to show that 9]71(DZ/{ ) is open in the Scott topology for every open subset
U of V*(X). Since OU is itself Scott-open by well-filteredness, this amounts to the
Scott-continuity of 0. a

Theorem 6.2 For every QRB-domain X, V(X), VSYX), and also V(X)) if X is
pointed, are QRB-domains.

Proof. Let X be a QRB-domain, and (¢;);c; be an approximating family of quasi-
deflations on X. By Theorem 5.7 (iii), we only need to show that V*(X) is a
QFS-space. It is sober since stably compact, as we have noted earlier.

For € € (0,1], and t € R¥, let f.(t) = max(0, min(¢, :
1/€) —€). This is a chain of Scott-continuous maps, as = ~¢
¢ > ¢ implies fo < fo. Also, fe < idgy. For short, 3
write 0. for the map 0 given in Lemma 6.1, and de-
fine Vi as 0. o Vp;: V*(X) — Qu(V*(X)). The family
(Yie)ier ee(o,) 1S directed, and for every v € V*(X), we ;
claim that ﬂie[,ee(o,l] wiﬁ(y) = TV' Fig. 2: The function f.

To this end, we notice that:

(@) Nee(o,1] 0c(1) = ha(p). Indeed, Mg 1) be(p) = {' € V*(X) | VU open in X -
VI(U) > supee(oq) fe(u(DU))} = {v' € V*(X) | YU open in X - v'(U) >
p(OU)} = Gia(p)-

(0) Nierbia(Vwi(v)) = Tv. This is proved as follows. For every open subset U of
X, Uier ¢;1(OU) = U: the elements x of U are those such that 12 € OU,
and we obtain the desired equality by the defining property of quasi-deflations,
plus well-filteredness. Tt follows that sup,c; v(p; *(OU)) = v(Uier @; 1(aU)) =
v(U). The elements v/ of (,c; 6ia(Vi(v)) are those elements of V*(X) such
that, for every i € I, for every open subset U of X, v(U) > V;(v)(OU);
equivalently, such that v/(U) > sup;c; Vi(v)(OU) = v(U), and we conclude.

Using these, niel,ee(o,l] Vie(v) = Nier ﬂee(o,l] 0 (Vepi(v)) = Nies bha (Vepi(v)) = T,

as announced.

It remains to show that ;. is qfs. Write J, for the Dirac mass at x, namely,
the continuous valuation such that 0,(U) = xy(z) for every open U. Let E be the
finite set of all elements that are minimal in some finitary compact in the image
of ;, n be its cardinality, and let M be the finite set of continuous valuations of
the form ). a;0;, where each a, is an integer multiple of €/n between 0 and 1/
(and with Y _pa, < 1ifeis “< 17, %" pa, = 1if e is “17). This will be our
separating set.

Fix v € V*(X). We first simplify the expression of 1 (v). For Q € Q(X), let
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aly = 0 open e (Vees(v)(QU)) = infyr open folv(o7 (QU))). Let Qu,--  Qum
be the finitely many finitary compacts in the image of ;. For J C {1,--- ,m},
write Q for [J;c; @;. We claim that ¢ic(v) = (\,cqy,.. m3(Qs = agy,). To this
end, recall equality (1), which we have used in the course of proving Lemma 6.1:
Or(n) = {v' € V*(X) | VQ € Q(X) - v'1(Q) > infyy gpenn F(1(BU))}. So ie(v) =
(V' e V*(X) |VQ € Q(X) v (Q) > afy} = Npeox) (@ > afy). Looking back at the
definition of ag,, we see that, since ¢; has finite image, gol._l (OU) can only take finitely
many values when U varies. The family of these values forms a (finite) filtered family
of open sets, which therefore has a least element, which happens to be cp;l(DQ)
(extending the O notation in the obvious way). Hence ag, = fe(v(p;1(0Q))). For
every vV € ﬂJg{l,---,m} (Qs > ag),), and every Q € Q(X), let .J be the set of indices
j € {1,---,m} such that Q; C Q. Since ; takes its values among Q1, ..., Qm,
©; 1(0Q) = ¢; 1(0Qy), so agy = ag,. 1t follows that VI(Q) > vl (Qy) > ag, = ag;
and as @ is arbitrary, ' € Npeg(x)(Q = ap) = tic(v). The converse inclusion
Yie(v) € Nycqr,. my(Qu = agy,) is obvious.

To show that v is gfs, it will therefore be enough to find an element ) 5 az0,
of M below v and in ¢ (v) = nJg{1,..v,m}<QJ > az?).

Let L be the finite lattice of all intersections of sets of the form 1A, A C
E. Tix observed that v defined a valuation on the compact saturated subsets
of X [26, Satz 3.4 (2-4)]. In particular v! restricts to a valuation on L. Using
the Smiley-Horn-Tarski Theorem (see, e.g., [20, Theorem 3.4]), v' extends to an
additive measure on the algebra pL of subsets generated by L. The algebra pL is the
smallest collection of subsets containing L and closed under unions, intersections,
and complements. Its elements are the finite disjoint unions of sets of the form
CA = mxeAT:D ~ UxGE\AT:U’ ACE.

For each z € F, let b, = v1(C4,) where A, is the unique subset of E such that
Ca, contains z. This definition ensures that v7(B) = 3", g pbe = (3 cp b202)(B)
for every B € L. For every open subset U of X, and every x € ENU, Cy, C 1z C
U, 50 (3,erbae)(U) = 3 cmnu v (Ca,) = v(Upepny Ca.) (since the sum is
disjoint) < vT(1(ENU)) < v(U).

When o is “< 17, we define the desired element ) a.6, of M by letting a,
be the nearest multiple of ¢/n below b;, namely ~|%b,|. Clearly, > pa.0, <
> ser bede < v. Moreover, for every J C {1,--+,m}, (3 ,cpaads)(Q) + € =
Db, G T € 2 Yacpng,(0e + %) 2 Yacpng, be = vi(Qy), since Q be-
longs to pL. Since p;(x) O 1Tz for every 2 € X, o~ H(0Q,) C Qs. For every
Q € Q(X), recall that ;' (0Q) is the least element of some finite filtered fam-
ily of open sets, hence is open. It follows that the notation v(p; ' (0Q)) makes
sense. From ¢; 1 (0Qy) C Qy, we obtain v1(Q;) > v(v;1(0Qs)). We have just
shown that (3", pas0:)(Qy) + € > v(p; ' (0Qy)), whence (3, cp asds) (Qr) >
max (0, v(¢; 1(0Qy)) — €) = f(v(p; 1(0Qy))) = agy,- (We are silently using the
fact that fc(t) = max(0,t — €) for every ¢t € [0,1].) Therefore ) pa.d;, is in
(Qr > apy,), and as J is arbitrary, it is in ¢;c(v).

When e is “1” instead, we use the standard trick of putting all the missing mass
on the bottom element 1. In other words, we define a, as above for x # 1, and
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as 1 — ZzeE,m;ﬁJ_ ay otherwise. (Note that E contains L. Indeed, it appears as the
minimal element of ¢;(L) = X.) We check that (}_ .pa.0:)(U) < v(U) as above
when U does not contain 1, while the same inequality reduces to the trivial 1 <1
when U contains 1, namely when U = X. Since we are using larger coefficients a,
than in the “< 17 case, the fact that (3 .p azém)T(QJ) > aaj follows by the same
arguments. It follows, again, that > c g az0z isin () ;c gy .. 3 (Qu 2 a5y ,) = Yic(v).

Finally, when e is neither “< 1”7 not “1”, we argue as in the “< 1” case, ex-
cept we now define a, as £|2min(2,b,)]. To check that (3,5 as6:)1(Q) > ag
we compute (3 .p a:0.) (Qy) + ¢ = erEmQJ ay +€¢ > erEnQJ(ag; + ) >

erElei min(%,bx). If every b, is less than or equal to %, the latter is equal
to v1(Qy), hence greater than or equal to min(%,yT(QJ)). If o, > % for some
z € ENQy, then v1(Qy) > vi(Ca,) = by > L, 50 X cpno, min(L,b,) > L =

€’ — €

min(2,21(Q)). In any case, (3, cpas6:)1(Qs) + € > min(L,07(Qy)). As in
the “< 17 case, this implies (3, cp ae02)(Qy) + € > min(%,u(gpi_l(DQJ))), S0

(Crer 0202) Q1) > felv(e7 1 (BQ)) = agy,. ¥
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Abstract

In this paper we develop the metatheory for Timed Modal Logic (TML), which is the modal logic used for
the analysis of timed transition systems (T'TSs). We solve a series of long-standing open problems related to
TML. Firstly, we prove that TML enjoys the Hennessy-Milner property and solve one of the open questions
in the field. Secondly, we prove that the set of validities are not recursively enumerable. Nevertheless,
we develop a strongly-complete proof system for TML. Since the logic is not compact, the proof system
contains infinitary rules, but only with countable sets of instances. Thus, we can involve topological results
regarding Stone spaces, such as the Rasiowa-Sikorski lemma, to complete the proofs.

Keywords: Non-compact modal logics, complete axiomatization, timed modal logic.

1 Introduction

In the areas of embedded and cyber-physical systems, more than two decades of
research have been dedicated to developing quantitative modeling and specification
formalisms that allow for the construction of systems with guaranteed functional
and non-functional properties. In particular, many embedded systems are highly
safety critical, with hard constraints on real-time behaviors being essential. Here,
the notion of timed transition system and timed automata [4] have proven extremely
convenient for modeling purposes and are now routinely used for the analysis of real-
time communication protocols and control programs.

Accompanying the timed transition systems, a variety of timed temporal logics have
been introduced as convenient ways of capturing requirements to real-time systems.
These logics include MTL [13], MITL [5], TPTL [7,8] and ECL [21] all providing
timed extensions of LTL. Similarly TCTL [2], T,, [12] and L, [16] provide timed
extensions of CTL and the modal p-calculus. Emphasis has been on detailed inves-
tigation of decidability and complexity of model checking and satisfiability checking,
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identifying the importance of (absence of) punctual constraints in the logic [5, 15]
as well as of the choice of semantics of timed automata (point-wise or continu-
ous) [17-19]. Also, with the purpose of gaining decidability, satisfiability checking
given constraints on number of clocks and size of constants in a satisfying timed
automata has been considered [16]. In all of the aforementioned logics, quantitative
requirements are either obtained by decorating modalities with timing constraints,
or by using clocks in formulas.

The presence of time in all these settings makes it difficult to address fundamental
meta-theoretical questions regarding the timed logics, such as adequacy' or the
development of complete proof systems. Regarding the axiomatization, there exists
a series of results proved in very restricted settings, such as for TPTL [11] that
only looks to models with discrete time, or for ECTL [22] under the restriction of
models with finite variability — only finitely many state changes can occur in a finite
amount of time. Other attempts, such as [9], failed already in achieving soundness
results, as argued in [22].

In this paper we take the challenge of developing a strongly-complete proof system
for the most basic Timed Modal Logic (TML) defined for the most general model
of real-time systems, without any restriction on the nature of time. Our models
are timed labelled transition systems (TTSs), which generalize timed automata [1]:
their transitions are labeled with actions or time delays (real numbers). Our logic
is the non-recursive fragment of L, [16], which generalizes the logic of [1]. In these
settings we solve a series of open problems.

Firstly, we prove that TML is adequate not only for timed automata, but in general,
for entire class of TTSs. This settles an open problem and disproves a belief often
found in the literature, e.g., [1] — that such a logic is not sufficiently expressive to
characterize timed-bisimulation. In proving this result, we use a novel exploitation
of formulas with free clock variables.

Secondly, we prove that the satisfiability problem for TML is undecidable despite
its restrictive expressive power, thus generalizing the known undecidability result
of satisfiability for TCTL [2]. Moreover, we show that the set of TML-validities is
not recursively-enumerable. This implicitly means that any complete proof system
will generate a non-recursively enumerable set of provable formulas, and makes one
wonder whether this logic can, in fact, be axiomatized at all - see e.g., the discussion
in [6].

We prove that TML can be axiomatized and we develop a proof system for it that
is strongly-complete® for the TTS-semantics. However, TML is not compact: there
exists an infinite set of formulas that admits no model while all its finite subsets
have models. For this reason our axiomatization must contains infinitary proof
rules; they reflect Archimedean properties of the rational numbers used to interpret

L A logic is adequate when its semantical equivalence over the class of models coincides with bisimilarity.

2 Strong completeness means that [® - ¢ iff &= ¢], where ® = ¢ denotes that all the models of the set ®
of formulas are also models of the formula ¢; and ® F ¢ denotes that ¢ is provable from .
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clocks. Due to these infinitary rules, the proofs of our system cannot be enumerated.
Nevertheless, these rules have countable sets of instances.

Our axioms provide a set of sufficient conditions that characterizes the concept of
time in models like TTSs and timed automata. They reflect properties such as
persistence, continuity, linearity, density of time, synchronization, or the fact that
all clocks measure the same time flow. Most of these axioms are similar to axioms
seen in other modal logics and these relations open interesting further questions.

An other important contribution of the paper is the construction of the canoni-
cal model, which generalizes for the case of a (non-compact) higher-order modal
logic the classic filtration construction usually used for propositional modal logics.
This follows the line opened by the second and the third author in collaboration
with Panangaden and Kozen in [14]; it involves complex topological and model-
theoretical arguments, such as the Rasiowa-Sikorski lemma, which are essential in
achieving the main results and are pointing to a general methodology for construct-
ing canonical models for non-compact modal logics.

This paper does not aim at addressing problems related to timed automata, nor to
model verification, model construction or model checking. Our purpose is to clarify
the open problems of model theory for TML. The interesting questions regarding
timed automata-semantics will be addressed in a future work.

2 Preliminaries

Hereafter we fix the notation used in the paper.

Kleene equality. Given a partial function f: X — Y, we write f(z) = f(2') for
x,2' € X to denote the fact that f(z) and f(z') are simultaneously well-defined
and whenever they are well-defined, they are equal.

Orders on reals. We use < and > to range over the set {<, >} such that {J,>} =
{<,>}; this means that < can either be interpreted as < or as >; if < represents
one of the two, then > denotes the other. Similarly, we use <1 and > to range over
the set {<,>} such that {<,>} = {<,>}. Moreover, z <y means [z < y and
x # y|, and similarly for > and >. We use < to denote to an arbitrary element of
the set {<, >, <, >}

Interpretations on reals. Given a set IC, an interpretation of I (on non-negative
reals) is a function i : K — Rx>g; if x € K and r € R>g, we denote by i[z — 7] the
interpretation j of IC such that j(z) = r and j(y) = i(y) for y # x. The arithmetic
operations on interpretations are defined pointwise; 0 is used for the constant null
interpretation and [z +— r| denotes O[z — r].

The Rasiowa-Sikorski Lemma [10,20] is a result with important applications in
logic.
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Definition 2.1 Let B be a Boolean algebra and let T" C B such that T has a
greatest lower bound A7 in B. An ultrafilter (maximal filter) U is said to respect
T if T C U implies that AT € U.

If 7 is a family of subsets of B, we say that an ultrafilter U respects T if it respects
every member of T.

Lemma 2.2 (Rasiowa—Sikorski [20]) For any Boolean algebra B and any count-
able family T of subsets of B, each member of which has a meet in B, and for any
nonzero x € BB, there exists an ultrafilter in B that contains x and respects T .

3 Timed Transition Systems

A timed transition system (TTS) [1] is a labeled transition system that uses both
actions and time delays as transition labels. The delay transitions describe the
time flow and consequently are continuous and deterministic. Here we propose an
equivalent definition for TTS that encodes the time in an algebraic format and
simplifies our future developments.

Definition 3.1 [Timed Transition System| A timed labeled transition system (TTS)
is a tuple W = (M, 3, 0, ®) where M is a non-empty set of states, ¥ a non-empty set
of actions, 0 : M x ¥ — 2M is the action-labelling function and @ : Rsq x M — M
is a partial function that encodes the delay transitions; for arbitrary m € M and
d, d e R>o,

1.0 m =m;

2. d® (d ®m) = (d+d) ®m.

Whenever it is defined, d & m denotes a time delay d applied to the state m.
Condition 1 guarantees that a zero-delay is always well-defined and it does not
change the state of the system; and condition 2 expresses that time is both additive
and deterministic. As usual, instead of m/ € (m, a) we will write m % m/.

In the rest of this paper we fix the set ¥ and omit it in the description of TTSs.

A timed bisimulation is a relation that equates states of a TTS with identical be-
haviours.

Definition 3.2 [Timed Bisimulation] Given a TTS W = (M, 0, ®), a timed bisim-
ulation is an equivalence relation R C M x M such that whenever (m,n) € R, for
all @ € ¥ and d € R,

o if m % m/, then there exists n’ € M s.t. n = n’ and (m/,n’) € R;

o if d @ m is well-defined, then d @© n is well-defined and (d & m,d & n) € R.

As for the other types of bisimulation, the previous definition can be extended
to define the time bisimulation between distinct TTSs by considering bisimulation
relations on their disjoint union. Time bisimilarity is the largest time-bisimulation

189



Jaziri, Larsen, Mardare and Xue

relation; if W; = (M;, 0;,®;), m; € M; for i = 1,2 and m4 and my are bisimilar, we
write (ml,Wl) ~ (mQ,WQ).

4 Timed Modal Logic

In this section we introduce the Timed Modal Logic (TML) that encodes properties
of TTSs. It is defined for a countable set K of clocks that we consider fixed in what
follows. It contains Henessy-Milner operators [a]¢ for the actions a € X, where ¥
is the fixed set of actions for which we have defined TTSs in the previous section.
In addition, it is endowed with time inequalities of type x < r for rational values r
that evaluate the clock x € K at the current state; with delay quantifiers W ¢ that
predicate properties for any time-delay of the current state; and clock quantifiers
Vz.¢ that predicate properties for any interpretation of the clock = at the current
state.

Definition 4.1 [Syntax] For arbitrary r» € Q¢ and a € X,

L: ¢p=Llzdr|d—¢|dé]|We|Vao.

Let () be the set of interpretations of . The semantics of TML is defined for
an arbitrary TTS M = (M,0,®), m € M and i € ¥(K) as follows.

e M,m,i = L — never;

e M,m,i =z <drifi(z) I,

e M,m,i = ¢ — ¢ if M,m,i= 1 whenever M, m,i = ¢;

o M,m,i = [a]¢ if [for any m' € M s.t. m = m/, M,m/,i = ¢l;

o M,m,i = W¢if [for any d € R>¢ s.t. d® m is well-defined, M, d® m,i+d = ¢];
o M,m,i=Vr.¢ if [Vt € R>o,M,m,i[z — t] = ¢]

We also use, in addition, all the boolean operators defined as usual and the De
Morgan duals of the modal operators: (a)¢ 4 —la]—¢, x> 4 —(xdr), Ho i
—(W=¢), and Jz.¢ 4 —(Vx.~¢). Other derived operators used in what follows are:
(x=r) 4 (z<r)A(x>r)and V(xxr).¢ 4 Ve.(zoar — ¢), e {<, >, <, >}

In TML we can express the reset operator used in [1, 12, 16] by
xin¢ﬁv.ac.(x:0—>¢).

Whenever it is not the case that M, m,i |= ¢, we write M, m,i = ¢. We say that a

formula ¢ is satisfiable if there exists at least one T'TS that satisfies it in one of its

states under at least one interpretation; ¢ is a wvalidity if it is satisfied in all states

of any TTS under any interpretation - in this case we write = ¢. For an arbitrary

set @ C L, we write ® |= ¢ if all the models of all the formulas in ® are also models

of ¢.
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4.1 Undecidability of TML.

Individual formulae of TML express properties which only depend on the behaviour
of a T'TS up to a finite action-depth, thus making TML significantly less expressive
than TCTL [3]. In a number of papers it has been shown how recursive extensions
of TML — e.g. extensions with the ability to define logical properties recursively —
enable the encoding of TCTL, while maintaining decidability of model-checking.

As stated in the theorem below, despite its limited expressive power the question
of satisfiability for TML is (highly) undecidable, as is the case of TCTL. Formally,
given an arbitrary TML formula ¢ € L, it is undecidable whether there exists a
TTS (M,0,®) with m € M and interpretation i € (K) such that M, m,i = ¢.

Theorem 4.2 (Undecidability of TML) The satisfiability question for TML is
Yi-hard, hence undecidable.

Proof. We show that we can reduce the TML satisfiability question into the ques-
tion as to whether a non-deterministic 2-counter machines has a computation with
the initial location being visited infinitely often. This last question is known to be
Y1i-hard. Our proof is similar to the one in [3] and for this reason it is presented in
the Appendix. O

The undecidability of satisfiability for TML implies, as usual, the undecidability
of validity for TML. In fact, Theorem 4.2 proves that the set of validities is not
recursively enumerable.

5 Adequacy of TML

The Hennessy-Milner property (H-Mp), which states for a logic that bisimilarity of
the models coincides with the semantic equivalence induced by the logic, is currently
an open problem for timed logic. In [1] it was proven that the closed formulas
(without free clock variables) cannot characterize bisimilarity. In this section we
prove the H-Mp for TML, therefore we solve the adequacy problem.

Before proceeding with the proof, observe the essential role of interpretations in the
semantics of TML. Consider the two TTSs depicted in Figure 1, where the horizontal
lines represent the time flow from the initial states m and m’ respectively. The two
systems in the initial states can delay forever and they can both take an a-transition
to states that satisfy EN D after each delay 2 — 2% and 2+ 2% for each integer n > 0.
However, the two systems differ: m can take an a-transition after the delay 2, while
m’ cannot.

If we consider an interpretation i € J(K) s.t. i(z) € Q>¢ for any x € K, one
can notice that m and m’ satisfy exactly the same formulas. However, this is
not true if we consider an interpretation i’ s.t. i'(z) = 0 for some z € K, since
m,i = B =2A{a)T)and m/,7 E~(FB(x=2A(a)T)).
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END
END | END
A A
END END END END
mi
/
my
/ .
A Lo
END END END END
A, Y
END END

Fig. 1. non-bisimilar TTSs

To clarify this situation, we start from analysing how the formulas satisfied by a
model under a certain interpretation change when we change the interpretation.

It is useful in what follows to identify the set K(¢) of the free clocks in a formula
¢ € L, defined by: K(L) = 0, K(z > r) = {z}, K(¢ — ) = K(¢) UK(),
K(lalg) = K(W¢) = K(¢), K(Vz.¢) = K(¢) \ {x}.

For a clock variable y € K that does not appear in the syntax of ¢ and x € K(¢), we
denote by ¢{y/x} the formula obtained by uniformly substituting all the occurrences
of x in ¢ by y.

Definition 5.1 Given two rational interpretations f_, f1: K — Q and a bijection
o: K — K, for any formula ¢ € £ let ¢ +, /-/; be defined as follows, where x >t
for t < 0 should be read as x > 0:

L 4o I-/5s a4 (A +o F-/1e L (640 I-/5) A (W 44 I-/51)
(@< 1) 4o I /1r L o(z) < (r+ f1(2) (@>7) 4o /-1 S o(a) > (r+ f-(2))

(=) +o F-/1e L (¢ 4o F+/7) ([ald) +o /- /re S [al(d +o I-/15)

(W) +o I-/re S W(D+o /1) (Vi) +o I /ts S Vo (@).(¢ 4o I = 0/pifo s 0))
Whenever f_ = f, = f, we write +, f; whenever ¢ is the identity on I, we write

+1- /1y

The following lemma, which can be proved by induction over the structure of formu-
las, and its corollaries characterize the relationships between the formulas satisfied
by the same model under different interpretations.

Lemma 5.2 Let M = (M,0,®) be a TTS, 0 : K - K, 6 : K - R and f_, fi :
K—=Qst fo<d6<fi. Then foranyme M, ¢p€ L andi € I(K), ifi+J >0
then:

Mm,iE¢ = M,m,(i+06) oot Ed+of-/r.

The implication from right to left is not always true, since f_ and f, are approxi-
mations of §. However we have equivalences in some concrete cases.
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Corollary 5.3 Let M = (M,0,®) be a TTS and f : K — Q. Then for anym € M,
pe L and i€ I(K), ifi+ f >0 then:
MmyiE¢ < M m,i+fE ¢+ f.

Corollary 5.4 Let M = (M,0,®) be a TTS and 6 : K — R. Then for any m € M,
pe L andieIK), ifi+ >0 and for any x € K(¢), 6(x) =0, then:
MmyiE¢ < M,m,i+JE ¢.

With these, we can proceed with the proof of the H-Mp. We say that a TTS
M = (M,0, ®) has the finite image property if for any action a € ¥ and any
m € M, 8(m,a) is finite.

Theorem 5.5 (Hennessy-Milner Theorem) Consider a TTS M = (M,0,®)
satisfying the finite image property. Then for any m,n € M:
m~n iff VieJK),pe L, M,m,iE=d< Mn, il o.

Proof. («): We prove that R is a bisimulation
R ={(m,n) |VYi,Vo, M,m,i|=¢ < M,n,i = ¢}.

Supp. that m % m/. If there exists no n’ € M s.t n % n/, then M,n,i = [a]L,
implying M, m,i = [a] L - contradicting the assumption. Let F' = {ny | n % ng},
which is finite since the TTS is image finite. Suppose that (m’,n;) ¢ R for any k.
Then, there exists i € S(K) and ¢ € L s.t. M, m' iy = ¢ and M, ng, i = —¢y,
for any k. For every x € K(¢r), consider a new variable xj distinct from all the
other variables. Let ¢) = ¢p{x/x}, for every k and let i’ € J(K) s.t. i (zx) = ix(2)
for any k. We have: M,m’,7' = \, ¢}, and M, ny,i' = ~¢), by Corollary 5.4. Then
M,m,i" = (a) \; ¢, and M, n,i" = [a] \/ ¢}, - contradiction.

Supp. that m’ = d@® m. For r € Qso, r > d, M,m,i[z — r —d] = FH(z =r),
which implies M,n,i[z — r —d] = F(x = r). Hence, there exists n’ € M
st. n' = d®mn. We prove that (m/,n’) € R. For any i € ¥(K) and ¢ € L,
M,m’,i = ¢ implies, using Corollary 5.4, that M, m’,i[z — 0] = ¢ for any = & K(¢);
further, applying Corollary 5.3, M, m/,i[z + 0] +r = ¢ + r. Then, M,m,i[z —
O)+r—dE Blx=rA(d+r)) and M,n,ilt = 0] +r—dE Blx=rA(p+r)).
Consequently, M,n,ijx — 0] +r —d = W(x =r — (¢ + r)). This implies that
M,n'jilt = 0] +7r =2z =1r— (¢+ [d]) ([d] denotes the smallest natural number
bigger than d), which implies M, n/,i[x — 0] +7r = (¢ +7). So M,n';i+r = o+,
and using Corollary 5.3, M, n’,i = ¢.

The symmetry of R proves the other cases. O

6 Metatheory for TML

In this section we develop a proof system for TML. We prove that TML is not com-
pact and consequently requires infinitary rules. However, we demonstrate that our
proof system is strongly-complete for the TTS-semantics. The completeness proofs
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consist of the construction of a canonical model. Being the role of interpretations
in the semantics of TTS, the canonical model is not constructed from maximal
consistent sets, as for other modal logics. This is because a maximal consistent
set does not identify a state of a T'TS; it identifies a set in the presence of a fixed
interpretation. Moreover, the same maximal consistent set might be satisfied by
non-bisimilar models under different interpretations. To cope with all this complex
situation we propose a new method for constructing canonical models.

6.1 Axiomatization for TML

Modal prefizes are words w € Mod* over the alphabet
Mod ={[a] |a e B} U{W}U{Vz. |z € K},

e.g., Va.[a] W [b][c], Vx. W, [a],e € Mod*, where ¢ is the empty word. A context is a
word formed by a modal prefix w € Mod* concatenated with the metavariable X;
e.g., [a] X, V. WX, Vz.[a] W [b][c] X are contexts. To emphasize the presence of the
metavariable we will use the functional representation of type C[X] for contexts;
this will allow us to instantiate the metavariable with elements from £. For example,
if C[X] = Vx.[a]W [b][c] X is a context, then C[(z > r)] = Vz.[a]|W [b][c](x > 1) € L.
Also €[ X] is a context - the empty one - and for ¢ € L, £[¢] = ¢.

The axiomatic system of TML includes, in addition to the axioms and the rules
of propositional logic, the axioms and the rules in Table 1. They are stated for
arbitrary ¢, € L, r,s,t € Q>¢, a € ¥, O € Mod and arbitrary context C[X].

(Al): Fz>0 (A11): Fz<drAy<ds—=Wadr+t—yJds+1t)
(A2): F(z>r)V(z<r) (A12): FV2.p = o+ l=rflzms], 7 <

(A3): Fz<r——(z>s), r<s (A13): FY(z<7r)W(xr=s—¢)—

(Ad): Fz<dr —[a](x <) Viz=r)W(is<z<s+r—¢)
(AB): FW¢p— pNAWWo (A14): FO(¢ — ¢) — (O¢ — OY)

(A6): FWo s W(r<z<s—¢),r<s (RL): If -, then -0

(AT): Faz>r—W(@>7r) (R2): {Clz<Qr]|r>s}k ClzDs]

(A8): FH(x=rA¢) > W(x=r—0) (R3): {Clx>7]|7€Qx0}F C[L]

(A9): F B <rAW¢) > W(ax>r—¢) (R4A): {Clo+l=ramsq]|r<s}F C[Vz.g
(A10): F B <r)AF@>r)— FB@=r) [RH): {C[W(@<s—¢)||secQs}F C[Wg]

Table 1
The Axiomatic System of TML

A formula ¢ is provable, denoted by F ¢, if it can be proven from the given axioms
and rules. We say that ¢ is consistent, if ¢ — L is not provable. Given a set ® of
formulas, we say that ® proves ¢, ® I ¢, if from the formulas of ® and from the
axioms one can prove ¢, eventually using Boolean or infinitary-Boolean reasoning.
In other words, we assume that the provability is closed under the rule

194



Jaziri, Larsen, Mardare and Xue

PU{p} Y iff PF ¢ — 1,
for arbitrary (possibly infinite) sets ® C L. ® is consistent if it is not the case that
OF 1.

The axioms (A1)-(A3) state simple facts about the clock values. The axiom (A4)
reflects the fact that action-transitions in a T'T'S happen instantaneously.

The axioms (A5)-(A10) describe the nature of time in TTSs. Thus, (A5) states
that the time is linear and 0-delays do not perturb the system; (A6) that the time
is persistent; (A7) that the flow of time is unidirectional (the past and the future
are disjoint); (A8) that the time is deterministic; (A9) and (A10) that the time is
continuous. The axiom (A11) guarantees that all the clocks measure the same time
flow.

The axiom (A12) together with the infinitary rule (R4) describe the fact that the
information provided by a clock variable x in a formula prefixed by Vx is superfluous.
The role of (A13) is to characterize the interaction between the two types of universal
quantifiers.

The axiom (A14) and the rule (R1) state that all the box-like operators of TML
are normal.

The rules (R2)-(R5) are infinitary and have instances for any possible context. For
instance, the formulas below are instances of the rules (R2) and (R3) respectively.
{lal(@ > 7) | v < s} F [al(@ > s),

{Wla](x >7)|r € Qs0} F Wla]L.

The rule (R2) reflects the Archimedean property of rationals. (R3) guarantees that

the value of any clock is finite in any model under any interpretation.

By induction on the structure of possible proofs, we prove the soundness.

Theorem 6.1 (Soundness) The axiomatic system in Table 1 is sound with re-
spect to the TTS-semantics, i.e., for arbitrary ® C ¢ and ¢ € L,
® + ¢ implies @ = ¢.

6.2 Non-Compactness of TML

We have seen in Section 4 that the set of validities of TML are not recursively enu-
merable. This means that any complete axiomatization of TML must be infinitary.
Otherwise, we could enumerate all the proofs and the set of provable formulas, which
in a complete logic coincides with the set of validities, is recursively enumerable -
contradiction!

There is also a model theoretic result that ensures us the necessity of having infini-
tary rules:

Theorem 6.2 (Non-Compactness of TML) TML with the TTS-semantics is
not compact, i.e., there exists an infinite set ® C L such that each finite subset of
P admits a model but ® does not admit any model.
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Proof. The result derives from the soundness of the infinitary rules and each rule
can be used to produce examples of such sets. Consider, for example, s € Q> and
the set

d={z>r|r<spu{z<s}.
Since for any i € J(K), i(x) > r for each r < s implies i(xz) > s, & does not admit
any model. However, it is not difficult to construct a model for just any finite subset
of ®. O

6.3 Canonical Model and Completeness

In this section we prove that the axiomatic system of TML is not only sound, but
also complete for the TTS-semantics, meaning that for arbitrary ® C £ and ¢ € L,
¢ = ¢ iff @ F ¢. To complete this proof it is sufficient to show that any consistent
formula has a model. In the following we construct a canonical model, which is
a TTS such that each consistent formula is satisfied at some state under some
interpretation. In modal logics such a construction is usually done using maximally
consistent sets of formulas as states.

For some set A C L, we say that ® C L is A-mazimally consistent if ® is consistent
and no formula of A can be added to ® without making it inconsistent. @ is
mazimally-consistent if it is L-maximally-consistent.

The aforementioned technique to construct canonical models cannot be applied
directly for TML because to the same state of a given TTS corresponds different
maximally-consistent sets of formulas under different interpretations. We generalize
this construction to cope with the complexity of TML. To the best of our knowledge,
the following construction is original.

For the beginning, we observe that given a maximally-consistent set of formulas,
the information contained about a given clock is complete.

Let € be the set of L-maximally consistent sets.

Lemma 6.3 For arbitrary A € Q and x € K,
sup{r e Q" |z >re A} =inf{r e Q" |z <r € A} € Rs.

Proof. Let A={reQt |z >reA}land B={r e Qt |z <r e A}. (Al)
guarantees that A # () and if B = (), we can derive a contradiction from (R3) for
ClX]=X.

Since the two sets are non-empty, the sup and inf exist. Moreover, (R3) can also
be used to prove that sup A < co. Let sup A = w and inf B = v. If u < v, there
exists 7 € QT such that u < r < v. Hence, x < r € A, which contradicts r < v. If
v < u, there exists ri, 7o € QT such that v < r; < ry < u. Hence, x < rj,x >1; € A
for i« = 1,2. Since ro — 1y > 0, (A3)F x > ro — —(x < rp), which proves the
inconsistency of A - contradiction. O
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The previous lemma demonstrates that to each maximally-consistent set corre-
sponds a unique interpretation of clocks that we will identify in what follows using
the function .# : Q@ — (K) defined for arbitrary A € Q and = € K by
F(N)(z) =sup{r e Q" |z >r € A} € Rxo.

Since .#(A) synthesize only the information in A regarding the clocks, there exist
disjoint sets A1, Ay € Q s.t. (A1) = F(Ay); this equality defines an equivalence
relation on {2 and the equivalence classes are in one to one correspondence with the
interpretations in (k).

Observe that any state in a model of TML corresponds to a function from J(K) to €2
given a model, each interpretation identifies a maximally-consistent set of formulas
satisfied by that model under the given interpretation. Consequently, to construct
the canonical model we will have to take as states not maximally-consistent sets
of formulas, but functions from interpretations to maximally-consistent sets. How-
ever, not just any function v : J(K) — € is a good candidate for a model, because
between the maximally-consistent sets associated to a model under different inter-
pretation there are certain coherence conditions as the ones described in Lemma
5.2 and corollaries 5.3 and 5.4. These coherences are formally described in the next
definition.

Definition 6.4 A function v : (K) — Q is coherent, if for any i € J(K), any
bijection ¢ on K, any § : X — Rst. i+ > 0, and any f_,fy : K — Q s.t.
f- <0< fy,

L (o)) = s

2. if ¢ € y(i), then ¢ +o /- /f, € y((i + ) o).

The first fundamental result that we prove is that any maximally-consistent set A
belongs to the image v(J(K)) of some coherent function ~y. After constructing the
canonical model on the set of coherent functions, this result will guarantee that any
maximally-consistent set is satisfied by some model under some interpretation.

Lemma 6.5 For any A € Q, there ezists a coherent function v s.t. v(#(A)) = A.

Proof. We say that a set S C Q is coherent if there exists a set 7' C (K) and a bi-
jection vy : T" — S that satisfies the two conditions of Definition 6.4. S is mazimally-
coherent if T' = (K). Observe that the bijection that defines a maximally-coherent
set is a coherent function in the sense of Definition 6.4.

We prove, using a transfinite induction, that any coherent set has a maximally-
coherent extension. And this proves the existence of 7, because {A} is coherent.

I. Firstly, observe that S C Q is coherent iff for any Ay, Ay € Q, with iy = F(Ay),
s=1,2,
Al + (22 — Zl) g A2 and A2 + (’Ll — ’Lg) Q Al,
where for arbitrary A’ € Q and § : K — R,
N+o={¢+//r [ f- [+ : K= Q f-<d< fi}.
Moreover, A; + (ZQ — 21) C Ay iff Ay + (21 — ZQ) C A;.
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IL. If i« = #(A) and V' € J(K), then there exists A’ € Q s.t. F(A) = ¢’ and
{A, A’} is coherent. To prove this, we firstly use Definition 5.1 and the axioms to
prove that A 4 (i’ — i) is consistent. Then, we observe that all the infinitary rules
have countable sets of instances, which allows us to apply Rasiowa-Sikorski lemma
to conclude that A + (¢’ — 7) must have a maximal-consistent extension A’. Since
A+ (¢ —i) C A, we also have A’ + (i — ') C A. Hence, {A, A’} is coherent.

IIIL. If S = {Ag, A1, ..Ay} is a finite coherent set, iy = .#(Ay), s = 1..k and j € I(K),
then there exists A; € Q@ s.t. F(A;) =7 and SU{A;} is coherent. Supp. A = Ay.
It is sufficient to show that the following set is consistent, which is not a difficult
task:

X = U (As + (] _is))'

s=0..k

IV. If S = {As | s € N} is a countable coherent set (supp. A = Ag) and j € I(K).
There exists A; € 2 s.t. SU{A,} is coherent. As before, we need to prove that
X = U(As+ (J —is))

seN
is consistent. Let X; = |J,.,(As + (j — is)) for t € N. We have previously proved

that X; is consistent for any ¢ € N. Moreover, observe that X = (J,cry Xi-

Suppose that X is not consistent. If the contradiction can be proven without involv-
ing the infinitary rules, then there must exist one X; that contains all the formulas
in the proof, which contradicts the consistency of X;. Consequently, if X is incon-
sistent it is because, when ¢ goes to infinity, the sets X; \ X;_; collect the left-hand
side of some of our infinitary rules.

If for arbitrary contexts C, formulas ¢ € £, r € Q>0 and x € K we denote by
L1(C,z) ={Clz < s],Clx > s] | s € Q>0}

£2(Cy,0) = {Clo+ 7 Vo o] | 5,5 € Qs < '},

L3(Cox,p,r) ={C[W(r<z<s—a¢)|rsecQs,r<s},

one can prove that for each t € N, X, is £1(C, z)-maximally consistent and for each
L of type Lo(C,x,¢) or L3(C,x,¢,r)}, either X, N L = @ or X; is L-maximally
consistent. This demonstrates that if in X we can use some infinitary rule, it must
be used within some X; for some ¢t € N. Consequently, the consistency of X; proves
the consistency of X.

V. If S C Qis an uncountable coherent set and j € J(K), then there exists A; € Q
s.t. SU{j} is coherent. Supp. S = {As | s € R}, A = Ag and i, = #(A;). Asin
the other cases it is sufficient to prove that the following set is consistent:

Y =+ (G —is).

seR
Since Y C £ and L is countable, Y is countable and consequently we can assume

that

seN
Further the result is a consequence of IV. O
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In what follows we define a T'TS using the set
I'={y:3¥K)— Q] ~is a coherent function}
as the support-set of the model and the structure
oy 5 v if Vi e S(K), [alp € (i) = ¢ €7/(D)];
o =dovyif [Vi, Wo € (i) = ¢ € v/ (i + d)].

Theorem 6.6 (Canonical Model) The tuple I' = (I',0,®) defined above is a
TTS.

Proof. Firstly, we prove that v; = d @ v and vy, = d & v implies y; = 2.

For any Vi € S(K) and 2 € K\ K(¢), ¢ € 71(7) implies x = [d] A ¢ € 11 (i[x — [d]]),
where [d] denote the smallest integer larger than d. Since v; = d @ 7,

Bz = [d] A 9) € A(ilx > [d]] - d),
which further implies, due to (AS8), that

W(z = [d] = ¢) € y(ilx = [d]] - d).
x = [d] = ¢ € y(ilr — [d]]) since 72 = d & ~y. Then ¢ € w(ilx — [d]]),
which implies ¢ € (i) because = ¢ K(¢). Hence for any i € I(K), y1(i) C v2(7).
Similarly, v2(i) € 72(%).

Observe now that due to (A5), W¢ € (i) implies ¢ € (i), for any v € I' and
i€ S(K). Hence, 0y = 1.

Now we prove that d® (d'@m) = (d+d')®m, ie. Iy, v st. 1 =d DY, 2 =ddy
iff Iys s.t. 3 =(d+d)Dr.

(=) Suppose Fy1,72 s.t. 11 =d D, v2 = d B v1. From (A5), W¢ € (i) implies
WW¢ € (i) and since v = d @y, W € y1(i + d). This implies ¢ € (i +d + d')
because v = d’' @ 1. Hence, there exists v3 = (d + d') @ v and, in fact, 3 = 7.

(<) Supp. that Fy3 s.t. 3= (d+d') D .

Firstly, we prove that there exists v; s.t. 71 = d’ @& v by constructing it. For each
i € (), (@) +5 d C (i + d'). Tt is not difficult to verify that for arbitrary
i,j € S(K), v(i) +o d' + (j — i) C(j) +o d' and

Userde 27 |7 € Qi(2) D1} C4() +, d.
Now, we can use a similar transfinite construction as in Lemma 6.5 to construct
entire ;.

Secondly, we need to prove that there exists d @ ;. For any i € S(K), W¢ € v1(4)
implies © <r AW¢ € v1(i) for r € QF s.t. i(z) < r <i(x) + d. Then,
z<r+[dIAM(o+[d]) en(i+[d]).

Now because 1 = d’ @ v, we obtain

FHaz<r+[d]AW(@+[d]) e~vii+[d]-d).
From this we get, by applying (A9), that

W(x>r+[d] — W+ [d]) e~yii+[d]—-d).
Since y3 = (d+ d') &,

x>r+[d] = W(o+ [d]) €+ [d]+d).

And because r < i(x) +d, x > r+ [d'] € (i + [d'] + d). We then get that
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W (¢ + [d]) € y3(i + [d'] + d), implying W ¢ € 73(i + d), which using (A5) gives
¢ € v3(i + d). Hence, there exists d ® v = vs. O

Lemma 6.7 (Truth Lemma) For any ¢ € L, i € S(K) andy €T,
Ly aff o € (i)

Proof. Induction on .

[The case ¢ = Va.¢]: I',v,i = Vr.¢ iff T',v,i[x — u] = ¢ for any u € Ry, i.e.,
¢ € y(i[xr — u]) for all u € Rx.

(=) ¢ € v(iJx — u]) implies ¢+ = 7/jz s € y(i) forall r, s € Qs.t r <u—i(x) <
s. This must happen for any u € R>, so for any r,s € Q, ¢ + [# = 7l/lz — 5] € (7).
Hence, Vz.¢ € v(i) by rule (R4).

(<) Using (A12), Vx.¢ € (i) implies ¢+ = 7] /jz — 5] € y(i[x — u) for any u € Rx
and r,s € Q s.t. 7 <wu—i(x) < s. Consequently, Vx.¢ € y(i[x — u]) by (R4). And
(A12), ¢ € y(i[x > u]) for all u € Rx.

[The case ¢ = Wo|: T',v,i = W¢ iff [for any d € Rsg and 7' € T'sit. v/ =d D,
I, i+dE ¢]iff ¢ €+/(i+ d) by the inductive hypothesis.

(=) ¢ € ¥ (i +d) implies (x = r) A ¢ € v((i + d)[x — r]), for any r € QT,
r > d. Applying (A8), W (z = r — ¢) € (i[lx — r —d]) , for any r € QT,
r > d. This implies z < r — W (z =r — ¢) € y(i[lz — u]) for any u € R>.
Then, V(z < r).W(z = r — ¢) € v(i). Applying (A13), V(z = r).W(r <z <
2r — ¢) € (i), which further implies V(z = 0).W (0 < z < r — ¢) € (i) by
(A12) and (R4). Using (R5), Y(z = 0).W (x > 0 — ¢) € ~(i), which implies
V(z=0).W(x>0— ¢) € (il = 0]). So, z=0— W(x>0— ¢) € 7(i[x — 0],
which implies W (x > 0 — ¢) € y(i[x — 0]). Using (Al), W¢ € v(i[x — 0]) and
further, W¢ € (7).

(«<=) derives from the definition of .

[The case ¢ = [a]¢]: T,v,i |= [a]¢ iff for any 7/ € T s.t. v 5 o/, T,v,i = ¢, iff
¢ € v/(i) by induction.

(=) Supp. {a)~6 € 7). Let A = {7/ |75 '}, B; = {~0}U{¥ | [a]) € 1(i)}UA,
and B; = {¢ | [a]y) € v(j)} UA; for any j # i, where Ay = (J,c gz <r|r >
i) yu{e>r|r<i(z)}.

{¥ | la]v € v(i)} UA; and Bj, j # i are consistent.

Suppose that B; is inconsistent. Then, there exists a set F* C B; s.t. F'F ¢. If F
is finite, (R1) guarantees that [a]F I [a]¢, where [a]F = {[a]p | p € F'}. Otherwise,
F ¢ is (modulo Boolean reasoning possible involving infinite meets) an instance of
one of the rules (R2)-(R5); in all these cases, [a]F' I [a]¢ is an instance of the same
rule for the context C[X] = [a]X. Since F C B;, [a]F C ~(i) implying [a]¢ € v(7),
which contradicts the consistency of (7). Hence, B; is consistent.

Now we prove that for any j, ;' € J(K), B;j and Bj are such that B;+(j'—j) C Bj.
If j # i, then for arbitrary p € B, either [a]p € v(j), or p = = Jr. In the first
case, [a]p +o5 I~/ € v(j'), for all f- < j' —j5 < fy. So, p+,/-/f+ € Bjr. In the
second case, since p = x < r is closed under any interpretation transformation, for
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any f- <j' —j < fy, p+o/-/t+ € By

If j = 1, consider an arbitrary p € B;. If p # —¢, we get a similar case as above.
Otherwise, (a)p € (i), which implies (a)p +, f-/f+ € v(j) for all f_ <j—i < fy.
So, p+o I/t € B;.

At this point we can use a similar strategy as in Theorem 6.5 to prove that there
exists 7" € I' s.t. for any j € J(K), B; C 7”(j). But then, v € A, which implies
¢ € 7" (i) - contradiction!

Hence, [a]¢ € v(i).

(«<=) derives from the definition of 6. 0

Corollary 6.8 If® C L is consistent, there ezistsy € I" and i € S(K) s.t. I',7,i =
P.

Proof. Because the infinitary rules of TML have countable sets of instances, the
Rasiowa-Sikorski lemma guarantees the existence of some A € Q2s.t. A O ®. Lemma
6.5 guarantees that there exists v € I' s.t. A =~(#(A)). Hence I',y, #(A) = ® by
applying Lemma 6.7. a

Corollary 6.8 is a well known equivalent formulation of the strong completeness
theorem.

Theorem 6.9 (Strong Completeness) TML is strongly-complete with respect to
the TTS-semantics, i.e., for arbitrary ® C L and ¢ € L,
b = ¢ implies ® + ¢.

7 Conclusions

In this paper we addressed and solved a series of open problems regarding the timed
logics and real-time systems. We develop the metatheory for the Timed Modal Logic
(TML), which is the most basic logic used in practice for specifying and analyzing
timed transition systems (TTSs).

In this paper we demonstrate that TML is adequate for the TTS semantics. We
show that its satisfiability problem is undecidable and the set of the validities is
not recursively enumerable. Despite this, we develop a strongly-complete proof
system for TML. Because TML is not compact, the proof system contains necessarily
infinitary rules and these rules also explain why the set of validities is not recursively
enumerable. Our axioms characterize the concept of time used in the definition of
TTS. Our completeness proof is based on a novel method that generalizes the classic
filtration technique used in modal logics for the construction of canonical models.
Essential in the proof is the use of the Rasiowa-Sikorski lemma.

All these results open new perspective on real-time systems and on their analysis and
reveal new research directions. The proof system contains similar axioms to those

201



Jaziri, Larsen, Mardare and Xue

of other well-known logics, which makes one think about other possible connections
and research perspectives.
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Appendix

This appendix contains the details of the proofs of the major results presented in
the paper.

Proof. [Proof of Theorem 4.2] Our reduction is similar to the one in [3]. The
question as to whether a non-deterministic 2-counter machine has a computation
with the initial location being visited infinitely often is ¥i-hard. We show how to
reduce this problem into a TML satisfiability question.

Let M be a 2-counter machine with counters X and Y and with n 4+ 1 program
instructions £y, . .., #,. The instruction #,, represents termination, and each instruc-
tion ¢; (¢ < n) is either an increment of the form [/, : X := X + 1; goto ¢;] or a
decrement of the form [¢; : if X # 0 then X := X — 1; goto /; else goto ¢;] or a
non-deterministic jump of the form [¢; : goto ¢; or {;]. A configuration of M is a
triple (¢;, x,y), where x and y are natural numbers representing the current values
of X and Y. A computation of M is a “valid” sequence of configurations starting
in (€p,0,0) and ending in some configuration of the type (¢,,x,y).

We encode the computation of M in TML using the actions ¥ = {{y,...,4,, X,Y}.
We say that a state m of a given TTS T encodes the configuration (¢;, z,y) in the
interval [a,b), with a,b € RT and a < b, iff the following holds:

* (d®m) X, for exactly = distinct time-points d in (a, b);

* (d®m) X for exactly y distinct time-points d in (a, b);
* (d®m) N for d = q;

e (d®m) A% for all time-points d in (a,b) and for all j.

Let {{(4i(j»7j,y;5) : j > 0} be a computation of M (i.e. i(0) = 0). We may construct
a (closed) TML formula ¢* | such that for any TTS 7 and any state m, T, m |= ¢ if
and only if m encodes the j’'th configuration over the interval [j,j + 1) for all j > 0.
Also ¢M will ensure that m encodes a computation where ¢, is visited infinitely
often. The formula ¢ is obtained as the conjunction of a formula expressing the
initial configuration, a formula expressing infinite repetition of the initial location
and a formula for each instruction of M ensuring that states (d & m) of T being
separated by a delay of 1 correctly encodes the given instruction. The following
formula ensures that instructions of M are unique:

(i) W(()T — [¢;] L), for all i # j (uniqueness);

The initial configuration may be encoded as the conjunction of the following TML
formulae:

(i) (o) T;
(i) cinWO0<z<1—[4]L),forali>0;
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(iii) 2 in W(0 <z <1 — ([X] L A[Y] L))

An increment statement of the form [¢; : X := X + 1; goto ¢;] is reflected by
the conjunction of the following formulae relating the behaviour in a unit-interval

{(d®om):de[jj+1)} with (j dm) Y, with the successor unit-interval:
)T — v in Bz = 1A )T);

YT > zin W0 <z<1—[(] L), forall i,y

mWaez<1IAX)TAyinW(y>0Azr<1—[X]1)

yin (Fly>1Ax <2A(X)T))A
yin(W(y >1A2<2A(X)T - zinW(z>0Az <2— [X]1))))]

Here (1) encodes the goto of the instruction. (2) ensures that ¢; actions are only
possible at integer-points. (3) ensures that all X actions in the interval [j, j+ 1) are
copied to the successor interval [j+ 1,54 2). The most involved formula (4) ensures
that exactly one additional X action is inserted in [j + 1,5 + 2) after the copy of
the last X action in [j,7 + 1). The formulae for decrement and non-deterministic
choice are similar (and simpler). Infinite repetition of ¢, is easily expressed as
W[ (o) = x in Bz > 0A (ly)T)]. O

Proof. [Proof of Lemma 5.2] Induction on ¢.

[The case © > r]|: (x> 1)+, I~/ry =0o(x) > (r + f-(z)). M, m,i =z > r implies
i(x) > r. Then ((i+6)oo 1) (z) > r+d(x) > r+f_(z). Hence M,m, (i+d)ooc™t =
(x>71) 4o /1.

[The case © > r]: (x> 1)+, /-/rs = 0(x) > (r+ f_(x)). M,m,i =z > r implies
i(z) > r. Then ((i+d6)oo 1) (z) > r+d(x) > r+f_(z). Hence M, m, (i+d)oo™ ! =
(x>71) 44 /15

[The case z <7]: (x <7)+, /1y =0o(x) < (r+ fr(z)). M,m,i =z <r implies
i(r) <7. Then ((i+8) oo ) (z) <r+8(x) <r+ fi(z). Hence M, m, (i+6)oo ! &=
(z <)+ I-/1s

[The case z < 7]: (x <7)+,/-/r+ = 0(x) < (r+ fr(x)). M,m,i =z < r implies
i(r) < 7. Then ((i+8)oo ) (z) < r+8(x) > r+ fi(z). Hence M, m, (i+6)oo~ ! =
(x <71)+o I /fs.

[The case ¢ A Y]: M,m,i = ¢ A1 implies M,m,i = ¢ and M, m,i = 9. By
inductive hypothesis, M, m, (i + ) oo™ ! = ¢ +, f~/rr and M,m, (i +6) oo™ |
w_‘_a fﬁ/f+7 which lmply M7m71+6 ): (¢+U fﬁ/er) N <’¢ +0’ fﬁ/er) Hence M7m7 (Z+
d) oo™t E (PAY) +o I~ /fr.
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[The case ¢ V ¢]: M,m,i E ¢ V1 implies M,m,i = ¢ or M,m,i | 1. By
inductive hypothesis, M,m, (i + §) oo™! &= ¢ +, -/ or Mym, (i +§) oo™l
¥ +o f-/f+, which imply M, m, (i +d8) oo™ ' &= (¢ +o /- /) V (¢ +o f-/f+). Hence
M,m,(i+d8) oo™t E(pVY)+s /s

[The case [a]¢]: M,m,i |= [a]¢ implies for any m’ € M s.t. m = m/, M,m/,i |= ¢.
By inductive hypothesis, M, m’, (i + ) oo™t |= ¢ +, f-/f;, which implies M, m, (i +
§) oot = a)(¢ +o f-/r1). Hence M,m, (i +6) oot = ([a]@) +o I~ /fs-

[The case (a)¢]: M,m,i |= (a)¢ implies exists m’ € M s.t. m = m’ and M, m’ i =
¢. By inductive hypothesis, M, m’, (i+6)oo~! |= ¢+,7-/f+, which implies M, m, (i+
5001 = {a)(6 +o 7-/s:). Hence M,m, (i +8) 00~" = ({a)6) +o I /1.

[The case W¢|: M, m,i = W¢ implies for any d € R, and m’ € M s.t. m' = d®m,
M,m',i = ¢. By inductive hypothesis, M, m/, (i + §) oo~ ! = ¢ +, f-/f, which
implies M, m, (i+8)oo~! =W (¢+,/-/r.). Hence M, m, (i+8)oc~! = (W) +oF- /14

[The case Hop): M, m,i = B¢ implies exists d € Ry and m’ € M s.t. m' =d®m,
M,m',i = ¢. By inductive hypothesis, M, m/, (i + §) oo~ ! = ¢ +, f-/f, which
implies M, m, (i+8)oo~! |= B(p+,/-/r). Hence M, m, (i+8)oo~! = (o) +o7- /14

[The case Vz.¢]: M,m,i = Vz.¢ implies for any t € Q, M, m,i[z — t| E ¢. By
inductive hypothesis, M, m’, (i[x — t] + 6[z + 0)) oo™t | ¢ +o /-2~ 0/f [z 0],
which implies M, m/, ((i+d) oo™ )|z t] E ¢+, /-1~ 0/f[c 0. Then M, m, (i+
§)oo t EVr. (¢4, -2 0/f z0). Hence M, m, (i+3) oo™ | (Va.¢) +4 /- /fs.

[The case Jz.¢]: M, m,i = Jzx.¢ implies exists t € Qy s.t. M,m,ilx — t] = ¢.
By inductive hypothesis, M, m’, (i[x — t] + [z — 0)) oo™ = ¢p+o [~ 0/f [z 0.
So M,m/, ((i+8) oo Nzt E ¢+, /-2~ 0/f (w—0. Then M, m,(i+d)oc ! =
3z.(¢p +, /-l =0/t (2 0]). Hence M, m, (i +6) oo™ = (w.¢) +4 -/t O

Proof. [Proof of Corollary 5.3] (=): from Lemma 5.2.
(«<): Sincei+ f—f >0, M,m,i+ f = ¢+ f implies M,m,i+ f—flEo+f—f
due to lemma 5.2. O

Proof. [Proof of Corollary 5.4] Let f_, f+ : K — Q be such that f- < < f, and
f=(z) = f+(x) =0 for any x € K¢). Then, ¢+ -/ =+ —f+/- - = ¢.

(=): derives from Lemma 5.2.

(«<): Sincei+0—9 >0, M,m,i+d = ¢ implies M, m,i+J —d = ¢ using Lemma
5.2. O

Proof. [Proof of Theorem 5.5] (=): Induction on ¢.

[The Case [a]¢]: M,m,i |= [a]¢ implies for any m’ € M s.t. m = m', M,m/,i |= ¢.
Since m ~ n, so exists n’ € M s.t. n — n’ and m’ ~ n’. By inductive hypothesis,
M,m' i = ¢ implies M,n',i = ¢. Hence M,m,i |= [a]¢ implies M, n,i = [a]¢o.
Similarly M, n,i |= [a]¢ implies M, m,i |= [a]¢.
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[The Case W¢|: M,m,i | [a]¢ implies for any d € Ry and m’ € M s.t.
m' =d@&m, M,m',i = ¢. Since m ~ n, so exists n’ € M st. ' =d&n
and m’ ~ n/. By inductive hypothesis, M, m’ i |= ¢ implies M,n',i = ¢. Hence
M,m,i = W¢ implies M, n,i = W¢. Similarly M, n,i = W¢ implies M, m, i = Wo.

[The Case Vz.¢]: M, m,i |=Vz.¢iff for any j = i[x — t] and t € R>g, M, m,j = ¢.
By inductive hypothesis, M,m,j | ¢ ifft M,n,j = ¢. Hence M, m,i | Vx.¢ iff
M,n,i =Vzx.é. O

Proof. [Proof of Lemma 6.3] First, the sets A = {r € Q" | x > r € T'} and
B ={r e Q" |z <reTl} are both non-empty: Axiom (A2) guarantees that for
any r € QT, either x >r € I" or z < r € I'. Suppose that there exists r € Q" such
that 2 > r € I'. Then, A # (). Suppose that B = (), then (A2) implies that for any
reQt,z>rel. Using (R3) for C[X] = X, we derive that L € I" - contradiction.
Consequently, B # (). Similarly can be proven that B # () implies A # ().

Since the two sets are non-empty, the sup and inf exist. Suppose that sup A = oo.
Then applying (A3) we obtain that QT C A and (R2) for C[X] = X proves the
inconsistency of I' - contradiction. Similarly one can prove that inf B € R™.

Let sup A = u and inf B = v. We prove v = v. If u < v, there exists r € Q" such
that v < r < v. Since u < r, v > r ¢ I" and (A2) guarantees that x < r € I'.
But this contradicts the fact that » < v. If v < w, there exists ri,7o € QT such
that v < 7 < ry < w. Since r1 > v, x < r; € I" for i = 1,2 (applying (A3)), and
similarly, 7; < w implies x > r; € T for ¢ = 1,2. Since 1, — r; > 0, we apply (A3)
and obtain - x > ry — —(x < 1q). This shows that I is inconsistent - contradiction.

Consequently, u = v. O

Proof. [Proof of Lemma 6.5]

We say that a set S C Q is coherent if there exists a set 7' C ¥(K) and a bijection
v : T — S that satisfies the two conditions of Definition 6.4. S'is maximally-coherent
if T'= (). Observe that the bijection that defines a maximally-coherent set is a
coherent function in the sense of Definition 6.4.

We prove, using a transfinite induction, that any coherent set has a maximally-
coherent extension. And this proves the existence of 7, because the singleton {A}
is coherent.

I. Firstly, observe that the set S C 2 is coherent iff for arbitrary A;, Ay € 2, with
is = I (Ag), s=1,2,
A1 + (ig - i1) g AQ and A2 + (i1 - ig) g Al,

where for arbitrary A’ € Q and § : K — R,

ANto={o+/r | f-, [+ K=>Q f- <5< fi}
Moreover Ay + (io —i1) C Ay iff Ay + (i3 —i3) € Ay. We prove it as follows:
Suppose A1+ (ia —i1) € Ag but Ao+ (i1 —i2) € Ay, i.e., there exist ¢ € Ay, bijection
ocand f_, fi :J(K) = Qs.t. fo<ip—is < fyand ¥+, f_/fr & A1. Since Ay is
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maximal, =(¢Y+,f-/f+) € A1. So o+, f1/f- € Ay. Since —f <is—iy < —f_ and
o is bijection, (=) +4 f1/f-) +5-1 —f+/ — f— € Ay. Then =) € Ay - contradiction!
Hence As + (i1 — i2) C A;.

Similarly for the other direction.

IL. If i = . (A) and @' € S(K), then there exists A’ € Q@ s.t. F(A') =4" and {A, A}
is coherent, i.e., A+ (i’ — i) € A’. To prove this, we firstly prove the following two
properties which will also be used in I'V:

(a) For arbitrary ¢ € A, o a bijection on K, and f_,f, : K — Q s.t. for any
x € K(¢), either f_(z) = fi(x) =0or f_(x) < (i —i)(x) < fi(z). Then,
F(p+of~/11) +o-1 —(F=c0™ )/ —(f1001) — ¢.
(b) For any z dr € L,
(@ar)+ - | [ fe K> Qf <0< fi}Fadr

[Proof of (a)]: Induction on ¢.
[The Case = > r]:
IR LRI A R CEY:
o(x) >0, otherwise
(). Ifr+ f_(x) > 0:
(@ > 1) o I f5) 4ot ~U-00 Y= (froa) = (o(@) > (r + f(2))) +omt
—(f- 0‘771)/7(f+ oo~y =1 > 1]
(ii). If r + f-(x) < 0:
((x > 1) 45 I-/f4) +g-1 —(F=00 D/~ (fr00™1)
—(feoo ™)/ —(froo )y =a > —f_(x).
r+ f-(z) < 0 implies —f_(x) > r implies = > r.
Sok ((x>7r)+5-/11) +g-1 ~(F=20"H)/—(fyo0=1) = (x > 7).
[The Case z < r|: If f_(x) = f+(z) = 0, then obviously
(e <r)+o-/t1) o1 ~F=00™ D)/~ (froo )y =2 < 7.

Y

I
S
&
v
N>/
_l’_
q|

Otherwise,
(2 <)ty b fpo = 4 TO S CH @), T4 fol@) 20
B ’ o(z) = 0, otherwise

x < r € A r > ix(z), so r+ fi(zr) > dalx) + 0(x) = i(z) > 0
Then (z < 1) +, /-/fr = o(x) < (r + fi(x)), which implies ((z <
T) 4o f~/f1) +o-1 —(F=00™)/(froo )y =z <.

Sob ((z<7) 4o f~/f1) 4o-1 ~(F=20™ D)/~ (fr00-1) = (x < 7).

[The Case z > r and x < r]: similar as the above two.

[The Case ¢ Ay and ¢ V ¢]: Obviously.

v

[The Case [d]¢]: (([al¢) +o T-/f+) +o1 —U-00 D/ (froo ) =
[al((¢p +o T-/fs) +o-1 —(F=007H)/—(fro0071)). By inductive hypothesis:
Fo(p 4o /1) +o-1 —F=00 D/~ (fr00) — o By (R1) and (Ab)

Fal((¢ +o I=/1+) +o-1 — =207/ = (fr007Y)) — [a]@.
Hence F (([a]®) +o /= /1) 4o-1 —(F=00™D)/ = (f1 00=1) — [a]¢.
[The Case (a)¢]: (({(a)p) +5 f~/f1) +o-1 — (=00 )/ —(fr00-Y) = (a)((¢ +&
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I=/t) o1 — (=20 /—(f1 00-1)). By inductive hypothesis: = (¢ 4+, /-/f1) +,-1
(00T~ (froomt) = @. So b 2d = (¢ +o f-/f4) 401 U007/ (fr007D)).
By (R1) and (A5), F [a]=¢ — [a]=((¢ +5 f~/f+) +5-1 —(F-=207 ")/~ (f+ 00-1)). Then
(S o I-/12) Fom U 00D/ (7 00 1)) > (a)e.

Hence - (({(¢)) 4o /- /t+) +5-1 = =207/~ (f100-1) = (a)o.

[The Case W ¢]: (( W ¢) 4o [-/ry) 451 —U-207N/—(fr00) =
W (¢ 4o f~/11) +o-1 —(F=00 )/ (fr00™1)). By inductive hypothesis:
(6 4o JJ1) 4ot (-0 D/ (fro0-) — ¢ By (R2) and (A7)
F (6 o I /12) Fgt —U=00" D)= (11 00-1)) — Wo.

Hence b (W6) +o £-/1,) +oo1 U000~ (1, 00-) — Wob

[The Case Hol: ((Fo) +5 ~/rr) +o-1 —U-e0™)/—(fr00Y) = H((¢ +o
I=/t) o1 — (=207 )/—(f1 00-1)). By inductive hypothesis: = (¢ 4+, /-/f1) +,-1
(00T~ (froomt) = @. So b =¢ = (¢ +o f-/f4) 401 U007/ (fr007D)).
By (R2) and (A7) F W—¢ — W—=((¢ +5 f-/f+) +o-1 —(F-207)/—(fy 0o-1)). Then
3¢ +o /1) Fo-1 ~ U= D)= (fr00™)) = Fo.

Hence F ((F¢) +5 /- /1) +o-1 —(F-20™ N/~ (f4 00-1) — Ho.

[The Case Vz.¢]:

(V2.0) +6 I [11) +o-1 —(F=00™D)/—(fro0 ) =

V. (¢ +o -0/t zs0) 451 —(f-le—=0lco™)/_(f [z 0/00-1)). By inductive
hypothesis: F (¢ 4+, -z =0/f [z 0]) +5-1 — (-2 0o )/ (filz s 00o=1) — ¢.
By (R3), (R6) and (A13) F  Va.((¢ +, FF=0/n@me0) +,
—(f-lz= 000 )/ (filz— 000~ t)) = V.0

Hence b (Vz.9) 4o /- /f1+) +o-1 —(F=007 1)/~ (fy 0o=) = V.0

[The Case Jz.¢]:

((F2.0) +o I-/11) 451 ~U=007)/—(fy0071) =

Fz.((¢p+5 [~E=0/r e —0]) +,-1 —(F-lz= 000 )/ _(fiz—0l0o1)).

By  inductive  hypothesis: = (¢ +o T-l=0/fzm0) +5
—(f-lz= 000 )/ (filzm 0loo=t) = .

So b =6 = (6 +o I/ft) +o1 ~U-oo /= (r.o0-n). By (R3), (R6)
and (Al13), we have F Vz.(m¢) — Vae.o((¢ +, [~E=0/rz—0) 451
—(f-lz—= 000 ™)/ (fi[z > 0]oo~1)).

Then - 3x.((¢ +45 I~ /f+) +5-1 —(f-007H)/—(f100-1)) — Tx.0b.

Hence - ((3z.¢) +5 /- /1) +9-1 — =007/~ (f100~1) — Jx.¢.

[Proof of (b)]: [The Case x > r|:

IR E Y S RO EL
z >0, otherwise
For any r + f_(z) > 0, we have x > (r + f_(x)). Since f_(x) < 0, we have exists
s€Qst. s=r+ f_(zr) <rand z>s. Byrule (R2), z >r.
So {(z>r)+/-/r | for any f_, fy : K — Q s.t. for any
rel, fo(z) <0< fo(x)} F (x>r).
[The Case z < 7]:
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(@ <)+ 1 fp = < (r+ fr(2)), r+ fi(z) 20
x>0, otherwise
For any r + f(z) > 0, we have x < (r + f(x)). Since fi(x) > 0, we have exists
s€Qst. s=r+ fi(z)>r,z<s. Byrule (R2), z <r.
So {(z <r)+/-/r. | for any f_, fy : K — Q s.t. for any
zel, fo(z) <0< fo(x)}F (x <r).
[The Case z > r and z < r]: similar as the above two.

Now we are ready to prove that there exists A’ € Q s.t. S (A') = and A+ (' —i) C
A

Suppose not, i.e., for any A’ € Q, either A Z A’ or A C A’ but S (A') # i/, where
A={p+o /- /rs o €N [ f1: K= Qst. fo<d —i< fi}

* Suppose A € A, i.e., A+ L (otherwise by Rasiowa-Sikorski Lemma, there exists
one maximal consistent set that contains it). Then B + 1, where B = A +,-1
—f-oo oot ={pHs-1 —f-00/—fro0t | ¢ € A}. For any ¢ € A, ¢+,
I/t +o-1 —F-c07/_f,00-t € B. By (a), ¢ € B. So A C B. Since A is maximal,
A= B. So A+ L - contradiction!

* Suppose A C A’ but Z(A') # 1.

First we prove z <r ¢ A implies —(z <r) € A for any x € K and r € QT as
follows: x <r ¢ A implies (x 7)) +,-1 —f-c07 /—f oot & A. So =((x <qr) +,-1
—f-e07l/_fioo-t) € A. Then (=(z 97r) +,-1 —froo™!/—f oo-t) 4+, I/ € A
So =(z dr)+ L —I+/p—j- € A, where f_, f' < i —i < f4, fi which implies
flL—fy <0< fL— fo. If i/ —i € QF, then there exists f', fy s.t. fL— f1 =0
(and f_, fi s.t. fi — f- =0). Hence =(z <dr) € A. If not, f. — fy <0< flL.—f_.
By (b), =(z <r) € A.

Then for all » > i(x) > 0, suppose x > r € A'. So x > r € A; by the above
result. Then = > r — f_(z) € A, which implies » — f_(z) < ix(z). Hence r <
irn(x) + f-(x) <i(x) - contradiction! So x <r e A

For all 0 < r <i(x), suppose x < r € A’. Then x < r € A; by the above result. Then
x <r— fi(x) € A, which implies r — fi (z) > ix(z). Then r > ir(x)+ fi(x) > i(z)
- contradiction! So z > r € A'.

If r =0, apparently z > 0 € A’.

So . (A’) =i - contradiction!

IV.If S = {As | s € N} is a countable coherent set (supp. A = Ag) and j € I(K).
There exists A; € 2 s.t. SU{A,} is coherent. As before, we need to prove that

X = U(As“‘(]_ls))

seN
is consistent. Let X = (J,o,(As + (j — is)) for t € N. We have previously proved

that X is consistent for any ¢t € N. Moreover, observe that X = J, o Xi-

Suppose that X is not consistent. If the contradiction can be proven without involv-
ing the infinitary rules, then there must exist one X; that contains all the formulas
in the proof, which contradicts the consistency of X;. Consequently, if X is incon-
sistent it must be because, when t goes to infinite, the sets X; \ X;_1 collect the
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left-hand side of some of our infinitary rules.

For arbitrary contexts C, formulas ¢ € £, r € Q>¢ and = € K we denote by

L1(C,z) ={Clz < s],Clx > s] | s € Q>0}

Lo(Coz,0) ={Clp+lz=slfus s | 5,8 € Q,5 < s},

L3(Cox,p,r) ={CW(r<z<s—¢)]|rseQsp,r <s}

We already proved that for each t € N, X; is £;(C, x)-maximally consistent in II.

Similarly, for £o(C, x, ¢) either X; N Lo(C,x,¢) = 0 or X; is Lo(C, z, ¢)-maximally

consistent. To prove the same result for £3(C,x, ¢), we rely on the following fact:

If Ay, A are coherent and ¢t =sup{s € Q | W(z < s — ¢) € A1}, then there exists

no to >ty + (i2(x) — i1(z)) such that for any s’ <ty and any f_ < iy —i; < f4,
W <8 > (04 /1) € Ao,

This demonstrates that if in X we can use some infinitary rule, it must be used
within some X; for some t € N. Consequently, the consistency of X; proves the
consistency of X.

V. If S C Qis an uncountable coherent set and j € J(K), then there exists A; € Q
s.t. SU{j} is coherent. Supp. S = {As;|s € R}, A = Ag and is = F(A,). Asin
the other cases it is sufficient to prove that the set

Y = U(As+ (.7 _is))

seR
is consistent. Since Y C £ and L is countable, Y is countable and consequently we

can assume that

Y=+ (G —is).
seN
Further the result is a consequence of IV. O

Proof. [Proof of Theorem 6.6] We need to prove that & is well-defined and satisfies
the required conditions 1 and 2 in Definition 3.1. That is to prove the following
three conditions:

1. @ is a well-defined partial function: R>oxI' = I', i.e. if 7y = d®y and 72 = dD,
then v; = vo.

For any Vi € J(K), ¢ € v1(i) implies x = [d|A¢ € 11 (i[z — [d]]), where z € IC\K(¢)
is a new clock different from those in ¢. It implies that W(x = [d] — ¢) € y(i[z —
[d]] — d) because v1 = d ® v and axiom (A10). So x = [d] — ¢ € %(ilz — [d]])
because 72 = d @ 7. Then ¢ € v(i[x — [d]]), which implies ¢ € ~,(i) since
z € K\K(¢).

Hence for any i € J(K), 71(¢) C ~v2(4). Similarly 72 C v5(7). Then for any ¢ € 3(K),
71(2) = y2(i). Hence 1 = 72.

2. Forany y € I', 0@y = v, i.e. for any i € J(K), W¢ € v implies ¢ € v. It is
obviously true by (A9).

3.dd(d®m)=(d+d)dm,ie Iy, y2st. 1=ddy, v =ddy iff I3 s.t.
V3= (d+d)d.
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(=): suppose 3y1,72 s.t. 11 =d Dy, 72 = d @ 71. Then for any i € J(K), for any
W ¢ € (i) implies W W € v(i) by (A8). So W¢ € v1(i + d) because v, = d @ 7,
which further implies ¢ € v9(i + d + d’') because v2 = d’ @ ;. Hence Jy3 = 5 s.t.
V3= (d+d)®n.

(«<): suppose 33 s.t. y3 = (d+d') © 7.
- First, we prove: if 3 = (d + d') @~y then 3y; s.t. 1 =d' @ .

For any i € J(K), let \; = {¢ | Wo € (i)}, A = Uyexc{z I | i(x) Ir,r € QY
Oiya ={¢ | N UAiya - ¢}

We construct «y; according to the following steps:

(1) We prove O, is consistent.

We only need to show that A\; U A, 4 is consistent.

Suppose not, i.e. \; U Ao L.

Since both A\; and A,y are consistent, exists p € £ s.t. \; - —p and A, g F p.

Ai F —p implies WA; - ¥W—p by rule (R2) or (R4), which further implies W—p € (7).
Airqg F p implies p € v/(i + d') for any v € T.

Let 6 = (i +d")[K(p) — [d']] — (i +d'), f-, f+ : K — Q defined as:

[d'] —re, x € K(p)
f-(x) =
0, otherwise
[d'] = sz, @ € K(p)
f-(@) =
0, otherwise
where 7, = max{x > r,isinp with - on atoms}, s, = min{z <

Sz is in p with — on atoms}.

Then p + I=/1. € (i + d)[K(p) = [d']]), which implies p+ I=/s; € 7'(¥'[K(p) =
[d']]) for any & € 3(K). Then A\, i, (z = [d']) = p+7-/5 € /(i) for any 7" and
i'. By rule (R2) W(A,cicp) (v = [d']) = p+1-/11) € (7).

) =

x < [d € ~v[E[K(p [d'] — d]) for any z € K(p). Then V, i, (z < [d]) €

V(ilK(p) = [d] = d). And similarly Ve, (@ > [d]) € y(i[K(p) = [d] -
] + (d+d’)) which implies 3 (\/, () (@ > 1)) € 1(ilK(p) = [d] - d]). So
Vaek(p) (& < [ ABV e (@ 2 [d'])) € 1(i[K(p) = [d] = d]). By axiom (Al1)

DA
B(Voexp (@ = [d1) €1(K(p) = [d] - d]).

Together with W (A, cxc(,) (@ = [d']) = p+7-/1r1) € v(i[K(p) = [d']]), we get
H(p+71-/11) € v(i[K(p) = [d']]) by axiom (A10).

So Hp € (i) - contradict that W—p € (7). Hence \; U A,y is consistent, which
implies ©;, 4 is consistent.
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(2) Extend to maximal consistent set A; for each i € I.

(i) If there exists € K s.t. i(z) > d’ and i(x) € QF, ©; is maximal, i.e. for any
p €L, ¢ &0, implies —¢ € O,.

By definition of A;, x =i(x) € A; C O,. Together with ¢ € ©;, z =i(z) — ¢ € O;.
By definition of A\;_g, W (z = i(x) — ¢) € (i —d') implies x = i(x) — ¢ €
Aicaw € ©;. So W(x = i(x) = ¢) € v(i —d'). Since y(i — d’) is maximal and
—(F(zx =i(x) A—g)) = W(x =i(x) — ¢), we have W(x =i(x) = ¢) € (i — d')
implies H(x = i(z) A —¢) € v(i — d'). By (A10) W(x = i(z) — —¢) € v(i — d'). So
x =1i(x) - 29 € \i_g C O; by the definition of A\;_y. Then we have —¢ € O;.

So A; = O, if there exists x € K s.t. i(z) > d’ and i(z) € Q.

(ii) If for all z € K, i(z) > d' and i(z) € R but ¢ Q*, define the following
function, which given an interpretation: and finite set of clocks K¢, maps to another

interpretation:
i(x) xek
’L.]Cf ( ) f

[d'] otherwise

Then we define A; = UICfcIC{¢ | K(¢) =Ky, ¢ € Ik, }
Now we prove that A; above is maximal consistent.

Obviously for any x € K; and any finite K; C K, i*/ () — d’ > 0. And according
to the first case, A x; is maximal consistent. So A; is maximal.

Suppose A; is not consistent, i.e. A; = L. Suppose ¥ C A; s.t. ¥+ L, and () is
the set of clocks of W. Since even in the infinitary rules, the number of the clocks
is finite, IC(W) is finite. For any ¢ € ¥, ¢ € A,k by the definition of A;.

By the first case, Ajxw) = O, 80 Ajcwy—ar U k) F1p. Suppose U C X xy)—a U
Ay st. U F o UYL = o for any y € K(UV)\K(¢),y ¢ K(¥). Since
U/ {v'/y} has no clocks in K(¥)\K (1), and i*¥) and i*(*) only differ for the clocks
in L(¥)\L(¢), it is easy to have W'{v'/y} € Axcw)-or U Ajxw). Then ¢ € Oxw).
Hence ¥ C ©,xw), which implies ©,x(w) - L - contradiction.

(iii) If for all z € K, i(x) < d'.
Ai={¢| o+ [d] € Niyran}-

Obviously A; is a consistent set since A4 is consistent. Now we prove A; is also
maximal. Suppose ¢ & A, so ¢ + [d'| & Aji 147, which implies =(¢ + [d']) € Ay fan
since Aj; g is maximal. Then we have =¢ € A;. So A; is maximal.

(3) Let 71(i) = A,

We prove that 1 is a coherent function, i.e., 1 satisfies the two conditions in
Definition 6.4.

The first condition holds obviously.
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Before we prove 7, satisfies the second condition, we first prove the following;:

(a) For any bijection o on K, any § : K — R s.t. Vo € K, i(z) > d', i(z) +d(x) > d,
and any f_,fy : K - Qst. fo < < fi, we have: ¢ € ©; = ¢+, /- /1y €
O 1.

(i40)oo

¢ € ©; implies M\;_y U A; - ¢. Because + is interpretation coherent, so A;_q +o
I~/ € XNivsyoo—1—ar - Di+oI-/f+ € A(ifs)0s—1 by the definition of A;. So we have
)\(iﬂ;)ogfl,d/ U A(i+5)0071 Fo¢+, f*/f+. Hence ¢ € ©; = ¢ +, f*/er € @(l‘+6)oo.—1.

(b) For any bijection o on KC, any § : K — Rs.t. Vo € K, i(z) > d', i(z)+0(x) > d,
and any f_,fy : K - Qst. fo <6 < fy, we have: ¢ € A; = ¢+, /-/r+ €
A 1.

(i+6)oc

If A; = ©;, it’s the (a) case.

If not, ¢ € Ajxis) = Ops). i(x) + d(x) > 0 implies *@) () + ) (x) > 0, so by
the first case, ¢ +o /- /1 € Ox(0) 1 5x(0))

og—1-

(K9 4 §%@0)) 0 o1 (z) = *O) (7 (x)) 4+ XD (07 (z)) = (i 0 o~ )T/ (2) +
(6 0 o= )YKOFaT/1)(1) (because o (z) € K(¢) iff © € K(¢p +o F-/11)) = ((i +0) o
o)K@+ /5 ().

So we have ¢ +4 /11 € O (;15)00-1)K (@40 /1)
Hence p € \; = ¢+, /- /14 € A(i+6)ocr*1'

Now we are ready to prove the second condition: for any bijection ¢ on K, any
§: K= Rst. Ve e, i(z)+d(x)>0,and any f_,fL : K - Qs.t. fo <0< fy,
we have: ¢ € v(i) = ¢ +o /- /1 €¥((i + ) oo™h).

o Ifi>d and i+ 6 > d, it’s the (b) case above.
e Ifi 2d andi+0 > d"

¢+ [d] € y(i+ [d]) by the definition of ;. Let &' =i+ [d'], & = ¢ — [d'],
fo=1f —[d]and f, = fy — [d]. Then we have ¢ > d',i' +& =i+ > d'.
So we have (¢ + [d']) +, -/, € v ((i' + &) o 01), which implies ¢ +, f-/f, €
A((i+6) oo ).

e Ifi>d andi+0 % d:
Then ¢ +, f~ +1d1/f, +1a7 € 1 ((i + 6 + [d]) oo™ 1).
Induction on ¢:
[The case z > r]:
( >7) 4o I-/re + [d] =
o(x)>r+ f_(x)+[d], ifr+ f_(z)>0
o(x) > [d], otherwise
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So(x>r) 4o -/t +[d]€n((i+6+d)oc™t).
[The case = > r]: similar as above.
[The case = < r]:
(¢ < 1) ho f- e+ [d] =
o(x) <r+fr(z)+[d], ifr+ fi(z) 20
o(z) < [d], otherwise

So (x <) +of-Jrr +[d]€n((i+5+d)oo™h).
[The case = < r]: similar as above.

Other cases hold obviously.

So we have ¢ +4 /-/f. € y1((i +0)oo™1).

e If i 2d andi+0 % d:
6 € (i) implies ¢+ [d] € (i +[d']). Then (¢+ [d']) +, I-/rs € n((i+[d]+
§)oo™1). So ¢4q -+ /p +1d € v1((i + [d] +6) oo~ t). Then we can do the
same deduction as the above case.

So we proved that there exists v; constructed as above, s.t. 1 = d' & 7.
- Now we prove that: 3y, s.t. 9 =d @ 7.

In the following we prove that v3 = d® 7y, i.e. for any i € J(K), W¢ € v1(i) implies
¢ € 3(i+d).

Secondly we need to prove that exists v2 s.t. 72 = d®y;. We prove that v3 = dd 7,
i.e. for any i € J(K), for any W¢ € ~;(i) implies ¢ € v3(i + d).

For any i € J(K), W¢ € ~1(¢) implies z < r A W¢ € (i) for r € QF s.t.
i(z) <r <i(x)+d. Thenx <r+[d|AW(p+[d]) € v(i+[d']). Since y1 = d' B,
we get B(x <r+[d|AW(p+[d])) e v+ [d]—d). By (A9), W(z >r+[d]| —
W(p+[d1)) ev(i+[d]—d). Sox>r+[d] = W(p+][d]) € y3(i+ [d']+d) since
v3=(d+d)@~. And r <i(x) + d, which implies x > r + [d'] € v3(i + [d'] + d).
Then W (¢ + [d']) € y3(i + [d'] + d). Hence W ¢ € v3(i + d).

So there exists 79 = 7v3 s.t. 72 = d @ V1.

Hence W = (I, 0, ®) defined above is a timed labeled transition system. O
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Abstract

‘We extend our previous duality theorem for Markov processes by equipping the processes with a pseudometric
and the algebras with a notion of metric diameter. We are able to show that the isomorphisms of our
previous duality theorem become isometries in this quantitative setting. This opens the way to developing
theories of approximate reasoning for probabilistic systems.
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1 Introduction

Stone-type dualities are recognized as being ubiquitous, especially in computer
science. For example Plotkin [22] and Smyth [23] (see also [21]) emphasized that the
duality between state-transformer semantics and predicate-transformer semantics is
an instance of Stone-type duality. A similar duality was observed for probabilistic
transition systems [14]. Recently several authors, see for example [3], have emphasized
the duality between logics and transition systems from a coalgebraic perspective.
Mislove et al. [19] have found a duality between labelled Markov processes and
C*-algebras based on the closely related classical Gelfand duality.

In a recent paper [15], a Stone-type duality was developed for Markov processes
defined on continuous state spaces. The algebraic counterpart of the Markov
processes were called Aumann algebras in honour of Aumann’s work on probabilistic
reasoning [1]. Aumann algebras capture, in algebraic form, a modal logic in which
bounds on probabilities enter into the modalities. This logic can be stripped down
to a very spartan core — just the modalities and finite conjunction — and still
characterize bisimulation for labelled Markov processes [5,6]. However, to obtain
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the strong completeness properties that are implied by the duality theorems, one
needs infinitary proof principles [12].

One of the critiques [11] of logics and equivalences used for the treatment of proba-
bilistic systems is that boolean logic is not robust with respect to small perturbations
of the real-valued system parameters. Accordingly, a theory of metrics [7, 8, 24, 25]
was developed and metric reasoning principles were advocated. In the present paper
we extend our exploration of duality theory with an investigation into the role of
metrics and exhibit a metric analogue of the duality theory. This opens the way for
an investigation into quantitative aspects of approrimate reasoning.

In the present paper we integrate quantitative information into the duality of [15]
by endowing Markov processes with a (pseudo)metric and Aumann algebras with a
quantitative “norm-like” structure called a metric diameter. The interplay between
the pseudometric and the boolean algebra is somewhat delicate and had to be
carefully examined for the duality to emerge. The final results have easy proofs but
the correct way to impose quantitative structure on Aumann algebras was elusive.
The key idea is to axiomatize the notion of metric diameter on the Aumann algebra
side. This is a concept more like a norm than a distance, but one can derive a metric
from it. The idea comes from a paper by Banaschewski and Pultr [2] on Stone
duality for metric spaces. However, our formulation is not quite the same as theirs.

2 Background

Given a relation R C M x M, the set N C M is R-closed iff

{m e M |3IneN,(nm)e R} CN.

We assume that the reader is familiar with the definitions of field of sets, o-algebra,
measurable function, measurable space and measure.

If (M,Y) is a measurable space and 8 C M x M is a relation on M, then X(%R)
denotes the set of measurable R-closed subsets of M.

Given a measurable space M = (M, %), we view the set A(M,X) of measures
defined on X, as itself being a measurable space by endowing it with the o-algebra §
generated by the sets FI(S,r) = {pu € A(M, %) : u(S) > r} for arbitrary S € ¥ and
r > 0.

Measure theory works most smoothly in conjunction with certain topological assump-
tions. A Polish space is the topological space underlying a complete separable metric
space. An analytic space is the image of a Polish space X under a continuous function
f:X — Y, where Y is also a Polish space. The special properties of analytic spaces
were crucial in the proof of the logical characterization of bisimulation [6].

Let M beasetandd: M x M — R.
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Definition 2.1 We say that d is a pseudometric on M if for arbitrary x,y € M,

(1): d(xz,z) =0
(

d(y, z)
d(z,z) + d(z,y)
We say that (M, d) is a pseudometric space.

Pseudometrics arise as metric analogues of bisimulation [7,8]. A pseudometric
defines an equivalence relation called the kernel of the pseudometric, by x ~ y iff
d(z,y) = 0. The metrics defined in [7, 8] had bisimulation as the kernel.

In a pseudometric space (M, d), the open ball with center z € M and radius € > 0
is the set {y € M | d(z,y) < €}. The collection of open balls forms a base for a
topology called the metric topology. We can extend the pseudometric to sets in a
manner analogous to the way in which one extends metrics to compact sets.

Definition 2.2 For a pseudometric d on M we define the Hausdorff pseudometric
d™ on the class of subsets of X by

df(X,Y) = max(sup inf d(z,y),sup inf d(z,y)).
reX YEY yey 2€X

We need to verify that these are indeed pseudometrics. The proof of the following
lemma, is omitted here; it is not too hard.

Lemma 2.3 Ifd: M x M — [0,1] is a pseudometric on M, then d* is a pseudo-
metric on subsets of M.

Markov processes (MPs) are models of probabilistic systems with a continuous
state space and probabilistic transitions [6,9,20]. In earlier papers, they were called
labeled Markov processes to emphasize the fact that there were multiple possible
actions, but here we will suppress the labels, as they do not contribute any relevant
structure for our results.

Definition 2.4 [Markov process| A Markov process (MP) is a tuple M = (M, %, 0),
where (M, ) is an analytic space and § € [M — A(M, X)].

In a Markov process M = (M, 3, 0), M is the support set, denoted by suppM, and
0 is the transition function. For m € M, 8(m) : ¥ — [0, 1] is a probability measure
on the state space (M,Y). For N € 3, the value 0(m)(N) € [0,1] represents the
probability of a transition from m to a state in V.

The condition that 0 is a measurable function [M — A(M,¥)] is equivalent to the
condition that for fixed N € X, the function m — 6(m)(NN) is a measurable function
[M — [0,1]] (see e.g. Proposition 2.9 of [9]).
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Markovian logic (ML) is a multi-modal logic for semantics based on MPs
[1,4,10,13, 16, 18,26]. In addition to the Boolean operators, this logic is equipped
with probabilistic modal operators L, for r € Qg that bound the probabilities of tran-
sitions. Intuitively, the formula L,y is satisfied by m € M whenever the probability
of a transition from m to a state satisfying ¢ is at least 7.

Definition 2.5 [Syntax| The formulas of £ are defined by the grammar

p u= Llo—=o| Ly

where r can be any element of Q.

The Boolean operators V, A, =, and T are defined from — and 1 as usual. For
r1,...,n € Qo and ¢ € L, let

LTI"'THSD = LTI e L"‘ncp

The semantics for L, is defined as follows; the semantics of the other constructs
are obvious. For MP M = (M, %,0) and m € M,

M,m = Leg if 0(m)([¢]) = 7,

where [p] ={m e M | M,m = ¢}.

For this to make sense, [¢] must be measurable, this is readily verified. We define
negation in the obvious fashion and use the words valid and satisfiable in the usual
way.

This logic can be axiomatized using Hilbert-style axioms. The (strong) complete-
ness of this logic is proved in [12, 18, 26] by assuming Lindenbaum’s lemma (every
consistent set can be expanded to a maximal consistent set) as a meta-axiom. The
duality theorem of Kozen et al. [15] implies strong completeness without needing
this assumption.

The logical equivalence induced by ML on the class of MPs coincides with bisimulation
equivalence [6,20]. The proof requires that the state space be an analytic space.

3 Stone Duality for Markov Processes

In this section we briefly summarize the results of our previous duality paper [15].

We introduce an algebraic version of Markovian logic consisting of a Boolean algebra
with operators F;. for r € Qg corresponding to the operators L, of ML. We call these
algebras Aumann algebras. They are dual to certain Markov processes constructed
from zero-dimensional Hausdorff spaces called Stone-Markov processes (SMPs).
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Definition 3.1 [Aumann algebra] An Aumann algebra (AA) is a structure A =
(A, —, L {F, }re(@ , <) where

* (A,—, L, <) is a Boolean algebra;

e for each r € Qq, F; : A — A is a unary operator; and

¢ the axioms in Table 1 hold for all a,b € A and r,s,71,...,7, € Q.

The Boolean operations V, A, =, and T, are defined from — and L as usual.

Morphisms of Aumann algebras are Boolean algebra homomorphisms that commute
with the operations F,.. The category of Aumann algebras and Aumann algebra
homomorphisms is denoted AA.

We abbreviate F, --- F,. a by Fy,...a.

(AA1) T < Fpa

(AA2) T <F.T

(AA3) Fra < —Fs—a,r+s>1

(AA4) Fr(aNb)AFs(aN—b) < Friga,r+s<1
(AA5) =F.(aANb) AN=Fs(aN-b) < =Fisa,7+s<1
(AA6) a<b= F,a<Fb
(AAT) (Npcs Frioorara) = Frporysa

=

Table 1
Aumann algebra

The operator F;. is the algebraic counterpart of the logical modality L,. The first
two axioms state tautologies, while the third captures the way F,. interacts with
negation. Axioms (AA4) and (AA5) assert finite additivity, while (AA6) asserts

monotonicity.

The most interesting axiom is the infinitary axiom (AAT). It asserts that Fy, ..., sa
is the greatest lower bound of the set {F},....,ra | 7 < s} with respect to the natural
order <. In SMPs, it implies countable additivity.

As expected, the formulas of Markovian logic modulo logical equivalence form a
free countable Aumann algebra. Define = on formulas in the usual way and let [¢]
denote the equivalence class of ¢ modulo =, and let L= = {[p] | p € L}.

Theorem 3.2 The structure

(L/=,—, 1], {LT}TEQ()? <)

is an Aumann algebra, where [p] <[] iff E p — 1.

A Stone-Markov process (SMP) is a Markov process (M, A, ), where A is a distin-
guished countable base of clopen sets that is closed under the set-theoretic Boolean
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operations and the operations
F(A) ={m|0(m)(A) =7}, reQo

The measurable sets Y. are the Borel sets of the topology generated by A. Morphisms
of such spaces are required to preserve the distinguished base; thus a morphism
f: M — N is a continuous function such that

e for allm € M and B € X,
O (m)(f7H(B)) = On(f(m))(B);

e forall Ac Ay, f71(A) € Ay

Unlike Stone spaces, SMPs are not topologically compact, but we do postulate a
completeness property that is a weak form of compactness, which we call saturation.
One can saturate a given SMP by a completion procedure that is reminiscent of
Stone-Cech compactification [15]. Intuitively, one adds points to the structure
without changing the represented algebra. An MP is saturated if it is maximal with
respect to this operation.

Definition 3.3 [Stone-Markov Process] A Markov process M = (M, A, 6) with
distinguished base is a Stone—Markov process (SMP) if it is saturated.

The morphisms of SMPs are just the morphisms of MPs with distinguished base as
defined above.

The category of SMPs and SMP morphisms is denoted SMP.

Fix an arbitrary countable Aumann algebra
A= (A, =, L{F}cqp )

Let U* be the set of all ultrafilters of A. The classical Stone construction gives a
Boolean algebra of sets isomorphic to A with elements

(a)* ={uveld*|acu}, (A)*={(a)*|ac A}

The sets (a)* generate a Stone topology 7% on U*, and the (a)* are exactly the
clopen sets of the topology.

Let F be the set of elements of the form a” = Fy, ..., rafora € Aand ty, ..., t,,r € Qp.
As before, we consider this term as parameterized by r; that is, if o = F}, .4, ra,
then o denotes Fy, ..., sa. The set F is countable since A is. Axiom (AAT) asserts
all infinitary conditions of the form

o’ = /\o/. (1)
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for o®* € F. Let us call an ultrafilter v bad if it violates one of these conditions in
the sense that for some o € F, " € u for all » < s but o® € u. Otherwise, u is
called good. Let U be the set of good ultrafilters of A.

Let 7={BNU | B € 7*} be the subspace topology on U, and let
(a) ={uveld|acu}=(a)*NU (A) = {(a) | a € A}.

Then 7 is countably generated by the sets (al) and all (a) are clopen in the subspace
topology.

We can now form a Markov process M(A) = (U, 3, 0), where X is the o-algebra
generated by (A) and 0 : U — (A) — [0,1] is defined on the generators by

O(u)((a)) =sup{r € Qo | Fra € u} =inf{r € Qo | -Fra € u}.

It can be shown that 6 extends uniquely to a transition function [15].
Theorem 3.4 If A is a countable Aumann algebra, then M(A) = (U, (A),0) is a

Stone Markov process.

Most of the technical difficulties of our earlier paper are in the proof of this theorem.

Let M = (M,B,0) be a Stone Markov process with distinguished base B. By
definition, B is a field of clopen sets closed under the operations

F.(A)={meM|6(m)(A) >r}.

Theorem 3.5 The structure B with the set-theoretic Boolean operations and the
operations F., r € Qg is a countable Aumann algebra.

We denote this algebra by A(M). Now we have the duality theorem.
Theorem 3.6 (Duality Theorem [15])

(i) Any countable Aumann algebra A is isomorphic to A(M(A)) via the map
B:A— AM(A)) defined by

pla) = {u € supp(M(A)) | a € u} = (a).

(ii) Any Stone Markov process M = (M, A, 0) is homeomorphic to M(A(M)) via
the map o : M — M(A(M)) defined by

a(m)={Ac A|me A}.

In [15], we also give a categorical version of this theorem with the contravariant
functors between the two categories given explicitly.
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4 Extending the Duality to Metrized Markov Processes

We add quantitative structure to both Markov processes and Aumann algebras.
We prove an extended version of the representation theorem for metrized Markov
processes versus metrized Aumann algebras. This theorem states that starting
from an arbitrary metrized Markov process, we can extend the Aumann algebra
constructed in the previous section to a metrized Aumann algebra that preserves the
pseudometric and conversely. In other words the natural isomorphisms that arise in
the duality of [15] will turn out to be isometries.

We equip Stone Markov processes with a pseudometric that measures distances
between the states of the MP. The key condition that we impose is that for a
particular state m, the diameters of the clopens containing m converges to 0.

Definition 4.1 [Metrized Markov process] A metrized Markov process is a tuple
(M, d), where M = (M, A, 0) is a Stone Markov process with A its countable base
of clopens and d : M x M — [0,1] is a pseudometric on M satisfying for arbitrary
m € M the property

M inf d ! ! =0.
M) il sup{d(n,n') [n,n € c}

The following lemma gives a number of conditions equivalent to (M). In particular,
it shows the connection between the topology of the Stone Markov space and the
pseudometric topology.

Lemma 4.2 For a metrized MP (M,d), where M = (M, A, ), the following are
equivalent:

i) V inf d ! ! =0
(i) ¥m, _inf _ sup{d(n,n) [n,n" € c}

(ii) Vm,m/ inf  sup{d(n,n) | n,n’ € ¢} = d(m,m’)

ceEAm,m'Ec

Vm, Ve >0 3ce A (m €cAVn,n' € cd(n,n') <e)

)

(iv) VmVe >03ce A (mecAVnecd(im,n) <e)
) The topology generated by A refines the pseudometric topology generated by d.
)

The pseudometric d is continuous in both arguments with respect to the A-
topology.

Proof. Note that (i) is just (M).

(i) < (iii) is immediate from the definitions.

For (iii) = (iv), we can substitute m,n for n,n’ in (iii).
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For (iv) = (iii), let m and € > 0 be arbitrary, and let ¢ € A such that m € ¢
and for all n € ¢, d(m,n) < /2 and d(n,m) < e/2. Then for any n,n’ € ¢,
d(n,n') < d(n,m)+d(m,n') <e/2+¢e/2=¢.

For (iv) & (v), let N.(m) = {x | d(m,x) < €}. Then,

VmVYe>03dce A(mecAVnecd(im,n) <eAd(n,m)<e)
& VmVe>03dce A(mecAVYn€cnée N(m))
& VmVe>03dce A(mecAhcC N(m)).

The last statement says that every basic open neighborhood of the pseudometric
topology contains a basic open neighborhood of the A-topology, which says exactly
that the A-topology refines the pseudometric topology.

For (iii) = (vi), to show that d is continuous in its second argument, let m, z and
e > 0 be arbitrary and let ¢ € A such that x € ¢ and for all n,n’ € ¢, d(n,n’) < e.
Then for all y € c,

so d(m,y) € (d(m,z) —e,d(m,z) + ¢). That d is continuous in its first argument
follows from symmetry.

For the other direction, suppose d is continuous in its second argument. Then for
all m and € > 0, the set N.(m) is open and contains m, thus there exists a basic
open set ¢ € A such that m € ¢ and ¢ C N.(m). Thus the A-topology refines the
pseudometric topology of d.

Statement (ii) implies (i) immediately by taking m’' = m in (ii).

To show (i) implies (ii), let m,m’ and € > 0 be arbitrary. From (iv), we have c € A
such that m € ¢ and from (iii) we have that for all n,n’ € ¢, d(n,n’) < /2 and we
have ¢ € A such that m’ € ¢ and for all n,n’ € ¢, d(n,n’) < €/2. We claim that
for all n,n’ € cU, d(n,n") < d(m,m’) + ¢, which will establish (ii).

If n,n’ € ¢, then
d(n,n’) <d(n,m)+d(m,n’) <e/2+¢/2=e <d(m,m) +e.
If n,n' € ¢, the argument is the same, replacing m by m/. If n € c and n’ € ¢, then

d(n’,n) =d(n,n") <d(n,m)+d(m,m’) + d(m’,n’)
<e/2+d(m,m')+¢/2 =d(m,m') +e.
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Definition 4.3 [Isometric Markov processes] Given two metrized MPs (M;, d;),
where M; = (M;,%;,0;) for i = 1,2, an isometry from M; to Mz is a map
f : M1 — Ms> such that for arbitrary m,n € M,

di(m,n) = da(f(m), f(n)).

Now we introduce the metrized Aumann algebras. Despite their name, the metrized
AAs are not directly equipped with a pseudometric structure, but with a concept of
metric diameter. Later we will prove that the metric diameter can indeed define a
pseudometric.

Definition 4.4 [Metrized Aumann algebra] A metrized Aumann algebra is a tuple
(A, | [), where A = (A, —, L, {F},cq,, <) is an Aumann algebra and | | : A — [0, 1]
is a metric diameter on A, which is a map satisfying, for arbitrary a,b € A and
ultrafilter u, the following properties

(A1) [L] = 0;

(A2) if a < b, then |a] < |b];

(A3) ifaAb# L, then |aVb| < la| + |b];
(A4) inf{|a| | a € u} = 0.

Definition 4.5 [Isometric Aumann Algebras| Given two metrizable Aumann Alge-
bras (A;, | |;) for i = 1,2, an isometry from A; to Ay is a map f : A} — Ag such
that for any a € Ay,

laly = [f(a)l2-

We can now extend the duality results presented in the previous section to include
the metric structure.

Consider a metrizable MP (M, d), where M = (M, A, 0). As before, let A(M) be
the AA constructed from M. We extend this construction so that A(M) becomes a
metrized AA. For arbitrary a € A, let

lalqg = sup{d(m, n) | m,n € a},

under the assumption that sup @ = 0.

Lemma 4.6 (A(M),| |4) is a metrized Aumann Algebra.

Proof. (Al) |L|; = 0 follows from the assumption that sup @ = 0.
(A2) If ¢; C cg, then sup{d(m,n) | m,n € c1} <sup{d(m,n) | m,n € ca}.

(A3) Suppose that ¢; Ncg # @. Let z € c;Nea, © € ¢1 and y € ca. Then, the triangle
inequality for d guarantees that

d(z,y) < d(z,z)+d(z,y) < sup{d(z,z2) | z,z € c1}+sup{d(z,9) | z,y € ca} = |c1]+|eal.
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Consequently, sup{d(z,y) | z € c1,y € c2} < |e1] + |c2| and similarly,
sup{d(y,z) | x € c1,y € c2} < |e1| + [co. Since

lc1 U ca] = max{|e1], |ca|, sup{d(z,y) | © € c1,y € ca},sup{d(z,y) | = € ca,y € c1}},
[c1Uca| < er] + [eal.

(A4) Using the notation of the previous duality theorem 3.6, we know that for any
ultrafilter u of A(M) and any clopen ¢ € A, we have that

a Hu) € ciff ¢ € u.

Then, inf{|c|q | ¢ € u} = inf{|c|q | a7 (u) € c}.

Since a is a bijection, a~!(u) € M and |¢|g = sup{d(n,n’) | n,n’ € c}, using (M)
we obtain

inf d(n,n') | n,n’ € ¢} =0,
cendlsg o0 [l € )

therefore inf{|c|q | c € u} = 0. O

Consider a metrizable AA (A, | |) and, as before, let M[(A) be the MP constructed
from A. We extend this construction so that M(A) will become a metrizable MP.

For arbitrary ultrafilters u, v of A, let

o) |(u,v) = inf{|a| | a € uNv}.
Lemma 4.7 (M(A), 4| |) is a metrized MP.

Proof. First, we prove that | | is a pseudometric over the space of ultrafilters.
From (A4) we can simply infer that 6| |(u,u) = 0, while the symmetry of §; | follows
from the definition.

We now prove the triangle inequality: let u, v, w be three arbitrary ultrafilters. Let
ac€uNu,beunwand ¢ € wNw. Obviously bUc € uNw. Then,

inf |a] <|bUc|.
acuMv
Since bN ¢ # &, using (A3) we get |b U c| < |b| + |c| which guarantees that for any
beuNw and any ¢ € wNw,
inf |a| < [0] + |¢],
acunv

implying

inf |a|] < inf |b|+ inf |c|.
acuNv beuNw ccwNu

Hence,
o (u,v) <0 |(u, w) + 6| |(w, v)
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which proves that J| | is a pseudometric.

It remains to verify (M). Since from theorem 3.6 we know that a € u iff u € 3(a),
(M) follows directly from (A4). O

Finally, we extend the representation theorem 3.6 to include the metric structure.
Essentially, we show that the isomorphisms « and 8 of the duality theorem are
isometries.

Theorem 4.8 (The metric duality theorem) (i) Any metrizable countable
Aumann algebra (A,| |) is isomorphic to (A(M(A)),| |5 ) via the map
B:A— AM(A)) defined by

Ba) = {u € supp(M(A)) | a € u} = (a).

Moreover, B is an isometry of metrizable Aumann algebras, i.e., for arbitrary
a€A,

la| = ’ﬁ(a)’tﬂ I
(ii) Any metrizable Stone Markov process (M,d), where M = (M, A, 0) is homeo-
morphic to (M(A(M)), 6 |,) via the map o : M — M(A(M)) defined by
am)={Aec A|me A}

Moreover, « is an isometry of MPs, i.e., for arbitrary m,n € M,

d(m,n) = | |d(a(m),a(n)).

Proof. We only need to prove the two isometries.
(i). The isometry of AAs. We need to prove that [a| = [B(a)ls, |-

Observe that

1B(a)ls, | = sup O |(u,v) = sup inf |d].
u,vEP(a) u,vEPB(a) ¥ EUNW

Since ((a) is the set of all ultrafilters containing a, a’ quantifies over all elements
that belong to the intersection of all ultrafilters containing a. But this intersection
is nothing else but the principal filter T a of a. Hence, the previous equality became

B(a)ls | = inf |d'|.

a’Eta
Now the monotonicity stated by (A2) guarantees that

inf |a'| = lal.
a’€ta

(ii). The isometries of MPs. We need to prove that d(m,n) = §| |,(a(m), a(n)).
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From Lemma 4.2(ii) we know that

d = inf .
(m7 n) cG.Al,Eam,n ‘c’d

From Theorem 3.6 we also know that
m,n € ciff c € a(m) Na(n).
Consequently,
d(m,n) = inf{[c|q | c € a(m) Na(n)} = 6| |, (a(m),a(n)).

d

We have claimed earlier that the metric diameter on an Aumann algebra induces a
pseudometric. We now demonstrate this.

Let (A, | |) be a metrized AA. For arbitrary a,b € A and € > 0, let
B.(b) = J{BM) |V € A V/| <e,bAY # L},

Intuitively, B:(b) is a ball that contains all ultrafilters that are at distance at most
¢ from some ultrafilter containing b. This definition allows us to define a natural
distance on A by

dj ((a,b) = inf{e > 0 | B:(b) 2 B(a) and B:(a) 2 B(b)}.

Intuitively, if in the light of the duality we think of the elements of A as sets of
ultrafilters, then the previous distance is just the Hausdorff pseudometric of the
distance between ultrafilters.

To prove that the previous construction is not void, we show in the next lemma that
for any non-zero element a € A the ball B.(a) is not empty for any e.

Lemma 4.9 Ifa # L, then for any e > 0 there exists a’ # 1 such that a ANa' # L
and |d'| < e.

Proof. Since a # 1, there exists an ultrafilter v such that a € u. For any other
a' € u, anad € u, hence aNa’ # L. Moreover, using (A4) there exists a’ € u such
that |d/| <e. O

Now we prove that d| | is indeed a pseudometric: it is the Hausdorff pseudometric of
the pseudometric 4| | on ultrafilters.

Lemma 4.10 The function d| | previously defined on the support set of a metrizable
Aumann Algebra is a pseudometric. Moreover,

d (a,b) = max{ sup inf O, (u,v), sup inf ¢ ((v,u)}.
1@5) {ue,ﬁ(a)veﬁ(b) [1(8:) u€B(a) vEB(D) 1w}
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We omit the proof, which is not completely trivial, from this abstract.

4.1 Metric Duality in Categorical Form

We present the previous results in a more categorical format. The categories of
metrized Aumann algebras (MIAA) and metrized Markov processes (MMP) are
defined as follows.

The objects of M A A are metrized AAs and their morphisms are expansive morphisms
of AAs, i.e., morphisms f : Ay — Ay of AAs such that for any a € Aj,

lal1 < [f(a)l2-

The objects of MMP are metrized MPs and their morphisms are non-expansive
morphisms of MPs, i.e., morphisms f : M; — My of SMPs such that for any
m,n € My,

di(m,n) > dy(f(m), f(n)).

We define contravariant functors A : MMP — MAA°P and M : MAA — MMP°P.
The functor A on an object M produces the Aumann algebra A(M) defined in
Theorem 3.5. On arrows f : M — N we define A(f) = f~1: AN) — A(M). We
have previously proved that this is an Aumann algebra homomorphism. To see that
it is also expansive, consider a morphism f : M — A such that for any m,n € M,

Observe that for arbitrary a € A(N),
lalagv) = lalay and [f 7 (@) agmy = 1F 7 (@)lay,

and in this context the previous inequality guarantees that
-1
lalaovy < 177 (@)]am)-

The functor M : MAA — MMP*°P on an object A gives the Stone-Markov process
M(A) defined in Theorem 3.4. On morphisms h : A — B, it maps ultrafilters to
ultrafilters by M(h) = h=! : M(B) — M(A); that is,

M(h)(u) = h~ (u) = {A € Ay | h(A) € u}.

Another way to view M(h) is by composition, recalling that an ultrafilter can be
identified with a homomorphism @ : A — 2 by u = {a | w(a) = 1}. In this view,

M(h)(@) =T o h,

where o denotes function composition.

228



Kozen, Mardare, and Panangaden

We have proven in our previous paper [15] that this is a morphism of SMPs.
That it is also non-expansive can be demonstrated as follows.

Let h : A — B be a morphism such that for arbitrary a € A,

lala < f(a)ls.

Using the previous results it is not difficult to verify that for arbitrary ultrafilters
u,v of B,
(5| |B(u,v) > (5| |A(h_1(u), h_l(v)).

And since

8 15 (1, v) = Spae) (u, ) and &) |, (B~ (u), ™ (v)) = Sprcay (R~ (w), ™' (),
We obtain that M(h) is non-expansive.

Theorem 4.11 The functors Ml and A define a dual equivalence of categories.

A
—
MMP MAA°P

-~
M

5 Conclusions

We have extended the duality theory of [15] to a quantitative setting. It is important
to note that the conditions we have imposed on the pseudometric relate the topology
of the Markov process to the pseudometric topology. This can be seen from the
fact that the pseudometric topology is refined by the Stone topology. We have
defined our Stone Markov processes to be Hausdorff spaces, which was necessary for
the duality theory. In effect, this means that the clopens separate points; in other
words, one cannot have two states that satisfy exactly the same formulas. In view of
the logical characterization of bisimulation, this implies that no two distinct states
are bisimilar; that is, the process is already minimal with respect to bisimulation.
If we look at a broader class of Markov processes, then we would have possibly
nontrivial bisimulations on the space. The Stone Markov processes would be a
reflective subcategory with the reflector sending each Markov process to a version
of the process with all the bisimulation equivalence classes collapsed to point; this
would be a Stone Markov process. How does the topology on a Stone Markov process
“know” about the transition structure? Note that the base of clopens is required
to be closed under the F;. operations, which are defined in terms of the transition
function.

The only work of which we are aware similar to this is a paper by Banaschewski and
Pultr [2] called “A Stone duality for metric spaces.” They are not working with
Markov processes, so there is nothing like the Aumann algebra structure there. They
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gave us the idea of using a metric diameter, but their axiomatization is different and
the proofs that we developed do not resemble theirs.

The main impact of this work is to put quantitative reasoning about Markov processes
on a firmer footing. It has been over a decade since metric analogues of bisimulation
were developed, but they have not had the impact that they might have had. One
reason is that with ordinary logical reasoning, one has a clear understanding of
what completeness means, thus users of these logics have a good understanding
of the power of the principles they are using. What does completeness mean for
metric reasoning and approximate reasoning in general? The standard Stone-type
duality theorem captures the concept of completeness; it is our hope that the
present work will pave the way towards a similar understanding of approximate
reasoning principles. There is much to be done, however. In a previous paper [17]
we began investigating the relationship between the logic and metrics on Markov
processes. The results of the present paper could perhaps strengthen and deepen
these preliminary results.

Acknowledgments

Panangaden’s research was supported by an NSERC grant. Mardare’s research
was supported by VKR Center of Excellence MT-LAB and by the Sino-Danish
Basic Research Center IDEA4CPS. Kozen’s research was supported by the National
Security Agency.

References

[1] Robert Aumann. Interactive epistemology II: probability. International Journal of Game Theory,
28:301-314, 1999.

[2] B. Banaschewski and A. Pultr. Stone duality for metric spaces. In R. A. G. Seely, editor, Category
Theory 1991, volume 13 of CMS Conference Proceedings, pages 33-42. CMS, 1991.

[3] M. M. Bonsangue and A. Kurz. Duality for logics of transition systems. In FoSSaCS, pages 455469,
2005.

[4] Luca Cardelli, Kim G. Larsen, and Radu Mardare. Continuous markovian logic - from complete
axiomatization to the metric space of formulas. In CSL, pages 144-158, 2011.

[5] J. Desharnais, A. Edalat, and P. Panangaden. A logical characterization of bisimulation for labelled
Markov processes. In proceedings of the 13th IEEE Symposium On Logic In Computer Science,
Indianapolis, pages 478-489. IEEE Press, June 1998.

[6] J. Desharnais, A. Edalat, and P. Panangaden. Bisimulation for labeled Markov processes. Information
and Computation, 179(2):163-193, Dec 2002.

[7] J. Desharnais, V. Gupta, R. Jagadeesan, and P. Panangaden. Metrics for labeled Markov systems. In
Proceedings of CONCUR99, number 1664 in Lecture Notes in Computer Science. Springer-Verlag, 1999.

[8] Josée Desharnais, Vineet Gupta, Radhakrishnan Jagadeesan, and Prakash Panangaden. A metric for
labelled Markov processes. Theoretical Computer Science, 318(3):323-354, June 2004.

[9] E.-E. Doberkat. Stochastic Relations. Foundations for Markov Transition Systems. Chapman and Hall,
New York, 2007.

230



Kozen, Mardare, and Panangaden

[10] R. Fagin and J. Y. Halpern. Reasoning about knowledge and probability. Journal of the ACM,
41(2):340-367, 1994.

[11] A. Giacalone, C. Jou, and S. Smolka. Algebraic reasoning for probabilistic concurrent systems. In
Proceedings of the Working Conference on Programming Concepts and Methods, IFIP TC2, 1990.

[12] R. Goldblatt. Deduction systems for coalgebras over measurable spaces. Journal of Logic and
Computation, 20(5):1069-1100, 2010.

[13] Aviad Heifetz and Philippe Mongin. Probability logic for type spaces. Games and Economic Behavior,
35(1-2):31-53, April 2001.

[14] D. Kozen. A probabilistic PDL. Journal of Computer and Systems Sciences, 30(2):162-178, 1985.

[15] Dexter Kozen, Kim G. Larsen, Radu Mardare, and Prakash Panangaden. Stone duality for Markov
processes. In Proceedings of the 28th Annual IEEE Symposium On Logic In Computer Science. IEEE
Press, 2013.

[16] K. G. Larsen and A. Skou. Bisimulation through probablistic testing. Information and Computation,
94:1-28, 1991.

[17] Kim G. Larsen, Radu Mardare, and Prakash Panangaden. Taking it to the limit: Approximate reasoning
for markov processes. In Proceedings of the 37th International Symposium on the Mathematical
Foundations of Computer Science, volume 7464 of Lecture Notes In Computer Science, pages 681-692,
2012.

(18] Radu Mardare, Luca Cardelli, and Kim G. Larsen. Continuous markovian logics - axiomatization and
quantified metatheory. Logical Methods in Computer Science, 8(4), 2012.

[19] M. Mislove, J. Ouaknine, D. Pavlovic, and J. Worrell. Duality for labelled Markov processes. In
1. Walukiewicz, editor, Foundations of Software Science and Computation Structures, FOSSACS,
volume 2987 of Lecture Notes In Computer Science, pages 393—407, 2004.

[20] Prakash Panangaden. Labelled Markov Processes. Imperial College Press, 2009.
[21] G. D. Plotkin. Lecture notes on domain theory. Available from his home page as The Pisa Notes, 1983.

[22] Gordon D. Plotkin. Dijkstra’s predicate transformers and Smyth’s power domains. In Abstract Software
Specifications, volume 86 of Lecture Notes in Computer Science, pages 527-553. Springer, 1979.

[23] M. Smyth. Powerdomains and predicate transformers. In J. Diaz, editor, Proceedings of the International
Colloquium On Automata Languages And Programming, pages 662—676. Springer-Verlag, 1983. Lecture
Notes In Computer Science 154.

[24] Franck van Breugel and James Worrell. An algorithm for quantitative verification of probabilistic
systems. In K. G. Larsen and M. Nielsen, editors, Proceedings of the Twelfth International Conference
on Concurrency Theory - CONCUR’01, number 2154 in Lecture Notes In Computer Science, pages
336-350. Springer-Verlag, 2001.

[25] Franck van Breugel and James Worrell. Towards quantitative verification of probabilistic systems. In
Proceedings of the Twenty-eighth International Colloguium on Automata, Languages and Programming.
Springer-Verlag, July 2001.

[26] C. Zhou. A complete deductive system for probability logic with application to Harsanyi type spaces.
PhD thesis, Indiana University, 2007.

231



Lasson

Canonicity of Weak w-Groupoid Laws
Using Parametricity Theory

Marc Lasson

INRIA Paris-Rocquencourt, PiR2, Univ Paris Diderot, Sorbonne Paris Cité
F-78153 Le Chesnay France

Abstract
‘We show that terms witnessing a groupoid law from the w-groupoid structure of types are all propositionally

equal. Our proof reduce this problem to the unicity of the canonical point in the n-th loop space and conclude
using Bernardy’s parametricity theory for dependent types.
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1 Introduction

The synthetic approach to weak w-groupoids promoted by the univalent foundation
program [8] is the idea that (homotopy) type theory should be the primitive language
in which spaces, points, paths, homotopies are derived. Following this approach,
spaces are represented by types, points by inhabitants and paths by equalities be-
tween points (also known as identity types) and algebraic properties of these objects
should not be enforced a priori (for instance by axioms) but should be derived di-
rectly from the language. To justify the synthetic approach, one should prove the
canonicity of each definition, in the sense that no important choice should be made
by choosing a particular implementation of a definition over another.

Garner, van den Berg [9] and Lumsdsaine [5] independently showed that in type
theory, each type can be equipped with a structure of weak w-groupoids. For this,
they show that a minimal fragment of Martin-Lof type theory, where identity types
are the only allowed type constructors, bears a weak w-category structure. In-
formally, these results state the possibility to express algebraic properties of weak
w-groupoids as types and in each case to find a canonical inhabitant of these types
reflecting the fact that the property holds. Identities, inversion and concatenation of

1 Email: marc.lasson@inria.fr
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path, associativities, involution of inversion, horizontal and vertical compositions of
2-paths, are all examples of groupoid laws. The canonicity of witnesses of groupoid
laws here means there is a path between any two inhabitants of the law witnessing
their equality, but also that this path should be canonical: there should be a path
between any two paths between two inhabitants of the same law, and so on ... This
canonicity is already a known fact within the fragment. The main result of this
article is to extend the canonicity to the whole Martin-Lof type theory.

In this work, we follow a syntactic approach inspired by Brunerie [3] to formalize
the notion of groupoid law. We call groupoid law any closed type VI'.c such that
the sequent I' - ¢ : Type is derivable in the minimal fragment and such that the
context [ is contractible. A contractible context is a context of the following shape:
A:Type,a: A,z : Cryy1 - My =x1,...,20 : Cn,yn : M, = x, where x; does not
occur in M;. The shape of these contexts is stable by path-induction, which allows
to find an inhabitant of any groupoid law by successive path inductions. We show
that this inhabitant is canonical, even outside of the fragment.

The main idea of the proof is to use successive path inductions to reduce the
problem of the uniqueness of inhabitants of a given groupoid law to the uniqueness
of the canonical point inhabiting a parametric loop space. Given a base type A and
a point a : A, the n-th loop space and its canonical point are inductively defined by:

Qo(A4,a) :=A wo(A,a) :=a
Qnt1(4,a) == Qp(a =a,1,) wnt1(A,a) = wp(a=a,l,)

where 1, : a = a denotes the reflexivity. Thus for any integer n, VX : Type,x :
X.Q,(X,z) is a groupoid law inhabited by AX : Type,z : X.w,(X,z) (note that
using one universe, it is possible to internalize the quantification over n; everything
that we state here will be true whether or not this is used). We call this groupoid
law the n-th parametric loop space.

The 0-th parametric loop space, is the polymorphic type VX : Type.X — X
of identity functions, and its canonical inhabitant is AX : Type,z : X.z, ie. the
identity function. This term is the only one up to function extensionality inhabiting
its type. The standard tool to prove this kind of properties is by using Reynold’s
parametricity theory [7| which was introduced to study the behavior of type quan-
tifications within polymorphic A-calculus (a.k.a. System F). It refers to the concept
that well-typed programs cannot inspect types; they must behave uniformly with
respect to abstract types. Reynolds formalizes this notion by showing that poly-
morphic programs satisfy the so-called logical relations defined by induction on the
structure of types. This tool has been extended by Bernardy et al. [2| to depen-
dent type systems. It provides a uniform translation of terms, types and contexts
preserving typing (the so-called abstraction theorem). In its unary version (the only
needed for this work), logical relations are defined by associating to any well-formed
type A : Type a predicate [A] : A — Type and to any inhabitant M : A a witness
[M] : [A] M that the M satisfies the predicate. This translation may be extended
to cope with identity types by setting [a = 0] : a = b — Type to be the predicate
Ap : a = b.p.([a]) = [b] where p. is the transport along p of the predicate gener-
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ated by the common type of @ and b. Then, it is easy -although quite verbose- to
find a translation of introduction and elimination rules of identity types as well as
checking that these translations preserve computation rules. This allows to extend
Bernardy’s abstraction theorem to identity types. Using this framework, we are
able to generalize the uniqueness property of the polymorphic identity type to any
parametric loop space. The proof proceed by induction on the index of the loop
space and uses algebraic properties of transport.

Outline of the paper.

In Section 2, we introduce the type theoretical setting that is used in the article.
Section 3 is devoted to the proof that Bernardy’s parametricity may be extended to
cope with identity types. In Section 4, we use this translation to prove the canonicity
result for loop spaces; we prove that all inhabitants of parametric loop spaces are
propositionally equal (Theorem 4.3). In Section 5, we introduce the fragment MLID
of type theory to define our notion of groupoid laws and we show that the result of
Section 4 may be generalized to all groupoid laws (Theorem 5.6). Finally Section 6
is devoted to various discussions.

2 Presentation of the syntax

We give a presentation of Martin-Lof type theory with identity types and universes
which is close to the syntax of pure type systems [1] in order to reuse the para-
metricity theory presented in [2]. In this framework, computation rules are treated
in an untyped way and subtyping of universes is achieved using Luo’s cumulativity
relation introduced for the extended calculus of constructions [6]. The reader may
be more used to judgemental presentations of type theory where each computation
steps are checked to be well-typed. This is just a matter of presentation; all the
material presented here could be adapted without much effort to suit type systems
using a judgemental equality. Also, the use of cumulativity is not really needed but
makes our results more general and closer to implementations such as coq.

The terms of the system are given by the following grammar:

A,B,C,M,N,UV:= « | (MN) | Xt:AM | Vz:AB | Type;
‘ M =4 N ‘ 1]?4 ’ JVI:C,y:M:x.A(BaUav)

where universes Type; are indexed by ¢ € N. Variables are considered up to a-
conversion and we write M[N/z] to denote the term obtained by substituting all
free occurrences of x in M by N. To ease the reading of terms, we allow ourselves
to omit some typing annotations when they could be guessed from the context (in
particular M = N, 1,, and J(B,U, V') will be used often in this text).

The grammar of terms is obtained by adding to the syntax of pure type systems:

¢ The type constructor M =4 N for forming identity types,
¢ The introduction rule for identity types, 1]\047 to witness the reflexivity M =¢ M,
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* The elimination rule (also known as “path-induction”) Jvu.cy:m=z.4(B,U,V).
Given any dependent type A(z,y) which depends on a point x and a path y
from a base point M to z, given a witness for A(M,1,,) (the base case of the
induction), given a point U and a path V', the path-induction provides an in-
habitant of A(U, V). This formulation of path-induction, due to Paulin-Mohring
(also called based path induction), is equivalent to the other version where A is
parametrized by two points and a path between them.

We use the symbol = to denote the syntactic equality (up to a-conversion)
between terms. The conversion between terms will be denoted by M =g N, it is de-
fined as the smallest congruence containing the usual S-reduction (Azx : A.M) N =4
M[N/z] and the computation rule for identity types: Jvg.cy:m=z,a.p(N, M, 15\’}) =3
N. And the cumulativity order is defined as the smallest partial order < compatible
with =g and satisfying for 7 < j:

Vay: Ay, a2 A Type; S Vop 0 Ay, ey T An.Typej

Like in the extended calculus of constructions, the cumulativity rule is not fully
contravariant with respect to the domain of functions (A’ x A and B < B’ does
not imply Va : A.B < Va : A’.B’) otherwise it would break the decidability of
type checking. Contexts are finite lists of the form xy : Ay, -+ ,x, : A, mapping
a variable to its type. The rules of the type system are given in Figure 1. As we
follow standard lines, we do not develop in details the metatheory of the system.

The non-dependent version of path-induction is called transport and is defined
by

P*JC:C-X (M) = JVI;C,y:U:x.X(M7 v, P)

where y does not occur in X. It is often used to coerce between type families: given
a type family X : C — Type;, a path P : U =V between two points U,V : C, and a
term M in X U, the transport P,%C% (M) of M along P inhabits X V. It satisfies
the following derivable rule :

[yz:CF X :Type; '-P:U=cV 't M: X[U/x]

L+ P"CY (M) : X[V/z]
TRANSPORT
We sometimes also omit the type family when it can be guessed from the context.
The computation rule tells us that transporting along a reflexivity is same as doing
nothing : 1, (M) =5 M.

3 Extending Relational Parametricity to Identity types

In this section, we explain how to extend Bernardy’s parametricity translation below
to primitive identity types. Then we prove that this extension preserves typing (The-
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I' wf I'= B : Type;

() wf I'z:Bwf
WF-EMPTY WF

I wf I wf (x:A) el

'k Type; : Type; 4 I'Fz:A
UNIV VARIABLES

Iz:AFM:B I'-M:Vx:AB 'EN:A
'EXz:AM:Vx:AB ' (MN): B[N/x|
ABSTRACTION APPLICATION

!/

PFM:A  TFA:Type 4 'HA:Type;  Thxz:AF B:Type;

T-M:A S I'=Vz: AB: Type;
CONVERSION PRODUCT
r-M:cC r-nN:C I'=C: Type; r-mM:cC
L' M =c N : Type, Fe1§,:M=cM
IDENTITY REFLEXIVITY
'-M:C r-uv:c

Nx:C,y: M =xtF P:Type FI—B:P[M/:L‘,I%/y] rrv.mMm=U
I JVa::C,y:M:x.P(B, U, V) : P[U/l‘, V/y]
PATH-INDUCTION

Fig. 1. Type theory with identity types (MLTT).

orem 3.2).

[Vx:AB]=Af:Vax: ABNVz: Ajzg:x € [A].(fz) € [B]
[Type;] = Az : Type;.x — Type;
[Ae: AM]=Xx: Axg:x e [A].[M]
[M N] = [M] N [N]
[z] = 2R
where M € [A] simply stands as a notation for [A] M (it makes formulas a bit easier
to read). As said in the introduction, the predicate generated by an identity type

M =¢ N is defined by the type family over M =¢ N selecting paths transporting
[M] to [N]:

[[M:CN]] : M:CN—>Type
[M =c N]=Xp: M =¢ N.p." <N ([M]) =1¢q n [N]

Thanks to the computational rule
15 € [M =c M] =5 1§, 7"VN(M]) =pregey M1 =5 [M] =nrefey [M]

the translation [1§,] : 1§, € [M =¢ M] of reflexivity is a reflexivity: [15,] =

16\]4\/[61][[0}]. And finally, the elimination rule is translated in terms of nested path-
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inductions:

[[JV:U:C,y:M:z_P(B, U, V)]] =
vaR:Ue[[C]],yR:V*([[M]])=xR.Jw;c,y;M:x_p(B,U,V)euP]] [U/2,V/y]
(vaC’yM:xJVzC,yl\/I:zP(vazy)e[[P]] [y*(IIMH)/xR’ly*([[N[]])/yR] ([[B]]’ U? V)? [[U]]7 [[V]:I)

The translation of the predicate of path inductions are quite verbose and make the
translation hard to read. However if we ignore the annotation, we see that the
translation [J(B,U, V)] = J(J([B],U,V),[U], [V]) is simply a duplication of path
induction which should be compared to the duplication in abstractions and applica-
tions. We can check that this translation behaves well with respect to substitution
and conversion :

Lemma 3.1 (Substitution and conversion lemma) We have :
(i) [M[N/a]] = [M][N/=, [N]/xR],
(ii) If M =g M’, then [M] =5 [M'].
(iii) If M < M', then [M] < [M'].
Proof. The proof of (i) is a routine proof by induction on M. And (iii) is a rather

direct consequence of (ii). To prove (ii), we only do here the only check that is not
in Bernardy’s translation :

[3(N. M, 15,)] = JI(IN], M, 15), [M]. [15])
= J(J([N], M, 1§)), [M], 17251

]
=5 J(IVT, [M], 11EL)

=5 [N] O
Now we can check that this extension preserve typing :

Theorem 3.2 (Abstraction) IfT'+ M : A, then

{HP]]I—M:A (a)
[TT - [M]: M € [A] (b)

moreover if I' wf then [I'] wf (c).

Proof. The abstraction theorem is proved by induction on derivations. In each

cases, proving the statement (a) is straightforward. Since the treatment of other

rules is now standard, we only deal here with the rules concerning identity types.

Even though we do not detailed it here, the treatment of CONVERSION uses previous

lemma.

e IDENTITY: The induction hypothesis gives us [['] + [M] : M € [C] (1), [T] +
[N]: N €[C] (2) and [I'],z : C F x € [C] : Type; (3). Using TRANSPORT we
derive from (1) and (3), that [[],p : M =¢ N + p, "C*€C ([M]) : N e [C].
Then, using IDENTITY and (2) we build a derivation for [I'],p : M =¢ N F
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P TS (M) =ne[c] [N] and finally we conclude [I'] - [M =¢ N]: M =¢
N — Type; with ABSTRACTION.

REFLEXIVITY: By induction hypothesis, we have [I'] - [M] : M € [C] (1). Using

(1) we can check that [I'] 1%/[6]]&0]] : [M]] =neqep [M] which is convertible to

[0] - 135 15, (IM]) =pregey [M]- So, we conclude [T - [15] : 1§, € [CT.

PATH-INDUCTION: The induction hypothesis for (b) are :

[T] - [M]: M e [C] (1) [C,z:Chy: M=a]F[P]: P — Type, (2)
[T]+[B]: B € [P[M/,15;/y]] (3) [IT-UT:-UelC] (4)
LI [V]:VelM=U] (5

and the induction hypothesis for (a) are :

[T]+=M:C (6) [T,x:C,y: M =x]F P:Type; (7)
[T1+ B: P[M/2,15;/y] (8) [[IFU:C (9)
[CIFV:M=U (10)

Let T be the following term :

Iy =2 3(B.2)elPlly. (IMD) /21, gy, /98] ([BL U V)
First, we have to typecheck T by showing that

[CIET:3(B,UV) € [Plly(IM])/xr, 1y, qaryy/yr, U/, VYl (%)

which means, using PATH-INDUCTION, checking :
- The predicate is well-formed :

[[F]],{B :Cy: M=zt J(B7x7y) S [[P]][y*([[M]])/wRa 1y*([[M]])/yR] : Type
This is obtained by substituting zr and yg in (2) using a derivation of
[T],z:Cy: M =zt y([M]) : z € [C]

and of [I'],z: C,y : M =z + L. qmp y«([M]) = y«([M]) which are easily
derived from (1) and by applying [I'],z : C,y : M =z + J(B,z,y) : P to the
substituted derivation.

- The arguments are correct : We derive

[C1+1B1: 3(B, M, 1) € [Plly«(IM1)/ xR, 1y, (pary) /s M/, 1ar /Y]

by noticing using computation rules that :

J(B,M, 1M) € [[P]][y*([[M]])/xR?1y*([[M}])/yR7M/x7 1M/y}
=3 B € [P][M/z,[M]/xr,15/y,1,, )/ YR]
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and therefore CONVERSION and (3) allow us to conclude. Finally, we have to
check that target point and path are correct ie. [ U :Cand [[JFV : M =
U which are given by (9) and (10).

Let K be the following term:

T g UelClyr:Ve (IMD =21 Ivacyrt—o.p (BUV)EPIU /vy (Ts [UT, [V])

We now want to check that : [I'] - K : Jyp.cy:m=o.p(B,U, V) € [PlU/x,V/yl]
using PATH-INDUCTION, we have to show that :
- The predicate is well-formed :

[F]],.%‘R U € [[C']],yR : V*([M]]) =xp bk
Jve:cy:m=2.p(B,U, V) € [P][U/x,V/y] : Type;

which is obtained by substituting = and y in (2) using (9) and (10) and by ap-
plying [I'] - Jva.c,y:vi=2.p (B, U, V) : P[U/x,V/y] to the substituted derivation.
- The arguments are correct : We use (*) for type checking T and we use (4) and
(5) for type checking [U] and [V]. 0

4 Canonicity in parametric loop spaces

The goal of this section is to prove Theorem 4.3. The following lemma is needed
to perform the main induction in Lemma 4.2. The proofs terms are described in
a semi-formal style for reading purpose, they could be easily constructed from the
prose. However, as a consequence of Thereom 4.3, the precise shape of these terms
is not important. In this section, we use p+*¢ and p~! to denote respectively the
concatenation of paths and the inverse.

Lemma 4.1 Let P : A — Type be a type family and u : Pa for some a : A and
assume we have ¢ : ¥z : A.Px — a = x. Then, for allp : a = a such that p.(u) = u,
we have 1 = p.

Proof. By applying the functorial action of path on p,.(u) = u using ¢, we obtain a
two dimensional path ¢, (p.«(u)) = ¢4(u) and by the naturality of transport (Lemma
2.3.11in [8]), we obtain a path p.(¢a(u)) = ¢q(u). The left-hand side path p.(¢q(u))
is transport over an identity type, we therefore have p.(¢q(u)) = ¢q(u) = p and
therefore ¢q(u) *p = ¢o(u). So, we conclude 1 = p by cancelling by ¢,(u) and by
symmetry. O

Here is the main induction which allows us to derive Theorem 4.3:

Lemma 4.2 Let A, P, a, u and ¢ defined as in previous lemma. Then for all n-
dimensional loop p : Q,(A,a), the type family [Q,](A, P,a,u) : Q,(A,a) — Type
satisfies : Vp : Qn(A, a).[Q.](A, Pya,u) p = wy(A,a) = p.

Proof. By induction on n, the base case is exactly witness by ¢. For the inductive
step, we need to prove Vp : Qu4+1(4,a).p € [Qni1](A, Pya,u) = wypi1(A,ja) = p
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which is convertible to :
Vp: Qula=a,1l)pe[Q](a=a,Aqg:a=aqg.(uv)=u1,1) 5> wy(a=a,l)=p

We may therefore apply the induction hypothesis by providing a proof that Vq : a =
a.qx(u) = u — 1 = ¢ which is given by previous lemma. O

We can deduce :

Theorem 4.3 (Canonicity for loop spaces) If- M : VA : Type,a : A.Q,(A4,a)
then there is a term 7 such that b= 7 : VA : Type,a: Awp(A,a) = M Aa.

Proof. The abstraction theorem gives us a proof [M] that VA : Type, Agp : A —
Type,a : A ag : Ara.(M Aa) € [Q,](A, Ar,a,a,) by instantiating Ar with Az :
A.a = x we can conclude by applying previous lemma. a

Note that as a corollary, the proof 7 is unique up to propositional equality (and so
on). If we have two such proofs 7 and 7/ then (7 A a)+(7' Aa)~! is of type wn (A, a) =
wn (A, a) which is Q,41(A, a). Therefore, by applying the previous theorem we obtain
aproof of (mr Aa)+(n’ Aa)™! = w,y1(A, a) whichis also (7 Aa)+(7’ Aa)~! = L, (A
Therefore we conclude (1 Aa) = (7' Aa).

5 Groupoid laws

In this section, we start by describing a fragment MLID of the previous type sys-
tem MLTT. This sub-system is used to characterise groupoid laws. Informally, it is
obtained from MLTT by removing the rules ABSTRACTION, APPLICATION and UNI-
VERSES and by restricting valid sequents to the contractible contexts defined in the
introduction. In the absence of function spaces, the rule PATH-INDUCTION has to
be strengthened in order to be able to make a path induction along a path which is
not the last one of the context. Therefore, we need to extend the grammar of terms
in MLID with terms of the shape Jy,.cy:m—z.a.p(B,U, V,W) where A is a context
and where the vectorial notation W denotes a tuple (W7, ..., W,,) of terms.

The typing rules are given in Figure 2. Formally a context I' is said to be con-
tractible if I' contr is derivable; the reader should notice that all contexts occurring
in derivations of MLID are contractible. In the typing rules, we write ' - W : A
to denote the conjunction for k = 1,--- ;n of ' b Wi[A1/y1,- -, Ak—1/yk—1] : Ak
when A is of the shape y; : A1, -+ ,yn : Ay. Moreover, [IW/A] denotes the iterated
substitution [W1/y1, -+, WalA1/y1, , An—1/Yn—1]/Yn]-

In order to embed MLID into MLTT, we translate extended path inductions into
normal ones according to the following translation :

%
JVm:C,y:M::p,A.P(-B, U, V, W) =
AT A (Jvpcym—avap(Ar : A[M/2,15;/y].B,U,V) @)
where I/ : A means that yi,--- ,y, are the variables assigned in A, and where

VA, AA, and (J ?) denote respectively iterated products, abstractions and appli-
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I' contr I' g B : Typeg I'bqM: B

A : Typey,z : A contr I'x: B,p: M =p x contr
INIT CONTR
kg M:C I'kg N:C thC:TypeO I'kg M :C
I'Kq M =c N : Type, Dhg 1S, : M =c M
IDENTITY REFLEXIVITY
I" contr (x:A)el g M : A I'kq A" : Type, A= A
T'hqz: A I'kqM: A =
VARIABLE CONVERSION
ke M:C ke U:C
Fx:Ciy: M =x,ARKq P: Type, F'kqV:M=U
%
T, AM/z,1§;/y] ka B : P[M/z,15; /9] Fha W:A

%
T ha Jsscyri—onp(B, U V,W) : PIU/z,V/y, W /A]
EXTENDED-PATH-INDUCTION

Fig. 2. The minimal fragment MLID of type theory with identity types.

cations. It is then straightforward to check that EXTENDED-PATH-INDUCTION is an
admissible rule of MLTT.

Groupoid laws are characterized by a contractible context and a derivable type
in MLID (Figure 3 contains some examples of groupoid laws):

Definition 5.1 [Groupoid law| A groupoid law is a term of the shape VI'.C such
that I' 5q C : Typey.

The only groupoid laws in the “initial” contractible context A : Type,a : A are
loop spaces. Since we do not change the base type and the base point of loop
spaces in this section we simply denote by wy, (resp. ) the terms wy(A,a) (resp.
2,(A,a)). Using these notations we have :

Lemma 5.2 If A: Type,a: AKq T : Typey, then
(i) there exists |T| € N such that T =g Qip|,
(ii) moreover, if A:Type,a: Akq W : T then W =5 wp.
Proof. We proceed by induction on the derivation of A : Type,a : Akq T : Typey.
We notice that the only two possible last used rules are IDENTITY and VARIABLE

since Typey does not inhabit Type, it is not possible to invoke EXTENDED-PATH-
INDUCTION nor CONVERSION.

(i) In the VARIABLE case, we necessarily have T' = A and therefore we can conclude
by taking |T'| = 0. In the IDENTITY case, T is of the shape M =¢ N and by
induction hypothesis M =g wc|, N =g w¢| and C =g Q)¢|. So we conclude
by taking |T| = |C| + 1.

(ii) Without loss of generality (MLTT is normalizing) we can assume that W is
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refl:VX : Type,z: X.x ==z sym: VX : Type,z: Xz =y —>y==z
concat : VX : Type,z: X,y: Xax=y—->Vz: Xy=2z—>ax =2
assoc: VX : Type,z: Xjy: X,p:x=y,z2: X,q:y=2,t: X,r:z=1.
concat X z z (concat X zypzq)tr = concat X xypt (concat X yzqtr)
neutral : VX : Type,z: X,y : X,p: 2z =y.(concat X xypy (refl X y)) =p
idem:VX : Type,z: X,y: X,p:z=ysymXyz(symXzyp) =p
horizontal : VX : Type,z: X,y: X,p:x=y,p :z=yp=p —

Vz:X,q:x=2,¢ :x=2q9=q — concat Xxypzq=concat Xxyp 2¢

Fig. 3. Examples of groupoid laws with aliases for canonical inhabitants

in normal form. We proceed by a (nested) induction on the derivation A :

Type,a: Abkq W : T, we treat each possible case (IDENTITY and CONVERSION

are obviously impossible since T' cannot be Type):

* VARIABLE: In this case, we necessarily have W = a and T = A. So we have
|T| =0 and W = wy.

* REFLEXIVITY: In this case, W and T are respectively of the shape 1]\04 and
M =¢ M. By induction hypothesis, we have M =g wj¢|. Therefore |T'| =
|IC]+1 and W =5 wic|41-

* EXTENDED-PATH-INDUCTION: This is in fact an impossible case. We would
have W of the shape Jv,.cy:v=2,a.P(B,U, V, 7) and by induction hypothesis,
we would have M =5 wic| =g U and V' =g w|c|41. Therefore V' is a reflexivity
and so W is not in normal form. a

The previous lemma allow us to find a canonic instantiation of any contractible
context given by :

(A:Type,a: A)t = (4,a)

(T2 Ay s M =c 2)" = (I, wior+/ry), wior+ /1)

The following lemma state that this instantiation is correct :

Lemma 5.3

I' contr implies A: Typeg,a: ARq I : T (1)
[ ka T : Typey implies T[T /T =4 Qe+ (2)
Tr I—id T: Typeo and T’ }'id M:T implz'es M =B w\T[F*/FH (3)

Proof. We proceed by induction on size of derivations in MLID. We prove (1) by
inspecting the last possible rule :

e INITIAL: I is of the shape A : Typey,a : A and 't = (A, a). By using two times
VARIABLE, we check that : (A : Typeg,a: A) Kq (4,a) : (A: Typeg,a : A).

* CONTRACTIBLE: I is of the shape A,z : B,p: M =p x with A Kq B : Type,
and I' g M : B. By induction hypothesis, we have A : Typey,a : A hg AT : A,
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BIAT/A] =5 Qpia+/a) and M[AY/A] =g wipja+/a)- Tt is then easy to check us-
ing CONVERSION that we have (A : Typeg,a : A) Ka (AT, wiomr+ /mp Wier+/r)j+1)
(Ayz:B,p: M =p ).
To prove (2) and (3), we notice that within the derivation of I l5q 7" : Type, there
is a strictly smaller derivation of I' contr so we can use the induction hypothesis to
obtain A : Typeg,a: Ahkq I'" : T. Now by substitution, we derive that A : Type, a :
A kg T[TT/T) : Typey and A : Typey,a : A hqg M[I'H/T] : T[I'F/T]. We conclude
that T /T] =g Qi+ and M =g wipir+ ) by previous lemma. 0

Lemma 5.4 (All groupoid laws are inhabited) If I" kg T : Type,, then there
exists Op 1 such that I’ kq 0.1 : T.

Proof. The contractible context I' is of the shape
A :Typeg,a: A,z : Cryyn - My =21, ..., 2t Cryyn : My, =y

we construct fp . by n successive extended path-inductions (from left to right).
After all the inductions, it remains to find an inhabitant of T[I't /T in the context
A : Typey,a : A. But thanks to the previous lemma, we know that T[I'" /T =3
Q[+ /1)), therefore using CONVERSION we can use wrr+,r)|- Spelled out, the term

QF.T is :

OF.T = JVxlzCl,yl:M1:x1,...,xn:Cn,yn:Mn:xn.T(
JV(Q?Q:CQ,:UQ:MQZxQ,...,Inicn,yn:Mn:fEn.T)[W‘cl‘/x17w‘cl |+1/v1] (

I (@n:Cnsyn: Mu=an. T) A+ A (W T+ /T])s Ty Yn) * 5 T2, Y2), T1, Y1)
where A is the context such that I' = A, x, : Ch,yn : My, = xpy. a

As a corollary, we obtain the following theorem :

Theorem 5.5 (Canonicity for groupoid laws in MLID) IfT"' kq T : Type and
if we have two terms M and N such that ' g M : T and I' 5q N : T, then there is
a proof ™ such that ' =7 : M = N.

Proof. Simply notice that I' = M = N : Typey and apply previous lemma. a

The reader should remark here that the proof 7 is also unique up to equality (by
applying the theorem to M = N !). We are now ready to show that previous theorem
may be generalized to the whole system MLTT by using parametricity theory.

Theorem 5.6 (Canonicity of inhabitants of groupoid laws in MLTT) IfT" kq
T :Type, - M :VI'.T and = N :VI'.T', then there is a proof w such that 7 A

(M7)=(N7).

Proof. By successive extended path-inductions (from left to right), we can derive
¥ Tk (M%) = (N7) from a derivation of A : Typeg,a : A - (M) =
(NTT). We notice that the type of (M T'") is T[I'"/T'] which is typable in MLID;
by substitution we have A : Typey,a : A kg T[I'"/T] : Typey. Therefore Lemma 5.3
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gives us that T[I't/T| =4 €, for some n € N. Using CONVERSION, we have A :
Typeg,a: A+ (MTT):Q,. Therefore (M I'") is an inhabitant of a parametric loop
space; therefore we can invoke Theorem 4.3 to obtain of proof that (M T'") = w,.
Similarly we have a proof of (N I'") = w, and by concatenating them we obtain a

proof of (M 7) = (N 7). O

Finally, using the same arguments as at the end of Section 4 we can prove that
7 is unique up to propositional equality (and so on).

6 Discussions

6.1 The definition of groupoid laws

Our definition of MLID is inspired by an unpublished note written by Brunerie [3].
Our syntax for contractible contexts is a bit more general: in Brunerie’s definition
the starting point of paths occurring at odd positions are always variable (ie. My is
always a variable) and there is no computation rules in his syntax. Brunerie defines
w-groupoids as models of its syntax, since the absence of computation rules makes
his framework more free about how coherence issues are dealt with. However, the
goal of our syntax is not give the general syntax for weak w-groupoids but rather
to study only the groupoid structure in the particular case of type theory where
computation rules are the natural way to deal with coherence. Nevertheless, it
would be an interesting future work to make a precise comparison between other
definitions of w-groupoids and models of MLID.

The semantical nature of Garner and van den Berg [9] makes it quite difficult
to relate to our work, however we believe that Lumsdaine’s construction [5] of a
contractible globular operad may be described in our framework.

6.2 The n-ary case

Throughout this article, we only use the unary case of parametricity theory, but
it could be easily generalized to the binary case by transporting along two paths :
[x=yla=Ap:2x=y)(q: 2 =v).ps(q.(xr)) = yr. This translation is well-typed
under the binary translation o : Type;, = : «, y : af2 given by

/ / / / / / / /
ao’ : Type;,ap oo = = Type,,z 1o,z 1o, Zzr:apx 2,y o,y &', Yyr : QR YY

The translation [12]2 : 19, (1%, (zr)) = g of 15 is given by [15]2 = 192%* which
is defined under the translated context [o : Type,x : a]2. Similarly, the translation
of path-induction is obtained by nesting 2-+1 path-induction:

[3(B,U,V)]2 = JII([Bl2, U, V), U, V'), [U2, [V]2)

It is a routine check to generalize the abstraction theorem of Section 3, in order
to a have a binary version of parametricity. Likewise, the n-ary case, is obtained
by transporting along n path and the translation of path-induction is obtained by
nesting n + 1 path-inductions.
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6.3 Encoding identity types with inductive families.

In dependent type systems that support inductive families, it is possible to encode
identity types by an inductive predicate [4]. For instance, in the coq proof assistant:

Inductive paths (A : Type) (a: A) : A — Type := idpath : paths A a a.

As explained in [2] (Section 5.4), the parametricity translation extends well to
inductive families. The idea is to translate an inductive type I by a new inductive Ig
whose constructors are the translation of constructors of I. Likewise, the elimination
scheme for Iy is the translation of the one of I.

Inductive paths_R (A : Type) (A_R: A — Type) (a: A) (a_R: A_Ra):
forall x, A_R x — paths A a x — Type :—
idpath_R : paths_ RAA_Raa_Raa_R (idpath A a).

There is an equivalence of types (in the homotopy theory sense, see [8]) between
this inductive type and our translation of identity. It is obtained by using the
induction principle associated with pathsg in one direction; and by nested path-
inductions on p and on the proof of transport along p in the other direction. This
indicates that they are morally the same; it may convince the reader that the results
of the last two sections could have been carried out using the encoding instead of
the primitive notion of identity types.

6.4 Dealing with axioms

While formalizing proofs that need axioms which are independent, it is a common
practice to simply add them in the context. Then, if one want to use the para-
metricity translation, he also needs to provide a witness of the parametricity of the
axiom. Therefore axioms that can prove their own parametricity are well-behaved
with respect to the translation. More formally, we say that a closed type P : Type
is provably parametric if the type VYh : P, h € [P] is inhabited. We will now give two
examples of axioms using identity types which are provably parametric.

e uniqueness of identity proofs (UIP) : Let uip be the following type uip = VX :
Type,zy : X,pq: x = y.p = q. We want to find an inhabitant of Vf : uip.f €
[uip]. The statement f € [uip] unfolds into V[X : Type,zy : X,pq : © =
yl.(fAxypq),(pr) = qr. The conclusion is an equality between paths, so it is
provable using f.

e function extensionality : Let funext be the following type funext = VA :
Type,B: A — Type,fg:Vo : ABx.(Vx : A.fx = gx) — f = g. In his original
development, Voedvoesky showed that funext is logically equivalent (there is a
function in both directions) to the so-called weak extensionality (see [8]). It is
defined by weakext = VA : Type, P: A — Type.(Vz : A.Contr Px) — Contr (Vz :
A.Pz)) where Contr A = Jz : AVy : A.x = y is the predicate for contractible
types; ie. types which are equivalent to the singleton type. We now sketch the
proof that weakext is provably parametric (and thus so is funext). The main
idea is to notice that M € [Contr A] is logically equivalent to Contr ([A] M;)
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where M is the first projection of M. The unfolding of k € [weakext] is:

VA: Type,Ar: A — Type,P: A — Type, Pr: (Vz: A,xp : Agpx.Px — Type),
¢: (Va: A.Contr (Px)),¢r: (Vo : Ajxp: Agpx.(px) € [Contr P x]).
(kAP ¢) € [Contr (Vz : A.Pz)]

Therefore, using the logical equivalence in one direction we can deduce the conclu-
sion from Contr (k AP ¢); € [Vx : A.Px)]). Then using k : weakext two times,
it is enough to prove that Vo : A,zr : Agx.Contr (kAP ¢)1x) € [Px]) (1).
Notice that (kAP ¢)1x =4 (¢x)1 because A is contractible. So we can trans-
port along this path in (1) to obtain Vx : A,zr : Aga.Contr ((¢z); € [Px])
(2). Now, using the other direction of logical implication, (2) is implied by
Vr: Axgr: Apz.(¢x) € [Contr (P z)]) which is exactly the type of ¢g.

7 Conclusion

This work shows that parametricity theory may be used to deduce properties about
the algebraic structure of identity types. It allows to give formal arguments to prove
canonicity results about definitions in a proof-relevant setting.

The most important question that remains open is whether or not we can extend
the translation and the uniqueness property of groupoid laws to deal with Voevod-
sky’s univalence axiom. One way to solve this question would be to prove that
univalence axiom is provably parametric which would yield to a positive answer to
the question of the compatibility of parametricity theory and univalence. Regard-
less of the answer to this problem, solving it would give a better understanding of
polymorphic type quantifications in univalent universes.
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Abstract

‘We define the class of relational graph models and study the induced order- and equational- theories. Using
the Taylor expansion, we show that all A-terms with the same Bohm tree are equated in any relational
graph model. If the model is moreover extensional and satisfies a technical condition, then its order-theory
coincides with Morris’s observational pre-order. Finally, we introduce an extensional version of the Taylor
expansion, then prove that two A-terms have the same extensional Taylor expansion exactly when they are
equivalent in Morris’s sense.

Keywords: lambda calculus, linear logic, differential nets, extensional Bohm trees, Taylor expansion.

Introduction

An important problem in the theory of programming languages is to determine when
two programs are equivalent. For A-calculus, it has become standard to regard two
programs M and N as equivalent when they are contextually equivalent with respect
to some fixed set O of observables. This means that we can plug either M or N into
any context C'(—), i.e. any program with a hole, without noticing any difference in
the global behaviour: C'(M) reduces to an observable in O exactly when C(N) does.
Two notable examples are =" and Morris’s equivalence =™ [17] obtained by
taking as observables the head normal forms and the S-normal forms, respectively.
Working with these definitions is difficult because of the quantification over all
possible contexts. However, researchers have found alternative characterisations of
these program equivalences based on syntactic trees or denotational models.

For instance, two programs are equivalent with respect to =" whenever they
have the same Nakajima tree [18] or, equivalently, when their interpretations coin-

1 This work is partly supported by ANR JCJC Project Coquas 12JS0200601.
2 Email: giulio.manzonetto@lipn.univ-parisi3.fr
3 BEmail: domenico.ruoppolo@lipn.univ-parisi3.fr
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cide in Scott’s model Dy, [21]. Similarly, ="' is captured by extensional Bohm trees

[14] and Coppo, Dezani and Zacchi’s filter model Deq, [6].

The idea behind Bohm trees, and their extensional versions, is to extract the
computational content of a program by representing its output as a possibly infinite
tree — the continuity of this representation allows to infer properties of the whole
tree by studying its finite approximants. For this reason Bohm-like trees and con-
tinuous models relied to them via approximation theorems constituted for over forty
years the main tools to reason about the behaviour of a program. A limitation of
these methods is that they abstract away from the execution process and overlook
quantitative aspects such as the time, space, or energy consumed by a computation.

The present paper fits in a wider research programme whose aim is to rebuild
the traditional theory of program approximations, by replacing it with a mathemat-
ical model of resource consumption. The starting point is [9], where Ehrhard and
Regnier propose to analyse the behaviour of a program via its Taylor expansion,
which is a generally infinite series of “resource approximants”. Such approximants
are terms of a resource calculus corresponding to a finitary fragment of the differen-
tial A-calculus [7]. Each resource approximant ¢ of a A-term M captures a particular
choice of the number of times M must call its sub-routines during its execution.

Both the differential A-calculus and the Taylor expansion can be naturally in-
terpreted in the relational semantics of linear logic [16]. The first author et al. built
a relational model D, living in such a semantics [5] and proved, using standard
techniques, that the induced equality is exactly =P [15], just like for Scott’s model
Doo [12]. In this paper we provide syntactical and denotational methods based on
Taylor expansion that allow to characterise Morris’s equivalence ="F.

First, we introduce the class of relational graph models (rgms) of A-calculus,
which are the relational analogous of graph models [3], and describe them as non-
idempotent intersection type systems [19]. This class is general enough to encom-
pass all relational models individually introduced in the literature [5,13], including
D,, (while Scott’s Dy cannot be a graph model since it is extensional). We then
show that: (7) all rgms satisfy an approximation theorem for resource approximants
(Theorem 3.10); (i7) in any rgm preserving the polarities of its “empty type” w, /-
normalisable A-terms can be easily characterized (Lemma 4.3). As a consequence, we
get that all extensional rgms preserving w-polarities induce as order-theory Morris’s
observational pre-order, and hence =" as equality (Corollary 4.6). As an instance,
we provide the rgm D, generated by x — * >~ % where * is the only atom. It should
be compared with the aforementioned filter model D.q,, which has the same theory
but is more complicated since it has two non-trivially ordered atoms 1 < ¢, and
is generated by two equations o1 =~ p, — T and Py ~ YT — @,

Finally, we provide a notion of extensional Taylor expansion characterising, like
extensional Bohm trees, Morris’s equivalence while keeping the quantitative infor-
mation. Intuitively, the extensional Taylor expansion of a A-term is the 7-normal
form of its resource approximants. The definition is tricky because the n-reduction is
meaningless on a single resource approximant — one should look at the whole series
of approximants to decide whether an element should reduce or not. Our solution is
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to define a labeling as a global operation on the series of approximants, and then a
local 7n-reduction on labeled terms. Two programs are then =™-equivalent exactly
when they have the same extensional Taylor expansion (Theorem 5.17). We leave

for future works a characterisation of Morris’s preorder based on Taylor expansion.

Basic notations and conventions. We let N denote the set of natural numbers.
Given a set A, P(A) (resp. Pr(A)) is the set of all (resp. finite) subsets of A and
M;(A) is the set of all finite multisets over A. Finite multisets are represented as
unordered lists m = [a, ..., a,] with repetitions, [] being the empty multiset.

Given a reduction —, we write —, (=) for its transitive and reflexive (and
symmetric) closure. A term ¢ has an r-normal form nf,(¢), if t -, nfy(t) 4.
N.B. Unless otherwise stated, throughout the paper we suppose that all operators
F : A — B are extended to P(A) in the natural way: F'(a) = {F(«a) | @ € a}.

1 Lambda Calculus and Bohm Trees

We will generally use the notation of Barendregt’s classic work [2] for A-calculus.
Let us fix an infinite set Var of variables. The set A of A-terms is defined by:

A: M,N,Pu=z | \e. M | MN for all x € Var.

The set fv(M) of free variables of M and the a-conversion are defined as usual, see
[2, Ch. 1§2]. A A-term M is closed if fv(M) = (). We denote by A° the set of closed
A-terms. From now on, A-terms will be considered up to a-conversion.

Given two A-terms M, N we denote by M{N/z} the capture-free substitution of
N for all free occurrences of z in M. The - and n-reductions are given for granted.

Concerning specific A-terms, we fix the identity I = Az.x, its n-expansion 1 =
Azy.xy, the paradigmatic looping term 2 = AA where A = Az.xzx, Turing’s fixpoint
combinator © = A\f.©;0; where Oy = Az.f(zz) and J = O(Azzy.xz(zy)) a term
reducing to an infinite n-expansion of I.

A A-term M is called solvable if it has a head normal form (hnf, for short), that
isif M —g Ax1...2p.yNy - Nj, (for n,k > 0); otherwise M is called unsolvable.

Given a context C(—), i.e. a A\-term with a hole denoted by (—), we write C'(M)
for the A-term obtained from C' by substituting M for the hole possibly with capture
of free variables in M. Given O C A, the O-observational pre-order is defined by:

MCP N < VO(-).C(M) -5 M' € O entails C(N) -5 N' € O.

The induced equivalence M =9 N is defined as M E€ N and N C° M. To obtain
Morris’s pre-order C™ and equivalence =™ just take as O the set of S-nfs [17].

The Bihm tree BT (M) of a A-term M is defined coinductively: if M is unsolvable
then BT (M) = L; if M is solvable, then M —g Axy...x,.yNy - - Nj and

BT (M) = /)\xl...xn.y\
BT(N:) -~ BT(N)
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Such a definition is sound in the sense that M =g N entails BT (M) = BT(N).
Examples of Bohm trees are: BT(I) =1, BT(1) =1, BT(A) = A, BT(Q) =1,

BT(A\z.yQ2) = Az.y BT(J) = Azzp.x BT(©) = Mf.f
\ \ \
1 )\Zl.Zo f
\ \
A29.21 f

Given two Bohm trees T, 7" we set T <, T" if and only if T results from 7" by
replacing some subtrees with L. The set N of finite approzimants is the set of
A-terms possibly containing L inductively defined as follows: L € N if a; € N for
i =1,...,n then \Z.yay---a, € N. Hereafter we will confuse finite Béhm trees
with normal approximants. Notice that the set of all finite approximants of a Bohm
tree T, given by T* = {a € N' | a <, T}, is an ideal with respect to < [1, §2.3].

A X-theory is any congruence on A containing =g. A A-theory is: extensional if
it contains =; sensible if it equates all unsolvables. We denote by: ASn the least
extensional A-theory; B the A-theory equating all A-terms having the same Béhm
tree; Bn the least A\-theory containing B and A\3n; HT (resp. H*) the A-theory
characterizing =™ (resp. ="). From [2, Thm. 17.4.16] we get B C By C HT C H*.

2 Resource Calculus and Taylor Expansion

We briefly recall Ehrhard’s resource calculus [8], using the syntax proposed by Tran-
quilli in [22]. We are considering here the promotion-free fragment of [22].
Syntax. The set A" of resource terms and the set Ab of bags are defined by:

A" situ= x| Axd | th A: bi= [s1,...,8,) wheren >0. (1)

Resource terms are in functional position, while bags are in argument position
and represent unordered lists of resource terms. Intuitively, in a term of shape
t[s1,...,sn] each s; is a linear resource, that is ¢ cannot duplicate nor erase it.

We will deal with bags as if they were multisets presented in multiplicative
notation: 1 is the empty bag and by - by is the multiset union of b; and bs.

We use the power notation [s*] for the bag [s, ..., s] containing k copies of s.

The a-equivalence and the set fv(¢) of free variables of ¢ are defined as for the
ordinary A-calculus. Resource terms and bags are considered up to a-equivalence.

As a syntactic sugar, we extend all the constructors of the grammar (1) as
pointwise operations on (possibly infinite) sets of resource terms or bags. That is,
given T C A” and B, B’ C A we use the following notations: A\z.T = {\z.t | t € T},
TB={th|teT,beB}, [T]={[t]|teT}andB-B' ={b-V | beB, i € B'}.

Observe that, in the particular case of empty set, we get \z.0) = 0, t) = 0,
0b=0, [0] =0 and @ - b = (. Hence, () annihilates any resource term or bag.

This kind of meta-syntactic notation is discussed thoroughly in [9].

Reductions. Given a relation —,C A" x Pg(A") its context closure is the least
relation in P¢(A”) x Pr(A”) such that, when ¢t —, T, we have:
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Ar.t = AT, tb—, Tb, s([t]-b) = s([T]-b), {t}US—, TUS.

We say that t € A" is in r-normal form if there is no T such that ¢ —; T. When
— is confluent, nf,(t) € Pr(A") denotes the unique r-normal form of ¢, if it exists.

The degree of x in t, written deg,(t), is the number of free occurrences of x in t.
A B-redez is a resource term of the shape (Ax.t)[s1,...,sx| and its contractum is a
finite set of resource terms: when deg,(t) = k, it is the set of all possible resource
terms obtained by linearly replacing each free occurrence of x in ¢ by exactly one of
the s;’s; otherwise, when deg, (t) # k, it is just 0.

Formally, we define —3 as the context closure of:

UpGGk t{sp(l)/xlv ceey Sp(k)/xk} if deg:c(t) = k7

(Az.t)[s1,...,s8) =3
0 otherwise.

where &y, is the group of permutations of {1,...,k} and x1,...,x, is an arbitrary
enumeration of the free occurrences of z in t. Note that S-reduction is strongly
normalizing (SN, for short) on P¢(A"), since whenever ¢ —g T the size of t is
strictly bigger than the size of each resource term in T. Moreover, S-reduction is
weakly confluent, and therefore confluent by Newman’s lemma.

Theorem 2.1 The B-reduction is strongly normalizing and confluent on Pg(A").

In the resource calculus there is no sensible notion of n-reduction on Pg(A").

Taylor expansion. The Taylor expansion of a A\-term, as defined in [7,9], is a
translation developing every A-calculus application as an infinite series of resource
applications with rational coefficients. For our purpose it is enough to consider a
simplified version 7 (=) : A — P(A") corresponding to the support? of the actual
Taylor expansion; that is, we consider possibly infinite sets of resource A-terms.

Definition 2.2 The Taylor expansion T (M) C A" of a A-term M is defined by:
T(z) ==, T Az M) = \e.T (M), T(MN) =T (M)M(T(N)).

The Taylor expansion is extended to finite approximants in N by setting 7 (L) = 0,
and to Bohm trees T' by setting 7(T') = {7 (a) | a € T*}.

Some examples of Taylor expansions of ordinary A-terms are:

TO=1{1}, T(A)={real"] | n=0}, Tyayy) = {ryaly"]ly*] | n.k >0},

4 Te., the set of those resource terms appearing in the series with a non-zero coefficient.
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T(Q) = {(Az.z[z™])[Ax.z[z™],..., \e.x[z™]] | k,no,...,ng > 0},
T(©) = {Mf.Oa. flzlz™], ..., xlz™]]) e flzz™], ... zlz™ =], ...
Az fla[z™1], .. xla" R ]]] | k,ng, hyng g > 0},

T(J) = {tzxy.z[z[y™ ], ..., 2[y" k], ...,
Azzy.x[z[y™], ... 2y R]]] | t € T(©), h,ki,n;; > 0}.

From the examples above it is clear that if a A-term M has a S-redex, then there are
resource terms t € 7 (M) having S-redexes too. However, by Theorem 2.1, each ¢ has
a unique S-nf and we can always compute nf3(7 (M)) = [J{nfs(t) |t € T(M)}. For
instance: 7 (I), 7 (A) and T (Ay.zyy) are already [-normal, while nfg(7 (Q2)) = 0.

Lemma 2.3 Leta € N and M € A, then T (a) C T (BT(M)) entails a € BT (M)*.

The following results proved in [8] show the strong relationship between the
Bohm tree of a A-term, and its Taylor expansion.

Theorem 2.4 For every A-term M, nfg(T (M)) = T (BT (M)).
Corollary 2.5 For all M,N € A, BT (M) = BT(N) iff nfg(T (M)) = nfg(T (N)).

Using Theorem 2.4, we can easily calculate further examples:

nfg(T(0)) = AN SLASISD) ALY - D™ 3
nfg(7T(J)) = {Axzo.21, Axzg.z[(Az1.201)"], ... }.

3 Relational Graph Models and Intersection Types

In this section we introduce the class of relational graph models (rgm, for short);
some examples of such models were individually studied in [13].

3.1 Relational Graph Models

We call rgms relational because they are (linear) reflexive objects in the ccc
MRel [5], the Kleisli category of Rel with respect to the comonad M;(—). In MRel
the objects are all the sets, a morphism f € MRel(A, B) is any relation between
M;¢(A) and B, and the exponential object A = B is given by M¢(A) x B. Any func-
tion f : A — B canbesent to fT € MRel(A4, B) by setting ft = {([a], f(a)) | a € A}.

Definition 3.1 A relational graph model D = (D, 1) is given by an infinite set D
and a total injection i : M¢(D) x D — D. D is extensional when i is bijective.

Every rgm D = (D, ) induces a reflexive object (D,if, (i71)"), i.e. D= D < D
since i'; (i71)T = Idp—p. When D is moreover extensional we also have (i ~1)T; if =
idp. These reflexive objects are all linear in the sense of [16] and live in a differential
ccc, they are therefore sound models of the resource calculus as well (Theorem 3.8).

Rgms, just like the regular ones [3], can be built by performing the free comple-
tion of a partial pair. A partial pair A is a pair (A, j) where A is a non-empty set
of elements (called atoms) and j : Ms(A) x A — A is a partial injection. We say
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that A is extensional when j is a bijection between dom(j) and A. Wlog., we will
only consider partial pairs .A whose underlying set A does not contain any pair.

Definition 3.2 The completion A of a partial pair A is the pair (A, ) defined as:
A = U,en An, where Ag = A and Apqq = ((Ms(A4yn) x Ay) — dom(j)) U A; the
function j is given by j(a, ) = j(a, ) if (a,«) € dom(j), j(a,a) = (a, @) otherwise.

Note that, for every rgm D we have D = D (up to isomorphism).

Proposition 3.3 If A is a partial pair, then A is an rgm. When A is extensional,
also A is extensional.

Proof The proof of the fact that A is an rgm is analogous to the one for regular
graph models [3]. Tt is easy to check that when j is bijective, also j is. O

Example 3.4 We define the relational analogues of:

 Engeler’s model [10]: & = (N, ), first defined in [13],

* Scott’s model [21]: D, = ({e},{([],€) — €}), first defined (up to iso) in [5],
* Coppo, Dezani and Zacchi’s model [6]: D, = ({*}, {([*],*) — *}).

Notice that D, and D, are extensional, while £ is not.

3.2  Non-Idempotent Intersection Type Systems

As discussed thoroughly in [19], the choice of presenting a relational model as a
reflexive object or as a non-idempotent intersection type system is more a matter
of taste rather than a technical decision. Here we provide the latter presentation.
Let A be a partial pair and D be its completion. The set Tp of types and the
set |p of non-idempotent intersections are defined by mutual induction (for o € A):

Tp: o7 i=a | p—o lp: pv i=w | o] oAp

Note that types are (unary) intersections while the converse does not hold; indeed
intersections may only appear at the left-hand side of an arrow. Thus w is not a type,
it denotes the empty intersection and is therefore its neutral element (u Aw = pu).
Accordingly, we write A}_;o0, for oy A--- Ao, when n > 1, and for w when n = 0.
Types will be considered up to associativity and commutativity of A and neutrality
of w, while we assume that the intersection is not idempotent, that is o A o # 0.

Every o € Tp (i € Ip) corresponds to an element o® of D (u® of M¢(D)) defined
asa® =q, (p— 1) =i(p®,7*) and (o1 A---Aoy)® = [0}, ...,00]. Hence, the model
D induces a congruence on the intersection types: o ~P 7 if and only if 0® = 7°.

An environment is a map I' : Var — |p such that dom(T") = {z |T'(z) # w} is
finite. We write x1 : p1,...,2p : fy for the environment I' such that I'(z;) = p; and
I'(y) = w for all y ¢ Z. The environment mapping all variables to w is denoted by
(), or just omitted as in Example 3.6. The intersection I'y A I'y and the equivalence
I'y ~P I'y of two environments are defined pointwise; note that T A =T.

Definition 3.5 The interpretation of M € A (or M € N) in D is defined as:
253



Manzonetto € Ruoppolo

De:ptFP M:o TEP M7 o~Pr
: = Te
2ot zio T TP M p—o TFP M o 4
FoFP M :Nyo; =17 I/EFP N:ioy fori=1,...,n

o N (AN T) FP MN = 7

app

(a) Non-idempotent intersection type system for A and N.

FoFPt:N_yo; =717 TiFPsi:0 fori=1,...,n
Lo NN T) EP tst,...,8p0] T

app’

(b) Non-idempotent intersection type system for A”.

Figure 1: The intersection type systems for A, N and A". The other rules for
typing A" are analogous to (var), (1lam), (eq) of Figure 1(a) and are omitted.

[M]P = {(I',o) | T FP M : o}, where the type system L is given in Fig. 1(a).

The definition of [t]P for t € A" is analogous, using the rules of Fig. 1(b). Note that
P also works for terms in N: L is not typable, but e.g. F? Az.zl : (w — 7) — 7.

Example 3.6 Let D be any rgm. Then we have: [I[°? = {0 |c~1 =7, 7 € Tp},
P ={c|lo~(u—7)—=pu—7,7re€Tpuclpy, [JP ={oc|o~(w—171)—
w=T,7€ETpL Q)P ={o|o~(w—7)—=7 7€Tp}, [Q]P = 0. It follows
that [I] = [1] in both D,, and Dy, but [I]P+ = [J]P~, while « € [I]P+ — [J]P~.

When D is clear from the context we simply write ~, F and [—]. Note that

-

' M : o implies dom(T") C fv(M) and I+ M : ¢’ for T' ~ T and o ~ ¢’ [19].
Theorem 3.7 (Inversion Lemma, cf. [19]) Let D be an rgm.

(i) Thx:0 entailsT =2 : 7 for T~ o0,

(ii)) T+ Xe.M : o if and only if U,z : b M : 7 for some p — 7 ~ o,

(tit) T'+ MN : o entails that I' = Do A(AP_4T;) for somen >0, Tg = M : A jo; —
candI'; B N : o;.

For resource A-terms an analogous statement holds, where (iii) is replaced with:
(110’) T'Ftls1,...,sn) : 0 entails T = ToN (A Ty), To -t : Al yo; = 0 and T F s @ 0.
Theorem 3.8 Let D be an rgm, then for A and A":
(i) Substitution lemma, subject reduction and subject expansion hold in P.

(ii) The interpretation [—]P is sound with respect to =g.

Proof (i) is proved in [19] for A and in [16] for relational models of A”.
(i9) follows from (7). O

The A-theory and the order theory induced by D are given by Th(D) =
{(M,N) | [M] = [N]} and Th<(D) = {(M,N) | [M] C [N]}, respectively. We
write D = M = N if (M,N) € Th(D), and D = M < N if (M,N) € Th<(D).
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A model D is O-inequationally fully abstract when D = M < N if and only if
M CO N, and O-fully abstract when D |= M = N if and only if M =° N.

Lemma 3.9 If D is an extensional rgm, then \sn C Th(D).

Proof The equivalence between I' H M : 0 and ' F Az.Mx : 0 when x ¢ fv(M)
follows by induction on ¢ using the fact that o ~ p — 7 for every atomic type «.O0

As a consequence, the A-theories induced by rgms and by regular graph models
are different, since no graph model is extensional. For instance, the A-theory of D,
the relational analogue of Scott’s Do, is H* [15]. That is D,, is hnf-fully abstract.

While approximation theorems for Bohm trees and idempotent intersection type
systems are usually proved through reducibility techniques, the following one for
Taylor expansion and rgms can be proved by induction on the type derivation using
the subject reduction (Theorem 3.8) and the SN of A" (Theorem 2.1).

Theorem 3.10 (Approximation Theorem) Let M be a A-term. Then
' M : o if and only if there exists t € T (M) such that 't : o.

Therefore [M] = [T (M)].

Corollary 3.11 For all rgms D we have that B C Th(D). In particular Th(D) is
sensible and [M]P = 0 for all unsolvable \-terms M.

Proof From Theorem 3.10 we have [M] = [T(M)] = Ueronlt]- By subject
reduction for A” (Theorem 3.8) this is equal to ;e (pp[nfs(t)], which is equal to
User@mr oy ltl = [T (BT(M))], by Theorem 2.4. Therefore, whenever BT (M) =
BT(N) we get [M] = [T(BT(M))] = [T(BT(N))] = [N]. =

4 Full Abstraction for Morris’s Observational Preorder

This section is devoted to show that every extensional rgm D satisfying the condition
of Definition 4.1 — in particular D, — is (inequationally) fully abstract with respect
to Morris’s pre-order C™. Rather than working directly with C™, and building
separating contexts, we use Levy’s notion of extensional Bohm tree

BT¢(M) = {nf,(a) | a € BT(M')*, M" —, M}.

Indeed, it is well known that M C™ N exactly when BT¢(M) C BT¢(N) [11]
and that two A-terms have the same extensional Bohm tree when their Bohm trees
are equal up to (possibly infinitely many) n-expansions of finite depth. These trees
are therefore different from Nakajima trees: for instance I € BT¢(I) — BT¢(J).

Examples of extensional Bohm trees are: BT¢(1) = BT*(I),

BT*(I) = {L,I, \xzp.x L, \xzp.x(Nz1.20(A22.21L)),... }, BT¢J) =BT¢(I) — {1},
BT¢(\y.xyy) = {L,zL, A\y.xyy, \y.zyL, ...}, BT¢xQ) = BT*(\y.xyy) —{\y.zyy}.

Given a polarity p € {+, —}, we define inductively for all types o the relations

w €P o and w €P o, where —p is the opposite polarity, as: (i) w €~ p — 7 if
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p=w; (it) if w €P 7 then w €P p — 7; (4i1) if w €P7 then w €P 7 A u — 7. When
w €t o (w €™ o) we say that w occurs positively (negatively) in o. We write w ¢+ o
(w ¢~ o) if w does not occur positively (negatively) in o. These notions extend to
intersections in the obvious way, for instance w €Po1 A--- Aoy, if w €P g; for some 1.

Definition 4.1 An rgm D preserves w-polarities whenever w €P ¢ and o ~ 7 entail
weP T forall o,7 € Tpand p € {+,—}.

For instance £ and D, preserve w-polarities, while D,, does not because w €*
(w—e) >e~e—ebutw ¢’ e — . Note that, if an rgm D preserve w-polarities,
then we also have that w ¢” o and o ~ 7 entail w ¢¥ 7 (where p € {+, —}).

Proposition 4.2 Let A be a partial pair such that, for allm € M¢(A) and o € A,
(m, ) € dom(j) entails that m # []. Then A preserves w-polarities.

Lemma 4.3 Let M € A. The following are equivalent:

(i) M has a normal form,

(ii) there is a € BT(M)* that does not contain L,

(iii) there ist € nfg(T (M)) that does not contain the empty bag 1,
)

iv) in every rgm D preserving w-polarities, : o for some environmen
iv) i D : larities, T =P M ' tT
and type o such that w ¢ o and w ¢~ T (that is w ¢~ T'(z) for all x € Var).

Proof [Sketch] (i <= ii) is trivial and (i¢ <= iii) follows from Theorem 2.4.

(791 = iv) One proves by induction on the S-normal ¢ that I' - ¢ : ¢ holds for
some I, o such that w ¢~ T'and w ¢ 0. Then one concludes by subject expansion
for A" and the approximation theorem (Theorem 3.10).

(tv = 1) By the approximation theorem and subject reduction for A" there is
t € nfg7 (M) such that I' - t : o is derivable for some I', o satisfying w ¢~ I" and
w §Z+ 0. Then, using Theorem 3.7 and the preservation of w-polarities, one proves
by induction on the structure of normal form of ¢ that it does not contain 1. a

Notice that in the model D,,, which does not preserve w-polarities, the above
lemma does not hold. For instance, w ¢ "¢ — ¢ € [J]P~, but J is not normalizing.

In Coppo, Dezani and Zacchi’s model D.q, presented in [6], there is an atomic
type s (resp. @) characterizing the terms having a S-nf (resp. persistent S-nf).

In the model D, the type x captures those A-terms M € A° having a normal
form that is “linear”. A A-term M is called linear whenever: (i) every y € fv(M)
occurs once in M; (ii) every subterm A\xz.N of M is such that x occurs once in N.

Lemma 4.4 Let M € A and T =1 : %,...,%p : x. Then T' =P M : % if and only
if M has a linear 3-normal form and fv(nfg(M)) = dom(I").

We now prove the main results of the section.

Theorem 4.5 Let D be an extensional rgm preserving w-polarities. The following
are equivalent (for M, N € A°):

(i) DE M <N,
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(i) M N,
(iti) BT¢(M) C BT¢(N).
Proof (i = ii) Suppose [M] C [N] and consider a context C(—) such that C(M)
has a normal form. By Lemma 4.3 there is o € [C(M)] such that w ¢ o. Since [—]
is contextual we have [C(M)] C [C(N)], therefore o € [C(N)] and, by applying
Lemma 4.3 again, we conclude that C'(N) has a normal form.
(19 <= iii) See Hyland’s original paper [11], or [20] for a cleaner proof.
(4ii = i) We have:  [M] = Upp, m[M] by Lemma 3.9
= Uppr, m [T (M')] by Theorem 3.10
= Uppro,m[nf g T (M")] by Theorem 3.8(ii) for A"
= Upnp—, M [BT(M')*] by Theorem 2.4
= Uy, m[0f, BT(M')*] by Lemma 3.9
= [BT¢(M)] by definition of BT¢(M).

Thus BT¢(M) C BT¢(N) entails [M] = [BT¢(M)] C [BT(N)] = [N]. 0

Corollary 4.6 (Full abstraction) FEvery extensional rgm D respecting w-polari-
ties has order-theory Th< (D) = {(M,N) | M C* N} and A-theory Th(D) = H*.

5 Extensional Taylor Expansion and 7-Trees

We introduce the notion of extensional Taylor expansion T"(M) of a A-term M and
prove that it is equal to the Taylor expansion of the extensional Bohm tree of M
(Theorem 5.15). This result is the analogue of Theorem 2.4. As a byproduct, we
obtain a new syntactical characterization of ="' (Corollary 5.17).

For technical reasons, we work with an alternative notion of extensional Béhm
tree of M, that will be denoted by BT"(M). Rather than producing a set of -
normal approximants, BT"7(—) gives an actual (possibly infinite) n-normal tree.
The n-normal form n(T') of a Béhm tree T is defined coinductively: n(Ll) = L and

.
>\371 Tl If In ¢ fv(yT1 H 'Tm—l)
n /N T, € N, i.e. it is finite
AL ... Tp.Y T - T
n PN = and Thy, —; 2y,
T, - T, '
AZ] ... Tp.Y otherwise.
~ ~
n(T) - n(Tn)

Therefore, we define the Bihm n-tree BT(M) of a A-term M as n(BT(M)).

Examples of Bohm n-trees are: BT7(J) = BT(J), BT"(\y.zyy) = Ay.xyy,
BT7(Azy1y2.2(Az1.y1(Az2.21(A23.2223) )y2) = BTT(I) =1, and BT7(\y.x Ly) = zL.
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The notions of BT"(—) and BT¢(—) are equivalent in the sense that, for all
M,N € A, BT¢(M) = BT*(N) if and only if BT"(M) = BT"(N) [23,14]. On
the other hand, BT*(M) C BT¢(N) is not equivalent to BT7(M) <, BT"(N).
E.g. BT(x 1) C BT¢(\y.xyy) but BT"(z L) = L £, A\y.xyy = BT"(\y.xyy).

5.1 FExtensional Taylor Expansion

In order to obtain the analogue of Ehrhard and Regnier’s Theorem 2.4 in the exten-
sional setting, the extensional Taylor expansion of M should be the p-normal form
of nfgT (M), just like BT"(M) is the n-normal form of BT (M).

The problem is that defining an n-reduction on P(nfg(A")) is no easy task.
Consider for instance the naive definition —,= Ug>o(—yx) where Az.t[z¥] —, t if
x ¢ fv(t). This correctly reduces T (\y.zy) = {\y.z[y*] | k > 0} to {z}, but the
fact that Ay.x1 —,, = is a problem, since Ay.x1 also belongs to 7 (Ay.xf2), whereas
x & T (nf,(A\y.2Q)) = {Ay.xl}. Similarly, Ay.x1[y] as an element of T (Ay.xzy) is
supposed to n-reduce to x1, while as an element of 7 (Ay.zyy) should be n-normal.

These examples reveal that, while the S-reduction of 7 (M) can be performed
locally by reducing each term individually, the n-reduction of nfg7 (M) must be
a global operation, that considers the whole set of terms before deciding whether
a term should reduce or not. Rather than defining an infinitary rewriting system
handling countably many terms, we prefer to divide the problem of computing the
n-normal form of 7 (M) into two phases:

(i) we first define a labeling £(—) on the terms ¢t € 7 (M) as a global operation
annotating on the empty bags 1 occurring in ¢:

e whether they “come from” a finite n-expansion of some variable y; for instance
Ay.zl € T (A\y.x(Az.yz)) should be labeled as Ay.z1, ),

* the set of free variables that were forgotten by taking 1 in the Taylor expansion;
for instance A\y.x1[y] € T (A\y.zyy) should be labeled as Ay.x1Y[y].

(ii) We then define a local reduction —,. on L(nfg7 (M)) that exploits this
extra-information annotated to perform the n-reduction only when it is safe.

The definition of the labeling £ (Definition 5.1) relies on a certain homogeneity
exhibited by the structure of the resource terms in nfg7 (M). As shown in [4], this
homogeneity relies on a definedness relation < between normal resource terms:

<t b= WebvVteb, t =<t
AT1 ... Tpy AT ... Ty th < t'y 1<b b=<b

The relation < is not a preorder since it is transitive, but not reflexive. For instance,

alyllyl,ylyll] 2 z[ylly], yly]l], since ylly] 2 y[y]1 and y[y]l 2 ylly]. See the
discussion after Definition 9 in [4] for more properties of this relation, and examples.

Notice that all singletons {Ax; ...z,.y} (for n > 0) are ideals with respect to <.
By Lemma 12 in [4], every ideal S has one of the following shapes: {z}, A\z.T,
TB for some ideals T and B. Therefore, the following definition is sound.
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Definition 5.1 Let S C nfg(A”) be an ideal with respect to < and t € S. The
labeled term L(t,S) is defined as follows:

L(z,{z}) =z, LAzt \x.T)= A z.L(t,T), L(tb,TB)= L(¢,T)L(b,B),
L([t1,.-.,t],B) = [L(t1,UB), ..., L(tx, UB)], for k >0
1(13

L(1,B)={ "
17®) otherwise.

if there exists t' € |JB such that t’ —,/ x, (o)

where —, is Az.t[z*T1] —,, ¢ when z ¢ fv(t). We set £(S) = {L(t,S) | t € S}.
Given a labelled term ¢, we write "¢ for the term obtained by erasing all its labels.

The labeling £(—) can be always applied to nfz7 (M) thanks to the following.
Proposition 5.2 [/, Lemma 23] Let M € A. Then nfgT (M) is an ideal w.r.t. <.

Remark 5.3 The definition of L£(¢,S) will be only used when S is the S-normal
of a Taylor expansion. Under this hypothesis, the case £(1,B) is applied when
UB = T(M) for some fS-normal M € A and Condition (e) becomes “there is
t € T (M) such that ¢ —,, 2" which holds exactly when M —, x.

For example, for ¢ = Ay.x1ll and S = nng(Ay zQy) = {Ay.zlfy"] | n > 0}
we have L(t,S) = M\y.L(z, {z}) L1, {1}DL(L,{[y*] | k > 0}) = \y. xlwly( ) While
L(Ay.x11,0fgT (A\y.xyy)) = )\y.xlz(y)lz(y). Thus L(T (A\y.zyy)) = {\y. xln(y)l w )}
Uyl " [ > byl L |k > 03u{Ay.aly [y [,k > 0}

The definition of the set f:;( t) of free Uamables of a labeled term t is analogous
to the one of fv(t), except for the clauses fV(l“ ) = {2} and fv(17) = {Z}.

Remark 5.4 Given T = BT (M), z € fv(T) iff x € fv(t) for every t € L(T (T)).

Definition 5.5 The reduction —,¢ on labelled S-normal resource terms, is the
contextual closure of Upen(—,¢) where —, is defined as follows:

(n§) Awtly ) =ty i @ @ fe(t), (nhy1) Az.t[z" ] e, b ¢ fv(t).

For example, we have L(Ay.xlly],nfgT (\y.xzy)) = )\y.xlz(z)[y] It mlz(z),
while L(Ay.21[y], nfgT (A\y.xyy)) = )\y.xlz(y)y, which is already n-normal.
Lemma 5.6 The reduction —,¢ is SN and confluent.

Proof The reduction — e is SN since the size of the term decreases. It is moreover
weakly confluent, and therefore confluent by Newman’s lemma. a

Definition 5.7 The extensional Taylor expansion of a A-term M is given by:
T"(M) = "nf  L(nfgT (M))"

In the definition above, 8- and n‘-reductions are separated because the reduction
BUn’ is not confluent: for instance \z.I[z, z] —rpe T while Az.I[z, 2] —p 0.
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5.2  Eta-Reduction on Béhm Approximants

We now provide the technical tools that will be used to prove Theorem 5.15. By The-
orem 2.4, it is enough to prove that 7 (BT"(M)) is equal to "nf, . L(T (BT (M)))™.
The difficulty lies in that BT"(M), which is the n-normal form of BT (M), is de-
fined coinductively on BT (M), while the n-reduction of T (BT (M)) works on a
set of (labeled) resource terms coming from the finite approximants in BT (M)*.
Therefore, as an intermediate step, we define the p-normal form of the set BT (M)*
mimicking what we did in Subsection 5.1 for sets of resource terms. In particular,
even in this framework the n-reduction must be a global operation; therefore, we
introduce a labeling on finite approximants in the spirit of Definition 5.1.

Given M C N, M | denotes its downward closure {a € N' | 3b € M, a <, b}.
When M is an ideal, we have that M = M | and all its elements have a similar
syntactic structure, except for 1. We adopt for sets M of approximants the same
syntactic sugar we used for P(A"), by extending all the constructors of the grammar
of N as pointwise operations on P(N). For instance the ideal BT (Jz)* can be
written as {Azp.z(BT(Jz0)*)} | = Azp.2(BT (Jz0)*) U {L}.

Definition 5.8 Let Ml C N be an ideal w.r.t. <; and a € M. Define £(a, M) as:

E(x,{z}]) ==, EA\z.a, AeM)]) = Az.E(a, M),
g(a’cv (MN) i/) = g(av M\L)S(C, N)’

1z if there exists a L-free a € M such that a —, z, (o)
E(L,M) = @ K
1M otherwise.

We extend the definition to M by setting £E(M) = {€(a,M) | a € M}.

Notice that in the case (MN)] above, the set N is already downward closed.

As BT(M)* is an ideal for every M € A, we can always compute L(BT(M)*).

Condition (o) is then equivalent to check that Ml = BT (M’)* for some M’ —, x.
As we did for resource terms, we speak of labeled approximants a, we define the

set fv(a) by adding the clauses f\V/(J_i(m)) = {2} and fv(LT) = {}, and we write

Ta for the term obtained from a by erasing all its labels.

Remark 5.9 Given T = BT (M), z € fv(T) iff z € fv(t) for every t € £(T™).

Definition 5.10 The reduction —, on labeled approximants is defined as:
Az.alyy = a, if z ¢ fv(a), Ax.ax —pe a, if © ¢ fv(a).

It is easy to check that also —e is strongly normalizing and confluent.

After a technical lemma, we show that the n°-reduction on £(BT(M)) computes
exactly the finite approximants of the co-inductively defined tree BT"7(M). Given
two sets of terms X, Y and a reduction —, we write X =, Y if for all ¢t; € X there
is t9 € Y such that t1 —», ts and for all t5 € Y there is t1 € X such that t1 —», 5.
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Lemma 5.11 Let T = A&dy.2Ty---Tky11 be a Bohm tree such that Ty,q is finite,
Thy1 —»ny and y ¢ tv(2Ty---Ty). Then E(T*) =pe E((NLZTY ---TF) ).

Proposition 5.12 For all M € A, we have BT"(M)* = "nf (BT (M)*)™.

Proof [Sketch] One proceeds by co-induction on BT (M) using Lemma 5.11. O

5.8 A Taylor-Based Characterization of Morris’s Equivalence

Now that the technical tools for proving the main result of the section are finally in
place, we are able to prove that the extensional Taylor expansion of a A-term M,
actually captures the Taylor expansion of BT"(M).

We first need the following technical results, then we show a sort of commutation
between the n-normalization and the Taylor expansion.

Lemma 5.13 Let T = A&dy.2T1---Tky1 be a Bohm tree such that Ty1q is finite,
Tiy1 —yy and y ¢ tv(zT1 -+ Ty). Then L(T(T)) = L(T (\T.2T1---T},)).

Proposition 5.14 For all M € A, T ("nf,2E(BT(M)*)") = "nf,L(T (BT(M)))™
Proof [Sketch] By coinduction on BT (M), applying Lemma 5.13. a

We can finally prove the main result of the section.
Theorem 5.15 For every A-term M, T"(M) =T (BT"(M)).

Proof Collecting the results above, we have the following chain of equalities:

T"(M) = "nf, L(nfgT (M))" by Definition 5.7
= "nf,L(T (BT(M)))" by Theorem 2.4
= T ("nf,E(BT(M)*)7) by Prop. 5.14
= T (BT"(M)*) by Prop. 5.12 O
Corollary 5.16 For all M,N € A, we have BT"(M)* C BT"(N)* if and only if
TH(M)C T"(N).

Proof (=) Let t € T"(M). Then there is a € BT"(M)* such that ¢t € T (a). Since
BT"(M)* C BT"(N)*, we have that a € BIT"(N)*. Sot € T(BT"(N)) and we get
from Theorem 5.15 that t € T"(N).

(<) Let a € BT"(M)*. Then by Theorem 5.15 7 (a) C T (BT"(M)) = T"(M) C
T"(N). Since T"(N) = T(BT"(N)) holds still by Theorem 5.15, we have that
T (a) € T(BT"(N)). From Lemma 2.3 we conclude that a € BT"(N)*. O

A further corollary is that the notion of extensional Taylor expansion provides
an alternative characterization of Morris’s equivalence.

Corollary 5.17 For M,N € A, we have M =" N if and only if T"(M) = T"(N).
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Proof We have the following chain of equivalences: By [23] M =™ N if and only
if BT"(M) = BT"(N), that is BT"(M)* = BT"(N)*. By Corollary 5.16 this holds
if and only if 7"(M) = T"(N) does. O

Thanks to Henk Barendregt, Mariangiola Dezani, Thomas Ehrhard, Stefano Guer-
rini, Michele Pagani for stimulating discussions and the reviewers for the comments.
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A Technical Appendix

This technical appendix is devoted to provide some proofs that were omitted or just
sketched in the article.

A.1  Omitted proofs of Section 2
2.3 Letae N and M € A, then T (a) C T (BT(M)) entails a € BT (M)*.

Proof By structural induction on a.
Case a= 1 and T(a) =0 C T(BT(M)). Then it is trivial since L € BT (M).
Case a = AZ.yar---ap and T (a) = U, ., 50 AY[T (a1)™]- - [T (ag)™] C
T(BT(M)). Then M —g AZ.yNy - - - Ny, for some Ny, ..., Ni € A such that T (a;) C
T (BT(N;)). By induction hypothesis a; € BT(N;)* for all 1 < i < k and we
conclude that A\Z.ya; - - - ax € BT (M)*. O

A.2  Omitted proofs of Section 3

3.10 (Approximation Theorem) Let M be a A-term. Then T' - M
o if and only if there exists t € T (M) such that 't : o.

Proof (=) The proof is by induction on a derivation of I' = M : 0. We proceed by
case analysis on the last rule applied in the derivation.

Case var. We have x : o - x : o using the rule (var). This case is trivial since
T (x) = {z}.

Case lam. We have I' - Az.N : o using the rule (lam). By Theorem 3.7(ii), we
have that T,z : u = N : 7 for some u — 7 ~ 0. By IH, there exists ¢ € T (N) such
that T',z : p - ¢’ : 7. Therefore, Az.t' € T (Ax.N) and

Tox:pubt 7
/ (1am)
'tXet' :p—r u—>7:a( )
e
F'FXet' :o E

Case app. We have I' - NP : ¢ using the rule (app). By Theorem 3.7(iii), there
is a decomposition I' = T'g A (A, I';) for some n > 0, such that T'o - N : Al j0; — o
and I'; = P : ;. By IH, there exists s € T (N) such that 'y - s : AI" y0; = 0, and
there exist t1,...,t, € T(P) such that T'; F ¢; : o

Therefore we have that s[ty,...,t,] € T (NP) and:

ToFs:A"yo;, w0 Tiktiio Vie{l,...,n}
LCEsty,... ty] i 0

Case eq. Let I' - M : o using the rule (eq). Then I' = M : 7 for some 7 ~ 0.
By IH there exists t € T (M) such that I' - ¢ : 7. By applying (eq) we derive
I'—t:0.

This concludes the left-to-right implication.
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(<) Let t € T(M) such that I' -t : 0. We proceed by induction on the deriva-
tion for such a type assignment.

Case var. We have ¢ : 0 - z : 0 and « € T (M) which entails M = x by
definition of the Taylor expansion. This case is therefore trivial.

Case app. We have s[ti,...,t,] € T(M) such that I - s[t1,...,t,] : 0. By
Theorem 3.7(iii)’, we get the decomposition I' = I'g A (A_;I';) and the typing
assignments I'g =t : A7_j0; — 0 and I'; I= s; : 0;. By definition of Taylor expansion,
if s[t1,...,tn] € T(M) then M = NP for some N, P € A such that s € T(N) and
t1,...,tn € T(P). ByIH, T N : Al j0;, = cand I'; - P :o; foralli € {1,...,n}.
Therefore we derive:

F'oFN:A'yoy—0 T;EP:o;p Vie{l,...,n}
TFNP:o (app)

Case lam. We have \z.t € T (M) such that I' - Az.t : 0. By definition of Taylor
expansion, Azx.t € T (M) entails M = Az.N for some N € A such that t € T(N).
By Theorem 3.7(ii), one gets I',x : u F ¢t : 7 for some y — 7 ~ o. By IH, we have
[z : pkF N : 7. Therefore, we can derive

x:pukEN:71 (1am)
'FXe.N:p—T1 = u—>7f:a< )
I'FXe.N:o q

Case eq. Let t € T (M) and suppose I' -t : ¢ comes from I' - ¢ : 7 by (eq). By
IH, we have I' - M : 7. By applying (eq) we derive ' - N : 0. O

A.83  Omitted proofs of Section 4
We recall the definition of “w occurs positively /negatively in a type o”.

Definition A.1 The relations w €P o for p € {+, —} are defined as follows:

(i) w € pu — o for any type o and intersection p such that p = w;
(i) if w €P o then w €P y — o for any intersection u;

(iii) if w €Po then w € P 0 A u — 7 for any types 0,7 and intersection p.

Remark that the condition y = w in (i) is non-trivial, since equality = between
types includes the neutrality of w. For instance w €" wAw — o as w Aw = w.

4.2 Let A be a partial pair such that, for all m € M¢(A) and o € A, (m, ) €
dom(j) entails that m # [|. Then A preserves w-polarities.

Proof We perform an induction loading and prove that, for all type o,7 € T4 and

pe{+,—}:ifweP o and 7 ~A o then 7* ¢ A and w €P 7. In the rest of the proof
we will just write ~ for ~A,

We proceed by induction on the definition of w €P o.

Case (i). Suppose that w €P o because p = — and 0 = w — =, then we need

to prove that w €~ 7, for any 7 such that 7 ~ o, that is such that 7®* = ¢°®. By

264



Manzonetto € Ruoppolo

definition, we have:

o* = (w—=7)" =i, =)
where the last equality follows from Definition 3.2 and the hypothesis that ([],7°®) ¢
dom(j). From 7°* = ([],~*) we get that 7* ¢ A since A does not contain any pair,
and this entails that also 7 cannot be atomic.

Suppose therefore 7 = p — §, then we have 7° = (u — 4§)* = j(u*,d°%) =
J([l,7*) = o*. From the injectivity of j, we get that u®* = [] and 6* = ~°, so
T=w—=dandw € T.

Case (ii). Suppose that w €P o because 0 = u — v and w €P . Then

o*=(u—=7)° =4 ="1"

From w €P v, v ~ 4 and the induction hypothesis, we get that v* ¢ A and therefore
(u®,+*) ¢ dom(j). By Definition 3.2, we have that j(u®,v*) = (u*,~*), and since
this is equal to 7°, we get 7 = v — ¢ for some v,d. From j(u®,~7*) = j(v*,6%) and
the injectivity of j we get that u® = v* and ~* = §°.

From w €P v and § >~ v we get, by induction hypothesis, that w €P § and
therefore w eP v — § = 7.

Case (iii). Suppose that w €P o because o = v A pp — 2 and w € P~;. From
YLA W@ — v = T, we get

(mAp—=7)* =7 +p*3) =7°

Suppose, by the way of contradiction, that 7 is an atomic type «. Then, we have

J([7?]+ 1*,~3) = « which implies, by Definition 3.2, that ([y}]+ x®,73) € dom(j) C
M;¢(A) x A. In particular, we get 73 € A, which is impossible since w € P y; and
Y1 = 71, so by the induction hypothesis we conclude that +7 is not atomic.

So, T =v — by, and (v — 62)* = j(v*,03) = j([}] + 1, 3). Since j is injective,
v®* = [y}] + p® and 03 = 3. Therefore, v = d; A v/ such that 63 =+ and v/* = p°.
Since w € P71 and v, ~ 61, by IH we get w € P and we conclude that w €P 7. O

For convenience, we present Lemma 4.3 with an additional equivalent sen-
tence (iii-bis), which is an intermediate step between (iii) and (iv).

4.3 Let M € A. The following are equivalent:
(i) M has a normal form,
(ii) there is a € BT (M)* that does not contain L,
(iii) there is t € nfg(T (M)) that does not contain the empty bag 1,
(iii-bis) in every rgm D preserving w-polarities, I FP t : o for some t € nfzT (M),
environment T and type o such that w ¢ o and w ¢ T, that is w ¢ T'(x)
for all x € Var.

(iv) in every rgm D preserving w-polarities, T =P M : o for some environment I’
and type o such that w ¢ o and w ¢~ T, that is w ¢~ T'(z) for all x € Var.

Proof (i <= ii) is trivial.
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(19 <= iii) follows from Theorem 2.4.

(i1 = iii-bis) We prove that this implication holds more generally for any /-
normal form ¢ that does not contain 1 (regardless the fact that ¢ belongs to a Taylor
expansion). We proceed by structural induction on ¢.

Case t = \z.t’ where t’ is B-normal. By induction hypothesis, I F ¢’ : 7 holds
for some context IV and type 7 such that w ¢ I” and w ¢ 7. Note that I can be
written as I', z : p for some I' and p, therefore we can derive:

Dx:pkt:7
FEXedt' :p— 1

(lam)

From w ¢ I' we get that w ¢ I and w ¢~ p, which entails w ¢* p — 7.

Case t = yby - - - by, for some k > 0, and each b; = [s;1,...,58in,] (for n; > 0)
only contains 3-normal terms. By induction hypothesis, there are environments I';;,
and types 7;;, such that w ¢ TI';; and w ¢t 7;; and I';; F si; : 735 holds. Then we
can derive:

FobFy:ipm—-—=u—a Tybsym te{l,....k}, je{l,...,n;}
F'Fybr by«

where p; = /\?;171-]-, To=y:pu — = —aand [ =T A (AE /\?;1 Tij). As
w ¢ 7;; we also have w ¢~ y1; and therefore w ¢~ Tg. From this, and the hypotheses
that w ¢~ I'y; we get that w ¢ I'. Of course w ¢~ a because « is an atom.

(iii-bis = iii) Consider ¢t € nfgT (M) such that I' F ¢ : o where I' and o satisfy
the hypotheses of (iii-bis). We proceed by induction on the structure of the (-
normal ¢.

Case t = Ax.t’ where ¢’ is S-normal. By applying Theorem 3.7(ii) we have
that I,z : p =t : 7 holds for u € lp and 7 € Tp such that o ~ yu — 7. Since
D preserves w-polarities, w §é+ o entails w ¢+ i — 7. As neither I' nor p has
negative occurrences of w, we have w ¢~ (T, z : 1) and w ¢ 7, so, by the induction
hypothesis, we get that ¢’ does not have occurrences of 1. Therefore 1 does not
occur in \z.t" either.

Case t = yb; - - - by, for some k > 0, and each b; = [si1,...,sin,]| (for n; > 0)
only contains S-normal terms. If & = 0 we are done, as y does not contain 1.
Consider then the case k > 0. By iterating Theorem 3.7(iii’) we know that there is
a decomposition I' = Ty A (AF_, AjLy Tij) such that (setting p; = ALy 75):

FoFyipr — - —pp—0o DyjbEsym; fori=1,....k j=1,...,n

I'yby--bp:o

By Theorem 3.7(i), we get that I'g = y : 7 for some 7 ~ u; — -+ — px — o. From
this, it follows that I'(y) = 7 A p for some p, so w ¢~ I entails that w ¢~ 7 and, as
D preserves w-polarities, we get that w ¢~ pu; — --- — pux — o. From this, on the
one side we get that each p; is different from w (that is, n; > 0, so b; # 1) and on
the other side that w ¢+ 7i; holds for 1 < ¢ <k and 1 < j < n;. We can therefore
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apply the induction hypothesis to each derivation I';; - s;; : 7;; and conclude that
the terms s;; do not contain 1, so neither does the term yby - - - by.

(iii-bis <= 1v) Let us suppose (iv). By Theorem 3.10, we have that '+ M : o
holds if and only if there exists s € T (M) such that I' - s : 0. By Theorem 2.1
(strong normalization of A”) and Theorem 3.8(i) (subject reduction), the latter is
equivalent to the existence of t € nfg7 (M) such that I' - ¢ : 0. Therefore, (iv) is
equivalent to (iii-bis). O

For proving Lemma 4.4, we need the following remark and technical lemma.

Remark A.2 In the model D,, we have that ¢ ~ x holds if and only if o is
generated by the following grammar:

va=xly =y
In particular, g — o ~ * entails that y = 7 for some 7 ~ x and o ~ *.

Lemma A.3 Let N € A be a B-normal form. If '+ N : o, for some ' and o such
that T'(x) ~ x for all x € dom(T") and o ~ x, then N is linear and dom(T") = fv(N).

Proof We proceed by structural induction on V.

Case N = Mx.N’' where N’ is f-normal. From I' = Az.N’ : o0 we get, by
Theorem 3.7(ii), that I',z : u = N’ : 7 for some p, 7 such that 4 — 7 ~ ¢ and, by
transitivity of ~, we get that y — 7 ~ % holds. By Remark A.2 this entails y =~
for some v >~ x and 7 ~ x, therefore we can apply the induction hypothesis and
get that N’ is linear and dom(T',z : v) = fv(N’). Thus, Ax.N’ is also linear and
dom(T") = fv(N') — {z} = tv(Ax.N’) which is what we are meant to prove.

Case N = yNj --- Ni such that Ny,..., N are S-normal. By Theorem 3.7(iii)
and there is a decomposition I' = 'y A (AL, /\?;1 I';) such that To Fy : g —

- — p — o holds for some p; = 71 A -+ A Ty, and I'j; = N; @ 735 is derivable
forall 1 < i < kand 1 < j < n;. By Theorem 3.7(i), o = y : ~, for a type
Y~y — e = e — 0. As To(y) = I'(y) = v ~ x we also have by transitivity
of ~ that uy — --- = pur — o ~ % which entails by Remark A.2 that u; = 7;
(i.e. n; = 1) and 7; ~ *. Therefore we have I' = I'y A (/\lel“z-) and I'; F N; : 7; for
some I'; such that I';(x) ~ * for all x € dom(I';) and 7; ~ *.

By the induction hypothesis we get that each N; is linear and dom(T';) = fv(N;).
We conclude that yNj - - - Ny is linear and dom(I") = dom(T'y) U (Ufz1 dom(T;)) =
fV(le”'Nk). ]

4.4 Let M e A andT =1 : %,...,2p : . Then T FP* M : % if and only if M has
a linear B3-normal form and dom(I") = fv(nfg(M)).

Proof (=) By Theorem 4.2, the rgm D, preserves w-polarities. As w does not
occur positively nor negatively in x, we can deduce by Lemma 4.3 that M has a (-
normal form. By subject reduction, we derive I' - nfz(M) : « and, by Lemma A.3,
we conclude that nfg(M) is linear.

(<) Suppose that M € A has a linear S-normal form and that the environ-
ment I' = 1 : %,..., 2y, : * is such that dom(I") = fv(nfg(M)). It is enough to
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prove that I' - nfg(M) : % is derivable, then one concludes by subject expansion
(Theorem 3.8(i)) that I' = M :  holds. We proceed by induction on nfg(A).

Case nfg(M) = Az.N' where N’ is f-normal. Obviously, N’ is linear and
dom(T", z : x) = fv(N’), so by the induction hypothesis

Lz:xFN %
(lam)
XN % — % *g*—>*(e)
TF Az N :* d

is also derivable.

Case nfg(M) = yNi - - - Nj, such that Ny,..., N are f-normal. We let I'; to be
the environment such that I';(z) = x if € fv(N;) and T';(z) = w otherwise. As
the N;’s are linear, we derive I'; - NN; : x by the induction hypothesis. Then we can
derive (for I’y = y : ):

Fgl—y:*(var) *g*—>-~—>*—>*( )
IloFy:x— - =% — % °d iEN, % 1<i<k
Co A (A T) FyNy--- Np o %

(lam)
To conclude, it is enough to check that T' = T'g A (AF_T). O

A.4  Omitted proofs of Section 5

Lemma A.4 Let M € A be a 3-normal form such that M —, x. For all a € M*,
we have that either €(a, M*) = Lo or E(a, M*) —pe x.

Proof Since M is S-normal, it has the shape Azy...2,. 2Ny - - Np. As M —, x
we get that n = m, x # x; and N; »g x; for all i € {1,...,n}.

We proceed by induction on a.

Case a = L. Then E(a, M*) = L3z by Definition 5.8.

Case a = Azy...zp.2a1 -+ ap with a; € N for all ¢ € {1,...,n}. By induc-
tion hypothesis, either E(a;, N;) —pe x; or E(a;, NJ) —»pe J‘iéxi) so E(a, M*) =
Ay .. xp.x€(ar, NT) - E(an, Ny) = . O
5.11 Let T = \Zy.zT1 - - - Ti41 be a Béhm tree such that Tj,q is finite, Tip11 —y y
and y ¢ tv(2T1 ---T}). Then E(T™) =y E((AL.2TY ---T7) ).

Proof We first prove that, given a € T*, there exists a’ € (AZ.21} ---T}) | such
that £(a, T%) —ye E(a/, (AZ.2TY ---T}F) |). We split into cases depending on a.

Case a = L. Then E(a,T) = E(L,T*) = E(L, \&y.2T7 - - T T, 1) )). From
the fact that Ty is finite, we get that Ty, € N and since Ty —»y, y we have that
Tyy1 is L-free. Asy ¢ fv(2Ty---T}), there is a L-free ¢; € T™ such that ¢y —, 2 if
and only if there exists a L-free co € (AZ.2T7} ---Ty)| such that ¢ —, z. Therefore
E(L, (\Zy.2Ty -- - T Ty ) d) = E(L, (\E2TY -+ Tj) ), s0 a' = L.

Case a = ATy.zai---agq1, with a; € T for 1 < ¢ < k+ 1. By defini-
tion, we have &(a,T*) = A7y.z€(a, T7) - - E(ag, T} )E(ag+1,T) ). By hypothe-
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sis, T+1 is actually a A-term (i.e., finite and L-free) such that Tj1; —, y so, by
Lemma 5.11, either £(ag41, Trt1) —ne J_z(y) or E(ag+1, Trt1) —ne Y. By Remark 5.9

y ¢ tv(zT) - - Ty) entails y ¢ fv(2E (a1, T7) - - - E(ay, T7)), hence in both cases we get
E(a, T*) —»ye ME.2E(ar, TY) - - E(ar, T}) € E(ANL.2TY -+ - T}Y) |). Therefore the a’ we
were looking for is just AZ.zai - - - ag.

Second, we prove that for every o’ € (AZ.2T7} ---Ty)] there is a € T* such that
E(a,T*) —»ye E(a/, (AE2TY - - T}) 1). Again, we split into cases depending on a’.

Case a/ = L. It is enough to take @’ = L and reason as above.

Case a/ = \Z.za) ---a), with o € T;" for all 1 < i < k. Clearly, L € Ty, | and
E(L T, = J_f](y), since by hypothesis T}, is finite and T} —, y. Therefore,
for a = AZy.za) - --a), L € T* we have

E@,T) = ATya€(dh T Eldy TE W1, Ty
= \Ty.2&(a), TY) - E(a), Tr) LY

—pe AZ.2E(a), TY) - E(ay, T) using Remark 5.9

= E(d \T.2TY---T).

We conclude as E(a,T™) € E(T™). 0

Lemma A.5 For all Bohm trees T, we have n(T)* = "nf,(E(T%))".

Proof We proceed by co-induction on 7.
If T =1, then n(T)* = {L} = {19} = {r&(L, L)} = nf,e (E(T*))™.
Otherwise, the B6hm tree T can be written in a unique way as T =
ATY Tt e Y2 T - TRTY - - - T, (for some n,m, k > 0) such that:

o y; ¢ tv(zT---Ty), T is finite and T] —, y; for all i € {1,...,m},
oz, € fv(2T ---T}) or T is infinite, or T}, is finite but does not n-reduce to x,,.

269



Manzonetto € Ruoppolo

The following equalities hold:

n(T)* = Ad.zn(Ty)" - n(Tk)" U {1} by def. of n(—)
= AZ.2"nf e (E(TF)) - Tnf, e (E(T})) U {L} by co-TH
= "AZ.znfpe (E(T7)) - - nfye (E(T}))
U {E(L, (\Z2Ty - T7) )} by def. of 77
= "\Z.2nf,e (E(T, )) - nf e (E(TF)) by def. of 77
U {nfe(E(L, (\E2T5 - T) 1)) and of nf,(—)
= Tnfye (AZ2E(TT) -+ E(T))
U {E(J_, (AZ.2T5 - TF) )} by def. of nf,(—)
= Tnfe (EAZ2T} -+ T}) )7 by def. of £(—)
= Tnf,e (E(T*))" by Lemma 5.11. O

5.12 For all M € A, we have BT"(M)* = "nf,E(BT(M)*)™.
Proof Since BT"(M) = n(BT(M)), the result follows directly by Lemma A.5. O

Lemma A.6 Let M € A be a B-normal form such that M —», x. Then for all
t e T(M), we have L(t, T (M)) —

,,78 xT.

Proof By hypothesis, M has the shape A\z;...zp.2M;--- M, (for some n > 0)
such that, for all @ € {1,...,n},  # x; and M; is a [-normal form such
that M; —, ;. We proceed by induction on ¢. Since t € T (M), we have
t = Axi...zp.xby-- by, such that b; € Me(T(M;)) for every 1 < i < n.
If n = 0 we are done. Otherwise, by Definition 5.1 we have L(t,7T(M)) =
A2y . 22 L(b, M (T (My))) - - L(by, M¢(T (My,))).

Suppose b, = [t1,...,t;] with ¢; € T(M,) for all j € {1,...,k}.

If k£ = 0 then, by Deﬁmtlon 5.1, L(by, M¢(T (My))) = 1‘”" ) because M, =y xp,

n(zn
entails that there is s € [JM¢(T (M,)) = T (M,) such that s —, x,,. Therefore:

L, T(Myn)) e Av1... 2p.2L(b1, M¢(T (M1))) - L(bp—1, Me(T (Mp—1)))1,7

n(zn)
It Axq ... xp_1.2L(by, M(T (My))) -+ L(bp— 1,Mf(T( n—-1)))

If £ > 0, then by induction hypothesis L(tn;, T (M,)) —,¢ . Therefore,

n

ﬁ(t,T(Mn)) e )\331...$n.$£(bl,Mf(T(M1))) ( n— 1,Mf(T( n— 1)))[.%'%
—»772 )\xl...xn_l.xﬁ(bl,Mf(T(Ml))) ﬁ( n— 1,Mf(T( n— 1)))

By iterating this reasoning on by, ..., b,—1 we conclude that L(t, T (M)) —», ¢ z. O

n
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5.13 LetT = AZy.2T1 - - Ti41 be a Béhm tree such that Tj1q is finite, Tipi1 —p y
and y ¢ tv(2Ty - T). Then L(T(T)) = e L(T (A\L.2T1 -+ Tk)).

Proof We first take t € T(T), that is t = A\Zy.zby - - - bp1 with b; € M¢(T(T3)),
and show that L(t,T(T')) —»,¢ L(t', T (A\Z.2Ty - T},)) holds for ¢’ = \Z'.zby --- by, €
L(T(A\Z.2Ty---Ty)). By definition of the labeling £(—), we have L(t,T(T)) =
ATY.zL(by, M¢(T (T1))) - - - L(bgy1, Me(T (Tk11))). By Remark 5.4 we have that y ¢
fv (T - Ty) implies y ¢ fe(zL(by, Me(T(T1)) - - £ (b, Me(T(Ty)).

Suppose that bg1 = [t1,...,t,], we split into cases depending on n.

Case n = 0. As Tj41 —»y y, then T} is L-free finite tree, and therefore
there exists an s € T (Tj41) without empty bags such that s —,, y. Hence
L(bgr1, Me(T (Ti11))) = LO,Me(T (Tiey1))) = 1%@) since s € |JM¢(T (Ti41)) =
T (Tg41). Therefore we have:

L(t, T(T)) = Ay.2L(b1, Me(T(T1))) - - L{bggr, Me(T (Th41)))
= AZy.zL(by, M¢(T (11))) - - - L(bg, Mf(T(TkJ)))]‘iJ](y)
e ABY.2L(by, My(T (T1))) - - - L(bge, Me(T (T)))

= L(AZy.zby -+ by, T (AZy.2Ty - - - Tj)).

Case n > 0. Then t; € T(Ty41) for 1 < i <n, and L(bgy1, M¢(T (T41))) =
(L(t1, T (Thkt1)),- - L(tn, T (Th41))]. Since Tyq1 —y y, then Tj4q is a L-free finite
tree (that is a f-normal A-term), so by Lemma A.6 we have L(t;, T (Tj11)) ¢ y
for every 1 < ¢ < n. Therefore:

L(t, T(T)) = \y.zL(b1, Mg (T (T1))) - - - L{bpy1, Ms(T (Ti11)))
— e AZY.zL(b1, My(T (T1))) - - - L(bg, Me(T (T1)))[y"]
—pe ATy 2L(by, Mg(T(T1))) - - - L(bg, Me(T (T1)))

Second, we take s € T (AZ.2T1 -+ - Tg), i.e. s = A\T.zby - - - by, with b; € M¢(T (T3)),
and show that L(t, 7 (1)) —»,¢ L(s, T (AZ.2T1 -+ T)) fort = AZy.zby - - - bl € T(T).

As Tyy1 —y y, then Ty is L-free finite tree, and therefore there exists an s €
T (Ty41) without empty bags such that s —,, y. Thus £(1, M¢(T (T41))) = 171;(3/)
since s € [JM(T (T4+1)) = T (T)+1). Hence, we have:

Lt,T(T) = Ady.zL{by, Me(T(T1))) - LB, Me(T (i) L(L, Me(T (Tii1)))
= AZy.2L(by, Me(T(Th))) - - - £(bg, Me(T (Ti)1Y,
—pe AZ.2L (b1, Me(T (T1))) - - L(bg, Me(T (Tx)))
= L(s, TOAZ.ZTy - Tp)).

This completes the proof. a
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Lemma A.7 For all Béhm tree T the following equality holds:
T ("nfE(T*)7) = "nf L(T(T))"

Proof We proceed by co-induction on 7.

If T = 1, then the equality follows because 7 (L) = 0.

Otherwise, the B6hm tree T can be written in a unique way as T =
ATy Tyt Y 2T TRTY -+ T (for some n, my k > 0) such that:

o y; ¢ tv(2T---Ty), T is finite and T] —, y; for all i € {1,...,m},
o x, € fv(2T) ---Ty) or T} is infinite, or T} is finite but does not n-reduce to .

Therefore, the following equalities hold:

T("nfp&(T*)") =T ("nfpeE(Az1 ... xp.2Th - Ty) 1)) by Lemma 5.11
=T ("AZ.znfe (E(TT)) - nfpe (E(T))VU{TE(L,AL2TY - - T7)7}) by def. of £(—)
=T ("AZ.2nfe (E(TY)) - - nfpe (E(TF)) ) UT (TE(L,AE2TY - - T}) ) by def. of T(—)
AT EMAT (b (E(TE) ) -+ Me(T ("t (E(TE) ) UT(L) by def. of T(-)
A2 M(T (s (E(T5))) - Mi(T (Cubye (E(T})))) since T(1) = 0
AT M0l (LT (T0)))7) -+ Me("f o (£(T(Ti))") by co-IH

= "nf, (AT 2 M (L(T (T1))) - - Me(L(T (Tk))))™ by def. of nf,

= nf LT 2M(T (T1)) - - - My (T (Ti)))” by def. of L(—)
= 0t L(T(AE2Ty - T)) by def. of T(=)
="nf, L(T(T))" by Lemma 5.13.0

5.14 For all M € A, T ("nf,E(BT(M)*)7) = "nf, L(T (BT (M)))™

Proof It follows directly from Lemma A.7. a
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The Coinductive Resumption Monad

Maciej Pirég! and Jeremy Gibbons?

Department of Computer Science
University of Oxford

Abstract

Resumptions appear in many forms as a convenient abstraction, such as in semantics of concurrency and
as a programming pattern. In this paper we introduce generalised resumptions in a category-theoretic,
coalgebraic context and show their basic properties: they form a monad, they come equipped with a
corecursion scheme in the sense of Addmek et al.’s notion of completely iterative monads (cims), and they
enjoy a certain universal property, which specialises to the coproduct with a free cim in the category of
c1ums.

Keywords: resumptions, completely iterative monads, coalgebra

1 Introduction

1.1  Resumptions

Resumptions were introduced by Milner [32] to denote the external behaviour of
a communicating agent in concurrency theory. In categorical terms, as given by
Abramsky [1], a resumption is an element of the carrier of the final coalgebra v R of
the functor RX = (X x O)! on SET, where I and O are the sets of possible inputs
and outputs respectively. Informally, a resumption is a function that consumes
some input and returns some output paired with another resumption, and finality
implies that the process of consuming and producing can be iterated indefinitely.
There are a lot of possible generalisations, for example to the final coalgebra of the
functor Pin((-) x 0)! for agents with finitely-branching nondeterministic behaviour,
or, depending on the computational effect realised by the agent, any monad in place
of Pfin as studied by Hasuo and Jacobs [24].

The idea of ‘resumable’ computations appeared also in the context of computa-
tional effects and monadic programming. Cenciarelli and Moggi [13] defined what

1 maciej.pirog@cs.ox.ac.uk

2 jeremy.gibbons@cs.ox.ac.uk
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they called the generalised resumption monad transformer as TA = uX.M (XX +A),
where M is a monad, ¥ is an endofunctor, and A is an object of variables, which
allows to sequentially compose resumptions. The resumption monad can be alter-
natively given by M (XM )*, a composition of M and the free monad generated by
the composition of 3 and M. It is canonical in the sense that it is the coproduct of
M and ¥* in the category of monads and monad morphisms, as shown by Hyland,
Plotkin, and Power [26].

The resumption monad is given by an initial algebra, so it is not exactly a gen-
eralisation of the resumptions studied by Milner and others. Intuitively, it models
resumptions that can be iterated only finitely many times. Thus, it is natural to
ask about final coalgebras of functors of the shape M (3(-)+ A). Indeed, Goncharov
and Schroder [21] used monads of the shape TA = v X. M (X + A) to give semantics
to concurrent processes with generic effects, while the monad TA = v X. M (XX + A)
was discussed by the present authors [39] under the name “coinductive resumption
monad”. In this paper, we further generalise the latter construction and take a
closer look at its properties.

1.2  Coinduction

Usually, an effect-free data structure is called coinductive if it is given by the carrier
of a final coalgebra. Informally, finality means that a coalgebra ¢ : X — FX
describes one step, which, repeated indefinitely, builds a structure of the type vF
layer by layer. In the monadic world, however, the steps are often meant to interact
— if we imagine that monadic values are computations, all the steps should be
composed (monadically speaking, multiplied out) into one, big computation; if we
view monads as algebraic theories, we should take into account that operations in
one layer have their arguments in the next layer. Obviously, not every monad is
coinductive in this sense, because the notion of multiplication of infinitely many
layers is not always well-defined. Thus, to capture the notion of coinduction in
the monadic context, we adopt a property called complete iterativity, introduced
by Elgot et al. [16] and later studied by Addmek et al. [4,30]. A monad M is
completely iterative (is a ‘cim’) if it is equipped with an additional coinductive
structure: certain (‘guarded’) morphisms e : X — M (X + A), where X represents
variables (seeds of the corecursion) and A is an object of parameters (final values),
have unique solutions ef : X — M A coherent with the monadic structure of M.

Not too surprisingly, the usual notion of coinduction is captured by free com-
pletely iterative monads (informally: layers do not interact). The free completely
iterative monad generated by an endofunctor F' is given as F*°A = v X.FX + A with
the monadic structure given by substitution in A. An ordinary coalgebra X — F' X
can be seen as a guarded morphism X — F°°(X + 0), where 0 is the initial object
of the base category, with the unique solution X — F*°0 = vF.
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1.3  Contributions

The monad TA = vX.M (XX + A) can alternatively be given as M(XM)>. In
Section 3, we generalise this construction to M 5°°, where S is any right module of
M (all the necessary definitions and notations are given in Section 2). We give it a
monadic structure and prove that it is completely iterative. Moreover, if M is also
a cim, M S is a cim both ‘vertically’ (informally, we build new levels of the free
structure) and ‘horizontally’ (we unfold more M structure) simultaneously.

In Section 4, we turn our attention back to the instance M (XM )>°. We show
that it enjoys a certain universal property, which entails that it is the coproduct of
3°¢ and M in the category of cims. In Section 5, we discuss corollaries and potential
applications of our construction in semantics and programming.

Because of space limitations we present only short outlines of some proofs. For
the full proofs, consult the associated technical appendix available online at http:
//www.cs.ox.ac.uk/people/maciej.pirog/crm-appendix.pdf.

2 Idealised and completely iterative monads

In the rest of the paper, we work in a base category B with finite coproducts. For
brevity, we assume strict associativity of the coproduct bifunctor. The left and
right injections are called inl and inr respectively. For an endofunctor F : B — B,
we denote the carrier of the initial F-algebra as puF', and the carrier the final F-
coalgebra as vF. The unique morphism from a coalgebra (4,9 : A — FA) to
the final coalgebra (vF, : vF — FvF) is written as [g]. We use the letters
M, N, T for monads. Their monadic structure is always denoted as n (unit) and p
(multiplication), possibly with superscripts to assign the natural transformations to
the appropriate monad. The category of monads and monad morphism is denoted
as MND, while the category of Eilenberg-Moore algebras of a monad M is denoted
as M-MALG.

Definition 2.1 Let M be a monad. An endofunctor M together with a natural
transformation (an action) i : MM — M s called a (right) M-module if fi- Mn =
id: M —- M and i - M =7 - Mp : MM? — M.

We define a morphism between two M-modules (M, i) and LM, @) as a natural
transformation f: M — M such that fi- fM = f -1 : MM — M.

Slightly abusing notation, we often denote a module (M, ) simply as M.

Example 2.2 The following are examples of right modules:

(i) For a monad M, the pair (M, zM) is an M-module.

(ii) Let m : M — T be a monad morphism. Then, the pair (T, u” - Tm) is an
M-module.

(iii) Let (M,7z™) be an M-module and F' be an endofunctor. Then, (FM, Fu™M)
is an M-module.

(iv) With the definitions as above, let A : TM — MT be a distributive law between
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monads. The pair (MT, (&M % u™) - MAT) is a module of the induced monad
MT.

(v) If (M, M) and <M, M) are two M-modules, the pair (M + M, 5™+ My s
also an M-module.

(vi) Let F' be an endofunctor with a right adjoint U. Then, F'is an U F-module with
the action given by ¢F' : FUF — F, where ¢ is the counit of the adjunction.

Definition 2.3 An idealised monad is a triple consisting of a monad M, an M-
module (M,M), and a module homomorphism o : (M, @™ — (M, ™). We say
that M is idealised with (M, @™). If M = M +Id, we say that M is ideal. For an
endofunctor F', a natural transformation k : F — M 1is ideal if it factors through o.

If not stated otherwise, for an idealised monad M, by ™ we always denote the
action of the associated module M, and by o™ the associated module homomor-
phism.

Example 2.4 Extending Example 2.2 (iv) and (v), it holds that:

(i) Let M be idealised with M and A\ : TM — MT be a distributive law be-
tween monads. The induced monad MT is idealised with MT. The associated
module morphism is given by ™ T : MT — MT.

(ii) Let M be idealised with M as well as with M. Then, M is idealised with
M + M. The associated module morphism is given by [o,0'] : M + M — M,
where o and ¢’ are the respective associated morphisms of the two modules.

Definition 2.5 Let M be a monad idealised with M. A morphism e : X — M (X +
A) is called a guarded equation morphism if it factors as follows:

[ox+4a, nx+a-inrx 4]

X - MX+A)+A

M(X + A)

We call a morphism e : X — MA a solution of e if the following diagram com-

mutes:
el

X - MA

€ HA
M[efvnA}

M(X + A) M?A

An idealised monad M is completely iterative (is a ‘cim’) if every guarded equation
morphism has a unique solution.

A monad morphism m : M — T, where T is idealised with (T, '), is said to
preserve solutions if there exists a natural transformation m : M — T, such that
m-oM =o - m: M —>T.

We denote the category of all cims and solution-preserving monad morphisms
as CIM.

Note that we use a different notion of morphisms between cims than Adamek
et al. [5], whose morphisms — called idealised monad morphisms — preserve also the
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structure of modules. The name ‘solution-preserving’ comes from the fact that for
an equation morphism e and m as in the definition above, it holds that mx 4 - € is
guarded and that (mx 4 -e)f =ma - el (see the proof of a theorem by Milius [30,
Prop. 5.9]).

An important example of a cim is the free cim X*° generated by an endofunctor
Y. Intuitively, it captures the monad of non-well-founded Y-terms. Given an endo-
functor ¥ (a signature), if the final coalgebra (v X. XX + A, £4) exists for all objects
A, then we define ¥*°A = vX.X X + A. One can show that it is functorial in A,
with the obvious action on morphisms, and that it has a monadic structure given
by substitution in A, which we denote as n*° and p°°. The monad 3°° is ideal and
completely iterative. We define a natural transformation emb : ¥ — X*° as:

e} H -1
emby = (EA 7 vy g Ilssooq o4 S EOOA)

As discussed by Aczel et al. [4], ¥ is the free cim generated by X. Intuitively, this
means that every ideal interpretation of ¥ in a cim M extends in a unique way to
an interpretation of the entire structure in M. Formally:

Theorem 2.6 For a cim M and an ideal natural transformation k : ¥ — M,
there exists a unique monad morphism v(k) : ¥° — M such that k = (k) - emb.
Moreover, the morphism (k) preserves solutions.

We also need the following cancellation property:

Lemma 2.7 For a cim M and a solution-preserving monad morphism m : X>° —
M, the composition m-emb is an ideal natural transformation, and t(m-emb) = m.

3 Monadic structure and complete iterativity

Let (S, 71%) be a right M-module such that S exists. We give a monadic structure
to M S via a distributive law [11]. This construction is an adaptation of Hyland,
Plotkin, and Power’s proof [26] that the inductive resumptions M (XM)* form a
monad. We use the fact due to Addamek, Milius, and Velebil [7] that the category
of complete Elgot algebras is strictly monadic over the base category B. Note that
we cannot employ Uustalu’s construction on parametrised monads [41] (successfully
used by Goncharov and Schréder [21] in the special case of M M), since M S is
not in general given by the carrier of a final coalgebra, and also we make extensive
use of the distributive law later in this paper. We start by recalling the definition
of Elgot algebras [7].

Definition 3.1 Let H be an endofunctor. For two objects A and X, we call a
morphism e : X — HX + A a flat equation morphism. We call a morphism
et : X — A a solution in an H-algebra a: HA — A if et = [a- Hel,id] - e.

Just like in the case of cims, we denote the solutions in Elgot algebras by (-) or
(-)*. This overloading should not impose any confusion, since we are always clear
about the types.
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Definition 3.2 For flat equation morphisms e : X — HX +Y and f : Y —
HY + A, and a morphism h: Y — Z, we define two operations:

hqe:<Xi>HX+YM>HX+Z)

f@e:(X+YMHX+YﬂiHX+HY+A

[Hinl,Hinr]|+id H(X X Y) i A>

Definition 3.3 For an endofunctor H, a complete Elgot H-algebra is a triple
(Aya: HA — A, (1)1, where (1)t assigns to every flat equation morphism e : X —
HX + A a solution e : X — A such that the following two conditions hold:

e (Functoriality) For two equation morphismse : X — HX+Aand f:Y — HY +
A understood as H(-)+A coalgebras, leth : X — 'Y be a coalgebra homomorphism,
that is f -h = (Hh+ida) -e. Then, el = f1.h.

o (Compositionality) For two equation morphismse: X — HX +Y and f:Y —
HY + A it holds that (ft<e)t = (foe)l -inl.

Definition 3.4 For two complete Elgot H-algebras (A, a,(-)T) and (B,b,(-)}), a
morphism h : A — B is said to preserve solutions if for every flat equation morphism
e: X — HX + A it holds that (h<ae)t = h-ef. Complete Elgot H-algebras and
solution-preserving morphisms form a category, which we denote as H-ELGOT.

Theorem 3.5 (Adamek, Milius, Velebil [7]) The obvious forgetful functor
Uglg : H-ELGOT — B is strictly H*-monadic (or simply ‘monadic’ in Mac Lane’s
terminology [29, Ch. 6]), which entails H-ELGOT = H*>-MALG.

Construction 3.6 Recall that (S,i%) is a right M-module. For a complete Elgot
algebra (A,a : SA — A, (-)) we define an algebra (MA, o' : SMA — MA, (-)) as
follows:

a’:(SMAiSAﬁAﬁMA)

Let e : X — SX + MA be a flat equation morphism. We define an auziliary
morphism |e| and a solution e*:

le| = (SX—i—AMS(SX—FMA)—i—AMS(SX—FA)JrA)

inli e|f+i M
ei:(XiSX+MAM>SX+A+MA"—”>A+MAM>MA)

where flat4 p is given as:

S(n™M +id)

S(A+ MB) 2" gara 4 gy S,

—S
SM(A+ B) Y5 S(A+ B)

Lemma 3.7 The triple (MA,d,(-)%) from Construction 3.6 is a complete Elgot
algebra. Moreover, the assignment (A, a,(-)T) — (M A, d', (-)*) on objects and f
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M f on morphisms is an endofunctor on S-ELGOT with a monadic structure given
by the monadic structure of M.

Theorem 3.8 The composition MS* is a monad.

Proof. The assignment from Lemma 3.7 is a monad, so it is a lifting of M to
S-ELGOT with respect to Ugle. Thus, by Theorem 3.5, it is a lifting of M to
S°°-MALG. This induces a distributive law between monads A\ : S®M — MS™>,
which gives a monadic structure to M.S°. a

sk
1 1 1 3
2/\2 4/\4
la/
1 2
x o o 0 o o o

8
o
o
I
B\H
ST
Wl

Fig. 1. Example of a substitution in the D(O x D(-))*° monad.

Example 3.9 (a) Let B be SET, D be the monad of discrete probability distribu-
tions, O = {a,b,...} be a set, and ¥X = O x X be an endofunctor. A value of
the monad D(XD)*°X is a countably branching, possibly infinite decision tree with
elements of the set O in nodes (except for the root), edges labelled with probabil-
ities, and elements of X in leaves. For illustration purposes, it is important that
there is no label in the root — we take a random step before generating a label and
a random step before reaching a leaf. This way, when we substitute a tree for a
variable, we take two random steps before generating a label or reaching a leaf. The
monadic structure of D(XD)>X takes care of flattening these to one random step
by multiplying out the adjacent distributions; see Figure 1 for an example.

(b) In a cartesian closed category, we can define a version of the state monad
that keeps track of all (possibly infinitely many) intermediate states. It is similar
but not identical to ‘states’ given in [39]. Fix an object of states A and consider
the reader monad RX = X4. By Example 2.2 (vi), the writer WX = X x A
is an R-module. More directly, the action can be given as (evfg,outr) CWRX =
XA x A— X x A=WX, where ev is the evaluation morphism of the exponential
object, outr is the right projection, and (-,-) is the product mediator. Intuitively,
for an initial state, the monad RW™ = ((- x A)>*)* produces a (possibly infinite)
stream of intermediate states W°. If the stream is finite, it is terminated with a
final value of the computation. The monad RW® is an instance of the resumption
monad that in general is not given by a final coalgebra. (Compare also Ahman and
Uustalu’s update monads [8].)
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Now, assume that M is completely iterative with respect to a module M. Note
that an ‘ordinary’ monad is always a cim with respect to the module Cj (the constant
functor returning the initial object), so this assumption does not narrow down the
choice of M. We prove M S to be a cim with respect to the module M S>®+M SS>.
This means that each coinductive step can unfold the structure ‘horizontally’ (by
unfolding more structure of M), ‘vertically’ (unfolding the free structure), or both.

Definition 3.10 For a monad T, a distributive law of a T-module T over a monad
M is a distributive law between monads A\ : TM — MT together with a natural
transformation X\ : TM — MT such that the obvious analogues of the diagrams for
distributive laws between monads commute (except for the diagram for n*, since in
general T is not a monad). Moreover, if T is idealised with T, we say that the tuple
(\, X) preserves modules if Mo? -X=X-o'M : TM — MT.

Lemma 3.11 Let T be an idealised monad and let (\,\) be a module-preserving
distributive law of T over M. Then, the induced monad MT is idealised with MT .

One can show that A : S®°M — M S from the proof of Theorem 3.8 can be ex-
tended to a module-preserving distributive law of S.S°° over M. Hence, Lemma 3.11
together with Example 2.4 lead us to the following corollary:

Theorem 3.12 The monad MS™ is idealised with respect to MS™> + MSS>.

We describe a solution in MS* as a two-step process. Intuitively, given an
equation morphism e : X — MS*®(X + A), we first unfold ‘horizontally’ via the
completely iterative structure of M. We are left with what can be seen as an
equation morphism in a monad induced by the distributive law A on the Kleisli
category of M. This morphism (the ‘vertical’ unfolding) has a unique solution, too,
which is the desired solution in M .S5*°.

Lemma 3.13 Let M be a cim. Lete: X — M(X + A+ B) factor as follows:

Y s M(X LA+ B) L MALB [o, M(inl-inr), n-inr]

M(X + A+ B)

The morphism e has a unique solution ' : X — M(A + B).
Lemma 3.14 Let e: X — MS*>®(X + A) be a morphism that factors as follows:

Mo, n°-inr]
_—

X --» M(SS™(X +A) + A) MS>®(X + A)

Then, e has a unique solution et in MS>.

Proof. Consider the Kleisli category of M, denoted as K¢(M). For a morphism
f:A— MB in K{(M), we define a B-morphism f: P - Sf:SA — SB. We
define an endofunctor G on K/(M) given as GA = SA on objects and G(f : A —
MB) = né/[ : Sf: SA — MSB on morphisms. The distributive law A induces a
monad ((S*°) on KL(M) given by (S®)A = S®A and (S®N(f: A —- MB) =
Ap - S®f : 8%A — MS>®B. One can show that ((S°°)) is the free cim generated
by G in K¢(M). The morphism e is a guarded equation morphism in {(S*)), so it
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has a unique solution ef : X — M{(S®)A. One can verify that it is the desired
morphism and that it is unique. a

Now, we can prove the main theorem:

Theorem 3.15 The monad M S is completely iterative with respect to the module
MS>® + MSS>.

Proof. In this proof, for brevity, we denote S> as T and its module SS> as T. Let
e: X - MT(X+A) be a guarded equation morphism. This means that it factors as

-_— — oM McT n-inr
X —» MT(X +A)+ MT(X +A)+ A T 3 1p(X 4 A). Since T s an ideal
monad, there exist isomorphisms T(X+A) 2 T(X+A)+ X +A = X+T(X+A)+A.

— — — [oM M (inl-inr) m-inr]

Thus, e factorsas X --» M(X+T(X+A)+A)+MT(X+A)+A

M(X +T(X + A) + A), and it is a guarded equation morphism in the monad M
in the sense of Lemma 3.13. Therefore, there exists a unique solution ef : X —
M(T(X + A) + A). The morphism M[oT,nT -inr]-ef : X = MT(X + A) is a
guarded equation morphism in the sense of Lemma 3.14, so it has a unique solution
(M[oT 3T -inr] - ef)} : X — MTA. One can verify that it is a unique solution of e
in MT. a

Example 3.16 Consider the monad D(¥D)* from Example 3.9 (a). It is a cim,
which gives us a semantics for discrete Markov processes with sequential composi-
tion. An equation morphism e : X — D(XD)*°(X + A) is a transition system, where
X is the state space. The solution ef : X — D(XD)> A4 is a denotational semantics:
for an initial state, it gives us the decision tree — the intermediate (internal) states
are forgotten. The solution diagram amounts to adequacy.

For an example of the horizontal and vertical complete iterativity, consider the
monad D'X = D(1 + X) for the terminal object 1, which denotes failure. It is a
cim with respect to the module that consists of those values of D’ that fail with
the probability at least 0.5. Each transition of a process denoted by D'(XD’)* can
either produce an output from the set O or perform a silent step, but with the
probability of failure at least 0.5.

4 Universal property and coproduct

A particularly interesting instance of M.S* is M (XM)®°. In this section, we inves-
tigate its universal property: for a cim N, a monad morphism M — N, and an ideal
natural transformation ¥ — NN, there exists a unique coherent monad morphism
M(XM)*> — N. Informally, morphisms that ‘interpret’ every level of the structure
of a resumption in another cim uniquely extend to an interpretation of the whole
structure. First, we define three ‘injections’:

t(emb-XnM) o MM (SM)e°
E— e

liftl = (200 (EM) M(EM )°°)

Mn°
—_—

liftr = (M M(EM)™) liftf = (2 b, oo M (m))
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It is easy to see that liftl and liftr are monad morphisms (liftl is a composition
of two monad morphisms). They are also solution-preserving, the former via
MYM(XM)>, the latter via M (XM )>.

Definition 4.1 By X/CiM we denote the following category: objects are ideal nat-
ural transformations (2 EN T), where T is a cim; morphisms are (not necessarily

solution-preserving) monad morphisms k : T — N such that the following diagram
commutes:

We define a forgetful functor U : ¥/CiM — MND as U(X EN M) = M on objects
and Uk = k on morphisms.

Definition 4.2 A monad M is called ¥-resumable if (XM ) exists. By L-RES we
denote the full subcategory of MND with Y-resumable cims as objects. We denote
the inclusion functor by I : X-RES — MND.

We establish the universal property in terms of an I-relative adjunction. For a
discussion on relative adjoints, see, for example, Altenkirch et al. [9].

Theorem 4.3 The functor U has an I-relative left adjoint F : ¥-RES — ¥ /Cim

given by FM = (X At M(XM)®>®) on objects and Fm = m x [(Em(XM)>* +id) -

€] = mx1(lemb - Xm) on morphisms.

Proof. One can show that the morphism F'm is a monad morphism, so F' is indeed
a functor. Let M be a Y-resumable monad, N be a cim, and ¢ : ¥ — N be an ideal
natural transformation. We define the isomorphism

-] : S/CM[FM, (£ % N)] = MND[IM, U(E % N)J : [-]

by
k2 ey s LNy meMsueh N
k] M= UE L N ] = (2 pEan®) - = LNy
k] = k- M™% [m] = pN - (mos (™ - (f xm)))

For [m] to be a well-defined morphism in ¥/CiM, we note that [m]-liftf = f. Using
the properties of M (XM) and free cims, one can verify that |(-)] is natural in M
and g, and that |(-)] and [(-)] are mutual inverses. 0

An alternative reading of Theorem 4.3 is that (X R M(XM)*°) is the free

object in X/C1M generated by a ¥-resumable cim M. This means that for a cim N,
an ideal natural transformation g : 3 — N, and a monad morphism m : M — N,
there exists a unique monad morphism j : M (XM)*° — N such that the following
diagram commutes (one can easily see that liftr is the unit of the relative adjunction):
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> liftf M(EM)OO liftr M

N

Note that if M = Id, the diagram above instantiates to the fact that 3°° is
indeed the free cim generated by Y. More precisely, the identity monad Id is initial
in MND (the unique monad morphism ! : Id — N is given by the unit of N), so the
right-hand side of the diagram above becomes trivial, and what is left is exactly the
diagram from Theorem 2.6.

Also, for a solution-preserving monad morphism n : X°° — N, the composition
n-emb : ¥ — N is an ideal natural transformation. For a solution-preserving monad
morphism m : M — N, there exists a unique monad morphism j : M (XM)*® — N
such that m = j - liftr and n - emb = j - liftf = j - liftl - emb. This means that
t(n-emb) = (5 - liftl - emb), hence, by Lemma 2.7, we get n = j - liftl. Therefore, the
morphism j uniquely makes the following diagram commute:

$100 liftl M(EM)OO liftr M

\ j/ .

\
N

The morphism j = U[m]p n.emb does not necessarily preserve solutions, even
though liftl, liftr, m, and n do. Informally, the action of 7 on the right component
of M(XM)>®’s module M(XM)>® + MXM(XM)> is not guaranteed to take the
leading M into N. Nevertheless, we can amend the situation if we know that N is
a cim with respect to a two-sided module:

Definition 4.4 A two-sided module of a monad N is its right module (N, %) to-
gether with a natural transformation i~ : NN — N such that the obvious diagrams
mirroring those of Definition 2.1 commute and GX - i*N =" - NgR : NNN — N.
Similarly, we adjust the definition of homomorphisms between modules and idealised
monads. We denote the category of monads that are completely iterative with respect
to two-sided ideals and solution-preserving monad morphisms as T CIM.

In the context of the properties studied in this paper, we can switch from Cim
to TCIM at no cost:

Theorem 4.5 The category TCIM is a full reflective subcategory of CiM. In other
words, the obvious embedding functor Upc : TCIM — CIM has a left adjoint Frc.

In practise, this means that for a monad N completely iterative with respect
to a right ideal IV, there exists a two-sided ideal N (given by NN) and a module
homomorphism N — N (that is, every equation morphism guarded via N is also
guarded via N ), such that N is completely iterative with respect to N. In such a
case, since j from the diagram (1) is equal to ™ - (m*(u” - ((n-emb) xm))) and the
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right-hand side argument of the left-most * preserves solutions (Theorem 2.6), the
morphism j is solution-preserving too, which can be verified by a simple diagram
chase. In general, the module of ¥ is two-sided, but the module of M (XM)*>°
is not. Thus, taking the reflection of the diagram (1) in TCiM, we obtain the
following corollary, which is a ‘completely iterative’ counterpart of Hyland, Plotkin
and Power’s result that M (XM)* is a coproduct of ¥* and M in MND [26]:

Corollary 4.6 For an endofunctor > and a monad M completely iterative with
respect to a two-sided ideal, the Fpc-image of M(XM)™ (that is, M(XM)> ide-

alised with M (XM ) (M (EM)> + MXM(XM)*>°)) is the coproduct of ¥°° and M
in TCIM.

5 Discussion

5.1 Complete iterativity

The results presented in this paper are in general contributions to the study of com-
pletely iterative monads [4]. We give new examples of cims and describe coproducts
with free cims. Note that if M is ideal, then so is M 5°°, which means that our
constructions scale to the category of ideal cims, if one prefers to work in such a
setting.

Our results suggest a form of ‘least- vs greatest fixed points’ duality between
ordinary monads and cims: free objects are given by F*A = puX.FX 4+ A and
F>*A = vX.FX+ A respectively, and coproducts with free objects by M (XM )* and
M (XM)>°. There are other constructions on monads that involve initial algebras,
for example the coproduct of two ideal monads, as shown by Ghani and Uustalu [20].
We conjecture that a similar construction with v in place of u yields the coproduct
in the category of ideal cims.

Adamek et al. [5,6] consider also a finitary case: they define an iterative monad
(without ‘completely’) as a finitary monad on a locally finitely presentable category,
such that all guarded equation morphisms with finitely presentable object of vari-
ables have unique solutions. Similarly, there exists a finitary version of complete
Elgot algebras (namely, Flgot algebras) together with an analogue of Theorem 3.5.
This suggests that the presented constructions should scale to the finitary case, but
we have not yet worked out the details.

FElgot’s original results were set in the context of algebraic theories rather than
general category theory. As a future direction of research, it would be interesting
to look at structures based on resumptions from the point of view of algebraic
specification (operations and equations), especially those that could be used in
semantics and programming, like the logging monad from Example 3.9 (b).

5.2  Semantics and programming

As suggested by the present authors in a previous paper [39], models in the style of
Moggi [34] of effects generating observable behaviour (such as I/O) require a form
of complete iterativity, given that programs need not terminate. Thus, by under-
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standing the category of cims, one hopes for a better understanding of such effects.
For example, if one pursues modularity, the coproduct in MND of two cims is not
in general completely iterative. So, a much better notion of the ‘smallest’ amalgam
of such effects would be their coproduct in TCiMm. This has a practical aspect: the
Haskell programming language is equipped with a single ‘all-inclusive’ IO monad,
incorporating effects as diverse as textual interaction, file handling, system calls, the
foreign function interface, random number generation, and concurrency; one would
hope for more fine-grained components that indicate the actual impure effects in
use (see Peyton Jones [27] for discussion).

Resumptions-like structures are used as denotations of processes, that is pro-
grams that exhibit observable behaviour in the course of execution (see Abram-
sky [1]). A monadic structure captures the notion of composition, which allows
the resumption monad to serve as a basis of a programming calculus in the style
of Moggi [34]. For example, Goncharov and Schroder [21] give a simple semantics
for asynchronous side-effecting concurrent processes using the monad M M. We
hope that the richer structure of M S, can be used to describe more advanced be-
haviours and synchronisation of processes along the lines of Abramsky’s interaction
categories [2].

In pure functional programming, monads are often used as an embedded domain-
specific language (EDSL) used to represent computational effects, built from atomic
actions using functoriality and monadic structure. Very often such monadic values
describe not necessarily terminating (thus, in a sense, coinductive) programs with
non-trivial, parallel resource management, like lazy 1/0; see, for example, Kiselyov’s
iteratees [28]. Such programs are often represented by data structures similar to
monadic resumptions, which are in a close relationship with the outer, ‘imperative’
monad, such as Haskell’s IO. The relationship between the two can be formalised
by the operations discussed in this paper: IO actions can be lifted to the level of
resumptions (liftr), while the whole EDSL program can be executed, that is flattened
back into /0, which can be modelled by the universal property.

5.8 Related work

The notion of complete iterativity was introduced by Elgot [16], and later studied by
Aczel et al. [4,30]. The properties of the monad ¥~°° were studied also by Moss [35]
and Ghani et al. [19]. Milius and Moss used Elgot algebras [7] to describe solutions
to recursive program schemes [31]. The composition M (XM ) has been previously
known to be a monad and a cim in the vertical manner (that is, with respect to
the module MEXM (XM)>°) [21,39]. In contrast to those results, our proofs do not
depend on the resumption monad being given by a final coalgebra.

Resumptions were used in semantics of concurrency in many different shapes
and under different names. A domain-theoretic approach to resumptions was taken
by Milner [32], Plotkin [40], and Papaspyrou [37]. Interaction trees, that is final
coalgebras of functors of the shape P((-) x O)! on SET, where P is the powerset
functor, were extensively used in Abramsky’s interaction categories [2] (the exis-
tence of such final coalgebras was assured by employing Aczel’s non-well-founded
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set theory [3]).

In programming, different forms of resumptions were independently rediscov-
ered dozens of times, and used for flexible structuring of programs, though usually
without much formal treatment. In the Lisp community, resumptions were dubbed
‘engines’ (Haynes and Friedman [25], Dybvig and Hieb [15]) or ‘trampolined’ pro-
grams (Ganz, Friedman, and Wand [18]), while in the Haskell libraries they can
be found under the name ‘free monad transformer’ (since liftr from Section 4 is a
monad morphism natural in M, the functor M — M(XM)> is a monad trans-
former in the sense of Moggi [33]). Different programming patterns that involve
resumptions were discussed by Claessen [14], Kiselyov [28], Harrison [23], and the
present authors [38]. Interleaving of data and effects in the algebraic context was
also studied by Filinski and Stgvring [17], and Atkey et al. [10].

In type theory, similar constructions were used to model interactive programs
(Hancock and Setzer [22]), general recursion via guarded corecursion (Capretta [12]),
or semantics of imperative languages (Nakata and Uustalu [36]).
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Abstract

We discuss how the theory of operator algebras, also called operator theory, can be applied in quantum
computer science. From a computer scientist point of view, we explain some fundamental results of operator
the0r¥ and their relevance in the context of domain theory. In particular, we consider the category W*
of W*-algebras together with normal sub-unital maps, provide an order-enrichment for this category and
exhibit a class of its endofunctors with a canonical fixpoint.

Keywords: WH*-algebras, operator theory, domain theory, fixpoint theorem, quantum computation

Introduction

Our aim here is to use the theory of operator algebras to study the differences and
similarities between probabilistic and quantum computations, by unveiling their
domain-theoretic and topological structure. To our knowledge, the deep connection
between the theory of operator algebras and domain theory was not fully exploited
before. This might be due to the fact that the theory of operator algebras, mostly
unknown to computer scientists, was developed way before the theory of domains.

Our main contribution is a connection between two different communities: the
community of theoretical computer scientists, who use domain theory to study
program language semantics (and logic), and the community of mathematicians
and theoretical physicists, who use a special class of algebras called W*-algebras to
study quantum mechanics.

1 Email: mathys.rennelaGgmail.com
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Rennela

Our main purpose was to pave the way to a study of quantum programming
language semantics, where types are denoted by W*-algebras, terms are denoted
by normal completely positive maps, recursive terms and weakest preconditions are
denoted by fixed points (via Dcpo | -enrichment), and recursive types are denoted
by fixed points of endofunctors (via algebraical compactness).

We list here the main points of the paper, that will be detailed and explained
later on:

e Positive maps can be ordered by a generalized version of the Lowner order
[Low34], considered in the finite-dimensional case by Selinger in [Sel04]: for two
positive maps f and g, f C g iff (¢ — f) is positive [Definition 2.1]. We also
consider completely positive maps in Section 4.

e Hom-sets of normal (positive) sub-unital maps between W*-algebras are directed-
complete with this so-called Léwner order [Theorem 2.2].

e The category of W* of W*-algebras together with normal sub-unital maps is
order-enriched [Theorem 2.9].

* The notion of von Neumann functor is introduced to denote the locally continuous
endofunctors on W* which preserve multiplicative maps [Definition 3.1].

* For such functors, we provide a canonical way to construct a fixpoint, by showing
that the category W* is algebraic compact (for the class of von Neumann functors)
[Theorem 3.6]. Our proof are in the lines of Smyth-Plotkin [SP82].

1 A short introduction to operator theory

In this section, we will introduce two structures, known as C*-algebras and W*-
algebras. We refer the interested reader to [Tak02] for more details.

1.1 C*-algebras

A Banach space is a normed vector space where every Cauchy sequence converges. A
Banach algebra is a linear associative algebra A over the complex numbers C with a
norm ||-|| such that its norm ||-|| is submultiplicative (i.e. Vz,y € A, ||zy| < ||z [|yl])
and turns A into a Banach space. A Banach algebra A is unital if it has a unit, i.e.
if it has an element 1 such that al = la = a holds for every a € A and ||1]| = 1.

A *-algebra is a linear associative algebra A over C with an operation (—)* :
A — A such that for all z,y € A, the following equations holds: (z*)* = z,
(x+y)* = (2" + %), (zy)* = y*2z* and (A\z)* = X\z* (A€ C).

A C*-algebra is a Banach *-algebra A such that ||z*z| = ||z|* for all z € A.
This identity is sometimes called the C*-identity, and implies that every element x
of a C*-algebra is such that ||z| = ||z*|.

Consider now a unital C*-algebra A. An element z € A is self-adjoint if z = x*.
An element x € A is positive if it can be written in the form x = y*y, where y € A.

We write Agy < A (resp. AT < A) for the subset of self-adjoint (resp. positive)
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elements of A.

For every C*-algebra, the subset of positive elements is a convex cone and thus
induces a partial order structure on self-adjoint elements, see [Tak02, Definition
6.12]. That is to say, one can define a partial order on self-adjoint elements of a
C*-algebra A as follows: z < y if and only if y — 2z € A™.

From now on, we will consider the following kind of maps of C*-algebras. Let
f: A — B be a linear map of C*-algebras:

P The map f is positive if it preserves positive elements and therefore restricts to a
function AT — BT. A positive map A — C will be called a state on A. It should
be noted that positive maps of C*-algebras preserve the order on self-adjoint
elements.

M The map f is multiplicative if Va,y € A, f(zxy) = f(z)f(y);

I The map f is involutive if Vx € A, f(z*) = f(x)*;

U The map f is unital if it preserves the unit;

sU The map f is sub-unital if the inequality 0 < f(1) < 1 holds;

cP For every C*-algebra A, one can easily define pointwise a C*-algebra M,,(A)
from the set of n-by-n matrices whose entries are elements of A. The map f is
completely positive if for every n € N, M, (f) : Mp(A) - M, (B) defined for
every matrix [z; ;i j<n € Mn(A) by My (f)([zi]ij<n) = [f(zi)]ij<n is positive.

For every Hilbert space H, the Banach space B(H) of bounded linear maps on

H is a C*-algebra. The space Co(X) of complex-valued continuous functions, that

vanish at infinity, on a locally compact Hausdorff space X is a common example of

commutative C*-algebra.
Self-adjoint and positive elements of B(H) can be defined alternatively through

the inner product of H, as in the following standard theorem (see [Con07,
11.2.12,VIIL.3.8]):

Theorem 1.1 Let H be a Hilbert space and T € B(H). Then:
(i) T is self-adjoint if and only if Vx € H, (Tz|x) € R;
(ii) T is positive if and only if T is self-adjoint and Vx € H, (Tz|x) > 0.

1.2 W*-algebras

We will denote by B(H) (resp. Ef(H)) the collection of all bounded operators (resp.
positive bounded operators below the unit) on a Hilbert space H. There are several
standard topologies that one can define on a collection B(H) (see [Tak02] for an
overview).

Definition 1.2 The operator norm ||7’|| is defined for every bounded operator 7" in
B(H) by: ||T|| = sup{||T'(z)|| | z € H,|[z|| < 1}. The norm topology is the topology
induced by the operator norm on B(H). A sequence of bounded operators (75,)
converges to a bounded operator 7' in this topology if and only if |7}, — T — 0.

The strong operator topology on B(H) is the topology of pointwise convergence
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in the norm of H: a net of bounded operators (T))yep converges to a bounded
operator 7' in this topology if and only if ||[(T\ —T)z|| — 0 for each x € H. In
that case, T' is said to be strongly continuous.

The weak operator topology on B(H) is the topology of pointwise weak conver-
gence in the norm of H: a net of bounded operators (7)) ca converges to a bounded
operator 7T in this topology if and only if ((T\ — T)z|y) — 0 for z,y € H. In that
case, T' is said to be weakly continuous.

It is known that, for an arbitrary Hilbert space H, the weak operator topology
on B(H) is weaker than the strong operator topology on B(H), which is weaker
than the norm topology on B(H). However, when H is finite-dimensional, the weak
topology, the strong topology and the norm topology coincide. Moreover, for the
strong and the weak operator topologies, the use of nets instead of sequences should
not be considered trivial: it is known that, for an arbitrary Hilbert space H, the
norm topology is first-countable whereas the other topologies are not necessarily
first-countable, see [Tak02, Chapter 1I1.2].

The commutant of A C B(H) is the set A’ of all bounded operators that com-
mutes with those of A: A’ ={T € B(H) | VS € A,TS = ST} . The bicommutant of
A is the commutant of A’ and will be denoted by A”.

The following theorem is a fundamental result in operator theory as it remark-
ably relates a topological property (being closed in two operator topologies) to an
algebraic property (being its own bicommutant).

Theorem 1.3 (von Neumann bicommutant theorem) Let A be a unital *-
subalgebra of B(H) for some Hilbert space H. The following conditions are equiva-
lent:

(i) A= A",
(ii) A is closed in the weak topology of B(H).
(iii) A is closed in the strong topology of B(H).

A WH*-algebra (or von Neumann algebra) is a C*-algebra which satifies one
(hence all) of the conditions of the von Neumann bicommutant theorem. The col-
lections of bounded operators on Hilbert spaces are the most trivial examples of
W-algebras. The function space L>°(X) for some standard measure space X and
the space £°°(N) of bounded sequences are common examples of commutative W*-
algebras.

For every C*-algebra A, we denote by A’ the dual space of A, i.e. the set of all
linear maps ¢ : A — C. It is known that a C*-algebra A is a W*-algebra if and
only if there is a Banach space A, called pre-dual of A, such that (A,) = A, see
[Sak71, Definition 1.1.2].

A positive map ¢ : A — B between two C*-algebras is normal if every increasing
net (z))xea in AT with least upper bound \/ ) € AT is such that the net (¢(x))rea
is an increasing net in BT with least upper bound \/ ¢(z)) = ¢(\/ z,).
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1.8 Direct sums and tensors of W*-algebras

The direct sum of a family of C*-algebras {4;};.; is defined as the C*-algebra

Pai= {(ai)i e [[4 sup lai|| < oo}

iel el

where the operations are defined component-wise and with a norm defined by
[(ai)ierll oo = sup lail.

The direct sum of a family of W*-algebras {4;},.; is the W*-algebra @, ; A;
defined as the dual of the C*-algebras @, ; Aix, such that A; is the dual of Aj,
seen as a C*-algebra.

The spatial tensor product A®B of two W*-algebras A with universal normal
representations w4 : A — B(H) and g : B — B(K) can be defined as the subalge-
bra of B(H® K) generated by the operators m®@n € B(H® K ) where (m,n) € AxB.

Proposition 1.4 For a W*-algebra A, one has the following properties:
e Ad0=A=084;

e AR0 =0 =0RA4;

e ARC = A =C®A;

* AR(B,c; Bi) = P (ARB;) for every family of W*-algebras {A;};c;.

2 Rediscovering the domain-theoretic structure of W*-
algebras

The W*-algebras together with the normal sub-unital maps (or NsU-maps), i.e. pos-
itive and Scott-continuous maps, give rise to a category W*, which is a subcategory
of the category C* of C*-algebras together with positive sub-unital maps.

In this section, after recalling some standard notion of domain theory, we will
show that positive sub-unital maps can be ordered in such a way that the category
W* will be Dcpo | -enriched. The decision of considering normal sub-unital maps
instead of normal completely positive maps will be discussed in Section 4.1.

2.1 A short introduction to domain theory

A non-empty subset A of a poset P is called directed if every pair of elements
of A has an upper bound in A. We denote it by A Cg; P. A poset P is a
directed-complete partial order (dcpo) if each directed subset has a least upper
bound. A function ¢ : P — @ between two posets P and @ is strict if ¢(Lp
) =L@, is monotonic if it preserves the order and Scott-continuous if it preserves
directed joins. We denote by Dcpo ;| (resp. Dcpo ) the category with depos with
bottoms as objects and Scott-continuous maps (resp. strict Scott-continuous maps)
as morphisms.

293



Rennela

2.2 A Léwner order on positive maps

Since positive elements are self-adjoint, one can define the following order on positive
maps of C*-algebras.

Definition 2.1 [Lowner partial order| For positive maps f,g : A — B between
C*-algebras A and B, we define pointwise the following partial order C, which
turns out to be an infinite-dimensional generalization of the Lowner partial order
[Low34] for positive maps: f C g if and only if Vo € AT, f(z) < g(z) if and only if
Vo € AT, (g — f)(z) € BT (i.e. g— f is positive).

One might ask if, for arbitrary C*-algebras A and B, the poset (C*(A4, B),C)
is directed-complete. The answer turns out to be no, as shown by our following
counter-example:

Let us consider the C*-algebra C([0,1]) := {f : [0,

The hom-set C*(C, C([0, 1])) is isomorphic to C([0,
tions F' : C*(C,C(]0,1])) — C([0,1]) and G : C(]0,1]
tively defined by F(f) = f(1) and G(g) = Aa € C.cx - g.

We define an increasing chain (fy,)n>0 of C([0,1]) define for every n € N by

1] — C| f continuous}.

1]) if one considers the func-
) — C*(C,C(]0,1])) respec-

0 ifo<z<3
fa(@)=q (z-3)2ntt ifd <a<l42-(HD)
1 if 2 +270HD < g <1

Suppose that there is a least upper bound ¢ in C([0,1]) for this chain. Then,
¢(z) = 0if z < 3. Moreover, im0 (3 +27*D) = L implies that ¢(z) = 1 if
x> L. It follows that ¢(z) € {0,1} if x # 1.

By the Intermediate Value Theorem, the continuity of the function ¢ on the
interval [0, 1] implies that there is a ¢ € [0, 1] such that ¢(c) = 3. From ¢(c) ¢ {0,1},
we obtain that ¢ = 3. That is to say ¢(3) = 3, which is absurd since f,,(3) = 0 for
every n € N.

It follows that there is no least upper bound for this chain in C([0,1]) and
therefore C([0, 1]) is not chain-complete. However:

Theorem 2.2 For W*-algebras A and B, the poset (W*(A,B),C) is directed-
complete.

The proof of this theorem will be postponed until after the following lemmas.

Lemma 2.3 ([RD66], Corollary 1) Let f € C*(A,B) and v € AT. Then,
f(@) <=l - 1. Therefore, || f(z)| < ||z

The following result is known in physics as Vigier’s theorem [Vig46]. A weaker
version of this theorem can be found in [Sel04]. It is important in this context
because it establishes the link between limits in topology and joins in order theory.
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Lemma 2.4 Let H be a Hilbert space. Let (T)\)aep be an increasing net of Ef(H).
Then the least upper bound \/ T exists in Ef(H) and is the limit of the net (Tx)xea
in the strong topology.

Proof. For any operator U € B(H), the inner product (Uz|z) is real if and only if U
is self-adjoint (by Theorem 1.1). Thus, for each z € H, the net ((IThz|z))rea of real
numbers is increasing, bounded by ||z|* and thus convergent to a limit limy (Tyx|z)
since R is bounded-complete.

By polarization on norms, (Thz|y) = 3((T\(z + y)|(z + y)) — (Taz|z) — (Thy|y))
for any A € A. Then, for all z,y € H, the limit limy (T\x|y) exists and thus we can
define pointwise an operator 7' € Ef(H) by (T'z|y) = limy (Th\z|y) for z,y € H.

Indeed, T is the limit of the net (T))aea in the weak topology, and therefore
in the strong topology since a bounded net of positive operators converges strongly
whenever it converges weakly (see [Bla06, 1.3.2.8]).

Moreover, T is an upper bound for the net (7))ea since Ty < T for every A € A.
By Theorem 1.1, if there is a self-adjoint operator S € B(H) such that T\ < S for
every A € A, then (Thz|z) < (Sz|z) for every A € A. Thus, (Tz|z) = limy (Thz|z) <
(Sz|z). Then, ((S — T)z|x) > 0 for every x € H. By Theorem 1.1, S — T positive
and thus 7' < S. It follows that T is the least upper bound of (T)xea- a

Corollary 2.5 For every W*-algebra A, the poset [0,1]4 is directed-complete.

Proof. Let A be a W*-algebra. By definition, A is a strongly closed subalgebra
of B(H), for some Hilbert space H. Then, let (Th)xea be an increasing net in
[0,1]4 C Ef(H). By Lemma 2.4, (T))xea converges strongly to \/ T\ € Ef(H).
It follows that \/ Ty € [0,1]4 because [0,1]4 is strongly closed. Thus, [0,1]4 is
directed-complete. a

This corollary constitutes a crucial step in the proof of Theorem 2.2, as it unveils
a link between the topological properties and the order-theoretic properties of W*-
algebras.

Lemma 2.6 Any positive map f : A — B between C*-algebras is completely deter-
mined and defined by its action on [0,1] 4.

Proof. A positive map of C*-algebras f : A — B restrict by definition to a map
f: AT — BT. Since f preserves the order < on positive elements, it restricts to
[0, l]A — [0, I]B:

Let z € AT\ {0}. From x < |z||1, we can see that ﬁx € [0,1]4 and thus
f(ﬁx) € [0,1]g. Moreover, f(z) = ||zl f(ﬁx) This statement can be extended
to every element in A since each y € A is a linear combination of four positive
elements (see [Bla06, 11.3.1.2]), determining f(y) € B. 0

We can now show that the poset (W*(A, B),C) is directed-complete for every
pair A and B of W*-algebras.

Proof. [Proof of Theorem 2.2] Let A and B be two W*-algebras. By Corollary 2.5,
[0,1]4 and [0, 1] g are directed-complete.
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We now consider an increasing net (f))xea of NsU-maps from A to B, increasing
in the Lowner order. Then, for every x € AT, there is an increasing net (f(z))xea
bounded by ||z|| -1 (by Lemma 2.3).

Moreover, for every non-zero element x € AT, from the fact that [0,1]p
is directed-complete, we obtain that the increasing net ( f,\(ﬁ)) AeA has a join
V f)\(ﬁ) in [0,1]p and thus we can define pointwise the following upper bound
f:[0,1]4 — [0,1] g for the increasing net (f})rea of NsU-maps from [0, 1]4 to [0,1] 5
such that, for every A € A, fi(z) = fx(ﬁ)(m # 0): f(Hi—”) = \/f,\(Hi—”) (x €
AT\ {o})

This upper bound f is a positive sub-unital map by construction and can be
extended to an upper bound f : A — B for the increasing net (fy)aea: for every
nonzero z € A", the increasing sequence (fx(z))xea = (||| f,\(”%H))AEA has a join
V falz) = ||z|| V fA(””;—”) in BT and thus one can define pointwise an upper bound
f:A— Bfor (fa)aea by f(z) =V fa(z) for every z € AT.

We now need to prove that the map f is normal, by exchange of joins.

Let (2)yer be an increasing bounded net in A* with join \/7 x~. For every 7/ €T,
we observe that z,, <\/_ z, and thus, f(z,) < f(V,2,) (recall that f preserves
the order). As seen earlier, since [0,1]p is directed-complete, the increasing net
(f(x+))yer, which is equal by definition to the increasing net (\/, (fr(z4)))~er, has a
join in BT defined by \/, f(z) = Vsere, 20 124l f(HleHx'Y) if there is a 7" € T" such
that z,» # 0 and by \/, f(zy) = 0 otherwise. It follows that \/. f(zy) < f(V., 2).

We have to prove now that f(\/,z,) <\, f(zy). Since each map fy (A € A)
is normal, we obtain that f(\/., zy) = V,(/A(V,2zy)) = V. (V,(fa(zy)). More-
over, for v € I' and X' € A, fuv(zy) < Vyfalzy) < V,(Vyfa(2y)). Then,
Vo ) < Vo (Vy Fa(@)) and thus V3 (V. (@) < V. (Vi fa(ey). Tt follows
that £V 22) = Va(V, f2(@)) < V. (Vi fa(o2) =V, £

Let g € W*(A, B) be an upper bound for the increasing net (fy)aea. For X € A
and z € A", fyv(z) < g(z). Then, Vo € AT, f(z) =\ falz) < g(z), ie. fEg. Tt
follows that f is the join of (f))aea- a

This theorem generalizes the fact that the effects of a W*-algebra A (i.e. the
positive unital maps from C? to A) form a directed-complete poset [Tak02, I11.3.13-
16]. Moreover, it turns out that Theorem 2.2 can be slightly generalized to the
following theorem, with a similar proof.

Theorem 2.7 Let A and B be two C*-algebras.
If [0,1] is directed-complete, then the poset (C*(A, B),C) is directed-complete.

2.8 Dcpo | -enrichment for W*-algebras

In this section, we will provide a Dcpo | j-enrichment for the category W* and
discuss the domain-theoretic properties of C*-algebras.

Definition 2.8 Let C be a category for which every hom-set is equipped with the
structure of a poset. C is said to be Dcpo | -enriched if its hom-sets are dcpos with
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bottom and if the composition of homomorphisms is strict and Scott-continuous,
i.e. the pre-composition (—) o f : C(B,C) — C(A,C) and the post-composition
ho(—):C(A,B) — C(A,C) are strict and Scott-continuous for homomorphisms
f:A—>Band h: B— C.

Theorem 2.9 The category W* is a Dcpo | -enriched category.

Proof.

For every pair (A, B) of W*-algebras, W*(A, B) together with the Léwner order
is a depo with zero map as bottom, and therefore W*(A, B) € Dcpo .

In particular, for every W*-algebra A, W*(A, A) € Dcpo,,. We consider now
for every W*-algebra A a map I4 : 14 = {La} — W*(A, A) such that T4(L) €
W*(A, A) is the identity map on A. The map 14 is clearly strict Scott-continuous
for every W*-algebra A.

Then, what need to be proved is that, given three W*-algebras A, B, C, the
composition oq g : W*(B,C) x W*(A, B) - W*(A, C) is Scott-continuous (the
strictness of the composition can be easily verified).

We now consider a NsU-map f : A — B and the increasing net (gy)yea in
W*(B,C), with join \/, g» € W*(B, C). One can define an upper bound pointwise
by u(z) = ((\V, gx) o f)(x) for the increasing net (g o f)aea in W*(A4,C). It is easy
to check that u is a join for the increasing net (g o f)aea: for every upper bound
v € W*(A, C) of the increasing net (g o f)aea, we have that YA € Ajgro f C v,
Le. VA € A,Vo € AT, g\(f(z)) < v(z) and thus Vo € At u(z) = ((V, 91) 0 f)(z) =
(V90 (f(x)) < v(x), which implies that u T v. It follows that the pre-composition
is Scott-continuous and, similarly, the post-composition is Scott-continuous. O

In operator theory, a C*-algebra is monotone-complete (or monotone-closed) if it
is directed-complete for bounded increasing nets of positive elements. The notion of
monotone-completeness goes back at least to Dixmier [Dix51] and Kadison [Kad55]
but, to our knowledge, it is the first time that the notion of monotone-completeness
is explicitly related to the notion of directed-completeness. The interested reader
will find in Appendix A a more detailed correspondence between operator theory
and order theory.

It is natural to ask if all monotone-complete C*-algebras are W*-algebras.
Dixmier proved that every W*-algebra is a monotone-complete C*-algebra and that
the converse is not true [Dix51]. For an example of a subclass of monotone-complete
C*-algebras which are not W*-algebras, we refer the reader to a recent work by Saito
and Wright [SW12].

3 A fixpoint theorem for endofunctors on W*-algebras

In this section, we will show that it is possible to exhibit a fixpoint for a specific
class of endofunctors on W*-algebras, that we will define later.

For this purpose, we first observe that the one-element W*-algebra 0 = {0} is
the zero object, i.e. initial and terminal object, of the category W*: a NsU-map
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f A — 0 must be defined by f(x) = 0; a NsU-map g : 0 — A is linear and thus
9(0) = 04 must holds.

We will now consider the following class of functors and then show that they
admit a canonical fixpoint.

Definition 3.1 A von Neumann functor is a locally continuous endofunctor on W*
which preserves multiplicative maps.

Example 3.2 The identity functor and the constant functors on W* are locally
continuous and so does any (co)product of locally continuous functors. It is also
clear that all those functors preserve multiplicative maps.

Secondly, our proofs and structures will use the notion of embedding-projection
pairs, that we will define as follows.

Definition 3.3 An embedding-projection pair is a pair of arrows (e, p) € C(X,Y) x
C(Y, X) in a Dcpo | -enriched category C such that poe =idx and eop <idy.

For two pairs (e1,p1), (e2, p2), it can be shown that e; < eg iff po < p;, which
means that one component of the pair can uniquely determine the other one. We
denote by e the projection corresponding to a given embedding e and p¥ the
embedding corresponding to a given projection p. It should be noted that (eo f)¥ =
fPoel (poq)? =q¥ op” and id” =id? =id.

The category C¥ of embeddings of a Dcpo | -enriched category C is the subcat-
egory of C that has objects of C has objects and embeddings as arrows. It should
be noted that this category is itself a Dcpo | -enriched category. Dually, one can
define the category C¥ = (CP)” of projections of a Dcpo | -enriched category C.

An endofunctor F' on a Dcpo | -enriched category C is locally continuous (resp.
locally monotone) if Fxy : C(X,Y) — C(FX,FY) is Scott-continuous (resp.
monotone).

We can now consider the following setting. Let F' : W* — W* be a von
Neumann functor. Consider the w-chain A = (D, ay), for which Dy = 0, the
embedding ag : Dy — F Dy is the unique NsU-map from Dy to F' Dy, and the
equalities a1 = Fay, and D, 11 = F'D,, hold for every n > 0.

Since the endofunctor F' is locally monotone, if for some n € N there is an
embedding-projection pair {(af,al), the pair (o ;,al ) = (Fal, Fal’) is also
an embedding-projection pair. It follows that the w-chain A is well-defined.

Definition 3.4 Consider the collection D = {(zy)n € @©,, Dy | VR > 0, o (2541) =
xn}. It forms a poset together with the order <p defined by (n)n <p (Yn)n
Vn > 0,x, <p, Yn. Moreover, the collection D can be seen as a *-algebra:

From the fact that the projection ag : D1 — Dy = 0 is trivially a multiplicative
map (which maps everything to the unique element of 0) and that the functor F
preserves multiplicative maps, we can conclude that for every n > 0, the projection
ol | = Fall = ... = F""af is a NMIsU-map. In fact, it can be shown that
the embeddings ay, : D,, — Dy 41 are NMIsU-maps as well, by the same reasoning.
Moreover, it should also be noted that embeddings and projections are strict, i.e.
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preserves 0.
Considering these facts, one can verify that the collection D forms a *-algebra
with operations defined component-wise on the family of W*-algebras {Dy},,~-

e The unit is defined by (1,), = (1p,)n. From the fact that the embeddings a2 are
NsU-maps, i.e. aZ(1) <1 for every n € N, we deduce that 1 = (af o a)(1) <
aP (1) for every n € N (recall that the projection o’ is an order-preserving map).
Hence, every projection o is a unital map and thus af (1,41) = of'(1,,) holds
for every n € N.

e The addition is defined by (z)n+D (Yn)n = (Tn+D, Yn)n for all (x,)n, (Yn)n € D.

This operation is well-defined: since the projections ol are linear maps, one can
observe that af (0,41) = 0, and o (zpi1 + Yns1) = o (zns1) + o (Yyni1) =
Zn, + yp, for every n € N. Moreover, by the triangle inequality, sup,, ||zn + ynl|| <
supy, [|za || + sup,, [[ynll < occ.

e The scalar multiplication is defined by A(z,), = (Az,), for every A € C and
and every (z,), € D. It is easy to verify that this operation is well-defined:
alA\ens1) = Aok (zny1) = Az, for every n € N (by linearity of of)) and
[Azn)nlloe = Al(@n)nll oo < oo

e The multiplication is defined by (n)n D (Yn)n = (Tn D, Yn)n for all (zp)n, (Yn)n €
D. This operation is well-defined since the projections 045 are multiplicatives:
aﬁ(mn—&-l : yn-i—l) = a5($n+1) : aﬁ(?/n—i—l) = Tn *Yn-

Moreover, the Banach spaces D,, are submultiplicatives and thus the following
inequality holds: sup,, ||z, - yn| < (sup, [|zn[]) (sup, [lyn[]) < occ.

* The involution is defined by ((x,)n)* = (x}), for every (z,), € D.

This operation is well-defined since the projections «f
of (z 1) = o (2p41)* = z}. Moreover, as a direct consequence of the C*-
identity of the C*-algebras D,, the following equality holds: sup, |z}| =

sup,, ||zn] < oo.

are involutives:

Proposition 3.5 The *-algebra D forms a C*-algebra.

Proof. Since every D, is a C*-algebra, the C*-identity holds for D as well:
(@) (@ )nllao = (@520 )nll o = supy, 2520l = supy, [2]* = (|(zn)nll )2

Consider a Cauchy sequence ((Zyn)n)m € D. It follows that for every n’ € N,
the following proposition holds: Ve > 0,3M € N,Vm,m' > M, <
sup,, men - xm/nH < e.

We are required to prove that the Cauchy sequence ((zpn)n)m € D converges,
by constructing its limit that we will denote by (I,,),. We can first deduce that, for
every n € N, the sequence (2, n)m in Dy, is a Cauchy sequence, which converges to
a limit I,, € D,, since D,, is a W*-algebra (and therefore a Banach space). Then, we
obtain a sequence (I,,)n € [[,,ey Dn- Since PsU-maps (and therefore NMIsU-maps)
are contractive, we can conclude that (I,,), € D by the following arguments.

Tmn' — Tm/ !

Let n € N and € > 0. From the fact that the inequality ||m nt1 — lnt1] <
e holds, we deduce that ||of (zmns1) —al(lnt1)]| = |of (@mmnt1 — lam1)]] <
|Zmnt1 — lng1]] < € and thus, I, = limy oo Tmp = liMpy—eo af(:cmmﬂ) =
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ol (1,41). Moreover, |(In)nllo, = sup,, |[ln]| < oo since I, is the limit of a Cauchy
sequence (recall that every Cauchy sequence is bounded). 0

This leads us to the following new result.

Theorem 3.6 The category W™ is algebraically compact for the class of von Neu-
mann functors, i.e. every von Neumann functor F' admits a canonical fizpoint and
there is an isomorphism between the initial F-algebra and the inverse of the final
F-coalgebra.

The proof of this theorem involves the following notions.

Definition 3.7 An w-chain in a category C is a sequence of the form A = Dy =%
Dy 25 ...

Given an object D in a category C, a cocone p: A — D for the w-chain A is a
sequence of arrows p, : D, — D such that the equality p, = pnt1 © o, holds for
every n > 0.

A colimit (or colimiting cocone) of the w-chain A is an initial cocone from A to
D, i.e. it has the following universal property: for every cocone u' : A — D', there
exists a unique map f : D — D’ such that the equality f o u, = u,, holds for every
n > 0.

Dually, we will consider w°P-chains A°P = Dy ﬁ Dy < --- in a category, cones
v : A% < D and limits (or limiting cones) for an w°P-chain A°P.

Proof. [Proof of Theorem 3.6] Together with its previously defined order, the
C*-algebra D is monotone-complete, since all the W*-algebras D,, are monotone-
complete. Moreover, a separating set of normal states can be defined for D, on the
separating set of normal states of the W*-algebras D,,. We can then conclude by
Theorem A.4 that D forms a W*-algebra and we are now required to prove that it
can be turn into a colimit for the diagram A.

We now define a cocone A — D which arrows are embeddings p,, : D,, — D(n >
0) defined by:

* (@) = ((ag 0 ooy y)(@),(af o ooy )(x), ... 0 (), 2, 00 (2), (a7}
al)(x),...) for every x € D,,. It is easy to check that for every m € N if we

define a sequence (yn)n = fm(z), then the equation af (y,11) = y» holds for
every n € N. Moreover, as a positive map, the embedding u,, is contractive and
thus || (7)o < sup, [|z]] = [z] < oo.

¢ /‘5(($n)n) = x, for every (xn)n eD.
Indeed, it is easy to check that those projections p’ are NMIU-maps by construc-
tion and that the corresponding embeddings 2 are NMIsU-maps by construction.

Then, one can see that ul(uf(x)) = = for every x € D, and that
/‘E(ﬂﬁ((wn)n» < (n)n for every (x,)n € D since:

(i) For every m € N such that 0 < m < n, (ol o---0al )P(zm) = (af ;0
o al)(xm) = zn, which implies that z,, = (af o---0al )((al o---0

al VE(zp,)) = (al o---oaf |)(x,) and thus ((u

n—1 m n—1
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every m < n;

(ii) From the fact that afoaf <idp,,, for every n € N, we obtain that o (z,) =
Plal(zn11)) < apy1 for every n € N and thus by induction, af o --- o
ozEH o ag(xn) < aﬁ; 0---0 ozfﬂ(xnﬂ) < ... <z, for every m > n. Thus,

((ME © Mﬁ)((iﬂn)n))m < xy, for every m > n.

«

Moreover, for every m > 0, we observe that pu, = ppy1 © o, since
0‘5(/‘5—&-1(@@%)) = anp(xn+1) = Tn = Mﬁ((wn)n) and thus MS = 0‘7113 © /%113-&-1 =
(Hnt10 an)P-

As stated in [RT92], the fact that F is locally continuous implies that \/, (un ©
pl) =idp, and thus p : A — D is a colimiting cocone for A by [SP82, Theorem
2,Proposition A]. Dually, one can show that u” : D — AF is a limiting cone for

P . . ag’ af
A", the cone of projections Dg +— Dy +— ---.
Since F' is locally continuous, it is therefore locally monotone. It follows that :

e For every n € N, <Fun, F,uf> is an embedding-projection pair;
e The chain {Fpu, o Ful'}, is increasing with join \/, (Fun, o Ful) = idpp.

From [SP82, Theorem 2| again, we conclude that Fu : FA — FD is a colimiting
cocone (and dually Fu? : FD — FAF is a limiting cone). Then, we observe that
FA is obtained by removing the first arrow from A (recall that Fa,, = anq1).
Finally, the fact that two colimiting cocone with the same vertices are isomorphic
implies that D and F'D share the same limit and the same colimit and that there
is an isomorphism ¢ : D — F'D, i.e. the functor F' admits a fixpoint. O

We will now consider as example the construction of the natural numbers.

Example 3.8 The functor defined by F'X = X @ C gives the chain of embeddings
0+ C— C?2— C?— .-, where C" is the direct sum of n copies of C. The relation
af 1= af @ idc holds for every n € N and thus by induction, af = aéz @ idcn.
Hence, for every n € N, af : C" = 0 ® C* — C"*! is defined by af(c1,...,c,) =
(0, Cly... ,Cn).

Similarly, for every n € N, af = of ®idcn : C*! — C" is defined by
al(c1,ca,...,¢,) = (c2,...,¢,) and thus the property ol (z,.1) = z, holds for
every (zn)n € ;51 C' = B> C.

It follows that D = €,.,C = ¢>°(N) for this functor. More generally, if one

consider a functor FX = X @ A where A is a W*-algebra, then D = Di>o A

4 Streams of qubits

We will now consider the functor FX = (X®A) @ C to represent the construction
of a list of unbounded length whose elements are in a W*-algebra A. It should be
noted that in this setting, the functor F X = (X®M>)®C represent the construction
of a list of unbounded length whose elements are qubits.

The functor defined by FX = (X®A) @ C gives the chain of embeddings 0 —
C—-ApC —>2-ApA®dC — --- where n- A denotes the spatial tensor of n
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copies of A. Assume that this functor has a canonical fixpoint D (this point will be
discussed in the next subsection).

From the relation ozn+1 = (af ®id4) @ ide(n € N), we obtain by in-
duction that aE = (ao ® idp.4) B ldg” 1)A@ - &P idA@idc for every n €
N. It follows that an embedding o -AS - B A e C — (n +
1) - A@---®AdC (n € N) is deﬁned by an(<a1,..., ay,....{(ai),z) =
(<O,a?71,...,ag_1 <a? Lo art ,...7<a%>,1:

It is clear that the corresponding projection is 7o (5, 41).4g..¢Aec and thus D
@D,~oi- A (where, by convention, we denote C by 0- A).

Remark 4.1 Tt is well known that ®i21‘4 is the colimit of the (trivial) diagram

A — A®A — -+ in W*nmMru, the category of W*-algebras together with NMIU-
maps. However in our framework, the functor F' = —®A is associated to the
diagram 0 - 0RA =0 —0RA=0— ---

4.1  Remarks about complete positivity

Unfortunately, the functor FX = (X®A) @ C does not preserve NsU-maps. How-
ever, one might consider restricting to NcPsU-maps to consider such functor. There
is a Dcpo | -enrichment for the category W*.p of W*-algebras together with
NcPsU-maps, investigated independently by Cho [Chol4], who proposed the fol-
lowing variation of the Lowner order :

f Ecp g if and only if g — f is completely positive, i.e. Vn.Vz.M,(f)(z) <
Ma(g)(@).

In fact, the following proposition shows that our domain-theoretic structure do
not change if one restricts to completely-positive maps.

Proposition 4.2 Let f and g be two NsU-maps from a W*-algebra A to a W*-
algebra B. If f and g are completely positive maps, then the relation f C.p g holds
if and only if the relation f C g (Definition 2.1) holds.

Proof. If g — f is completely positive with f and g completely positive (i.e. f C.p
g), it is therefore positive and thus it is clear that f C.p g implies f C g.

Conversely, we will now show that f C g implies f C.p g when f and g are
completely positive maps. It is equivalent to show that if f and f+ g are completely
positive maps, then g is positive implies that g is completely positive.

By the Hahn-Banach theorem, if we consider P = W*(A, B) as a normed vector
space (defined pointwise) and cP = W*.p(A, B) as a linear subspace of P and if
we consider an element z ¢ P\ span(cP), then there is a (continuous) linear map
¢ : P — R with ¢(x) =0 for every x € ¢P and ¢(z) = 1.

We will now apply this fact. If the map g is just positive and not completely
positive, we obtain that ¢(g) = 1 and therefore p(f+g¢9) = ¢(f) +¢(g) =0+1=1
by linearity. But this is absurd since, by assumption, the map f + ¢ is completely
positive, and thus ¢(f + g) = 0. It follows that g is completely positive. 0

Then, it is easy to see that every directed join of completely positive maps is
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completely positive map as well (using the fact that M(\/; fi) =V, M(f;) for every
direct set of completely positive maps {f;},).

Moreover, as shown in [Kor12], the direct sums and the spatial tensor products
of W*-algebras can be turned into endofunctors — @& — : W*.p x W*.p — W*p
and —®— : W*.p x W*.p — W*_p, which are von Neumann functors.

Concluding remarks

The theorem 2.2 provides a Dcpo-enrichment for the category W* of W*-
algebras with NsU-maps, while the theorem 3.6 gives a canonical fixpoint
for every multiplicative map-preservering locally continuous endofunctor on
W*. We believe that these two theorems are encouraging enough to consider
further investigations of the semantics of quantum computation, using W*-algebras.
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A Correspondence between operator theory and order
theory

In this section, we will provide the following correspondence table between operator
theory and order theory, where A and B are C*-algebras.

Operator Theory Order theory Reference
A monotone-closed [0,1] 4 directed-complete A2
f:A— BNsU-map | f:[0,1]4 — [0,1]p Scott-continuous PsU-map A3

A W*-algebra [0,1] 4 dcpo with a separating set of normal states A4

In the standard litterature [Bla06,Tak02], monotone-closed C*-algebras and nor-
mal maps are defined as follows.

Definition A.1 A C*-algebra A is monotone-closed (or monotone-complete) if ev-
ery bounded increasing net of positive elements of A has a join in A™.

A positive map ¢ : A — B between C*-algebras is normal (or a N-map) if every
increasing net (x))xea in AT with a join \/ z) € AT is such that the net (¢(xy))rea
is an increasing net in BT with join \/ ¢(xy) = ¢(\/ z»).

In the standard definition of the notion of monotone-closedness, the increasing
nets are not required to be bounded by the unit, like in the definitions we used in
this thesis. We will now show that we can assume that the upper bound is the unit,
without loss of generality.

Proposition A.2 A C*-algebra A is monotone-closed if and only if the poset
([0,1] 4, <) is directed-complete.

Proof. Let A be a C*-algebra.

If A is monotone-closed, then, by definition every increasing net of positive
elements bounded by 1 has a join in [0,1]4 and therefore, the poset ([0,1]4, <) is
directed-complete.

Conversely, suppose that [0,1]4 is directed-complete. We now consider an in-
creasing net of positive elements (ay)yea in A*, bounded by a nonzero positive
element b € AT. Then, it restricts to an increasing net (”“—I)*H))\EA in [0,1]4 since
b < ||b]| - 1. By assumption, the increasing net (‘TLTAH)AEA has a join \/, \TLTAH €[0,1]a
and thus ||b|| V/, |(|ZTA\| is an upper bound for (ay)ea-

Let ¢ € AT be an upper bound for the increasing net (ay)xea such that ¢ < b.
For every N € A, ay < ¢ <b < ||b]| -1 and thus ror is an upper bound for the
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increasing net (ﬁ)AEA‘ It follows that \/, ﬁ < 1y and therefore, 161l V |(|ITA|| <ec
Thus, ||b]| % is the join of the increasing net (ay)xea bounded by b and we can
conclude that A is monotone-closed. O

In this thesis, we have chosen to use the standard definition of normal maps.
However, one can say that a PsU-map is normal if its restriction f : [0,1]4 — [0,1]p
is Scott-continuous.

Proposition A.3 A PsU-map f : A — B between C*-algebras is normal if and
only if its restriction f :[0,1]4 — [0,1]p is Scott-continuous.

Proof. Let f: A — B be a positive map between two C*-algebras A and B.

If f is normal, then by definition every increasing net (z))xep in [0,1]4 C AT
with join \/z) € [0,1]4 is such that the net (f(x)))aea is an increasing net in
[0,1]p C BT with join \/ f(z)) = f(Vzx) € [0,1]p. That is to say, the restriction
f:10,1]4 — [0, 1] is Scott-continuous.

Conversely, suppose that the restriction f : [0,1]4 — [0, 1] g is Scott-continuous.
Let (z))aea be an increasing net in AT with a nonzero join y € AT. Since y <
llyll - 1, it restricts to an increasing net (m))\e/\ in [0,1]4 with a join ”7”" From the
Scott-continuity of f : [0,1]4 — [0,1]p, we deduce that the net (f(ﬁ%“))AeA is an
increasing net in [0,1]p with join V/ f(;) = f(;iy) € [0,1]5. It follows that the
net (f(xx))aea, which is equal to (]|y|] f(ﬂ”TAH))AeA by linearity, is an increasing net
in B¥ with an upper bound [[y[| V f () = f(llyll 1) = f(y) € BY.

Suppose that z € BT is an upper bound for the increasing net (f(zy))aea. From
the fact that f(zy) < z and therefore f(%) = fﬁ\?ll/) < @ for every N € A, we
obtain that f(ﬁ) < ﬁ and thus f(y) < z. It follows that f(y) is the join of the
increasing net (f(x)))aca. Hence, we can conclude that the map f is normal. O

It is known that a C*-algebra A is a W*-algebra if and only if it is monotone-
complete and admits sufficiently many normal states, i.e. the set of normal states
of A separates the points of A, see [Tak02, Theorem 3.16]. By combining this
fact and Proposition A.2, one can provide an order-theoretic characterization of
WH*-algebras, as in the following theorem.

Theorem A.4 Let A be a C*-algebra.
Then A is a W*-algebra if and only if its set of effects [0, 1] 4 is directed-complete
with a separating set of normal states (i.e. Yx € A,3f € W*(A,[0,1]c), f(z) #0).

The proof will be postponed until after the following theorem, which can be
found in [Tak02], and the following lemma.

Theorem A.5 FEvery C*-algebra A admits a faithful (i.e. injective) representation,
i.e. an injective *~homomorphism 7 : A — B(H) for some Hilbert space H. A C*-
algebra A is a W*-algebra if and only if there is a faithful representation © : A —
B(H), for some Hilbert space H, such that w(A) is a strongly-closed subalgebra of
B(H).
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Lemma A.6 For each W*-algebra A, there is an isomorphism A ~ span(N'S(A))’,
where NS(A) = W*(A,[0,1]) is the collection of normal states of A.

Proof. We now consider the map (x : X — X" defined by (x(x)(¢) = ¢(x) for
x € X and ¢ € X'. Let A be a W*-algebra. We observe that (4, : A, — A’ is
a “canonical embedding” of A, into A’ and it can be proved that A, is a linear
subspace of A’ generated by the normal states of A, i.e. (4, (As) = span(NS(A)),
see the proof of [Sak71, Theorem 1.13.2]. Then, we can now consider the induced
surjection Ca, : Ax — span(NS(A)), which turns out to be injective (and thus
bijective): for every pair (z,y) € A, x A, such that x # y, thereisa f € NS(A) such
that Ca, (2)(f) = f(z) # f(y) = Ca.(y)(f), which implies that (4, (z) # Ca. (y).
Then for every W*-algebra, from A, ~ span(N'S(A)) for every W*-algebra A,
we obtain that A = (A,) ~ span(NS(A))" .
O

Proof. [Proof of Theorem A.4] Let A be a C*-algebra.

Suppose that A is a W*-algebra. Then, by Corollary 2.5, [0,1]4 is a dcpo and
thus A is monotone-complete by Proposition A.2. Moreover, we know by Lemma A.6
that there is an isomorphism (4 : A — span(NS(A))’ defined by (a(a)(¢) = p(a)
for a € A and p € A’. Therefore, (4 is injective and thus for every pair (z,y) of
distinct elements of A, (4(z) # (a(y), which means that there is a ¢ € NS(A)
such that p(z) = Ca(z)(p) # Ca(y)(v) = ©(y). Tt follows that the set NS(A) is a
separating set for A.

Conversely, suppose that A is monotone-closed and admits its normal states as
a separating set.

There is a representation m : A — B(H), for some Hilbert space H, induced by
the normal states on A, by the Gelfand-Naimark-Segal (GNS) construction [Tak02,
Theorem 1.9.14, Definition 1.9.15]:

e Every normal state w on A induces a representation =, : A — B(H,,) such that
there is a vector &, such that w(z) = (m,(z)&,|&) for every z € A

¢ We define a Hilbert space H, which is the direct sum of the Hilbert spaces H,,,,
where w is a normal state on A.

* The representation 7 : A — B(H) is defined pointwise for every x € A: m(x) is
the bounded operator on H defined as the direct sum of the bounded operators
7w(z) on H,, where w is a normal state on A.

By assumption, the set of normal states of A is a separating set for A and thus,
for every pair of distincts elements x,y in A, there is a state p on A such that
(mp(2)€p1p) = p() # p(y) = (mp(y)EplE,) and thus 7,(x) # 7,(y) for some state p
on A. It follows that 7(x) # 7(y) and hence, the representation 7 is faithful.

Let p be a normal state on A. Since A is monotone-closed, every directed set
(p(xx))aen in B(H) has a join \/, p(zx) = p(\V zx). According to the definition we
gave earlier of m,, this imply that 7,(x)) converges weakly to \/, m,(xy). Since a
bounded net of positive operators converges strongly whenever it converges weakly
(see [Bla06, 1.3.2.8]), it turns out that \/, m,(xy) is the strong limit of (7,(x))en in
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B(H,). Hence, the strong limit of (7(z)))xea in B(H) exists in B(H) and is defined
as the direct sum of the strong limit of the nets (m,(xz)))rea Where w is a normal
state on A. Thus, w(A) is strongly closed in B(H) and thus A is a W*-algebra (by
Theorem A.5). O

It is important to note that, in one of the very first articles about W*-algebras
[Kad55], Kadison defined W*-algebras as monotone-closed C*-algebras which sep-
arates the points. However, to our knowledge, this definition never became stan-
dard.
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Abstract

The countable valuation monad, the countable distribution monad, and the countable subdistribution
monad are often used in the coalgebraic treatment of discrete probabilistic transition systems. We identify
preorders on them using a technique based on the preorder T T-lifting and elementary facts about preorders
on real intervals preserved by convex combinations. We show that there are exactly 15, 5, and 41 preorders
on the countable valuation monad, the countable distribution monad, and the countable subdistribution
monad respectively. We also give concrete definitions of these preorders. By applying Hughes and Jacobs’s
construction to some preorder on the countable subdistribution monad, we obtain probabilistic bisimulation
between Markov chains ignoring states with deadlocks.

Keywords: coalgebras, preorders, monads, probabilistic transition systems, probabilistic bisimulation

1 Introduction

We completely identify preorders on the countable valuation monad V), the count-
able distribution monad 724, and the countable subdistribution monad D on Set
respectively. We list the main results of this paper:

e There are exactly 15 preorders on the monad V, and they are generated from 4
preorders C°, C!, £2, and T3 (Section 4).

¢ There are exactly 5 preorders on the monad 72, and they are generated from the
equality EqP and the support-inclusion C* (Section 5).

¢ There are exactly 41 preorders on the monad D, and they are generated from 5
preorders C", C%, C¢ C™, and CM (Section 6).

e To identify preorders on V), it is enough to analyse preorders at the singleton
type. To identify preorders on D and T2, it is enough to analyse preorders at
Email:satoutet@kurims.kyoto-u.ac.jp

308


mailto:satoutet@kurims.kyoto-u.ac.jp

Sato

the Boolean type.

Our task is identifying the class Pre(T) of preorders on a monad T (T =
V,14,D). We focus on the component C; of each C € Pre(T) at a set I. The
component C; is a preorder on T that satisfies congruence and substitutivity. We
denote by CSPre(T, I) the set of such preorders on T'I. We introduce the mapping
(—)r: Pre(T) — CSPre(T,I) that extracts components at I from preorders on 7.
We calculate preorders on T' from CSPre(T,I) by the left adjoint (—)’ and the
right adjoint [—]! of the mapping (—);, and we analyse the sandwiching situation
(j>l AC <[=]! for each < € CSPre(T, I), where < is the component-wise inclusion
order for preorders on T.

We identify Pre(V), Pre(1 ), and Pre(D) as the following steps:

(i) We identify the sets CSPre(V,1), CSPre(1,2), and CSPre(D,1). Then,
the class Pre(V) is identified by applying [9, Lemma 7].

(ii) We calculate the mappings (=)' and [-)! for (T,1) = (4,2) and (T,1) =
(D,1). We then identify Pre() by proving (—)? = [<]2. To finish identifying
Pre(D), we analyse the remaining preorders C € Pre(D) such that (C)! <
Cg [C1]! by using preorders on 1.

In [9], Katsumata and the author developed a method to identity preorders on
monads, but it is not applied well to the monads V, T2y, and D. In this paper,
we introduce the following new ideas to identify Pre(V), Pre(Tx;), and Pre(D):
in (i) of the above steps, we use Lemma 1.1 to identify congruent and substitutive
preorders on the infinite sets V1, 7242, and D1. In (ii), we introduce the left adjoint
(=) of the mapping (—);, and we use the sandwiching situation (<)’ <C <[=<]! to
identify Pre(T2) and Pre(D).

This work is motivated by a mathematical interest. The author has not found
interesting applications of the main results of this work yet, but at least, we have
the following contribution: By applying preorders on D to methods in [6,8,9], we
discuss coalgebraic simulations between probabilstic transition systems, and obtain
probabilistic bisimulations ignoring states with deadlocks between Markov chains
(Section 7). From preorders on the monad T2y (resp. D), we obtain all precon-
gruences on each typed language given from probabilistic choice ) . ; pi(—;) (resp.
and deadlocks) and several axioms.

1.1 Background

Preorders on monads are equivalent to pointwise preorder enrichments on their
Kleisli categories. A suitable partial order on a monad gives a coalgebraic trace se-
mantics [5] and forward/backward simulations between coalgebras [4]. In the studies
[6,8], simulations between coalgebras are given from preorders on coalgebra functors
systematically. Many of them involve preorders on monads (e.g. the inclusion order
P(A x —)).

In the study [11], precongruences on a typed language with nondeterminism (or)
and a divergent term are determined completely, and they are almost equivalent to
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preorders on the composite monad PL of the powerset monad P and the monad £
given by £ =1+ 1d [9]. From this point of view, in other words, our work is seen
as the variant of [11] for probabilistic systems.

1.2 Preliminaries

Throughout this paper, we work on the category Set of sets and functions. For a
monad (7,7, 1) on Set and a function f: X — TY, the Kleisli Lifting f*: TX —
TY of f is the composition f* = jo T(f).

For each set X, we denote by T x the trivial relation X x X on X, and denote by
Eqyx the equality /diagonal relation on X. We denote by R® the opposite relation
of R.

We will use the complete semiring ([0, 00],+,+,0,1) for the countable valuation
monad; it has arbitrary summations, and an infinite sum is the least upper bound
with respect to the standard order < of all finite partial sums [3, Volume A, pp.
124-125, denoted by Z.].

The following lemma is crucial to analyse preorders.

Lemma 1.1 Let 0 < N < oo. If < is a preorder on the interval [0, N] that is
preserved by convex combinations; in other words, the preorder < satisfies

(P12 Ap2 2Nt e(0,1]) = tp1+ (1 —t)p2 2tqr + (1 —t)go

then p =< q for some 0 < p < q < N implies r < s for each 0 <r < s < N.

Proof (sketch). Let a, = p"*'/¢" and b, = "p + (1 — f*)N for each n € N,
where = (N — q)/(N — p). We prove a, = b, (n € N), lim, o a, = 0, and
lim, 0o by, = N from p < gand 0 < p < ¢ < N. We then prove r < s for each
0<r<s<N by using a,, <r < s < by, and a,, =< by, for some m € N. O

2 Monads for Probabilistic Branching

We first introduce some notations: the sum d[U] of d: X — [0,00] over U C X
is defined by > iy d(x). The support of d: X — [0,00] is defined by supp(d) =
{ze X |d(z)#0}. The zero distribution 0 is defined by 0(z) = 0. The Dirac
distribution 0, is defined by d,(z) =1 and d,(y) =0 (x # y).

Next, we define the three monads V, D, and 724 on Set as follows:

Definition 2.1 ¢« We denote by (V,nV, 1Y) the countable valuation monad that
is defined as follows: the functor part V is defined by for each set X, VX =
{d: X = [0,00] [w > [supp(d)| } and Vf(d)(y) = >_ e p1,) d(z) for each f: X —
Y and y € Y. The unit and multiplication are defined by n%(z) = J, and
(1% ()(@) = Y geyx &(d) - d(2) (x € X).

e The countable subdistribution monad (D,nP,uP) is defined as follows: for each
set X, DX = {d: X —[0,1] | d[X] <1}, and the unit and the multiplication
are inherited from the countable valuation monad.
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e The countable distribution monad (Tq,nP, u™1) is defined as follows: for each
set X, Iy X ={d: X - [0,1] | d[X] =1}, and the unit and the multiplication
are inherited from the subdistribution monad.

We remark that the condition w > |supp(d)| is automatically obtained from
d[X] =1 (d[X] <1) in the definitions of the (sub)distribution monad.
The probabilistic branching is characterised coalgebraically by D:

e A Markov chain is characterised as &1: X — DX.
e A probabilistic transition system is characterised as £: X — D(A x X).
e A Segala automaton [13] is characterised as {3: X — PD(1 + A x X).

Since DX = T4(1 + X), we obtain the notion of deadlocks in the probabilistic
branching. For example, a Markov chain £: X — DX has a deadlock at a state
x € X when £(x)[X] < 1. For further examples, see [14].

3 The Class of Preorders on a Monad

We introduce some results of [9], which we use to identify preorders on monads. We
fix a monad (7,n, ) on Set. We denote it by T for simplicity.

We define the congruence and substitutivity of preorders on TI and preorders
on the monad T, the latter of which correspond bijectively to pointwise preorder
enrichments of the Kleisli category Setr of T'.

Definition 3.1 Let I be a set, and let < be a preorder on TI. (i) We call <
congruent if (V5 € J.f(4) < 9(j)) = (Vo € TJ.f*(z) < g*(x)) for each set J and
functions f,g: J — T1. (ii) We call < substitutive if f* is a monotone function on
(T'I,=) for each f: I — T1.

We write (CSPre(T,I),C) for the set of congruent and substitutive preorders
on T'I, ordered by inclusions. It is closed under opposites and intersections, and it
has the greatest and least preorders Ty and Eqp; respectively.

Definition 3.2 ([9, Definition 3]) A preorder C on a monad T is an assignment
of a preorder C; on T'I to each set I such that (i) each T is congruent, and (ii) for
each f: J — TI, f*is a monotone function from (T.J,C) to (T1,C;) (we also call
this property substitutivity).

For example, the assignment C that is defined by ACx B <= A C B is indeed
a preorder on the powerset monad P.

We write (Pre(T'), Q) for the class of preorders on T', ordered by the partial
order < defined by C </ <d:d> VI.C; C E}. It is closed under these opposites and
intersections, which are defined by (C®)x = (Cx)® and (Nyep £ x = Naea EX
and it has the least and greatest preorders: the equality Eq’ defined by Eq§ =
Eqry and the trivial preorder T7 defined by T4 = Trx.

For each preorder T on T, we call T; the evaluation at I of C.
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The evaluation mapping (—);: C +— C; is a monotone map-
ping from (Pre(7T), <) to (CSPre(T,I),C). It has both the
right and left adjoints. The right adjoint [—]? of the evalua-

(=1 - tion mapping (—); is defined by

(Pre(T), <) vk y == Vi X = TLE®@) = fy).
The mapping [—]I is monotone, and it preserves opposites and intersections.
Proposition 3.3 ([9, Theorem 3]) For each I, (—); 4[] and [-]} =1d.

Hence, the preorder [<]! on T is the greatest one whose evaluation at I equals
= for each < € CSPre(T,1).
The left adjoint (=)’ of the evaluation mapping (—); is defined by

<j>lzﬂ{EEPre(T)|EI:j}'

The preorder <j>l on 7' is the least one whose evaluation at I equals < for each
=< € CSPre(T,I) since Pre(T) is closed under intersections, and [<]f = < holds.
By using this, we easily obtain that the mapping <—>I is monotone, that it preserves
opposites, and that the adjunction (—)’ 4 (—=); holds.

Lemma 3.4 Let < € CSPre(T,I). If [<]! = (X)! then the preorder [<)! the
unique preorder whose evaluation at I equals <.

We here introduce the opposite-intersection operators on Pre(7) and
CSPre(7,I). The one on CSPre(T, ) is given as follows:

CSSPre() ) — { AL (ﬂ M)Op ‘ L,M CK } where K C CSPre(T, ])

The opposite-intersection closure operator on Pre(T') is given in a similar way as

the above (we denote it by Cgl;a(T)). We often write Cn » for simplicity.

3.1 Main Results
Theorem 3.5 Preorders on V, Ty, and D are identified as follows:
(i) Pre(V) = Che{C° C! C2 C3} = CSPre(V,1) 2 15 where

di % do supp(d1) C supp(da
d CL dp 4% v € X.(di(2) < do
dy £2% dy 2 vo € X .(dy(2) = do(z) V da(z) = o)
dy C% dp A vz e X (di(2) < d

(ii) Pre(y) = Cho{C*, EqP?'} = CSPre(1y,2) = 5 where
di T do <4 supp(di) C supp(dy).
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(iii) Pre(D) = Cro{C",C*,C4 C™ CM} = CSPre(D,2) = 41 where

dy T do 4% vz € X.di(2) < do(a),

dy T dy <48 supp(dy) C supp(da),

dy C% dy e (di[X] =1 = da[supp(dy)] = 1),

d T2 dy 4 (g [X] =1 = dp = dy),

dy CM dy 4o (g1X] =1 = (do[X] = 1 A supp(dy) = supp(da))).

We prove (i), (ii), and (iii) of Theorem 3.5 in Section 4, 5, and 6.

4 Preorders on the Countable Valuation Monad

Preorders on a semiring-valued finite multiset monad are pointwise [9, Lemma 7
and Theorem 8]. The following lemma holds by applying this fact to the monad V
with a slight change of cardinality of supports to countable.

Lemma 4.1 Each C € Pre(V) satisfies di Cx dy <= Vz € X.di(x) C; da(x),
where 1 = {x}. Moreover, CSPre(V,1) = Pre(V).

Hence, it suffices to identify CSPre(V, 1) to identify Pre(V). We regard V1 =
[0, 00] by the correspondence of each d € V1 with the value d(x) € [0, 00]. For each
=< € CSPre(V, 1), the substitutivity of < is equivalent to

(p2gnte0,00) = tp=tg,
and the congruence of < is equivalent to
Viel(pi 2 qiNt; €[0,00]) = Y icrpiti 2 D iey Giti-
Hence, each < € CSPre(V, 1) is preserved by convex combinations.

We partition the set V1 x V1 = [0,00] x [0,00] into ./
Ry = {(0,9)[¢€(0,00) }, Ri = {(p,g) |[0<p<g<oo}, |
Ry = {(0,00)}, Ry = {(p,o0)[pe(0,00)}, Ry = Ro®, |
Rs = Ri®, Rg = Ry®, Ry = R3®, and Eqy;. | s

By using Lemma 1.1, we obtain Lemma 4.2 and 4.3. 01{//—&

Lemma 4.2 Let < € CSPre(V,1). We obtain the following properties:

(i) p 2 00 for some 0 < p < oo if and only if r < oo for all 0 < r < co.
This is equivalent to RsN =< # () = R3 C <.

(ii) 0 2 o0 if and only if r < s for all 0 < r < oo.
This is equivalent to RoN =< # () = Ry U R3 C <.

(iii) p =< q for some 0 < p < q < 00 if and only if r < s for all 0 < r < s < 0.
This is equivalent to Ry N < #( = R; UR3 C <.

(iv) 0 < q for some 0 < g < oo if and only if r < s for all 0 <r < s < 0.
This is equivalent to RgN = #( = RyUR; URyUR3 C <.

Lemma 4.3 Let < € CSPre(V,1). We obtain <X = Eqy U J;c; Ri where I =
{ief{0,1,...,7} |RiN=<#0}.
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We prepare the following congruent substitutive preorders on V1:
p<0q e (p>0 = ¢>0)

p=<'q 4 p<g

p=tq 44 (p=g)v(g=o0)

=g L p<Ap=0 = ge{x,0})

Proposition 4.4 We obtain CSPre(V,1) = Chw {0, <!, 22, <3} =15,

Proof (Sketch). Let < € CSPre(V,1). We define R(po,p1,...,p7) = Eqy; U
U{ R; | p; = true }. By Lemma 4.3, we obtain < = R(pg,p1,...,p7) Where p; <
RiN=x =10 (i e {0,1,...,7}). From Lemma 4.2 and the transitivity of <, the
octuple (pg, p1, ..., p7) should satisfy the following formula:

P= (po = p1Ap2) A(p1Vp2 = p3)
N(p3 ANpr = p1Aps) NP2 Apr = po) A (p3 Aps = pa4)
A (ps = ps Aps) A (ps V ps = pr).

We remark that the last 2 clauses of P are given by applying <% to Lemma 4.2.
There are exactly 15 satisfying assignments of P. We then prove by hand,

15 = { R(p07p17 s 7p7) | (p07p17 cee 7p7) satisfies P} C Cﬂ,q’{joa jla j27 53}

Since CSPre(V,1) < { R(po,p1,---,p7) | (P0,p1,--.,p7) satisfies P} and
=<0 <1 <2 <3 ¢ CSPre(V, 1), we conclude this proposition. O

Theorem 4.5 (Theorem 3.5(i)) Let C! be the pointwise ordering generated from
=<' (i €{0,1,2,3}). We obtain Pre(V) =Cnwo {C° C! C2, C3} =15,

Proof. It is proved immediately from Lemma 4.1 and Proposition 4.4. O

5 Preorders on the Distribution Monad

First, we identify CSPre(Ty,2) where 2 = {0,1}. We regard 7242 = [0, 1] by the
correspondence of each d = d(0)dp + (1—d(0))d1 € 742 with d(0) € [0,1]. For each
< € CSPre(T)y,2), the substitutivity of < is equivalent to

p=q = Vtuel0,1].((t—u)p+u=(t—u)q+u),

and the congruence of < is equivalent to

(Vi€ I.(pi 2@G)ANY jerti =1) = Dicrpiti 2 X ies titi
Hence, each < € CSPre(V,1) is preserved by convex combinations.
We partition the set 142 x 42 = [0,1] x [0,1] into
Ry = {(0’1)’(1’0) }7 Ry = {(pv(J) |p€ {071}70 <g< 1}7
Ry ={(p,q) |p,q€(0,1),p#q}, Ry = 1®, and Eqp».
By using Lemma 1.1, we obtain Lemma 5.1 and 5.2.
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Lemma 5.1 Let < € CSPre(1y,2). We obtain the following properties:

(i) p =2 q for some 0 <p < q<1ifandonlyifr <s forallr,s e (0,1).
This is equivalent to RoN = # () = Ry C <.

(ii) 0 =g for some 0 < ¢ <1 if and only if r < s for all (r,s) € [0,1] x (0,1).
This is equivalent to Ry N < # () = R URy C <.

(iii) 0 X1 4f and only if r < s for all r;s € [0, 1].
This is equivalent to RgN =< # () = RyUR; URyUR3 C <.

Lemma 5.2 Let < € CSPre(12y,2). We obtain = = Eqp,o U ;e Ri where
I={i€{0,1,2,3} |RiN=<#0}.

Proposition 5.3 . We have the following identification:
CSPre(1y,2) = Cho{=°,Eqp o} = {Tni2,Eqp o, =%, 2, 5N 5P} = 5,

wherepjsq<d:d> (p#£q) = (0<qg<1).

Proof (Sketch). Analogous to Lemma 4.4 with R(po,p1,p2,p3) = Edp,o U
Uier { Ri | pi = true } and the following formula:

P=((po = piAp2AD3)AN(p1 = p2) A (P1 Aps = po) A (p3 = p2)

that is obtained from Lemma 5.1 and 5.2 and the transitivity of <. There are
exactly 5 satisfying assignments (pg, p1,p2, p3) of P. We then prove by hand,

52 { R(po, p1,p2,p3) | (Po,P1,p2,p3) satisfies P } C Cro{=*, Eqp o}

Since CSPre(Z)=172) c {R(p07p17p27p3) | (p07p17p27p3) satisfies P} and
=%, Eqp, s € CSPre(T,2), we conclude this proposition. O

Next, we calculate the mapping [~]?: CSPre(T2y,2) — Pre(T;). Since it
preserves intersections and opposites, and CSPre(Dy,2) = Chw{=*,Eqp,s}, it
suffices to identify the preorders [Eqp 5]? and [<°]* (we denote it by T¢).

Proposition 5.4 The preorders [EqD:12]2 and T are identified as follows:
(i) di [Eap,o)% d2 <= di = ds.
(i) di C% do <= supp(d;) C supp(da).

Next, we calculate the mapping (—)? : CSPre(2y,2) — Pre(1).

Lemma 5.5 Let < € CSPre(1y,2) and « € [0,1]. If di,dy € Ty X satisfy the
following condition: for each y € X such that di(y) > da(y),

d2(y) da(y) d2(y) da(y)
(a - 1(?4)) %o+ (1) (1 - dl(?J)) o1 = dl(y)éo - (1 - dl@)) i

then (ady + (1 — a)dg) (<)% da holds.

QU
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Proposition 5.6 The mapping <—>2 equals the mapping [—]?.
Proof (Sketch). We prove the case < = =<* N <X*® and omit the other cases.

(Case: < = =<*N =5P) Suppose di[<]%ds. By Lemma 5.4, it is equivalent to
supp(dy) = supp(dz). This implies for each y € X such that di(y) > da(y),

di(y) + d2(y) di(y) — da(y) ) (dz(y) di(y) — da(y) >
do + 01 ) = do + 01 ).
( 2di(y) 0 2i(y) ) T \dily) dily)
By Lemma 5.5 with a = 1/2, we obtain (d; + dz)/2 (<)% da. Similarly, we also have
dy (=)% (di + dg)/2. Thus, dy (<)% d2. Therefore, [<]? = (<)? holds. O

Theorem 5.7 (Theorem 3.5(ii)) We obtain the following identification:
Pre(Ty) = Cne{C", Bq™} = {T™ Bq™,C° £, C°NE®} =5,

Proof. It is proved from Lemma 3.4, Proposition 5.4, 5.3, and 5.6. O

6 Preorders on the Subdistribution Monad

First, we idenfity CSPre(D, 1). We regard D1 = [0, 1] by the correspondence of each
d € D1 with the value d(x) € [0,1]. For each < € CSPre(D, 1), the substitutivity
of < is equivalent to

(p=2gntel01]) = tp=tq,
and the congruence of < is equivalent to
Viel.(pi 2q)NY icrti <1 = Y icrpiti 2D i1 Giti
Hence, each < € CSPre(D, 1) is preserved by convex combinations.
We partition the set D1 x D1 = [0,1] x [0,1] into
Ry = {001}, B = {09 |0<qg<1l}, R =
{(p)]0<p<l}, Ry = {(p@)|0<p<qg<l}, Ry =
Ro®, R5 = Ri®, Rg = Ro®, Ry = R3®, and Eqp;.
By using Lemma 1.1, we obtain Lemma 6.1 and 6.2.

Lemma 6.1 Let < € CSPre(D,1). We obtain the following properties:

(i) p =2 q for some 0 <p<q<1lifandonlyifr=<s foral0<r<s<]l.
This is equivalent to RsN =< # () = R3 C <.

(ii)) 0 = q for some 0 < q <1 if and only if r < s for all0 <r < s < 1.
This is equivalent to Ry N < # () = R; UR3 C <.

(iii) p 21 for some 0 <p <1 if and only ifr X s for all0 <r <s<1.
This is equivalent to RoN =< # () = Ry U R3 C <.

(iv) 0 <1 ifand only ifr < s for all0 <r < s <1.
This is equivalent to RgN = #( = RyUR; URyUR3 C <.

Lemma 6.2 Let < € CSPre(D,1). We obtain X = Eqpy U U;c; Ri where I =
{i€e{0,1,....7} | Rin=#0}.
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We prepare the following congruent substitutive preorders on D1:
ep=rq & oy
e p=iq gp>0 — ¢>0
ep=tgdd o1 — g=1

The superscripts 7, s, and d stand for real values, supports, and deadlocks of dis-
tributions respectively. We let <sd— <5 <d for simplicity.

Proposition 6.3 We obtain CSPre(D, 1) = Cn»{=", <*, <} = 25.

Proof (Sketch). Analogous to Lemma 4.4 with R(pg,p1,...,p7) = Eqp; U
Uicr { Ri | pi = true } and the following formula: P = P’ A P” where

P'=(po <= (p1 Ap2)) A((p1Vp2) = p3),
P" = (ps <= (ps Aps)) N ((ps Vps) = pr).

There are 25 satisfying assignments (po, p1,...,p7) of P. We prove by hand,

252 { R(po,p1,---,07) | (p0, D1, - - -, pr) satisfies P} C Cra{=", <%, <}

Since CSPre(D,1) < { R(po,p1---,07) | (Po,p1,...,p7) satisfies P} and
<", =<%,<? € CSPre(D, 1), we conclude this proposition. O

Next, we calculate the mapping [—]': CSPre(D,1) — Pre(D). Since it pre-
serves intersections and opposites, and CSPre(D,1) = Cn«{=",=% =<9} holds,
it suffices to identify the preorders [<"]', [=°]!, and [=9]' (e.g. [=¢ N <P =
[jd]l N [js]lfp). Let C"= [jr]l’ Cs= [js]l, and Ed: [jd]l.

Proposition 6.4 The preorders C", C°, and C% are identified as follows:
(i) dq E&— dy < Vx € Xdl(a:) < dg(x)
(i) di C% d2 <= supp(di1) C supp(dz).
(iii) dy Egl( dy — (dl [X] =1 = do [supp(dl)] = 1).
Next, we calculate the mapping (=)' : CSPre(D,1) — Pre(D). Generally

speaking, (—)! : CSPre(T,I) — Pre(T) needs not preserve intersections, but the
mapping (—)' : CSPre(D,1) — Pre(D) preserves intersections.

Proposition 6.5 The mapping <—>1 satisfies the following:
e The mapping (—>1 preserves intersections and opposites.

o (=N =7, (=) =%, and <jd>l = C™ where C™ is defined by
d1 E% d2 g (dl[X] =1 —= d1 = d2)

By Proposition 6.3 and 6.5, we obtain that the preorder <j>1 is identified com-
pletely for each < € CSPre(D,1) (e.g. <jd N jsq’>1 =LC"NCSP).

The following lemma and is crucial to identify the mapping (—)1.
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Lemma 6.6 Let < € CSPre(D,1). Ifdi,ds € DX satisfy the condition:

1+ di[X] < (14 d1[X)) min(dl,dg)(a:)>
2 - 2 dl(l’)

Va € supp(dy). <

then we obtain dy (<)% min(dy, dy).
Here, min(d;,dz) € DX is defined by min(d;, d2)(x) = min(d; (z), da2(z)).

Proof of Proposition 6.5 (Sketch). First, we prove C™ € Pre(D). Since C" =
=<4, the image of the mapping (—); under Cn o {C",C*%,C™} is CSPre(D, 1). Next,
we prove di (EQ}X min(dy, d3) (EQ}X ds for each di Cx dy by applying Lemma 6.6
for each C € Cro{C",C°,C™}. =

To ﬁmsh 1dent1fy1ng the class Pre(D), we search for a preorder C on D such
that ( j CI[= ! for each < € CSPre(D,1). Here, (<)! and [<]! are the least
and greatest preorder on D whose evaluations at 1 equal <.

Proposition 6.7 Let < € CSPre(D,1). If—< zs one of < -<d jdq), <dn <5P  and

=<d® N =%, a preorder C € Pre(D) such that ( QEQ 1s determined uniquely
as follows:
<=x!= c=C" === = c=c""
<==N=®? = C=CMnCc*®?, x==xnzx* = Cc=CcMnr*

where, the preorder CM € Pre(D) is defined by
A (g x] - _ -
di Ex da (di[X] =1 = (d2[X] = 1 Asupp(d1) = supp(dz))).

Otherwise, a preorder C € Pre(D) such that ( §/E §/ L does not exist.

Let 7: Iy = D be the natural transformation defined by 7x(d) = d for each
d € Dy X. For each C € Pre(D), we define the restriction C(C) of C by

C(E)x ={(di,d2) | 7x(d1) Cx 7x(d2) } S Dy X x Iy X.
The following lemma shows that the restriction C'(—) is a monotone mapping from
(Pre(D), <) to (Pre(T), Q) since the monotonicity of C' is obvious.
Lemma 6.8 For each C € Pre(D), C(C) is indeed a preorder on T .
Lemma 6.9 Let < € CSPre(D,1) and C € Pre(D) with ( ﬁ/E I=
(1) (d1[X] <1V da[X]<1) = (d1 [R]k da & di Cx dy = di(= >Xd2)
<)h 9C(C) 9C(=]Y)

Hence, each preorder C € Pre(D) such that (<)" JC 9 [<]! is determined by
preorders on 1 between C((<)') and C([<]') and the preorder [<]!.

Proof of Proposition 6.7 (Sketch). In the first 4 cases, C'((<)") = Eq™ and
C([x]') € {C*,C5®}. Thus, C(C) = C* N C*® by Lemma 6.9 (ii). Hence, the

318



Sato

preorder C is determined uniquely by Lemma 6.9 (i). Otherwise, (<)* JEd [<]!
contradicts Lemma 6.9 (ii) since C([<]!) = £ N C5P.

Theorem 6.10 (Theorem 3.5(iii)) The class Pre(D) is identified as Table 1 be-

low. Moreover, we obtain Pre(D) = Ch»{C",C°, ., cm CM) >~ 41,

We have finished identifying Pre(D).

< € CSPre(D, 1)

C € Pre(D) such that T; = <

Tp1 TD
D
Eaqp, Eq
< "
TN CTAC™
<Nz Crnc”
< =P < C NP nC?
<s Cs
5N =P CSNCs®
<9n=s C™NnC®, c9nC®
_<d m _<dq) Em m qu’)7 Ed m Edq)

CmnCm™®nc?, cénc®™®nes

TN Nz

CT"NC NE®, CINC NCs®

jdm jdq) m js m jsqo

CmNCm™®NCnC®, cinc®™nCencs®

_<d

cm, M,

<7TN =P

Em N ESC{J’ EM N ESQ)’ Ed N ESQ)

Table 1

The table of CSPre(D, 1) and Pre(D) (we omit opposite preorders)

Proof. It is proved immediately from Proposition 6.3, 6.4, 6.5, and 6.7.

The next lemma tells that CSPre(D, 2) is enough to identify Pre(D).
Theorem 6.11 We obtain Pre(D) = CSPre(D, 2).

d

Proof (Sketch). By Lemma 3.3, it suffices to prove Ty # L), whenever C # C'.
By [9, Lemma 3], it suffices to compare C and C’ such that £ = /4.

d

7 Coalgebraic Simulations between Markov Chains

Simulations between coalgebras are defined coalgebraically by using relational lift-
ings of coalgebra functors. In this section, we focus on simulations between Markov
chains (i.e. D-coalgebras). We now discuss relational liftings of D that are con-
structed from preorders on D by the following two methods.

The first method is given in [6,8]. For a given preorder C € Pre(D), we construct

the relational lifting D& of D by

D(R) = Cx o { (Dmi(d), Dma(d)) € DX x DY |d € D(R) } o Cy

where m1: R — X and 7mo: R — Y are projections from a relation R C X x Y.
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The second method called the preorder T T-lifting is defined in [9]. For a given
< € CSPre(D, I), we define the relational lifting DT () of D by

D'(R)={(f: X = DI,g: Y = DI) | ¥(z,y) € R.f(z) <
DTTE(R) ={ (d1,dz) € DX x DY | ¥(f.g) € DTH(R).fH(d > g (d) }.

We relate earlier studies of (bi)simulations between probabilistic transition sys-
tems to the coalgebraic simulations obtained by the above methods:

o DT T(Edp1)_gimulation is equivalent to the generalised definition of probabilistic
bisimulation [10] given at [2, Definition 4.2]. At [2, Theorem 4.5], assuming
_ D
z-closedness [2, Section 2|, the generalised definition is equivalent to D(Eq ).
simulation (i.e. D-bisimulation [2, Section 3]).

e We obtain DTTE)N(R) = {(d,do) | VU C X.di[U] < da[R(U)]}.  Hence,
the probabilistic bisimulation defined in [16] is equivalent to DT T(E")(=) N
(DTTED) (=®))®_simulation [12]. Moreover, the relational lifting for probabilistic
simulations defined at [1, Definition 3.6] equals (D' &) (=®)?,

C")

J— T
« Jonsson-Larsen simulations over Markov chains are D'~ '-simulations [4].

o 5(25)-simulations, DT T(Z)_simulations, and support simulation that are defined
as follows are equivalent: R is a support (bi)simulation between Markov chains
(X,€) and (Y,¢') if R is a (bi)simulation between two P-colagebras (X, supp o &)
and (Y, supp o ¢’) in the standard sense.

__(CSACs®
o D(E = )—simulations and DT T( -simulations are equivalent to support

bisimulations and support bisimulations up to z-closedness respectively.

<*N=s®)

We apply the preorders C™, CM and T on D to the construction 5(_). For
two Markov chains (X, ¢) and (Y,¢’), a binary relation R C X x Y is:

*a ﬁ(gm)—simula‘cion if and only if
—(EqP
(z.9) € RAE@IX] =1 = (£@).€ () € D™ (R).
This is seen as a probabilistic bisimulation ignoring states with deadlocks.
*a ﬁ(EM)-Simulation if and only if

(w,y) € RAL@)X] =1 = (£(2),€'(y)) € “(R).

This is seen as a support-bisimulation ignoring states with deadlocks.

L=

=(C7% . . .
e a D'~ ‘-simulation if and only if

(2,9) € RAL@)[X] =1 = (£(2),&(y) e D= (R),

This is seen as a reverse support simulation ignoring states with deadlocks.
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)

We give an example of 5(Em -simulation. We

consider two Markov chains (X, &) and (Y,¢') @%’::“\\\
and their start states © € X and y € Y as in i ( /_7\:\\}%11\
the right figure. The dashed arrows are a 5@ ).

N \\y’ \o
simulation R between x and y. First, since the i ( /’B\L:::><::%V/\\\%
state « has a deadlock, the states x and y are N S
assumed to be probabilistic bisimilar uncondi- U 1 U 1 U 1 U 1
tionally. Next, since transitions started from the
state 2’ has no deadlock, the state 3y’ must be probabilistic bisimilar to the state z’

(EqP)

in the sense of D -(bi)similarity.

8 Future Work

We have the following future work at this time:

¢ We expect to analyse preorders on other monads. For example, the convex module
monad QU [7,15] that captures discrete probabilistic branching combined with
nondeterminism.

¢ We expect to obtain preorders on the composite monad ST of monads S and T
by using a distributive law §: T'S = ST from preorders on S and T.
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