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Abstract Monte Carlo methods, in which a trajectory is simulated
o ) through the parameter space that converges to a stationary
We propose a competitive finite mixture of neurons (or gjstribution that is the true posterior distribution [8]. How-
perceptrons) for solving binary classification problems. eyer, poth these methods are computationally intensive.
Our classifier includes a prior for the weights between dif-  \ye propose a solution where we use much fewer fi-
ferent neurons such that it prefers mixture models made Uppite combinations of simple neurons that each form simple
from neurons having classification boundaries as orthog- |inear boundaries. and combine them in a mixture model
onal to each other as possible. We derive an EM algo- formalism to model various parts of the data. Indeed
rithm for learning the mixing proportions and weights of s;ch a mixture model has been used before for classifica-
each neuron, consisting of an exact E step and a partial M tiony [5]. However, in constrast to standard mixture model
step, and show that our model covers the regions of highannroaches, we introduce a penalty into the cost function of
posterior probability in weight space and tends to reduce gach neuron in the form of a squared cosine term between
overfiting. We demonstrate the way in which our mixture the weights of other neurons, such that the model learns
classifier works using a toy 2-dimensional data set, show- 5o|ytions that are not only good in terms of the classifica-
ing the effective use of strategically positioned componentsjoy performance, but are also encouraged to be different
in the mixture. We_: further compare its performance against f,om each other. Our algorithm can be thought of as a mix-
SVMs and one-hidden-layer neural networks on four real- yre of experts model with competitive penalties between
world data sets from the UCI repository, and show that even ¢ experts (as shown in Figure 1). We use an EM algo-
a relatively small number of neurons with appopriate com- yjthm [2] for learning the weights of each of the neurons
petitive priors can achieve superior classification accura- gnd the mixing proportions between them. Since we treat

cies on held-out test data. the loss function of a neuron as a negative log probabil-
ity, we automatically have a probabilistic interpretation and
1 Introduction hence can evaluate posterior responsibilities of neurons for

data given priors on each of them.

One of the main challenges in the problem of classifica- > Preliminari
tion is to find a hypothesis that does not overfit the train- reiminares

ing data; the_re is a_llways_a_ trade-off bet\_/veen tra_inir_lg a_md Consider a binary classification problem with feature
test accuracies. High training accuracy is often indicative spaceY and binary target spac& = {0, 1}. Givenn train-
of an overfitted classifier that may lead to poor generaliza- ing samples{x,, ..., x,,} from spacet with binary labels
tion performance on test data. An effective way to alle- {t1,....t,} € T, our task is to find a functioff : X — T
viate the problem of overfitting is to combine the classifi- mapping a given input to a binary target classification. If we

cation results of several classifiers. A Bayes-optimal rule consider a single neuron having a logistic output function,
for combining the results of several classifiers is to take Athe functionf (x; w) = (1 +€_wrx+b)_1 is thresholded to

linear weighted sum of their predictions, weighting by the
posterior probability of each classifier having generated the
training data set. Due to the fact that even for moderate

obtain the classification, whese is the set of weights for
the neuron. One possible general error function that can be
minimized during the training of the neuron is

dimensionalities of parameter space it is difficult to sam- n
ple uniformly over the parameters’ posterior distribution, E,(w) = a Z(ti — f(xi;w))?
this weighted prediction is often approximated using a very 2=

large set of bagged or bootstrap-trained classifiers [1]. An If we assume that this loss function is the negative log prob-
alternative to such bagged estimates is to use Markov chairability of the data, then by this interpretation we are in fact



modeling each data pointhe random variable—f (x;; w)
as a Gaussian distribution with mean zero and precision

3 Mixture of Neurons

Considerk neurons with weights given bw, ..., wy.
Note that without loss of generality we can model a bias
into the neuron by appending a bias weight and augmenting
the inputs with an extra dimension that is fixed to a value of
1. Each neuron in the mixture attempts to reduce its total
squared prediction error over all the data, but we also add  Figure 1. Model of the competitive classifier.

a term in the cost function that explicitly pushes each neu-
ron's parameters away from the remaining neurons. Thusconsidered together and the parameters of all the neurons
our final classifier is the expected output of a set of classi- are updated simultaneously. The probability of observing

fiers, each trained to classify well, but at the same time asij.d. training sample$x;, t;}7_, given the weight®,, and
different from each other as possible. This overall cost func- mixing proportionsr is given by

tion for the classifier modeling thi¢h data point is given by n k
k ko k n : .
a 8 P({xi,t:}}21]Ow, m) = P(hi=jlm)P(x;,ti|hi=7j,Ou)
Ei:§Z(ti—f(Xz‘;Wj))2+§Z Z cos® (w, wy) E;
j=l1 J=LI=11#] where each; is some hidden variable distributed accord-

h h d . . loved 1) i ing to the prior mixing proportiong. Taking the logarithm
where the squared cosine term Is employed to penalize of this probability, and introducing a set of variational dis-

f'mt"?r gve'gﬂf] n dlfferetnt Eetjvrvons. ﬂ::—hlls t?‘]{.m IS Impor- tributions@ = {Q;(h,)}7_, over the hidden indicators for
ant to break the symmetry between tMelassiliers, SINCe o5 0h of the data points, using Jensen’s inequality we obtain

)[/;/]ithout i thel weightz Olf all t(;me n_eut;(l)nls WOIUId_ c_onvergfl_toh a lower bound on the likelihood of the parametérs for
e same value (modulo undersirable local minima), whic the model, which we denot& (0., {Q;(hi)})

is clearly an uninteresting predictive ensemble. By mini-
mizing the inner product, in weight space we are effectively £(0,) =log P(x1, ..., Xn,t1, ...; tn|Ow)

making the neuron weights as orthogonal to each other as nk P(h P b O
possible thus covering the posterior more thoroughly. In > Z Z Qi(hi)log ( (hi)P(xi,tilhi, ,w))
data space, since the angle between any two weight vectors =1 ho—1 Qi(hs)

is the angle between the corresponding separating hyper- =F(Q,Ou) @)

planes, reducing the squared cosine term causes a splaying T

of the separating hyperplanes to the widest possible angleS herefore we havel(0,) > F(Q,0,), and since

whilst also striving for good classification capability. If we we cannot directly optimize£(©,,) we instead opti-

consider this cost function as the negative log probability of mize (@, ©,,) and this guarantees that the negative log-

the datum, not only are we trying to model the prediction er- likelihood of the data always decreases. The EM algorithm

ror with a Gaussian distribution with precisionand mean  alternately optimizes the distributiof&); } and the weights

0, but we are also including a prior stating that we believe ©,, = {w1,...,w;} keeping one constant while optimiz-

that the cosine of the weight of each neuron with respecting the other, thus performing a co-ordinate ascent.

to other neurons is also from a Gaussian distribution with

mean0 (orthogonal) and precisiof. E step: In the E step we optimiz&(Q, ©,,) with respect
Now let©®,, = {wi,...,w;} denote the setting of the to eachQ;(h;). SinceQ;(:) is a probability distribution

collection of weights for thé: neurons. Let the hidden in-  we use a Lagrage multipliex; to enforce normalization.

dicator variableh; taking on valuej denote theth datum Taking derivatives ofF with respect to eacty;(h;) yields
being modeled by thgth neuron with probabilityr;, then 0F(0.0,)

the probability of observing daturfx;, ;) given the pa- =< 2w) _ 150 P(x; t;, h;|Oy) —log Qs (hi)+1—\;

rameters and indicatdr; = j is P(x;,t;, Oplhi = j) 0Q;(h;)

e~ 5 (b= F(xisw)) + 5 Xy 1 0™ (wjwn) — =By | which upon setting to zero, finding the extremum, and solv-
ing for \;, yields

3.1 EM Algorithm . m; P(X;,t;|hi =7, O

= — — ,
We now derive in brief an EM algorithm [2] to estimate 2oz P (i tilhi =1 Ow)
the parameters of our model. The EM algorithm we con- wheren; = P(h; = j|©,,) is the prior mixing proportion

sider uses a batch update of weights, i.e. all the instances arassociated with neurgh



M Step: From Equation (2) we have that

X, tilhi; = 7, O
-$-3 a0 o (G 0 )
i=1 j=1 ilJ
In the M step we maximizeF(Q,©,,) with respect to
each of the weightsv; and the priorsr;. To find the
optimal prior = we differentiate with respect to each of
its elementsr; while enforcing normalization with a La-
grange multiplier\’, resulting in}_; QTm + XN =
0 = my —M From normalization,\’
—Z?Zl Y, Qi(j) = —n, so to maximizeF(Q;, O,,)

we set " )
Liz Qi)
n

(4)

Now to maximize F(Q;,©,,) with respect to each of
the weightsw; we use gradient ascent. The gradient of
F(Q,0,) w.rt. each of the weights ; is given by

alogp X27t |h’ 7]76 ))

OF( Q O
awj ZQ ow;
_ Qi(j)J +c,
; 8wj

wherec’ is some constant. With learning rate the jth
neuron is updated following the negative gradient:

Aw; =13 Qi)

=1

7Tj=

i—f(xi;w;)) (1—=f (xi3w;)) f (xi5w5) %

XOR function. We show that we can achieve this with a
mixture of 4 neurons. Figure 2(c) shows the hyperplanes
laid down by the 4 neurons and Figure 2(d) shows the deci-
sion boundary formed by this mixture of neurons. We see
that the simple mixture of neurons is able to discern even
this nonlinear boundary well.

To test the performance of the proposed mixture of neu-
rons, we used four 2-class real datasets from the UCI Ma-
chine Learning repository [3]: PIMA, WDBC, ION and
BUPA (see Table 1 for dimensionalities and numbers of
instances). In all the experiments we used randomly se-
lected 60% of the data for training and 40% for testing. Ta-
ble 1 summarizes the accuracies of the proposed method
against Gaussian-kernel SVMs, polynomial-kernel SVMs
and a simple backpropagation neural network. The results
are averaged over 20 trials and in each trial the same train-
ing and testing data was given to all four classifiers. First,
we see that our method with competition between classi-
fiers (3 > 0) always beats a simple combination of classi-
fiers (3=0). We also see that the proposed method outper-
forms neural networks in all cases, and significantly beats
polynomial- and Gaussian-kernel SVMs in (a different) 3
out of the 4 data sets. Further, we note the stability of our
method as evidenced in its consistently low standard error.
Finally we note that all algorithms had their hyperparame-
ters individually tuned to report their best possible results:
in our proposed method and 3 parameters were set to
0.03 and 0.01 respectively. According to (&)andg trade
off the costs of classification and orthogonality of classifier
boundaries, respectively, and this ratia3ofi was found to

be optimal. For the experiments above, a mixture of 16 neu-
rons was found to be effective (through cross-validation).

®)

5 Related Work
we follow the negative gradient, the M step is partial.

In [6] a hierarchical mixture of experts is proposed, in
which a probabilistic formulation of the experts is trained
using an EM algorithm. A precursor to the work in [6]

We demonstrate the working of our proposed method onis a model described in [5], which is most similar to our
some 2-d toy examples. Figure 2(a) shows the classificationproposed method. The authors even suggest the idea of
of 2-d data in which class 1 is a Gaussian with mean zerousing of a cost function that introduces competition be-
and unit spherical covariance and class 2 is made of 2 Gaustween the classifiers, but do not elaborate on this or per-
sians with unit spherical covariances and me@)$§) and form such experiments. In our approach we do indeed find
(0,2). This data set is successfully classified using mixture that our cosine squared cost function does help in creating
of just two neurons. Figure 2(b) shows a binary classifica- a competition between the classifiers. We have also deter-
tion problem where class 1 consists of points drawn from a mined that there is an intriguing link between our proposed
Gaussian of meahand unit spherical covariance and is sur- classifier and the margin-based classifiers such as that pro-
rounded in a circular fashion by class 2 points. The Bayesposed in [4]. This link becomes clear when we use the pro-
boundary is shown as a circle of radiu$, as well as the  posed approach for a linearly separable classification prob-
boundary obtained using our proposed approach with just 4lem where, apart from the mean squared error term, we
neurons; we have effectively used the 4 neurons to form ause the cosine squared term to update only the bias term
closed boundary resembling the required boundary. of the weight of the classifiers. In this case all the neu-

Lastly, one of the compelling reasons to design neural rons have approximately the same orientation and the co-
networks with hidden layers is to be able to classify the sine squared term for the bias pushes the neurons as far

4 Performance Evaluation
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Figure 2. Demonstrative synthetic examples (see text for key)

Table 1. Comparison of proposed model with state-of-the-art approaches

Dataset| dim. | instances| Back-prop SVM SVM Mix. of Neurons  Mix. of Neurong
(Gaussian)  (polynomial) nocompetition with competition
PIMA 8 768 64.36+ 0.45 69.12+ 0.58 75.50+0.39 | 76.74+ 0.47 77.69t 0.18

WDBC | 39 569 96.67+ 0.15 97.04+0.15 93.42+0.36 | 97.24+0.21 97.68+ 0.17

ION 33 353 86.86+ 0.69 87.93+2.48 85.00+0.67 | 87.00+ 0.33 87.79+ 0.78

BUPA 6 345 62.61+0.82 67.25+0.77 71.014+0.70 | 70.22+ 0.52 70.72+ 0.72
Note: errors quoted are the standard errors of the mean.

away from each other as possible, while classifying the datathe hyperplane. Hence certain neurons seem to be sacri-
correctly. Therefore the extremal hyperplanes (neurons) ar-ficed to compensate for errors far away from actual data.
range themselves in a way so as to increase the gap (linea®ne way to counter this problem is to have a distribution to
margin) between them. When all the terms of the weights weigh the classification across the hyperplane such that near
of the classifier are updated according to the cosine squaredhe data the hyperplanes are weighted more and away from
function, the weight terms tend to be as different from each the data their weight is less thus decreasing their confidence
other as possible yet classifying the data accurately. Thusabout classification away from data points.
the model has similar behavior to mixture of SVM classi-
fiers like that proposed in [7]. Therefore, an extension to References
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