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Abstract

Learning theory has largely focused on two main learning scenarios. The first is the classical statistical
setting where instances are drawn i.i.d. from a fixed distribution and the second scenario is the online
learning, completely adversarial scenario where adversary at every time step picks the worst instance to
provide the learner with. It can be argued that in the real world neither of these assumptions are reason-
able. It is therefore important to study problems with a range of assumptions on data. Unfortunately,
theoretical results in this area are scarce, possibly due to absence of general tools for analysis. Focusing
on the regret formulation, we define the minimax value of a game where the adversary is restricted in his
moves. The framework captures stochastic and non-stochastic assumptions on data. Building on the se-
quential symmetrization approach, we define a notion of distribution-dependent Rademacher complexity
for the spectrum of problems ranging from i.i.d. to worst-case. The bounds let us immediately deduce
variation-type bounds. We then consider the i.i.d. adversary and show equivalence of online and batch
learnability. In the supervised setting, we consider various hybrid assumptions on the way that x and y
variables are chosen. Finally, we make progress towards understanding smoothed learning problems. In
particular, we show that exponentially small noise added to adversary’s decisions turns a problem with
infinite Littlestone’s dimension into a learnable problem.

1 Introduction

We continue the line of work on the minimax analysis of online learning, initiated in [1, 3, 2]. In these
papers, an array of tools has been developed to study the minimax value of diverse sequential problems
under the worst-case assumption on Nature. In [3], many analogues of the classical notions from statistical
learning theory have been developed, and these have been extended in [2] for performance measures well
beyond the additive regret. The process of sequential symmetrization emerged as a key technique for dealing
with complicated nested minimax expressions. In the worst-case model, the developed tools appear to give a
unified treatment to such sequential problems as regret minimization, calibration of forecasters, Blackwell’s
approachability, Phi-regret, and more.

Learning theory has been so far focused predominantly on the i.i.d. and the worst-case learning scenarios.
Much less is known about learnability in-between these two extremes. In the present paper, we make progress
towards filling this gap. Instead of examining various performance measures, as in [2], we focus on external
regret and make assumptions on the behavior of Nature. By restricting Nature to play i.i.d. sequences, the
results boil down to the classical notions of statistical learning in the supervised learning scenario. By not
placing any restrictions on Nature, we recover the worst-case results of [3]. Between these two endpoints of
the spectrum, particular assumptions on the adversary yield interesting bounds on the minimax value of the
associated problem.

By inertia, we continue to use the name “online learning” to describe the sequential interaction between
the player (learner) and Nature (adversary). We realize that the name can be misleading for a number of



reasons. First, the techniques developed in [3, 2] apply far beyond the problems that would traditionally be
called “learning”. Second, in this paper we deal with non-worst-case adversaries, while the word “online”
often (though, not always) refers to worst-case. Still, we decided to keep the misnomer “online learning”
whenever the problem is sequential.

Adapting the game-theoretic language, we will think of the learner and the adversary as the two players
of a zero-sum repeated game. Adversary’s moves will be associated with “data”, while the moves of the
learner — with a function or a parameter. This point of view is not new: game-theoretic minimax analysis
has been at the heart of statistical decision theory for more than half a century (see [? ]). In fact, there is a
well-developed theory of minimax estimation when restrictions are put on either the choice of the adversary
or the allowed estimators by the player. We are not aware of a similar theory for sequential problems with
non-i.i.d. data.

In particular, minimax analysis is central to nonparametric estimation, where one aims to prove optimal
rates of convergence of the proposed estimator. Lower bounds are proved by exhibiting a “bad enough”
distribution of the data that can be chosen by the adversary. The form of the minimax value is often

inf sup E[| f — f* (1)
f feF

where the infimum is over all estimators and the supremum is over all functions f from some class F. It is
often assumed that Y; = f(X:) + €, with € being zero-mean noise. An estimator can be thought of as a
strategy, mapping the data {(X;, Y;)}~; to the space of functions on X. This description is, of course, only
a rough sketch that does not capture the vast array of problems considered in nonparametric estimation.

In statistical learning theory, the data are i.i.d. from an unknown distribution Pxxy and the associated
minimax problem in the supervised setting with square loss is

V;atch, sup _ inf sup {E(Y _ f(X))Q — inf E(Y — f(X))Q} (2)
f Pxxy e

where the infimum is over all estimators (or learning algorithms) and the supremum is over all distributions.
Unlike nonparametric regression which makes an assumption on the “regression function” f € F, statistical
learning theory often aims at distribution-free results. Because of this, the goal is more modest: to predict
as well as the best function in F rather than recover the true model. In particular, (2) sidesteps the issue of
approximation error (model misspecification).

What is known about the asymptotic behavior of (2)? The well-developed statistical learning theory tells
us that (2) converges to zero if and only if the combinatorial dimensions of F (that is, the VC dimension for
binary-valued, or scale-sensitive for real-valued functions) are finite. The convergence is intimately related
to the uniform Glivenko-Cantelli property. If indeed the value in (2) converges to zero, an algorithm that
achieves this is Empirical Risk Minimization. For unsupervised learning problems, however, ERM does not
necessarily drive the quantity Ef(X) —infrer Ef(X) to zero.

The formulation (2) no longer makes sense if the data generating process is non-stationary. Consider the
opposite from i.i.d. end of the spectrum: the data are chosen in a worst-case manner. First, consider an
oblivious adversary who fixes the individual sequence x1, ..., x7 ahead of the game and reveals it one-by-one.
A frequently studied notion of performance is regret, and the minimax value can be written as

T T
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{ft}?zl (Z15000s27)

where the randomized strategy for round ¢ is ft : X1 Q, with Q being the set of all distributions on F.
That is, the player furnishes his best randomized strategy for each round, and the adversary picks the worst
sequence.



A non-oblivious (adaptive) adversary is, of course, more interesting. The protocol for the online interaction
is the following: on round ¢ the player chooses a distribution ¢; on F, the adversary chooses the next move
x; € X, the player draws f; from ¢4, and the game proceeds to the next round. All the moves are observed
by both players. Instead of writing the value in terms of strategies, we can write it in an extended form as

T
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This is precisely the quantity considered in [3]. The minimax value for notions other than regret has been
studied in [2]. In this paper, we are interested in restricting the ways in which the sequences (z1,...,x) are
produced. These restrictions can be imposed through a smaller set of mixed strategies that is available to
the adversary at each round, or as a non-stochastic constraint at each round. The formulation we propose
captures both types of assumptions.

The main contribution of this paper is the development of tools for the analysis of online scenarios where
the adversary’s moves are restricted. The second contribution is in the realization that many interesting
scenarios (such as smoothed learning) can be captured by our framework.

The paper is organized as follows. In Section 2 we define the value of the game and appeal to minimax
duality. Distribution-dependent sequential Rademacher complexity is defined in Section 3 and can be seen
to generalize the classical notion as well as the worst-case notion from [3]. This section contains the main
symmetrization result which relies on a careful consideration of original and tangent sequences. Section 4
is devoted to analysis of the distribution-dependent Rademacher complexity. In Section 5 we consider
non-stochastic constraints on the behavior of the adversary. From these results, variation-type results are
seamlessly deduced. Section 6 is devoted to the i.i.d. adversary. We show equivalence between batch and
online learnability. Hybrid adversarial-stochastic supervised learning is considered in Section 7. We show
that it is the way in which the x variable is chosen that governs the complexity of the problem, irrespective
of the way the y variable is picked. In Section 8 we introduce the notion of smoothed analysis in the online
learning scenario and show that a simple problem with infinite Littlestone’s dimension becomes learnable
once a small amount of noise is added to adversary’s moves. Throughout the paper, we use the notation
introduced in [3, 2], and, in particular, we extensively use the “tree” notation.

2 Value of the Game

Consider sets F and X, where F is a closed subset of a complete separable metric space. Let O be the set
of probability distributions on F and assume that Q is weakly compact. We consider randomized learners
who predict a distribution ¢; € Q on every round.

Let P be the set of probability distributions on X. We would like to capture the fact that sequences
(z1,...,z7) cannot be arbitrary. This is achieved by defining restrictions on the adversary, that is, subsets
of “allowed” distributions for each round. These restrictions limit the scope of available mixed strategies for
the adversary.

Definition 1. A restriction Pi.r on the adversary is a sequence Py, ..., Pr of mappings P; : Xt~1 — 27
such that Py (x1.;1) is a conver subset of P for any z1.4_1 € X171,

Note that the restrictions depend on the past moves of the adversary, but not on those of the player. We
will write P, instead of Py(x1.4—1) when x4 is clearly defined.

Using the notion of restrictions, we can give names to several types of adversaries that we will study in this
paper.



A worst-case adversary is defined by vacuous restrictions Pi(z1.¢—1) = P. That is, any mixed strategy
is available to the adversary, including any deterministic point distributions.

e A constrained adversary is defined by Py(21..,_, ) being the set of all distributions supported on the set
{r € X :C(x1,...,24-1,x) = 1} for some deterministic binary-valued constraint Cy. The deterministic
constraint can, for instance, ensure that the length of the path determined by the moves z1,..., x;
stays below the allowed budget.

e A smoothed adversary picks the worst-case sequence which gets corrupted by an i.i.d. noise. Equiva-
lently, we can view this as restrictions on the adversary who chooses the “center” (or a parameter) of
the noise distribution. For a given family G of noise distributions (e.g. zero-mean Gaussian noise), the
restrictions are obtained by all possible shifts P, = {g(z —¢;) : g € G, ¢ € X}

e A hybrid adversary in the supervised learning game picks the worst-case label y;, but is forced to draw
the x;-variable from a fixed distribution [? |].

e Finally, an i.i.d. adversary is defined by a time-invariant restriction Py(z1..—1) = {p} for every ¢ and
some p € P.

For the given restrictions P;.7, we define the value of the game as

T T
Vr(Pr.7) = inf su E inf su E .- inf su E x) — inf x 5
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where f; has distribution ¢; and z; has distribution p;. As in [3], the adversary is adaptive, that is, chooses
p; based on the history of moves f1.;,_1 and x1.;_1.

At this point, the only difference from the setup of [3] is in the restrictions P; on the adversary. Because
these restrictions might not allow point distributions, the suprema over p,’s in (5) cannot be equivalently
written as the suprema over x;’s.

The value of the game can also be written in terms of strategies w = {m;}1_, and 7 = {r;}]_; for the player
and the adversary, respectively, where m; : (F x X x P)!"! — Q and 7, : (F x & x Q)!~! — P. Crucially,
the strategies also depend on the mappings P;.p. The value of the game can equivalently be written in the
strategic form as

T+ fi~vm fr~mr
w1~y p

T T

Vr(Pr.r) 117qrfsup E ... E tz:;ft(l‘t) ]}2;; f(xt) (6)
A word about the notation. In [3], the value of the game is written as Vr(F), signifying that the main
object of study is F. In [2], it is written as Vp(¢, ®7) since the focus is on the complexity of the set
of transformations @7 and the payoff mapping ¢. In the present paper, the main focus is indeed on the
restrictions on the adversary, justifying our choice Vpr(P1.7) for the notation.

The first step is to apply the minimax theorem. To this end, we verify the necessary conditions. Our assump-
tion that F is a closed subset of a complete separable metric space implies that Q is tight and Prokhorov’s
theorem states that compactness of Q@ under weak topology is equivalent to tightness [5]. Compactness under
weak topology allows us to proceed as in [3]. Additionally, we require that the restriction sets are compact
and convex.

Theorem 1. Let F and X be the sets of moves for the two players, satisfying the necessary conditions
for the minimaz theorem to hold. Let Pi.p be the restrictions, and assume that for any x1.4—1, Pi(x1.4-1)
satisfies the necessary conditions for the minimazx theorem to hold. Then

T T
Vr(Pur) = Sup Bovsp o SUp Barnpr | D 10l Bevop [fie)] = Jof D Sl (7)

P1€P1 pr€Pr —1



The nested sequence of suprema and expected values in Theorem 1 can be re-written succinctly as

T T
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T T
SUPE | D Iuf ey o) ;g;;f(xt)]
where the supremum is over all joint distributions p over sequences, such that p satisfies the restrictions
as described below. Given a joint distribution p on sequences (z1,...,27) € X1, we denote the associated
conditional distributions by p:(:|21.t—1). We can think of the choice p as a sequence of oblivious strategies
{pt : X*=1 — P}, mapping the prefix x1.;_; to a conditional distribution p;(-|z1.4—1) € Pe(w1.4-1). We
will indeed call p a “joint distribution” or an “oblivious strategy” interchangeably. We say that a joint
distribution p satisfies restrictions if for any ¢t and any z1.4_1 € X1 py(-|x1.4-1) € Pe(21.4-1). The set
of all joint distributions satisfying the restrictions is denoted by . We note that Theorem 1 cannot be
deduced immediately from the analogous result in [3], as it is not clear how the restrictions on the adversary
per each round come into play after applying the minimax theorem. Nevertheless, it is comforting that the
restrictions directly translate into the set 3 of oblivious strategies satisfying the restrictions.

Before continuing with our goal of upper-bounding the value of the game, let us answer the following question:
Is there an oblivious minimax strategy for the adversary? Even though Theorem 1 shows equality to some
quantity with a supremum over oblivious strategies p, it is not immediate that the answer to our question
is affirmative, and a proof is required. To this end, for any oblivious strategy p, define the regret the player
would get playing optimally against p:

T T

VR = it By, 308 By o)+ 006 Bopr (e ) [Z folwe) = inf 3 f(:vt)] )
t=1 t=1

The next proposition shows that there is an oblivious minimax strategy for the adversary and a minimax

optimal strategy for the player that does not depend on its own randomizations. The latter statement for

worst-case learning is folklore, yet we have not seen a proof of it in the literature.

Proposition 2. For any oblivious strategy p,

T T
Vr(Pur) 2 VB = 0B | 5 sy rpe i) = L3 f(xt)] (10)

with equality holding for p* which achieves the supremum! in (8). Importantly, the infimum is over strategies
m = {m}_, of the player that do not depend on player’s previous moves, that is m : X'~ — Q. Hence,
there as an oblivious minimax optimal strateqy for the adversary, and there is a corresponding minimax
optimal strategy for the player that does not depend on its own mowves.

Proposition 2 holds for all online learning settings with legal restrictions P;.p, encompassing also the no-

restrictions setting of worst-case online learning [3]. The result crucially relies on the fact that the objective
is external regret.

3 Symmetrization and Random Averages

Theorem 1 is a useful representation of the value of the game. As the next step, we upper bound it
with an expression which is easier to study. Such an expression is obtained by introducing Rademacher

1Here, and in the rest of the paper, if a supremum is not achieved, a slightly modified analysis can be carried out.



random variables. This process can be termed sequential symmetrization and has been exploited in [1, 3, 2].
The restrictions P;, however, make sequential symmetrization a bit more involved than in the previous
papers. The main difficulty arises from the fact that the set P;(x1..—1) depends on the sequence x1..—1, and
symmetrization (that is, replacement of z, with z) has to be done with care as it affects this dependence.
Roughly speaking, in the process of symmetrization, a tangent sequence z, x5, ... is introduced such that
x¢ and z} are independent and identically distributed given “the past”. However, “the past” is itself an
interleaving choice of the original sequence and the tangent sequence.

Define the “selector function” x : X x X x {£1} — X by

;o
;N )2 ife=1

X(mv‘rve)_{x fe=—-1

When z; and z; are understood from the context, we will use the shorthand x;(¢) := x(z, 2}, €). In other

words, x;: selects between x; and x} depending on the sign of e.

Throughout the paper, we deal with binary trees, which arise from symmetrization [3]. Given some set
Z, an Z-valued tree of depth T is a sequence (z1,...,z7) of T mappings z; : {£1}*~! — Z. The T-tuple
€= (e1,...,e7) € {&1}T defines a path. For brevity, we write z;(¢) instead of z;(e1.¢_1)-

Given a joint distribution p, consider the “(X x X)"™' = P(X x X)’- valued probability tree p =
(py,--.,pr) defined by

pileri—1) ((x1,27), o (e, 2p_1)) = (pe(CIxaler)s - xe—1(e—1)), pe(CIxa(en)s - xe—1(e-1))). (1)

In other words, the values of the mappings p,(¢€) are products of conditional distributions, where conditioning
is done with respect to a sequence made from z, and z/, depending on the sign of e;. We note that
the difficulty in intermixing the z and 2z’ sequences does not arise in i.i.d. or worst-case symmetrization.
However, in-between these extremes the notational complexity seems to be unavoidable if we are to employ
symmetrization and obtain a version of Rademacher complexity.

As an example, consider the “left-most” path ¢ = —1 in a binary tree of depth T, where 1 = (1,...,1)
is a T-dimensional vector of ones. Then all the selectors x(zy, 2}, €;) in the definition (11) select the se-
quence z1,...,xr. The probability tree p on the “left-most” path is, therefore, defined by the conditional
distributions p;(|z1..—1). Analogously, on the path € = 1, the conditional distributions are p:(-|z}.;_1).

Slightly abusing the notation, we will write p,(€) ((z1,2}), ..., (z;—1,2;_,)) for the probability tree since p,
clearly depends only on the prefix up to time ¢t — 1. Throughout the paper, it will be understood that the tree
p is obtained from p as described above. Since all the conditional distributions of p satisfy the restrictions,
so do the corresponding distributions of the probability tree p. By saying that p satisfies restrictions we
then mean that p € .

Sampling of a pair of X-valued trees from p, written as (x,x’) ~ p, is defined as the following recursive
process: for any € € {£1}7,

(x1(€),x1(€)) ~ py(€)
(xe(€), x4(€)) ~ py()((x1(e), X1 (€)), -y (Xe1(€), X; 1 (€))  for 2<E<T (12)

To gain a better understanding of the sampling process, consider the first few levels of the tree. The roots
x1,x) of the trees x,x’ are sampled from p;, the conditional distribution for ¢ = 1 given by p. Next, say,
€1 = +1. Then the “right” children of x; and x} are sampled via xo(+1),x5(+1) ~ p2(-|x}) since x1(+1)
selects x7. On the other hand, the “left” children x2(—1),x5(—1) are both distributed according to pa(-|x1).
Now, suppose €; = +1 and e = —1. Then, x3(+1, —1),x5(+1, —1) are both sampled from p3(:|x}, x2(+1)).

The proof of Theorem 3 reveals why such intricate conditional structure arises, and Section 4 shows that this
structure greatly simplifies for i.i.d. and worst-case situations. Nevertheless, the process described above



allows us to define a unified notion of Rademacher complexity for the spectrum of assumptions between the
two extremes.

Definition 2. The distribution-dependent sequential Rademacher complezity of a function class F C RV is
defined as

9{T(J:.? p) IE:(x x’)~p [SUP Zetf Xt ‘|

where € = (e1,...,€er) is a sequence of i.i.d. Rademacher random variables and p is the probability tree
associated with p.

We now prove an upper bound on the value Vr(Pi.7) of the game in terms of this distribution-dependent
sequential Rademacher complexity. This provides an extension of the analogous result in [3] to adversaries
more benign than worst-case.

Theorem 3. The minimax value is bounded as

Vr(Pi.r) < 2 sup Re(F, p). (13)
pEP

A more general statement also holds:

Vr(Pir) < sup E
PEP

T
sup {; flay) = f(xt)H
<2 sup E(x,x')~pE lsup Z e(f — My(p, f,x,%,€))
pPE

for any measurable function My with the property Mi(p, f,x,x’,€) = Mi(p, f,x',x,—€). In particular, (13)
is obtained by choosing M; = 0.

The following corollary provides a natural “centered” version of the distribution-dependent Rademacher
complexity. That is, the complexity can be measured by relative shifts in the adversarial moves.

Corollary 4. For the game with restrictions Pi.r,

bupZet( —Ei1f(x(e )))1

where B;_1 denotes the conditional expectation of x.(e).

Vr(Prr) < 2 sup Ex x)~pEe
pEP

Example 1. Suppose F is a unit ball in a Banach space and f(x) = (f,z). Then

T
Z €t (xt(e) — Et_lxt(e)) H

t=1

Vr(Prr) < 2 sup Ex x)~pEe
peP

Suppose the adversary plays a simple random walk (e.g., pe(x|x1,...,2¢—1) = pi(x|zi-1) 18 uniform on a
unit sphere). For simplicity, suppose this is the only strategy allowed by the set B. Then x:(e) — Ei_1x¢(€)
are independent increments when conditioned on the history. Further, the increments do not depend on ;.
Thus,

PlT <2E

3

where {Y;} is the corresponding random walk.



4 Analyzing Rademacher Complexity

The aim of this section is to provide a better understanding of the distribution-dependent sequential
Rademacher complexity, as well as ways of upper-bounding it. We first show that the classical Rademacher
complexity is equal to the distribution-dependent sequential Rademacher complexity for i.i.d. data. We
further show that the distribution-dependent sequential Rademacher complexity is always upper bounded
by the worst-case sequential Rademacher complexity defined in [3].

It is already apparent to the reader that the sequential nature of the minimax formulation yields long
mathematical expressions, which are not necessarily complicated yet unwieldy. The functional notation and
the tree notation alleviate much of these difficulties. However, it takes some time to become familiar and
comfortable with these representations. The next few results hopefully provide the reader with a better feel
for the distribution-dependent sequential Rademacher complexity.

Proposition 5. Consider the i.i.d. restrictions Py = {p} for all t, where p is some fixed distribution on X.
Let p be the process associated with the joint distribution p = p’. Then

mT(]:ap) :mT(]:7p)

where

mT(J—:ap) éEﬂtl, ,:CTNP [Supzetf Tt ] . (14)

ferim

is the classical Rademacher complexity.

Proof. By definition, we have,

sp‘T (]:v p) E(x x/ )~ 6 lSUP Z etf Xt 1 (15)
In the i.i.d. case, however, the tree generation according to the p process simplifies: for any e € {£1}7 ¢ €
1],
(x¢(€),x4(€)) ~pxp .

Thus, the 2 (27 — 1) random variables x;(¢), x}(¢) are all i.i.d. drawn from p. Writing the expectation (15)
explicitly as an average over paths, we get

iRT(J—'., P) = Z IE(x x')~p [SUP Zetf Xt ]

eG{:tl}T

== Z E:cl,... Tr~p [Sup Zetf T ]

eE{:l:l}T
T
=EE:, . or~p |Sup > e f(zs)
s Lg;

The second equality holds because, for any fixed path €, the 7" random variables {x;(€)};cr) have joint
distribution p”.



Proposition 6. For any joint distribution p,
ERT(J:7 p) < mT(‘F)

where

9{T(‘F‘) é sup ]Ee

T
sup Z th(zt)] . (16)

feri=

is the sequential Rademacher complexity defined in [3].

Proof. To make the p process associated with p more explicit, we use the expanded definition:

T
RAr(F,p) = Bay 2 opr B oy wymps Cxa () Bea -+ Baralmpr(ixaten) s xr—i(er—1) Ber Lsclégzetf(xt)]
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T
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The inequality holds by replacing expectation over x¢, z; by a supremum over the same. We then get rid of

x;’s since they do not appear anywhere. O

An interesting case of hybrid i.i.d.-adversarial data is considered in Lemma 17, and we refer to its proof as
another example of an analysis of the distribution-dependent sequential Rademacher complexity.

We now turn to general properties of distribution-dependent sequential Rademacher complexity. The proof
of next Proposition follows along the lines of the analogous result in [3].

Proposition 7. Distribution-dependent sequential Rademacher complezity satisfies the following properties.

1. If F C G, then R(F,p) < R(G,p)-
2. R(F,p) = R(conv(F),p).
3. R(cF,p) = |c|R(F,p) for all c € R.
4. For any h, R(F + h,p) = R(F,p) where F+h={f+h: feF}
Next, we consider upper bounds on R(F,p) via covering numbers. Recall the definition of a (sequential)

cover, given in [3]. This notion captures sequential complexity of a function class on a given X-valued tree
X.

Definition 3. A set V of R-valued trees of depth 7' is an a-cover (with respect to £,-norm) of F C R on
a tree x of depth T if

T 1/p
VfeF, Veec {£1}T Iv e V sit. (; Z |vi(e) — f(xt(g))|1’> <a
t=1

The covering number of a function class F on a given tree x is defined as

Np(a, F,x) = min{|V] : V is an o — cover w.r.t. £p-norm of F on x}.



Using the notion of the covering number, the following result holds.

Theorem 8. For any function class F C [-1,1]%,

1
Rr(F,p) < Exx)~pinf {4Ta+ 12/ VT log Na(8, F,x) d5} .

The analogous result in [3] is stated for the worst-case adversary, and, hence, it is phrased in terms of the
maximal covering number sup, N>(d, F,x). The proof, however, holds for any fixed x, and thus immediately
implies Theorem 8. If the expectation over (x,x’) in Theorem 8 can be exchanged with the integral, we pass
to an upper bound in terms of the expected covering number ]E(x7x/),\,pN2(67 F,x).

The following simple corollary of the above theorem shows that the distribution-dependent Rademacher
complexity of a function class F composed with a Lipschitz mapping ¢ can be controlled in terms of the
Dudley integral for the function class F itself.

Corollary 9. Fiz a class F C [-1,1]% and a function ¢ : [-1,1] x Z — R. Assume, for all z € Z, ¢(-, 2)
is a Lipschitz function with a constant L. Then,

1
Rr(¢(F),p) < L Egz)p inf {4Ta+ 12/ VT log N»(0,F,z) dé} )
where ¢(F) ={z— ¢(f(2),2) : f € F}.

The statement can be seen as a covering-number version of the Lipschitz composition lemma.

5 Constrained Adversaries

In this section we consider adversaries who are constrained in the sequences of actions they can play. Often
it is useful to consider scenarios where the adversary is worst case but rather has some budget or constraint
to satisfy while picking his/her actions. Examples of such scenarios include for instance games where the
adversary is constrained to make moves that are close to the previous move in some fashion, linear games with
bounded variance etc. Below we formulate such games quiet generally so they cover more or less arbitrary
constraints that the adversary has to satisfy each round.

Specifically for a T" round game consider an adversary who is only allowed to play sequences zi,...,zp
such that at round ¢ the constraint Cy(z1,...,z;) = 1 is satisfied, where C; : X* +— {0,1} represents the
constraint on the sequence played so far. The constrained adversary can be viewed as a stochastic adversary
with restrictions on the conditional distribution at time ¢ given by the set of all Borel distributions on the
set
Xi(x14-1) ={x € X : Cy(21,...,24—1,2) = 1}.

Since set includes all point distributions on each z € A}, the sequential complexity simplifies in a way similar
to worst-case adversaries. We write Vr(Cy.1) for the value of the game with the given constraints. Now,
assume that for any x1.;—1, the set of all distributions on X;(x1..—1) is weakly compact in a way similar to
compactness of P. That is, P¢(x1..—1) satisfy the necessary conditions for the minimax theorem to hold. We
have the following corollaries of Theorems 1 and 3.

Corollary 10. Let F and X be the sets of moves for the two players, satisfying the necessary conditions for
the minimaz theorem to hold. Let {Cy: X'~ {0,1}}]_, be the constraints. Then

T T
Vr(Ci.r) = sup E inf Eg,p, [ft(z:)] — inf fxy 18)
)= sup B |l ey o)~ jul 3 (o0 (
where p ranges over all distributions over sequences (x1,...,xr) such that Cy(x1.4—1) =1 for all t.
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Corollary 11. Let the set T be a set of pairs (x,x') of X-valued trees with the property that for any
e € {£1}T and any t € [T

C(X1(€1), e aXt—1(€t—1)aXt(6)) = C(X1(61), e ,Xt—l(Gt—1)7X,/g(€)) =1
The minimax value is bounded as

Vr(Crr) <2 sup RAr(F,p).
(x,x")eT

More generally,

T
Vr(Cr.r) < sup E [SUP {Z fay) - f(xt)}]

pEP feFx

t=1
T
<2 sup Ec|sup Zet(f(xt(e)) — My(f,x,x',€))
(x,x")eT fer =1

for any measurable function M, with the property My(f,x,x',€) = M(f,x',x, —¢).

Armed with these results, we can recover and extend some known results on online learning against budgeted
adversaries. The first result says that if the adversary is not allowed to move by more than o, away from
its previous average of decisions, the player has a strategy to exploit this fact and obtain lower regret. For
the ¢5-norm, such “total variation” bounds have been achieved in [? | up to a logT factor. We note that in
the present formulation the budget is known to the learner, whereas the results of [? ] are adaptive. Such
adaptation is beyond the scope of this paper.

Proposition 12 (Variance Bound). Consider the online linear optimization setting with F = {f : ¥(f) <
R?} for a A-strongly function ¥ : F +— Ry on F, and X = {x : ||z||. < 1}. Let f(z) = (f,x) for any f € F
and x € X. Consider the sequence of constraints {Cy}L_, given by

1 ife— 2 <o
Ct(xla"'vxt—lvx) _{ O i}lerwi;gl ZT_l T”* =

Then

In particular, we obtain the following Lo variance bound. Consider the case when ¥ : F — R, is given by
U(f)=LfI? F={f:|fll2 <1} and X = {z : [|z]|2 < 1}. Consider the constrained game where the
move x; played by adversary at time ¢ satisfies

<O’t.

2

In this case we can conclude that

T
Vr(Crr) < 2V2 Zof :
t=1

We can also derive a variance bound over the simplex. Let ¥(f) = Zle filog(df;) is defined over the d-
simplex F, and X = {z : ||z||cc < 1}. Consider the constrained game where the move x; played by adversary
at time t satisfies

1 t—1
— <
max |z ] t_lTZ:le[J] <o



For any f € F, ¥(f) <log(d) and so we conclude that

The next Proposition gives a bound whenever the adversary is constrained to choose his decision from a
small ball around his previous decision.

Proposition 13 (Slowly-Changing Decisions). Consider the online linear optimization setting where adver-
sary’s move at any time is close to the move during the previous time step. Let F = {f : U(f) < R%} where
U F— Ry is a A-strongly function on F and X = {z : ||z||. < B}. Let f(x) = (f,z) for any f € F and
x € X. Consider the sequence of constraints {C,}I_, given by

1 Zf T — Tt—1 *S(S
Ct(xl"”’xt_l’x):{() 0ti|z|erwz's; :

Then,

2 2
Vr(Crr) < iI;fO {2R + aiT} < 2R6V2T .

[e%

In particular, consider the case of a Euclidean-norm restriction on the moves. Let ¥ : F — R, is given by
U(f) = 3IfI17 F={f: Ifll2 <1} and X = {x : ||z[]z < 1}. Consider the constrained game where the
move z; played by adversary at time ¢ satisfies ||z — x4—1||, < ¢ . In this case we can conclude that

Vr(Cr.r) < 26V2T .

For the case of decision-making on the simplex, we obtain the following result. Let ¥(f) = Z?zl filog(dfy)
is defined over the d-simplex F, and X = {x : ||z||cc < 1}. Consider the constrained game where the move x;
played by adversary at time ¢ satisfies ||z — 21|, < J. In this case note that for any f € F, U(f) < log(d)
and so we can conclude that

VT(CLT) < 25\/% .

6 The I.I.D. Adversary

In this section, we consider an adversary who is restricted to draw the moves from a fixed distribution p
throughout the game. That is, the time-invariant restrictions are P;(x1..—1) = {p}. A reader will notice
that the definition of the value in (5) forces the restrictions P;.1 to be known to the player before the game.
This, in turn, means that the distribution p is known to the learner. In some sense, the problem becomes
not interesting, as there is no learning to be done. This is indeed an artifact of the minimax formulation in
the extensive form. To circumvent the problem, we are forced to define a new value of the game in terms
of strategies. Such a formulation does allow us to “hide” the distribution from the player since we can talk
about “mappings” instead of making the information explicit. We then show two novel results. First, the
regret-minimization game with i.i.d. data when the player does not observe the distribution p is equivalent
(in terms of learnability) to the classical batch learning problem. Second, for supervised learning, when it
comes to minimizing regret, the knowledge of p does not help the learner for some distributions.

Let us first define some relevant quantities. Similarly to (6), let s = {s;}_; be a T-round strategy for the
player, with s; : (F x X)!"! — Q. The game where the player does not observe the i.i.d. distribution
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of the adversary will be called a distribution-blind i.i.d. game, and its minimax value will be called the
distribution-blind minimaz value:

T T
V?lmd = irslfsup Erl _____ CCTNPEJ‘iNsl .. .EfTNsT(xl:T717fl:T71) {Z ft(.’Bt) — }1615_2 f(l't)}‘|
t=1

p t=1

Furthermore, define the analogue of the value (2) for a general (not necessarily supervised) setting:

yhateh — inf sup {EfT — inf Ef}
r fT peEP fer

For a distribution p, the value (5) of the online i.i.d. game, as defined through the restrictions P; = {p} for
all ¢, will be written as Vr({p}). For the non-blind game, we say that the problem is online learnable in the
ii.d. setting if
sup Vr({p}) = 0.
P

We now proceed to study relationships between online and batch learnability.

6.1 Equivalence of Online Learnability and Batch Learnability

Theorem 14. For a given function class F, online learnability in the distribution-blind game is equivalent
to batch learnability. That is,

1 ..
Tv%l’”d —0 if and only if V%‘mh -0

Proof of Theorem 14. With a proof along the lines of Proposition 2 we establish that
1 Z
ot o ; f(:ct)] }
1 X
t=1

where in the second line we passed to strategies that do not depend on their own randomizations. The
argument for this can be found in the proof of Proposition 2. The last expression can be conveniently
written as

1 .
7Vb11nd —inf
7T s

T
1
{T ZEIIa~-'7thpEft""5t(let—lyflzt—l)[ft(‘rt)] - EZE1~~,$T~;D

t=1

T
. 1
2 Hslfsup {Exlvwl’TNP f Z]EftNSt(mlv---ymt—l) [EINP [ft(x)]]
p t=1

—inf Eu  2on
feF L1y, TT P

L\ blind < - .
TV 050 { e,z | Bt e By @) = B By (0]}
p

The above implies that if V2ind = o(T) (i.e. the problem is learnable against an i.i.d adversary in the
online sense without knowing the distribution p), then the problem is learnable in the classical batch sense.
Specifically, there exists a strategy s = {s;}7_; with s; : X'~ Q such that

Sl;p {Em,‘-waNp I:]ETNUnif[l‘HT]EfNS':“Fl(zl:“-’mr) [Eznp [f(x)}]] - }Ielg__Ew'vp [f(x)]} =o(1).

This strategy can be used to define a consistent (randomized) algorithm fr: X7 — F as follows. Given
an i.i.d. sample x1,...,xr, draw a random index r from 1,...,7T, and define fr as a random draw from
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distribution s,(z1,...,z,—1). We have proven that Vb“““h — 0 as T increases, which the requirement of
Eq. (2) in the general non-supervised case. Note that the rate of this convergence is upper bounded by the
rate of decay of %V to zero.

To show the reverse direction, say a problem is learnable in the classical batch sense. That is, V%"“h — 0.
Hence, there exists a randomized strategy s = (s1, 82, ...) such that s; : X'~1 — Q and

Sl;p {El’l,m,mlfvp [EfNSt(I17...,:Et_1)ECENp [f(x)]] - flgf EINP [f(x)]} = 0(1)

as t — oo. Hence we have that

feF

ZEfNSt(xl ----- 1) Eznp [f(@)] — inf Eznp [f(sc)]‘| }

sup {]Ez1,...,wT~p

p

<5 ZSUP { Ty, BT P |:Ef~5t(x1,---,mt_1)Ez~p [f(@)] - }Q;Em~p [f(x)]:| } =o(1)

because a Cesaro average of a convergent sequence also converges to the same limit.

As shown in [? |, the problem is learnable in the batch sense if and only if

Ex T~
1y XT P feF

T
.1 .
inf ; f(mo] = inf Eanyp [f(2)
and this rate is uniform for all distributions. Hence we have that

1 & 1 «
T ZEfwst(acl,...,x,,,l)Exwp [f(x)] — inf T Z f(wt)] } = 0(1)

t=1 t=1

We conclude that if the problem is learnable in the i.i.d. batch sense then

T
O(T) = SUPEw17~-,$T’VIJ ZEfNSt(!Ehmﬂit—l)Ex"‘p o 1nf Zf o ]
P t=1
= SuPEIlw-,wTNP ZEftNSt (T1,.. st 1)ft xt - lnf Zf " ]
p t=1

= Sl;;pExl,...,wTwalesl .. -EfTNST(a:l:T,l) {th(l’t) - ]}gﬁ__z f(xt)}
t=1

t=1

Z V,}Zlind (19)

Thus we have shown that if a problem is learnable in the batch sense then it is learnable versus all i.i.d.
adversaries in the online sense, provided that the distribution is not known to the player.

O

At this point, the reader might wonder if the game formulation studied in the rest of the paper, with the
restrictions known to the player, is any easier than batch and distribution-blind learning. In the next section,
we show that this is not the case for supervised learning.
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6.2 Distribution-Blind vs Non-Blind Supervised Learning

In the supervised game, at time ¢, the player picks a function f; € [—1,1]%¥, the adversary provides input-
target pair (x4, y:), and the player suffers loss |f;(2z+) — y¢|. The value of the online supervised learning game
for general restrictions Pi.7 is defined as

@€QpeP, fi(xi,y1) A€ prePr fT7(90T yT)

T
VP (Prr) = inf sup B oo inf sup [Zm (@) =l = jut. 3 1f(a) -

where (24, y:) has distribution p;. As before, the value of an i.i.d. supervised game with a distribution px xy
will be written as V3" (pxxy)-

Similarly to Eq. (2), define the batch supervised value for the absolute loss as
v it sup {Bly - f(o)| - e Ely - )] | (20)
f Pxxy f€.7:

and the distribution-blind supervised value as

T T
blind, s . .
Vr P = inf sup EzryzrnpBEpins, - - 'EfTNST(erT—l’fl:T_l) {Z | fe(we) = el = ;relffz F(z) - yt|}1
t=1 t=1

S p
where we use the shorthand z; = (zy, y;) for each .

Lemma 15. In the supervised case,

1 atch, su su su ind, su
ZTVﬁ S < sup Ry (F,px) < sup Vi ({px x Uy'}) < sup Vi ({pxxy }) < vpid =

px px PXxY

where Ry (F,px) is the classical Rademacher complexity defined in (14), and Uy is the Rademacher distri-
bution.
Theorem 14, specialized to the supervised setting, says that = V?hnd WP, 0 if and only if VRSP,

Since sup,, . V3P ({pxxy}) is sandwiched between these two values, we conclude the followmg

Corollary 16. FEither the supervised problem is learnable in the batch sense (and, by Theorem 14, in the
distribution-blind online sense), in which case sup,, . Vi ({pxxy}) = o(T). Or, the problem is not learn-
able in the batch (and the distribution-blind sense), in which case it is not learnable for all distributions in
the online sense: sup,, . V5" ({pxxv}) does not grow sublinearly.

Proof of Lemma 15. The first statement follows from the well-known classical symmetrization argument:

batch, sup __ - f Ely — R _ inf Ely —
v i sup {Bly  f(0)] - jut By~ /(o)

f PXxXY

< sup {Ely~ o)~ ut Bly - 70}

PXxY

<2 sup Esup
PX XY feF

TZ\% fla)] ~Ely - £ ()

T
1
<4supE,, . E . sup = e fxy
ox xy1. e T fE]"th:; t ( f)

where the first inequality is obtained by choosing the empirical minimizer f as an estimator.
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The second inequality of the Lemma follows from the lower bound proved in Section 7.1. Lemma 20 implies
that the game with i.i.d. restrictions P; = {px x Uy} for all ¢ satisfies

VP ({px x Uy}) > Rr(F, px)

for any px.

Now, clearly, the distribution-blind supervised game is harder than the game with the knowledge of the
distribution. That is,

sup V;up({pxxy}) < V;lind, sup
PXxY

7 Supervised Learning

In Section 6, we studied the relationship between batch and online learnability in the i.i.d. setting, focusing
on the supervised case in Section 6.2. We now provide a more in-depth study of the value of the supervised
game beyond the i.i.d. setting.

As shown in [3, 4], the value of the supervised game with the worst-case adversary is upper and lower
bounded (to within O(logg/ 2T)) by sequential Rademacher complexity. This complexity can be linear in
T if the function class has infinite Littlestone’s dimension, rendering worst-case learning futile. This is the
case with a class of threshold functions on an interval, which has a Vapnik-Chervonenkis dimension of 1.
Surprisingly, it was shown in [? ] that for the classification problem with i.i.d. z’s and adversarial labels
y, online regret can be bounded whenever VC dimension of the class is finite. This suggests that it is the
manner in which z is chosen that plays the decisive role in supervised learning. We indeed show that this
is the case. Irrespective of the way the labels are chosen, if x; are chosen i.i.d. then regret is (to within a
constant) given by the classical Rademacher complexity. If z;’s are chosen adversarially, it is (to within a
logarithmic factor) given by the sequential Rademacher complexity.

We remark that the algorithm of [? ] is “distribution-blind” in the sense of last section. The results we
present below are for non-blind games. While the equivalence of blind and non-blind learning was shown
in the previous section for the i.i.d. supervised case, we hypothesize that it holds for the hybrid supervised
learning scenario as well.

Let the loss class be ¢(F) = {(z,y) — ¢(f(z),y) : f € F} for some Lipschitz function ¢ : R x Y — R (i.e.
o(f(x),y) =|f(x) —y|). Let Py.7 be the restrictions on the adversary. Theorem 3 then states that

V;“up(PlzT) S 2 sup mT(¢(]:)7 p)
pEP

where the supremum is over all joint distributions p on the sequences ((z1,41),- .., (7, yr)), such that p
satisfies the restrictions Pr.p. The idea is to pass from a complexity of ¢(F) to that of the class F via a
Lipschitz composition lemma, and then note that the resulting complexity does not depend on y-variables.
If this can be done, the complexity associated only with the choice of x is then an upper bound on the value
of the game. The results of this section, therefore, hold whenever a Lipschitz composition lemma can be
proved for the distribution-dependent Rademacher complexity.

The following lemma gives an upper bound on the distribution-dependent Rademacher complexity in the
“hybrid” scenario, i.e. the distribution of z;’s is i.i.d. from a fixed distribution p but the distribution of
y¢’s is arbitrary (recall that adversarial choice of the player translates into vacuous restrictions P; on the
mixed strategies). Interestingly, the upper bound is a blend of the classical Rademacher complexity (on
the z-variable) and the worst-case sequential Rademacher complexity for the y-variable. This captures the
hybrid nature of the problem.
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Lemma 17. Fiz a class F C RY and a function ¢ : R x Y — R. Given a distribution p over X, let
B consist of all joint distributions p such that the conditional distribution py”(ze,ye|v'=1, y'=1) = p(z;) x
pe(ye|zt =1yt =t xy) for some conditional distribution p,. Then,

T
sup Rr(¢(F),p) < E  supEc [sup ¥ ed(f(xr), yi(e))

peEP L1, ZTNP gy feF —1

Armed with this result, we can appeal to the following Lipschitz composition lemma. It says that the
distribution-dependent sequential Rademacher complexity for the hybrid scenario with a Lipschitz loss can
be upper bounded via the classical Rademacher complexity of the function class on the xz-variable only. That
is, we can “erase” the Lipschitz loss function together with the (adversarially chosen) y variable. The lemma
is an analogue of the classical contraction principle initially proved by Ledoux and Talagrand [? | for the
i.i.d. process.

Lemma 18. Fiz a class F C [-1,1]% and a function ¢ : [-1,1] x Y = R. Assume, for ally € Y, ¢(-,y) is
a Lipschitz function with a constant L. Let B be as in Lemma 17. Then, for any p € B,

Rr(o(F),p) < L Ryp(F,p) .

Lemma 17 in tandem with Lemma 18 imply that the value of the game with i.i.d. z’s and adversarial y’s is
upper bounded by the classical Rademacher complexity.

For the case of adversarially-chosen z’s and (potentially) adversarially chosen y’s, the necessary Lipschitz
composition lemma is proved in [3] with an extra factor of O(log®?T). We summarize the results in the
following Corollary.

Corollary 19. The following results hold for stochastic-adversarial supervised learning with absolute loss.

e If x; are chosen adversarially, then irrespective of the way y;’s are chosen,
Vi < 9M(F) x O(log® *(T)),

where R(F) is the (worst-case) sequential Rademacher complexity [3]. A matching lower bound of
R(F) is attained by choosing y;’s as i.i.d. Rademacher random variables.

o [f x; are chosen i.i.d. from p, then irrespective of the way y;’s are chosen,
Vit <2R(F,p),

where R(F,p) defined in (14) is the classical Rademacher complexity. The matching lower bound of
R(F,p) is obtained by choosing y;’s as i.i.d. Rademacher random variables.

The lower bounds stated in Corollary 19 are proved in the next section.

7.1 Lower Bounds

We now give two lower bounds on the value V3" (F). The lower bounds hold whenever the adversary’s
restrictions {P;}7_; allow the labels to be i.i.d. coin flips. That is, for the purposes of proving the lower
bound, it is enough to choose a joint probability p (an oblivious strategy for the adversary) such that
each conditional probability distribution on the pair (z,y) is of the form p;(z|z1,...,2:—1) X b(y) with
b(—1) = b(1) = 1/2. Pick any such p.

Our first lower bound will hold whenever the restrictions P; are history-independent. That is, Py(z1.4—1) =
Pi(z).4_q) forany z1.4 1,27, € X*~1. Since the worst-case (all distributions) and i.i.d. (single distribution)
are both history-independent restrictions, the lemma can be used to provide lower bounds for these cases.
The second lower bound holds more generally, yet it is weaker than that of Lemma 20.
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Lemma 20. Let B be the set of all p satisfying the history-independent restrictions {P:} and P’ C P the
subset that allows the label y; to be an i.i.d. Rademacher random variable for each t. Then

sup f):iT(J:a p) S VT(PLT) S 2 sup 9:{T(]:.v p)
peP’ peP

Lemma 21. Let B be the set of all p satisfying the restrictions {P;} and let P’ C P be the subset that
allows the label y; to be an i.i.d. Rademacher random variable for each t. Then

VT(PLT) > sup E(x,x’)NpIEe
pey’

T
?33; etf(xt(l))]

Remark 22. The supervised learning protocol is sometimes defined as follows. At each round t, the pair
(z¢,yt) is chosen by the adversary, yet the player first observes only the “side information” xy. The player
then makes a prediction U; and, subsequently, the label y; is revealed. The goal is to minimize regret defined
as

T T
Uy — — inf — Y.
;k’h Y J}Ielf;U(mt) Yt

As briefly mentioned in [3], this protocol is equivalent to a slightly modified version of the game we consider.
Indeed, suppose at each step we are allowed to output any function f' : X — Y (not just from F), yet
regret is still defined as a comparison to the best f € F. This modified version is clearly equivalent to first
observing x; and then predicting §;. Denote by Vr the value of the modified “improper learning” game, where
the player is allowed to choose any f; € Y. Side-stepping the issue of putting distributions on the space of
all functions Y%, it is easy to check that Theorem 1 goes through with only one modification: the infima in
the cumulative cost are over all measurable functions f; € Y*. The key observation is that these f;’s are
replaced by f € F in the proof of Theorem 3. Hence, the upper bound on Vr is the same as the one on the
“proper learning” game where our predictions have to lie inside F.

8 Smoothed Analysis

The development of smoothed analysis over the past decade is arguably one of the hallmarks in the study of
complexity of algorithms. In contrast to the overly optimistic average complexity and the overly pessimistic
worst-case complexity, smoothed complexity can be seen as a more realistic measure of algorithm’s perfor-
mance. In their groundbreaking work, Spielman and Teng [? ] showed that the smoothed running time
complexity of the simplex method is polynomial. This result explains good performance of the method in
practice despite its exponential-time worst-case complexity.

In this section, we consider the effect of smoothing on learnability. Analogously to complexity analysis of
algorithms, learning theory has been concerned with i.i.d. (that is, average case) learnability and with online
(that is, worst-case) learnability. In the former, the learner is presented with a batch of i.i.d. data, while
in the latter the learner is presented with a sequence adaptively chosen by the malicious opponent. It can
be argued that neither the average nor the worst-case setting reasonably models real-world situations. A
natural step is to consider smoothed learning, defined as a random perturbation of the worst-case sequence.

It is well-known that there is a gap between the i.i.d. and the worst-case scenarios. In fact, we do not need
to go far for an example: A simple class of threshold functions on a unit interval is learnable in the i.i.d.
supervised learning scenario, yet difficult in the online worst-case model [? ? ]. When it comes to i.i.d.
supervised learning, the relevant complexity of a class is captured by the Vapnik-Chervonenkis dimension,
and the analogous notion for worst-case learning is the Littlestone’s dimension [? ? 3]. For the simple
example of threshold functions, the VC dimension is one, yet the Littlestone’s dimension is infinite. The
proof of the latter fact, however, reveals that the infinite number of mistakes on the part of the player is
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due to the infinite resolution of the carefully chosen adversarial sequence. We can argue that this infinite
precision is an unreasonable assumption on the power of a real-world opponent. It is then natural to ask:
What happens if the adversary adaptively chooses the worst-case sequence, yet the moves are smoothed by
exogenous noise? The scope of what is learnable is greatly enlarged if smoothed analysis makes problems
with infinite Littlestone’s dimension tractable.

Our approach to the problem is conceptually different from the smoothed analysis of [? ] and the subsequent
papers. We do not take a particular learning algorithm and study its smoothed complexity. Instead, we ask
whether there exists an algorithm which guarantees vanishing regret for the smoothed sequences, no matter
how they are chosen. Using the techniques developed in this paper, learnability is established by directly
studying the value of the associated game.

Smoothed analysis of learning has been considered by [? ], yet in a different setting. The authors study
learning DNF's and decision trees over a binary hypercube, where random examples are drawn i.i.d. from
a product distribution which is itself chosen randomly from a small set. The latter random choice adds an
element of smoothing to the PAC setting. In contrast, in the present paper we consider adversarially-chosen
sequences which are then corrupted by random noise. Further, since “probability of error” does not make
sense for non-stationary data sources, we consider regret as the learnability objective.

Formally, let o be a fixed “smoothing” distribution defined on some space S. The perturbed value of the
adversarial choice x is defined by a measurable mapping w : X x S — X, known to the learner. For example,
an additive noise model corresponds to w(zx, s) = x 4+ s. More generally, we can consider a Markov transition
kernel from a space of moves of the adversary to some information space, and the smoothed moves of the
adversary can be thought of as outputs of a noisy communication channel.

A generic smoothed online learning model is given by following T-round interaction between the learner and
the adversary:

Onround t=1,...,T,
e the learner chooses a mixed strategy ¢; (distribution on F)
e the adversary picks z; € X
e random perturbation s; ~ o is drawn

e the learner draws f; ~ ¢; and pays fi(w(z¢, s¢))
End

The value of the smoothed online learning game is

Vr =infsup E infsup E ---infsup E w(xy, st) —mf w(xy, 8t)
T q1 xlpfr%h q2 ag2pf2~<I2 qr gchfTNQT th bt Zf bt

a3 ~o spmo apee
where the infima are over ¢; € Q@ and the suprema are over x; € X. A non-trivial upper bound on the above
value guarantees existence of a strategy for the player that enjoys a regret bound against the smoothed
adversary. We note that both the adversary and the player observe each other’s moves and the random
perturbations before proceeding to the next round.

We now observe that the setting is nothing but a special case of a restriction on the adversary, as studied
in this paper. The adversarial choice x; defines the parameter z; of the distribution from which a random
element w(zy, s¢) is drawn. The following theorem follows immediately from Theorem 1.

Theorem 23. The value of the smoothed online learning game is bounded above as
T
Vr<2sup E E.,...sup E E., SupZetf (e, 8¢)) ],
fer =

I1€ZSING :L’TGZSTNU
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We now demonstrate how Theorem 23 can be used to show learnability for a smoothed learning scenario.
What we find is somewhat surprising: for a problem which is not learnable in the online worst-case scenario,
an exponentially small noise added to the moves of the adversary yields a learnable problem. This shows,
at least in the given example, that the worst-case analysis and Littlestone’s dimension are brittle notions
which might be too restrictive in the real world, where some noise is unavoidable. It is comforting that small
additive noise makes the problem learnable!

8.1 Binary Classification with Half-Spaces

Consider the supervised game with threshold functions on a unit interval. The moves of the adversary are
pairs = (z,y) with z € [0,1] and y € {0, 1}, and the binary-valued function class F is defined by

F={folzy) =ly—1{z<0}[: 0 €0, 1]}. (21)

The class F has infinite Littlestone’s dimension and is not learnable in the worst-case online framework. Any
non-trivial upper bound on the value of the game, therefore, has to depend on particular noise assumptions.
For the uniform noise ¢ = Unif[—v/2,v/2] for some v > 0, for instance, the intuition tells us that noise
implies a margin. In this case we should expect a 1/v complexity parameter appearing in the bounds.
Formally, let

w((z, y)’ U) = (Z + o, y)

That is, o uniformly perturbs the z-variable of the adversarial choice x = (z,y), but does not perturb the
y-variable. The following proposition holds for this setting.

Proposition 24. For the worst-case adversary whose moves are corrupted by the uniform noise Unif[—v/2,~/2],
the value is bounded by

Vr <24 /2T (4log T + log(1/7))

The idea for the proof is the following. By discretizing the interval into bins of size well below the noise
level, we can guarantee with high probability that no two smoothed choices z; + s; of the adversary fall into
the same bin. If this is the case, then the supremum of Theorem 23 can be taken over a discretized set
of thresholds. For each fixed threshold f, however, € f(w(z:,s:)) forms a martingale difference sequence,
yielding the desired bound. We can easily generalize this idea to linear thresholds in d dimensions: Cover
the sphere corresponding to the choices z; and f; by balls of a small enough radius and argue that with high
probability no two smoothed choices of the adversary fall into the same bin. By a simple volume argument,
we claim that the supremum in Theorem 23 can be replaced by the supremum over the discretization at a
small additional cost (the number of bins that change sign as f ranges over one bin). The result then follows
from martingale concentration.

Below, we prove the result for the one-dimensional case, which already exhibits the key ingredients.
Proof of Proposition 24. For any fs € F, define
M} = € folw(xe,51)) = € ye — 1{z + 50 < O}
Note that {M?}; is a zero-mean martingale difference sequence, that is E[M;|21.+, y1.¢, 51.¢] = 0. We conclude

that for any fixed 6 € [0, 1],
T 2
P> M > < .
(S <oof-5]

t=1
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by Azuma-Hoeffding’s inequality. Let F' = {fy,,..., fox } C F be obtained by discretizing the interval [0, 1]
into N =T bins [0;,0;11) of length T~%, for some a > 3. Then

T 2
€
P max Y M/ >e¢| <Nexp{——¢.
(fee}" = ) = p{ QT}
t=1
Observe that the maximum over the discretization coincides with the supremum over the class F if no two
elements z; + s; and zy + sy fall into the same interval [0;,0;41). Indeed, in this case all the possible values

of F on the set {21 + s1,...,2r + s7} are obtained by choosing the discrete thresholds in F’. Since there
are many intervals and we are choosing T', the probability of no collision is close to 1.

Let us calculate the probability that for no distinct ¢,t" € [T] do we have z; + s; and zp + sy in the same bin.
We can deal with the boundary behavior by ensuring that F is in fact a set of thresholds that is v/2-away
from 0 or 1, but we will omit this discussion for the sake of clarity. The probability that no two elements
zt + 8¢ and zy + sy fall into the same bin depends on the behavior of the adversary in choosing z;’s. Keeping
in mind that the distribution of all s;’s is uniform on [—7/2,7/2], we see that the probability of a collision
is maximized when z; is chosen to be constant throughout the game.

If z¢’s are all constant throughout the game, we have T balls falling uniformly into v7'* > T bins. The
probability of two elements z; 4+ s; and z; + sp falling into the same bin is

pa—1

AT (yT® — 1) - (7T“—T)>(7T“—T>T_(1_ 1 )r

P (no two balls fall into same bin) = Ta oTa. . Ta T ST

The last term is approximately exp {—1/(yT%~2)} for large T, so

1
VTW_Q

P (no two balls fall into same bin) > 1 —

using e™® > 1 — x. Now,

(sup Z erf(w(xe, st)) e) P (sup Z erf(w(zxe,s¢)) > € A none of (z; + s¢)’s fall into same bin>

fe}—t 1 fe]:t 1

+ P (some of (z; + s¢)’s fall into same bin)

fo€F! ’YTG_Q

T

1
=P (max ZMte > e A none of (z; + s¢)’s fall into same bin) +
max ZMe > € !
fee]:/ Ta—2

<T%e 62 + L
ol el 1
= Pl7ar [ T a2

Using the above and the fact that for any f € F, | Zthl erf(w(ze, s¢))| < T we can conclude that

Vr <E|sup » e f(w(w,s))
3y
2 T3—a
<e4 Tt _
€+ exp { oT + 5
Setting € = y/2(a + 1)T log T we conclude that
3—a

Vr <1++/2(a+1)TlogT +
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Now pick a = 3 + lofgo(gl/TW) (this choice is fine because yT*~1 = T? which grows with T as needed for the

previous approximation). Hence we see that
log(1
VT§2+ 2 4+M TlOgT
logT
=2+ /2T (4log T + log(1/7))

O

While the infinite Littlestone dimension of threshold functions seemed to indicate that half spaces are not
online learnable, the analysis shows that very slight perturbations (in fact even exponentially small in T)
are enough to make half spaces online learnable, so in practice half spaces can be used for classification in
the smoothed online setting.

We note that our learnability analysis was based on an upper bound on the value of the game. The inefficient
algorithm can be recovered from the minimax formulation directly. However, for the particular problem of
smoothed learning with half-spaces, the exponential weights algorithm on the discretization of the interval
will also do the job. An alternative analysis can directly focus on this algorithm and use the same bins-
and-balls proof to show that the loss of any expert is likely to be close to the loss of any non-discretized
threshold.
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Appendix

Proof of Theorem 1. The proof is identical to that in [3]. For simplicity, denote ¢(z1.7) = inf rcr 23:1 f(xe).
The first step in the proof is to appeal to the minimax theorem for every couple of inf and sup:

inf sup E ... inf sup E fe(zy) — v(x1.7)
Q€L p ep, firar ar€EQprePy fTNEIT
Ty ~py zp~pT
= sup inf E ... sup inf E fe(xe) — (x1.7)
prePL WEL fi~rar  prePrar€ fTN(IT —
r1~pP1 rp~pT

= sup inf E, ., ... sup inf E, . fe(ze) —(x1.7)
prePy 1€F o prePyp fTEF wreer Z ( ) (

From now on, it will be understood that z; has distribution p; and that the suprema over p; are in fact over

pt € Pi(x1:4—1). By moving the expectation with respect to xr and then the infimum with respect to fr
inside the expression, we arrive at

T—1
sup i)r}fIEI1 ...sup inf E,,.  sup [Z fe(zy) [i}lfIEmTfT(xT)] - IEQDTLZJ(:ELT)]

p1 1 pr—1 fr—1 pr |44
T-1
=supinfE,, ... sup inf E;,_, sup E:,

P1 1 PT— 1 fr—1

Je(ze) + {i}leEszT(xT)] - T/J(zl:T)]

t=1
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Let us now repeat the procedure for step T'— 1. The above expression is equal to

T—1 -
supi)rclfIEJI1 ...sup inf E, . | [Z fe(zy —|—supEzT [memTfT(mT) Y(x1.7) 1

P1 1 PT— 1 fr-1 =1

= Supi}lf]Erl ... sup lz fe(zy) [mf Epr  fr—1(zr— 1)] +E,,._,supE,. i}lfIEszT(xT) — 1/1(x1:T)H
L T

p1 1 PT—-1 pT

T2 )
= SupiJ{lexl oosup By SUPExT lz fi(zt) [finf ElefT—l(l”T—l)] + i}lefoT(zT):| —¢(z17)
T—1 | fT

P 1 PT -1 =1

Continuing in this fashion for 7" — 2 and all the way down to ¢ = 1 proves the theorem. O

Proof of Proposition 2. Fix an oblivious strategy p and note that Vr(Py.r) > V2. From now on, it will
be understood that x; has distribution p;(-|z1.4—1). Let ® = {m;}]_; be a strategy of the player, that is, a
sequence of mappings 7; : (F x X)!71 = Q.

By moving to a functional representation in Eq. (9),

T T
lez = il}rfEleﬂlExlNl)l B mnr(lfrrmy,enr—0) Barmpr (losr_y) [Z fe(xe) — ]}Ielg__z f(ay)
t=1 t=1

Note that the last term does not depend on f1,..., fr, and so the expression above is equal to

T
igf {]Eﬁ'wﬁEﬂth s EfT""’TT('Ifl:T—l7w1:T—1)E1TNpT('|$1:T—1) [Z ft(xt)]
t=1
T
- EﬂClel s EZI/’TNPT("II:T—I) l}gﬁ.; f(mt)] }

T
= H’}_f {EleTflEJHNZH "']EfTNﬂ'T('lflzT—lgTI:T—l)EmT"’PT("II:T—l) [Z ft(xt)‘| } - {E

t=1

Now, by linearity of expectation, the first term can be written as

T
i?rf {ZEf1~7r1]Ez1~p1 .- 'EfTNWT(~|f1:T1,x1:T1)EIT~pT(-Im1;T1)ft(xt)}
t=1

T
= H;f {ZEﬁNﬂ'lelNPl i 'EftNﬂ't(‘|f1:t—17I1:t—1)EEt~pt('fﬂlzt—l)ft(xt)}

t=1

lnf {ZE11~P1 - 1f~;l7f( |z1:6—1) IEfl~71'1 s ]Eft"‘ﬂ't("fl:t—lymlzt—l)ft(xt)} } (22)

Now notice that for any strategy m = {m;}~_, there is an equivalent strategy ' = {m,}7_, that (a) gives
the same value to the above expression as w and (b) does not depend on the past decisions of the player,
that is 7, : X'~1 +— Q. To see why this is the case, fix any strategy 7 and for any t define

7T;('|‘731:t*1) = IEf1~7T1 s Eft—lNﬂ't(‘lfl:t—2,961:t—2)7rt('|f1:t*17 fl:tfl)

where we integrated out the sequence fi,..., fy_1. Then

Efpmmy o Efymome( framrszne— ) [t(@) = Epons oy n) [t (21)
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and so w and 7’ give the same value in (22).

We conclude that the infimum in (22) can be restricted to those strategies 7 that do not depend on past
randomizations of the player. In this case,

T
VQI: = iﬂ_f {ZEﬂilNPl "'EIt"‘pt("CElzt—l)EftNTrt('lxlztfl)ft(wt)i| } { [mf Z flz 1 }
t=1
T
= HT}_f {ZEl‘lam@tlEff,NTFf,(-|m1;t_1)E$tft(mt):| } - {E }gg__z‘f(xt)‘| }
t=1
Z]EftNTft( |16 1)E1’tNPtft xt - lnf Zf xt ]

t=1

mf E

Now, notice that we can choose the Bayes optimal response f; in each term:

V; = 1nfE

T
ZEftNWt( [z1:6—1) a:thtft Ty) — 1nf Zf Tt ]

t=1

T
mef Ey,mop, fr(xe) — 1nf Zf (z¢) ]

> infE
T

T
=E [Z flnf Egymp, fe(ae) — 1nf Zf (24 1

t=1

Together with Theorem 1, this implies that

VR = Vi(Prr) = inf E

ZEftNﬂ't( [21:6—-1) ﬂitNPtft xt - 'lnf Zf xt ]

t=1

for any p* achieving supremum in (8). Further, the infimum is over strategies that do not depend on the
moves of the player.

We conclude that there is an oblivious minimax optimal strategy of the adversary, and there is a correspond-
ing minimax optimal strategy for the player that does not depend on its own moves.

O]
Proof of Theorem 3. From Eq. (8),
[T
Vr =sup E Zlnf Ei_1 [fi(xe)] 7111fo£615
pe¥ 1=
r T
= E inf E;_ —
ELGI‘I% ?gg{z oty -l [fe(@)] f(ft)H
< sup E |sup {ZEt 1 f(xt)}‘| (23)
peER | feF

The upper bound is obtained by replacing each infimum by a particular choice f. Note that E;_ [f(z¢)] —
f(z¢) is a martingale difference sequence. We now employ a symmetrization technique. For this purpose,
we introduce a tangent sequence {x}}I_; that is constructed as follows. Let ) be an independent copy of
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x1. For t > 2, let 2 be both identically distributed as x; as well as independent of it conditioned on z1.;_.
Then, we have, for any ¢t € [T] and f € F,

Eey [f(@)] = Bea [f ()] = BEx [f(27)] - (24)

The first equality is true by construction. The second holds because x} is independent of z;.7 conditioned
on x1.+—1. We also have, for any ¢t € [T] and f € F,

f(@e) = Ep [f ()] - (25)
Plugging in (24) and (25) into (23), we get,

B T
Vr < 2ggE ;22 {;ET [f(z)] — Er [f(aft)]H
= sggE ;gg {ET t;f(xt) - f(a:t)] H
< slelgﬂﬂ _;gg{;f(%‘t) - f(xt)H :

For any p, the expectation in the above supremum can be written as

sup {Zf }) }

T
=B 0 ~pi Bay oy mpo (o) - - - Barafompr (ar,zr 1) |ﬁuP {Z f(xy) f(xt)}] .

feF feF i=1

Now, let’s see what happens when we rename z; and 2 in the right-hand side of the above inequality. The
equivalent expression we then obtain is

E E

) ,x1~p1

T
w2 2hops (-[24) By afmps (124 22) -« - Bar whmpr (faf 2w 1) lsup {(f(fv’l) —f@)+ ) fa) - f(:ct)H :

fer t=2

Now fix any € € {£1}7. Informally, ¢; = 1 indicates whether we rename x; and . It is not hard to verify
that

T
Bay 2t mpy Bay wymps (J21) - - Bag wlhmpr (loror ) Ls’lelg {Z flay) — f(ﬂft)}‘|

t=1

= Euy 0pmopr Bag ahmpa (lxa (1)) - - - Bag szt mopr (Ixa (=1),.oxr— 1 (—1)) [SUP {
feF

T
= Euy 04 ~ps Bz wopaChxa (1) - - - Bz apmpr Cxa (e0)sxr—1 (1) [;gp {Z —er(f (1) - f(mt))H (27)

Since Eq. (26) holds for any ¢ € {1}, we conclude that

o {00 .

t=1

T
= EEEI1,1'1~P1]Ez'z,ﬂc'gNPz('\Xl(61)) i 'E-'I«‘T7ff/TNpT("X1(61)7~~7XT—1(5T—1)) |ﬁ’up {Z (xt))}]

T
= Erl,IllelEélez,xész("Xl(61))E€2 .. 'EJCT,E/TNPT("X1(61),4..,XT71(6T,1))EET |;g}; {Z *Gt(f(mg) - f(xt))}‘| .

t=1
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The process above can be thought of as taking a path in a binary tree. At each step ¢, a coin is flipped
and this determines whether x; or z} is to be used in conditional distributions in the following steps. This
is precisely the process outlined in (12). Using the definition of p, we can rewrite the last expression in

Eq. (28) as
sfgana-nol]

E(a1ap)mer @B Bes op)mpa()@r,2p) - - Ber 1 Bia oy mpr (o) (21,20, o 10t ) Ber

More succinctly, Eq. (28) can be written as

]E(x x')~p [Sup {Z f Xt - f(xt(_l))}

feF

= E(x,x)~ple lsup {Z er(f(xe(€)) — f(XQ(e)))H - (29)

It is worth emphasizing that the values of the mappings x, x" are drawn conditionally-independently, however
the distribution depends on the ancestors in both trees. In some sense, the path e defines “who is tangent to
whom”.

We now split the supremum into two:

T
sup {Zet f(x;<e>>>}

Exx)~pl
reF | %

T B x)pl

T
< E(xx)mpBe [blm > ek (xile ;1611}2 —etf(XQ(ﬁ))] (30)
t=1

Jop 3ttt ]

- 2E(x X/ ~p

The last equality is not difficult to verify but requires understanding the symmetry between the paths in
the x and x’ trees. This symmetry implies that the two terms in Eq. (30) are equal. Each ¢ € {+1}7 in
the first term defines time steps ¢ when values in x are used in conditional distributions. To any such e,
there corresponds a —e in the second term which defines times when values in x’ are used in conditional
distributions. This implies the required result. As a more concrete example, consider the path ¢ = —1 in
the first term. The contribution to the overall expectation is the supremum over f € F of evaluation of —f
on the left-most path of the x tree which is defined as successive draws from distributions p; conditioned on
the values on the left-most path, irrespective of the x’ tree. Now consider the corresponding path e = 1 in
the second term. Its contribution to the overall expectation is a supremum over f € F of evaluation of —f
on the right-most path of the x’ tree, defined as successive draws from distributions p; conditioned on the
values on the right-most path, irrespective of the x tree. Clearly, the contributions are the same, and the
same argument can be done for any path e.

Alternatively, we can see that the two terms in Eq. (30) are equal by expanding the notation. We thus claim

that
T
]Exl758'1’\*1)1]E€1E912,$'2~p2('|X1(61))E62 s ECUT:I/TNPT('le(51)7'~~;XT—1(€T—1))]E€T ]Sclelg_)_ {Z —6”%%;)}]
t=1
T
= EzlvwllNPIEGIE$2,$/2NP2("X1(51))E€2 e 'EITFE'ITNPT("Xl(el)wu,XT—l(ET—I))EGT ;lelr;_ {Z etf(xt)}]
t=1

The identity can be verified by simultaneously renaming x with x’ and e with —e. Since x(z,2’,¢) =
x(2', x, —€), the distributions in the two expressions are the same while the sum of the first term becomes
the sum of the second term.
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More generally, the split of Eq. (30) can be performed via an additional “centering” term. For any ¢, let M;
be a function with the property M;(p, f,x,x’,€) = My(p, f,x',x, —¢€)

We then have

E e op e lsup {Z r(F(xi(e)) — f<x;<e>>>H

reF | i
< E(x x’)wp lSUP Z 6t Mt(pa f’ X, x' 6))1 (31)
+ Bxxyplle | SUD Z —e(f — My(p, f, %, %’ e))]
= 2E(x x/)~pl [Sup > ealf — My(p, f,x, %' e))]

To verify equality of the two terms in (31) we can expand the notation.

JScllp {Z —€t f(mt) Mt(p7 fax X E)) }:|

t=1

IE“961 11~P1E51E22 zh~pa (- |X1(€1))E62 e IE“ﬂﬁT @lp~pr (Ixi(er),-xT—1(eT— 1))E6T

t=1

= IE701 11~P1E51E12 xh~p2 (- |X1(61))E€2 o IEIT zfp~pr (-Ix1(e1), -, xr—1(eT— 1))E€T [?ul]_)_ {Zet (we) — Mi(p, f,x, x' 6))}:|

O
Proof of Corollary 4. Define a function M; as the conditional expectation
Mt(p’ fix, X/’ 6) = EiNPt('IXl(El):ant—l(Et—l))f(x)'

The property M (p, f,x,%x’,e) = Mi(p, f,x’,x,—¢) holds because x(z,2’,¢€) = x(z’, z, —¢). O

Proof of Corollary 11. The first steps follow the proof of Theorem 3:

vr < g o {5 161 - o0
pEP feFr t=1
and for a fixed p € ‘3,

o (5 - ) .

fer

T
=Euy ot mp Ber Bay wmps (xa (e1) Ees - - 'EIT,I/TNPT("Xl(51)7~~»7XT—1(5T—1))]E5T [?gg’__ {Z —e(f(ay) — f(xt))}‘| .

t=1

At this point we pass to an upper bound, unlike the proof of Theorem 3. Notice that ps(-|x1(€1), .-, xt—1(€t—1))
is a distribution with support in Xy (x1(€1), ..., xt—1(e—1)). That is, the sequence x1(€1), ..., xt—1(€:—1) de-
fines the constraint at time ¢. Passing from t = T down to t = 1, we can replace all the expectations over p;
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by the suprema over the set X;, only increasing the value:

T
El'lvl'iNPlEel]EM@/zNPz('\Xl(ﬁl))E@ - 'EQ?T’I%“NPT("Xl(el)vu:XTfl(GT—l))EeT ug)__ {Z —€t(f($;) - f(xt))}‘|
t=1
T
< sup E sup Ee, ... sup Eer [SUP {Z —er(f(x}) — f(xt))H
x1,0] €X xo,x5€Xa(-|x1(€1)) zr,ah€XT (x1(€1),. . xT—1(eT—1)) FEF | i=1
T
= sup E[sup ¢ —a(f(xi(e) — f(xi(e))
(x,x")eT feF —1

In the last equality, we passed to the tree representation. Indeed, at each step, we are choosing x;, x} from
the appropriate set and then flipping a coin ¢ which decides which of zy, z} will be used to define the
constraint set through y:(e;). This once again defines a tree structure and we may pass to the supremum
over trees (x,x’) € 7. However, T is not a set of all possible X-valued trees: for each t, x:(e),x}(€) €
Xe(xa(x1,x4,€1)s ooy xe—1(Xe—1(€2-1), X} _1(€4—1),€:—1)). That is, the choice at each node of the tree is
constrained by the values of both trees according to the path. As before, the left-most path of the x tree (as
well as the right-most path of the x’ tree) is defined by constraints applied to the values on the path only
disregarding the other tree.

The rest of the proof exactly follows the proof of Theorem 3. O

Proof of Proposition 12. Let M,(f,x,x/,€) = 7= Zt;:ll f(x+(er)). Note that since x(x,2’, €) = x(2/, z, —¢),
we have that M (f,x,x’,€) = M;(f,x’,x, —¢). Using 11 we conclude that

e (1m0 B )|
=1

Vr <2 sup E.

(x,x")eT feF 4
T 1 -
=2 sup E. |sup fa €t Xt(e) -1 Xt (67')
(x,x")eT f€f< ; t—1 7;

By linearity and Fenchel’s inequality, the last expression is upper bounded by

2 sup [Ec |sup f,azet x¢ (e ZXT €r)

CV(xx’)GT feF t_]-

=
supU(f)+P* la) & |x(e) — —— Xr(€r
s 90 ( I CORES e
T =

(oo E))])

<

Qo

sup E.
(x,x")eT

A

< 2 (Sup U(f)+ sup E.
o

feF (x,x")eT

2R? 2 a
<—+4+— sup E |V |« e | x¢(€) — Xr(€r)
(0% (% (x,x")ET ( tz::l ¢ ( ¢ t— 1 Z
2R2 1 4 ’
S )\ZE x¢ (€ _Q;XT(ET) (33)

Where the last step follows from Lemma 2 of [? | (with a slight modification). However since (x,x’) € T
are pairs of tree such that for any e € {1} and any ¢ € [T.

C(xi(er)y .- s xe—1(e—1),xt(e)) =1
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we can conclude that for any € € {1} and any ¢ € [T,

O

Proof of Proposition 13. Let M;(f,x,x",€) = f(xt—1(et—1)). Note that since x(z,z’,€) = x(2', z, —€) we
have that M;(f,x,x’,¢) = My(f,x’,x,—¢). Using 11 we conclude that

Vr <2 sup E.

T
sup Z et ((f,xe(e)) — (f, th(ﬁl»)}

(x,x")eT feF =1
=2 sup K |sup (f, ) e (xe(e) = xi-1(e-1))
(x,x")eT fer +=1

As before, using linearity and Fenchel’s inequality we pass to the upper bound

T
2
= sup E. |sup <f,a§jet (xe(€) — xtl(et1>>>]
& (x,x)eT feF Pt
2
< — sup E.|sup ¥(f)+ ¥~ (aZet (xe(€) — th(ftl))>]
O (x,x"eT feF =1
2
< — (sup U(f)+ sup E.|T* (aZet (x4(€) — Xt—l(ﬁt—1))>]>
@ \ feF (x,x")eT t=1
2R? 2
< —+ — E. |U* — Yi— _
= Ta T <a;€t Geele) = Xen e 1”)]
2R a
< S+ B Ixile) — e (e) ] (34)
t=1

Where the last step follows from Lemma 2 of [? ] (with slight modification). However since (x,x’) € T are
pairs of tree such that for any € € {1} and any ¢ € [T].

Cxaler), -, xe—1(€-1),x¢(e)) =1

we can conclude that for any € € {1} and any ¢ € [T,

Ix¢(€) = xe-1(e-1)[|, <0

Using this with Equation 34 and the fact that « is arbitrary, we can conclude that

a>0 «

2 2
Vr < inf {2R T O‘iT} < 2RSV2T

29



Proof of Lemma 20. Notice that p defines the stochastic process p as in (12) where the i.i.d. y;’s now
play the role of the e;’s. More precisely, at each time t, two copies x; and z; are drawn from the marginal
distribution p:(-|x1(y1)s-- -, xt—1(yt—1)), then a Rademacher random variable y; is drawn i.i.d. and it indi-
cates whether x; or z} is to be used in the subsequent conditional distributions via the selector x¢(y:). This
is a well-defined process obtained from p that produces a sequence of (x1,2},41),..., (@1, 2%, yr). The 2’
sequence is only used to define conditional distributions below, while the sequence (x1,v1),..., (z7,yr) is
presented to the player. Since restrictions are history-independent, the stochastic process is following the
protocol which defines p.

For any p of the form described above, the value of the game in (7) can be lower-bounded via Proposition 2.

T T
sup > g inf E, — j wo1| — inf -
Vo 2 Lz—;f?éf (z4,y¢) [|yt fe(ze)] | (z,9)1:4 1} }g;;'yt f(zt)]

T T
-F LZ_;I —}gfftz:;hﬁ —f(ft)|]

A short calculation shows that the last quantity is equal to

T T
Esup Y (1= |y — f(a)]) = Esup > yuf(a0).
feriz

feria

The last expectation can be expanded to show the stochastic process:

T
Ea:l,x’1~p1Ey1Ez2,z’2~p2('|X1(yl))Ey2 - 'EZET7E/TNPT("Xl(y1)7-~»7XT—1(yT—1))EyT ?Egzytf(xt)
t=1
T
= E(x x/)~pEe |sup erf(x¢(€))
e 2
=Rr(F,p)
Since this lower bound holds for any p which allows the labels to be independent +1 with probability 1/2,
we conclude the proof. O

Proof of Lemma 21. For the purposes of this proof, the adversary presents y; an i.i.d. Rademacher
random variable on each round. Unlike the previous lemma, only the {x;} sequence is used for defining
conditional distributions. Hence, the x’ tree is immaterial and the lower bound is only concerned with the
left-most path. The rest of the proof is similar to that of Lemma 20:

VP >R

T T
> o B [l = flw)] | 9] = o 3 b = S0}

T T

=E 1 — inf —

DB S

t=1 t=1

As before, this expression is equal to

T

T
E sup Z ytf(xt) = ErlelEylEmNm('lxl)Ew s ]EﬁTNI)T("xlvn-yxT—l)]EyT sup Z ytf(xt)
fery fer

t=1

T
= Ex x)~pEe | sup e f(xi(—1
(xx)~p L@T; e (x4 ( ))]
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Proof of Lemma 17. We want to bound the supremum (as p ranges over J3) of the distribution-dependent
Rademacher complexity:

sup E)%T(QZS(‘/—:)vp) = sup E ]Ee
peP peP ((x.¥),(x",y")))~p

T
sup D e(f (i), w(ﬁ))]

JeF 4

for an associated process p defined in Section 3. To elucidate the random process p, we expand the succinct
tree notation and write the above quantity as

sup Eﬂ&l@'leEmNpl(-\m)Efl EZ27I§~PEy2~P2('|X1(61),12)E62

p yi~pi(-lzh) yo~p2(-[x1(e1),25)
T
ExTvx&“NPEyT’VPT('|X1(51)7~~yXT—1(€T—1)7$T)E€T sup Z €t¢(f(xt)v yt)]
Y ~pr (xa(er),xr—1(er—1),27) feria

where x:(e;) now selects the pair (z,y:) or (z},y;). By passing to the supremum over yq,y; for all ¢, we
arrive at

T
sup Z erd(f (), yt)]

sup Rr(o(F),p) < sup Ez, 21 ~p SUP Ee, By, 47 p sUp Ee, -~-EmT,m’T~p sup E,. sup
P €F =1

pEP Y1, Y2,Y5 YT,y

T
= Exlrvp sup EelExzr\ap sup Eez ce Ea:TNp sup EGT sup Z €t¢(f(xt)7 yt)
Y1 Y2 yT feF 3

where the sequence of z}’s and y;’s has been eliminated. By moving the expectations over x;’s outside the
suprema (and thus increasing the value), we upper bound the above by:

T
S Eajl,...,mTNp sup Eel SupEez ...Sup EET sup Z €t¢(f(mt)a yt)
Y1 Y2 yr €F i3

= E sup E,

L1y TPy

sup e d(f (1), yzs(e))]

feEF 4

O

Proof of Lemma 18. First without loss of generality assume L = 1. The general case follow from this by
simply scaling ¢ appropriately. By Lemma 17,

T
Rr(6(F).p)<  E  supk. [sup Zetqs(f(xt),yt(e))] (35)

T1,HTTVD y feF i

The proof proceeds by sequentially using the Lipschitz property of ¢(f(x¢),y+(€)) for decreasing ¢, starting
from t = T. Towards this end, define

R, = E sup E.

L1y TTVP oy

sup Zes¢(f($s)a}’s<€)) + Z esf(xs)]

feF 1 s=t+1

Since the mappings y;+1, .- .,yr do not enter the expression, the supremum is in fact taken over the trees y of
depth t. Note that Ry = R(F,p) is precisely the classical Rademacher complexity (without the dependence
on y), while Ry is the upper bound on Ry (¢(F),p) in Eq. (35). We need to show Ry < Ry and we will
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show this by proving R, < R,_; for all ¢ € [T]. So, let us fix t € [T] and start with Ry:

T

1y TT~P vy fEF 4 s=t+1

t T
= E supE, ...sup EEtE€t+1:T [?ugz €sp(f(s),ys) + Z esf($3)]
Y € =1

L1ye-ey T~
Py s=t+1

= E  supE ...supE,,, S(@i7r, Y1, €1:0-1, €t41:7)
Tlyee s TTNP gy Yt

with

S(z1.7, Y145 €1:6—1, €e41.7) = Ee,

t T
?‘QEZ esd(f(20),ys) + Y fsf(ms)]

s=t+1

t—1 T
— % {sup D et (f(we),ys) + O(f (), ) + D 6sf(ars)}

s=t+1
1 t—1 T
+ 5 {;gg; €s¢(f(xs)7ys) - ¢(f(mt)7yt) + S:;_l esf(ms)}

The two suprema can be combined to yield

25(z1.7, Y1:ts €1:4—1, €41:T)

t—1 T
= sup {Zes((b(f(xs)?ys)+¢>(g(xs),ys))+¢(f(xt)7yt)¢(g(xt),yt)+ > 6s(f(fvs)+g(xs))}

FoeF (=1 s=t+1

t—1 T
< sup {Zes(¢(f(xs)7ys) + ¢(g(xs>7ys)) + |f(xt) - g(xt)l + Z Es(f(fbs) + g(xs))} (*)

f9€7 s=1 s=t+1

= sup {X_:es(fb(f(xs%%)+¢(g(ﬂss),ys))+f($t)—g(xt)+ > €s(f(ws)+g($s))} ()

haer s31 s=t+1

The first inequality is due to the Lipschitz property, while the last equality needs a justification. First, it
is clear that the term (#x) is upper bounded by (x). The reverse direction can be argued as follows. Let a
pair (f*,g*) achieve the supremum in (). Suppose first that f*(xz;) > g*(x¢). Then (f*, g*) provides the
same value in (xx) and, hence, the supremum is no less than the supremum in (x). If, on the other hand,
f*(x¢) < g*(x+), then the pair (g%, f*) provides the same value in (*x).

We conclude that

S(mltT) Y1:t, €1:t—1, 6tJrlzT)

INA
|
n
=i
kel

s=1 s=t+1

L > {z_: es(d(f(zs),ys) + 0(9(ws),ys)) + f(2e) — g(ae) + Z €s(f(ws) + g(xs))}

t—1 T t—1 T
% {Sup Zes¢(f(xs)ays) + f(xt) + Z 6sf(xs)} + % {;ggz Es¢(f(xs)ays) - f(xt) + Z esf(xs)}

fer s=t+1 s=t+1

=E, ?1612 {z_: €s¢(f<xs>7ys) + Etf(xt) + Z esf(ms)}

s=t+1
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Thus,

Rt == E sup ]Eél ... 5up E€t+1:T S(Z’l;T, Y1:t, €1:¢—1, 675—‘,—1:T)
L1y TTNP gy Yt

t—1 T
< E supEe, ...supE, . ;ug_ {Z 68¢(f($s), ys) + Z esf(xs)}
€ s=t

L1y, TP Y1 Yt =1

t—1 T
= E  supE ...supE., ,E,. ﬁug {Z esd(f(zs),ys) + Z esf(ms)}
€ s=1 s=t

TLye TP gy Yt—1

=Ry

where we have removed the supremum over y; as it no longer appears in the objective. This concludes the
proof.

O
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